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Complex Conˇguration Effects on β-Decay Rates

Starting from the separabelized Skyrme interaction we study the in
uence of the
coupling between one- and two-phonon terms in the wave functions and the tensor
force effects on properties of GamowÄTeller states. We observe a redistribution of
the GT strengths due to the tensor correlation in
uence on the 2pÄ2h fragmentation
of GT states. The β−-decay half-lives are decreased by these effects. As an example,
we describe available experimental data for the N = 50 isotones and give predictions
for 76Fe which is important for stellar nucleosynthesis.

The investigation has been performed at the Bogoliubov Laboratory of Theoretical
Physics, JINR.
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1. INTRODUCTION

Many fundamental issues depend on our quantitative understanding of the
β-decay phenomena in nuclei. Due to phase-space ampliˇcation effect, the beta
rates are sensitive to both nuclear binding energies and the beta-strength function.
Within appropriate beta-decay model, the correct amount of the integral beta
strength, should be placed within the properly calculated Qβ-window provided
that the spectral distribution is also close to the ®true¯ beta-strength function. It is
desirable to have theoretical models which can describe the data wherever they can
be measured and which can predict the properties related to spinÄisospin modes
in systems too short-lived to be allowed for experimental studies. One of the
successful tools for studying charge-exchange nuclear modes is the quasiparticle
random phase approximation (QRPA) with the self-consistent mean ˇeld derived
from a Skyrme-type energy-density functional (EDF), see, e. g., [1Ä4]. These
QRPA calculations enable one to describe the properties of the ground state and
excited charge-exchange states using the same EDF.

Experimental studies using the multipole decomposition analysis of the
(n, p) and (p, n) reactions [5, 6] found substantial GamowÄTeller (GT) strength
above the GT resonance peak and have clariˇed a longstanding problem of the
missing experimental GT strength, hence resolved the discrepancy between the
theoretical predictions within the RPA and the experimental measurements. It is
necessary to take into account a coupling with more complex conˇgurations that
results in shifting some strength up [7Ä9]. Using the Skyrme EDF and the RPA,
such attempts in the past [10, 11] have allowed one to understand the damping
of charge-exchange resonances and their particle decay. Recently, the damping
of the GT mode was investigated using the Skyrme-RPA plus particle-vibration
coupling [12]. The main difˇculty is that the complexity of the calculations
increases rapidly with the size of the conˇguration space and one has to work
within limited spaces.

Making use of the ˇnite rank separable approximation (FRSA) [13, 14] for
the residual interaction enables one to perform Skyrme-QRPA calculations in
very large two-quasiparticle spaces. Taking into account the basic ideas of the
quasiparticleÄphonon model (QPM) [15], the approach has been generalized to
take into account the coupling between one- and two-phonon components of the
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wave functions [16]. The FRSA has been used to study the electric low-lying
states and giant resonances within the QRPA and beyond [14,16,17].

Recently, our approach has been proposed for the charge-exchange nuclear
excitations [18]. The FRSA is then extended to accommodate tensor correlations
to mimic the Skyrme-type tensor interactions [19]. In this paper, we generalize
our approach to take into account the coupling between one- and two-phonon
terms in the wave functions. As an application, we present the evolution of the
β-decay scheme of the neutron-rich N = 50 isotones, in comparison to the doubly
magic nucleus 78Ni that is also an important waiting point in the r-process [20].

2. THE METHOD

2.1. FRSA Model. The starting point of the method is the HF-BCS calcu-
lation [21] of the parent ground state, where the spherical symmetry is imposed
on the quasiparticle wave functions. In the particleÄhole (pÄh) channel we use
the Skyrme interaction with the triplet-even and triplet-odd tensor interactions
which were proposed in the pioneering works [22, 23]. The continuous part of
the single-particle spectrum is discretized by diagonalizing the HF Hamiltonian
on a harmonic oscillator basis. The inclusion of the tensor interaction results in
the following modiˇcation of the spin-orbit potential in coordinate space [24,25]:

U
(q)
S.O. =

W0

2r

(
2
dρq

dr
+

dρq′

dr

)
+

(
α

Jq

r
+ β

Jq′

r

)
, (1)

where ρq and Jq (q = n, p) are the densities and the spin-orbit densities, respec-
tively. The values α and β can be separated into contributions of the central force
(αc, βc) and the tensor force (αT , βT ) [24,25].

We work in the quasiparticle representation deˇned by the canonical Bogoli-
ubov transformation:

a+
jm = ujα

+
jm + (−1)j−mvjαj−m, (2)

where α+
jm (αjm) is the quasiparticle creation (annihilation) operator and jm

denote the quantum numbers nljm. The pairing correlations are generated by the
density-dependent zero-range force

Vpair(r1, r2) = V0

(
1 − η

(
ρ (r1)

ρ0

)γ)
δ (r1 − r2) , (3)

where the parameter ρ0 is the nuclear saturation density. The values V0, η
and γ are ˇxed to reproduce the odd-even mass difference of corresponding
nuclei [14,17].

To build the QRPA equations on the basis of quasiparticle states as deˇned
above and using consistently the residual interactions (derived from the Skyrme
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EDF in the particleÄhole channel and from the zero-range pairing force in the
particleÄparticle channel) is a standard procedure [26]. This leads to the familiar
QRPA equations in conˇguration space:(

A B
−B −A

) (
X
Y

)
= ω

(
X
Y

)
. (4)

Solutions of this set of linear equations yield the eigen-energies ω and the ampli-
tudes X, Y of the excited states.

The dimensions of the matrices A and B grow very rapidly with the size of the
nuclear system unless severe and damaging cutoffs are made to the 2-quasiparticle
conˇguration space. It is well known that, if the matrix elements of the A and B
matrices take a separable form, the eigenvalues of Eq. (3) can be obtained as the
roots of a relatively simple secular equation [15, 27]. In the case of the Skyrme
interaction this feature has been exploited by different authors [13,28,29].

In particular, a method has been proposed in [13,14] to calculate non charge-
exchange excitations, and in [18] we have extended this method to the case
of non closed-shell nuclei and charge-exchange excitations. The main step is
to simplify the central particleÄhole interaction V C

ph by approximating it by its
LandauÄMigdal form. All Landau parameters with l > 1 are equal to zero in
the case of Skyrme interactions. We keep only the l = 0 terms in V C

ph and this
approximation is reasonable [13,14]. The two-body Coulomb residual interaction
is dropped. Therefore we can write V C

ph as

V a
res(r1, r2) = N−1

0 [F a
0 (r1) + Ga

0(r1)σ1 · σ2+

+(F
′a
0 (r1) + G

′a
0 (r1)σ1 · σ2)τ1 · τ2

]
δ(r1 − r2), (5)

where a is the channel index a = {ph, pp}; σ and τ (i) are the spin and isospin
operators, and N0 = 2kF m∗/π2

�
2 with the Fermi momentum kF and the nucleon

effective mass m∗. Gpp
0 = 0, G

′pp
0 = 0; the expressions for F ph

0 , F
′ph
0 , Gph

0 , G
′ph
0

and F pp
0 , F

′pp
0 can be found in [30] and [14], respectively. For the case of electric

excitations one can neglect the spinÄspin terms since they play a minor role. For
the case of GT excitations we simplify the tensor p−h interaction by replacing it
by the two-term separable interaction as introduced in [31],

V ph
T (r1, r2) = VT1(r1, r2) + VT1(r2, r1) + VT2(r1, r2), (6)

VT1 = τ (1)τ (2)λ1

∑
M

T01M (r̂1, σ1)r2
2T

∗
21M (r̂2, σ2), (7)

VT2 = τ (1)τ (2)λ2

∑
M

r2
1T21M (r̂1, σ1)r2

2T ∗
21M (r̂2, σ2), (8)
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where the strengths λ1 and λ2 are adjusted to reproduce the centroid energies
of the GT and spin-quadrupole strength distributions calculated with the origi-
nal tensor p−h interaction. The p−h matrix elements and the antisymmetrized
p−p matrix elements can be written as the separable form in the angular coordi-
nates [13, 14]. After integrating over the angular variables, the one-dimensional
radial integrals are numerically calculated by choosing a large enough cutoff ra-
dius R and using an N -point integration Gauss formula with abscissas rk and
weights wk [13]. Thus, one is led to deal with a problem where the matrix
elements of Vres are sums of products and the number Ñ of terms in the sums
depends only on N . In particular, Ñ = 4N + 4 and Ñ = 6N are obtained for
the cases of GT and electric excitations, respectively. One can call it a separable
approximation of ˇnite rank Ñ , since ˇnding the roots of the secular equation
amounts to ˇnd the zeros of a Ñ × Ñ determinant, and the dimensions of the
determinant are independent of the size of the conˇguration space, i. e., of the
nucleus considered. The studies [14, 18] enable us to conclude that N = 45 is
enough for the electric and charge-exchange excitations studied here in nuclei
with A � 208.

2.2. PhononÄPhonon Coupling. In the next step, we construct the wave
functions from a linear combination of one-phonon and two-phonon conˇgurations

Ψν(JM) =

(∑
i

Ri(Jν)Q+
JMi

+
∑

λ1i1λ2i2

Pλ1i1
λ2i2

(Jν)
[
Q+

λ1μ1i1
Q̄+

λ2μ2i2

]
JM

)
|0〉, (9)

Q+
λμi|0〉 (Q̄+

λμi|0〉) is the GT (electric) excitation having energy ωλi (ω̄λi). The
normalization condition for the wave functions (9) is∑

i

R2
i (Jν) +

∑
λ1i1λ2i2

(Pλ1i1
λ2i2

(Jν))2 = 1. (10)

The amplitudes Ri(Jν) and Pλ1i1
λ2i2

(Jν) are determined from the variational prin-
ciple which leads to a set of linear equations

(ωλi − Ων)Ri(Jν)+
∑

λ1i1λ2i2

Uλ1i1
λ2i2

(Ji)Pλ1i1
λ2i2

(Jν) = 0, (11)

(ωλ1i1 + ω̄λ2i2 − Ων)Pλ1i1
λ2i2

(Jν) +
∑

i

Uλ1i1
λ2i2

(Ji)Ri(Jν) = 0. (12)

The rank of the set of linear equations (11) and (12) is equal to the num-
ber of one- and two-phonon conˇgurations included in the wave function (9).
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Its solution requires to compute the matrix elements coupling one- and two-
phonon conˇgurations

Uλ1i1
λ2i2

(Ji) = 〈0|QλiH
[
Q+

λ1i1
Q̄+

λ2i2

]
J
|0〉. (13)

Equations (11) and (12) have the same form as the QPM equations [8,15], but the
single-particle spectrum and the residual interaction are derived from the same
Skyrme EDF.

3. RESULTS OF CALCULATIONS

We apply the approach to study the in
uence of the coupling between one-
and two-phonon terms in the wave functions and the tensor force effects on the
GT strength distributions of the neutron-rich N = 50 isotones. In particular, we
focus on describing the β-decay half-lives since this integrated nuclear quantity
is sensitive to the inclusion of the [1+

i ⊗ λ+
i′ ] terms, i. e., all electric phonons

with λ > 2 vanish. Its experimentally known value puts an indirect constraint on
the calculated GT strength distributions within the Qβ-window. To calculate the
half-lives, the same ansatz as in Sec. II of [32] with the ratio of the weak axial-
vector and vector coupling constants GA/GV = 1.25 [33] is used. In the allowed
GT approximation, the β−-decay rate is expressed by summing the probabilities
of the energetically allowed transitions (in units of G2

A/4π) weighted with the
integrated Fermi function

T−1
1/2 =

∑
k

λk
if = D−1

(
GA

GV

)2 ∑
k

f0(Z, A, Ei − E1+
k
)B(GT )k, (14)

Ei − E1+
k
≈ ΔMn−H + μn − μp − Ek, (15)

where D = 6147 s [33], Ei denotes the ground-state energy of the parent nucleus,
and E1+

k
is a state of the daughter nucleus (Z, A). ΔMn−H = 0.782 MeV is

the mass difference between the neutron and the hydrogen atom, μn and μp are
the neutron and proton chemical potentials, respectively. Ek and B(GT )k are
the solutions either of the QRPA equations or of the set of linear equations (11)
and (12) taking into account the two-phonon conˇgurations. All calculations are
performed without any quenching factor.

As the parameter set in the particleÄhole channel, we use the central Skyrme
interaction SGII [30] known to be successful describing the spin-dependent prop-
erties and the same zero-range tensor interaction as that in [31]. As proposed
in [19], we assume the following parameters of the tensor p−h interaction (6):

λ1 =
1300
A2

MeV · fm−2, (16)

λ2 =
36
A2

MeV · fm−4. (17)
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These parameters mimic the original Skyrme tensor force with αT =
−180 MeV · fm5 and βT = 120 MeV · fm5, which appear in the spin-orbit
potential (1). To get a reasonable description of the experimental pairing energies
around the 90Zr region, we employ a volume pairing force (3) with η = 0, acting
in the particleÄparticle channel with a strength of −270 MeV · fm3 and a pairing
active space limited to an energy range of 10 MeV above the Fermi energies [17].

Fig. 1. The phononÄphonon coupling effect on probabilities of β transitions for 80Zn.
Results of the calculations without the tensor interaction and with the tensor interaction
are shown
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Taking into account both the tensor effect and the [1+
i ⊗ λ+

i′ ] conˇgurations,
our results indicate a noticeable change of the GT strength distribution within the
Qβ-window compared with those without the effects. For 80Zn as an illustrative
example, the probabilities of β transitions λif are shown in Fig. 1. One can
see that there is the strong impact of the tensor force on the lowest peak. At
the same time, the extension of the conˇguration space to the two-phonon term
induces the 0.8 MeV downward shift. As a result, Fig. 2 shows the evolution of

Fig. 2. The phononÄphonon coupling effect on β−-decay half-lives of the neutron-rich
N = 50 isotones. Results of the calculations without the tensor interaction and with the
tensor interaction are shown. Experimental data is taken from [34]

the β-decay half-lives of the neutron-rich N = 50 isotones. One can see that
our results are in reasonable agreement with the experimental data [34]. It is
shown that the inclusion of the tensor correlations leads to a reduction of β-decay
half-life in the same way as was found in [4]. We provide this analysis taking
into account the coupling between one- and two-phonon terms. We stress that the
two-phonon term of the wave function (9) is dominated by the [1+

i ⊗2+
i′ ] conˇgura-

tion (see Fig. 2). Since there is a clear in
uence of the 2+
1 phonon on the half-lives,
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Fig. 3. Energies and B(E2) values for up-transitions to the ˇrst 2+ QRPA states in the
neutron-rich N = 50 isotones. Experimental data are taken from [35]

we examine the energies and transition probabilities of the 2+
1 QRPA states of

the neutron-rich N = 50 isotones. As can be seen from Fig. 3, the FRSA model
with the SGII+tensor interaction reproduces the experimental data [35] very well.

4. CONCLUSION

Starting from the Skyrme force the GT strength has been studied within the
extended FRSA model including both the tensor interaction effect and 2p−2h
conˇgurations. The suggested approach enables one to perform the calculations
in very large conˇgurational spaces. It is shown that there is a redistribution of
the GT strengths by the tensor correlation effects on the 2p−2h fragmentation of
GT states. Taking into account of these effects results in a reduction of β-decay
half-life. The coupling between one- and two-phonon terms containing the 2+

phonon states is essential. Using the same set of parameters we describe available
experimental data for the neutron-rich N = 50 isotones and give predictions for
76Fe that is important for stellar nucleosynthesis.
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