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�´ ²¨§ ¤¨´ ³¨±¨ ¨³¶Ê²Ó¸´μ£μ ·¥ ±Éμ·  ˆ	�-2Œ
¶·¨ ¸É É¨¸É¨Î¥¸±¨ μ¶É¨³ ²Ó´μ³  ¢Éμ³ É¨Î¥¸±μ³ ·¥£Ê²ÖÉμ·¥

„²Ö ¨³¶Ê²Ó¸´μ£μ ·¥ ±Éμ·  ˆ	�-2Œ, μÉ²¨Î ÕÐ¥£μ¸Ö ¢Ò¸μ±¨³ Ê·μ¢´¥³ Ë²Ê±-
ÉÊ Í¨° ·¥ ±É¨¢´μ¸É¨ ¨, ± ± ¸²¥¤¸É¢¨¥,  ³¶²¨ÉÊ¤ ¨³¶Ê²Ó¸μ¢ ³μÐ´μ¸É¨, · ¸¸³μ-
É·¥´Ò ¤¢  ¢ ·¨ ´É   ¢Éμ³ É¨Î¥¸±μ£μ ·¥£Ê²ÖÉμ·  (��). �¡  ¢ ·¨ ´É  Ê¤μ¢²¥É¢μ-
·ÖÕÉ ±·¨É¥·¨Õ ³¨´¨³Ê³  ¢¥·μÖÉ´μ£μ ¸·¥¤´¥±¢ ¤· É¨Î¥¸±μ£μ μÉ±²μ´¥´¨Ö  ³¶²¨-
ÉÊ¤Ò ¡Ê¤ÊÐ¥£μ ¨³¶Ê²Ó¸  ´  μ¸´μ¢ ´¨¨ ¨´Ëμ·³ Í¨¨, ¶μ²ÊÎ¥´´μ° ¢ Ê¦¥ ¶·μÏ¥¤-
Ï¨Ì ¨³¶Ê²Ó¸ Ì. �É²¨Î¨¥ ¢ ·¨ ´Éμ¢ �� ¸μ¸Éμ¨É ¢ ÊÎ¥É¥ ¨´Ëμ·³ Í¨¨. �μ¸±μ²Ó±Ê
¢μ§³ÊÐ¥´¨Ö ·¥ ±É¨¢´μ¸É¨ ¢ ¶·μÍ¥¸¸¥ · ¡μÉÒ ·¥ ±Éμ·  ¸μ¤¥·¦ É ± ± ¸²ÊÎ °´Ò¥,
É ± ¨ ·¥£Ê²Ö·´Ò¥ ¸μ¸É ¢²ÖÕÐ¨¥, ¤²Ö μ¡μ¨Ì ¢ ·¨ ´Éμ¢ �� · ¸¸³μÉ·¥´Ò ¶¥·¥Ìμ¤-
´Ò¥ ¶·μÍ¥¸¸Ò ³μÐ´μ¸É¨ ¶·¨ ÔÉ¨Ì ¢¨¤ Ì ¢μ§³ÊÐ¥´¨° ·¥ ±É¨¢´μ¸É¨. �μ± § ´μ,
ÎÉμ ¶·¨´ÖÉÒ° ´  ˆ	�-2Œ ¢ ·¨ ´É ��, ¶·¨ ±μÉμ·μ³ ¡μ²¥¥ · ´´¥° ¨´Ëμ·³ Í¨¨
¶·¨¤ ¥É¸Ö ³¥´ÓÏ¨° ¢¥¸, Ö¢²Ö¥É¸Ö ¡μ²¥¥ ¶·¥¤¶μÎÉ¨É¥²Ó´Ò³, Î¥³ ¢ ·¨ ´É, ±μ£¤ 
¨´Ëμ·³ Í¨¨, ¶μ²ÊÎ¥´´μ° ¨§ Ë¨±¸¨·μ¢ ´´μ£μ ±μ²¨Î¥¸É¢  ¶μ¸²¥¤´¨Ì ¨³¶Ê²Ó¸μ¢,
¶·¨¤ ¥É¸Ö ´ ¨¡μ²ÓÏ¨° ¢¥¸,   ¡μ²¥¥ · ´´ÖÖ ¨´Ëμ·³ Í¨Ö ´¥ ÊÎ¨ÉÒ¢ ¥É¸Ö ¢μμ¡Ð¥.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ´¥°É·μ´´μ° Ë¨§¨±¨ ¨³. ˆ.Œ. ”· ´± 
�ˆŸˆ.
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Analysis of Dynamics of the IBR-2M Reactor
with Statistically Optimal Automatic Regulator

For the IBR-2M pulsed reactor, characterized by a high level of reactivity 
uc-
tuations and, as a consequence, of a power pulse amplitude, two variants of an
automatic regulator (AR) are considered. Both variants satisfy the criterion of a
minimum probable standard deviation of the amplitude of the future pulse on the
basis of information obtained in the previous momenta. The difference between the
AR variants is registered in the data. Since perturbations of reactivity in the process
of reactor operation contain random and regular components, transient processes in
these types of reactivity are considered for both AR variants. It is shown that the
variant of AR accepted in the IBR-2M, where earlier data is given less weight, is
more preferable than the variant where the information obtained from a ˇxed num-
ber of the last pulses is given the greatest weight, and the earlier information is not
considered at all.

The investigation has been performed at the Frank Laboratory of Neutron Physics,
JINR.
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‚ ¨³¶Ê²Ó¸´μ³ ·¥ ±Éμ·¥ ´  ¡Ò¸É·ÒÌ ´¥°É·μ´ Ì ˆ	�-2Œ, Ö¢²ÖÕÐ¥³¸Ö ³μ-
¤¥·´¨§¨·μ¢ ´´Ò³ ¢ ·¨ ´Éμ³ ·¥ ±Éμ·  ˆ	�-2, ¸μ§¤ ÕÉ¸Ö ¶¥·¨μ¤¨Î¥¸±¨¥ Ê§±¨¥
¨³¶Ê²Ó¸Ò ·¥ ±É¨¢´μ¸É¨ ¡μ²ÓÏμ°  ³¶²¨ÉÊ¤Ò (2,6 %) ¸ ¶¥·¨μ¤μ³ 0,2 ¸. �Éμ
¤μ¸É¨£ ¥É¸Ö ¡² £μ¤ ·Ö ¢· Ð¥´¨Õ ¢¡²¨§¨  ±É¨¢´μ° §μ´Ò ¶μ¤¢¨¦´μ£μ μÉ· ¦ -
É¥²Ö. �·£ ´Ò Ê¶· ¢²¥´¨Ö ¢¢μ¤ÖÉ¸Ö ¢ É ±μ¥ ¶μ²μ¦¥´¨¥, ÎÉμ ¢ É¥Î¥´¨¥ ±μ·μÉ-
±¨Ì ¨´É¥·¢ ²μ¢ ¢·¥³¥´¨ (∼ 450 ³±¸) ¢ μ±·¥¸É´μ¸ÉÖÌ ³ ±¸¨³Ê³μ¢ ¨³¶Ê²Ó¸μ¢
·¥ ±É¨¢´μ¸É¨ ·¥ ±Éμ· ¸É ´μ¢¨É¸Ö ´ ¤±·¨É¨Î¥¸±¨³ ´  ³£´μ¢¥´´ÒÌ ´¥°É·μ´ Ì,
μ¸É ¢ Ö¸Ó £²Ê¡μ±μ ¶μ¤±·¨É¨Î¥¸±¨³ ¢ ¨´É¥·¢ ² Ì ³¥¦¤Ê ¨³¶Ê²Ó¸ ³¨. ‚ ·¥-
§Ê²ÓÉ É¥ ¸ ¶¥·¨μ¤μ³ 0,2 ¸ ·¥ ±Éμ· £¥´¥·¨·Ê¥É ³μÐ´Ò¥ ´¥°É·μ´´Ò¥ ¨³¶Ê²Ó¸Ò
(¨³¶Ê²Ó¸Ò ³μÐ´μ¸É¨) Ï¨·¨´μ° 200 ³±¸ ´  ¶μ²μ¢¨´¥ ¢Ò¸μÉÒ. ŒμÐ´μ¸ÉÓ
Ëμ´  (³μÐ´μ¸ÉÓ ³¥¦¤Ê ¨³¶Ê²Ó¸ ³¨) ¶μÎÉ¨ ´  Î¥ÉÒ·¥ ¶μ·Ö¤±  ³¥´ÓÏ¥  ³-
¶²¨ÉÊ¤Ò ¨³¶Ê²Ó¸μ¢ ³μÐ´μ¸É¨. �μ¤ ¢²ÖÕÐ Ö Î ¸ÉÓ (92%) ¢¸¥° Ô´¥·£¨¨, ¢Ò-
¤¥²Ö¥³μ° §  ¶¥·¨μ¤, ¢Ò¤¥²Ö¥É¸Ö ¢ ¨³¶Ê²Ó¸¥ ³μÐ´μ¸É¨,   ³¥¦¤Ê ¨³¶Ê²Ó¸ ³¨
¢Ò¤¥²Ö¥É¸Ö ²¨ÏÓ 8 % (Ô´¥·£¨Ö Ëμ´ ). ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ¤²Ö Ê¶·μÐ¥´¨Ö  ´ ²¨§ 
¤¨´ ³¨±¨ ·¥ ±Éμ·  ¶·¨´ÖÉμ, ÎÉμ ³μÐ´μ¸ÉÓ Ëμ´  ¢Ò¤¥²Ö¥É¸Ö ´¥ ´¥¶·¥·Ò¢´μ
³¥¦¤Ê ¨³¶Ê²Ó¸ ³¨,   ¢ ¢¨¤¥ ¨³¶Ê²Ó¸ , ¸μ¢³¥Ð¥´´μ£μ ¸ ¨³¶Ê²Ó¸μ³ ³μÐ´μ¸É¨.
‚ ·¥§Ê²ÓÉ É¥ ¨³¶Ê²Ó¸´Ò° ·¥ ±Éμ· ¶·¥¤¸É ¢²¥´ ± ± ¸Ê£Ê¡μ ¨³¶Ê²Ó¸´ Ö ¸¨¸É¥³ 
¨ ¥£μ ¤¨´ ³¨±  μ¶¨¸ ´  ¤¨¸±·¥É´Ò³¨ Ê· ¢´¥´¨Ö³¨. ‚ ´¨Ì ¨¸¶μ²Ó§μ¢ ´Ò ·¥-
Ï¥ÉÎ ÉÒ¥ ËÊ´±Í¨¨, ¸μ¤¥·¦ Ð¨¥ ²¨ÏÓ §´ Î¥´¨Ö ¶¥·¥³¥´´ÒÌ ¢ ¤¨¸±·¥É´Ò¥
³μ³¥´ÉÒ ¢·¥³¥´¨ Å ³μ³¥´ÉÒ ³ ±¸¨³Ê³μ¢ ¨³¶Ê²Ó¸μ¢ ³μÐ´μ¸É¨ [1, 2].

ˆ³¶Ê²Ó¸´Ò° ·¥ ±Éμ· ´¥¸· ¢´¥´´μ ¡μ²¥¥ ÎÊ¢¸É¢¨É¥²¥´ ± ¨§³¥´¥´¨Ö³ ·¥ ±-
É¨¢´μ¸É¨, Î¥³ ¸É Í¨μ´ ·´Ò° ·¥ ±Éμ·. �Éμ Ìμ·μÏμ ¶·μ¸²¥¦¨¢ ¥É¸Ö ¶μ Ê· ¢-
´¥´¨Ö³ ±¨´¥É¨±¨ ¨³¶Ê²Ó¸´μ£μ ·¥ ±Éμ· , § ¶¨¸ ´´Ò³ ¤²Ö ¶¥·¥³¥´´ÒÌ, Ê¸·¥¤-
´¥´´ÒÌ ¶μ ¶¥·¨μ¤Ê ¨³¶Ê²Ó¸μ¢ ³μÐ´μ¸É¨. �É¨ Ê· ¢´¥´¨Ö ¨³¥ÕÉ ÉμÉ ¦¥ ¢¨¤,
ÎÉμ ¨ Ê· ¢´¥´¨Ö ¸É Í¨μ´ ·´μ£μ ·¥ ±Éμ· , ´μ ¸ § ³¥´μ° ÔËË¥±É¨¢´μ° ¤μ²¨ § -
¶ §¤Ò¢ ÕÐ¨Ì ´¥°É·μ´μ¢ β É ± ´ §Ò¢ ¥³μ° ¨³¶Ê²Ó¸´μ° ¤μ²¥° § ¶ §¤Ò¢ ÕÐ¨Ì
´¥°É·μ´μ¢ β¨ [3]. �μ¸±μ²Ó±Ê ¤²Ö ˆ	�-2Œ β¨ = 1,54 · 10−4,   β = 2,16 · 10−3,
ÎÊ¢¸É¢¨É¥²Ó´μ¸ÉÓ ˆ	�-2Œ ± ¨§³¥´¥´¨Õ ·¥ ±É¨¢´μ¸É¨ ¢ ¨³¶Ê²Ó¸´μ³ ·¥¦¨³¥
¡μ²¥¥ Î¥³ ´  ¶μ·Ö¤μ± ¢ÒÏ¥, Î¥³ ¢ ¸²ÊÎ ¥, ¥¸²¨ ¡Ò μ´ · ¡μÉ ² ¢ ·¥¦¨³¥
´¥¶·¥·Ò¢´μ£μ ¢Ò¤¥²¥´¨Ö ³μÐ´μ¸É¨.

‚¸²¥¤¸É¢¨¥ μ¸μ¡¥´´μ¸É¥° ±μ´¸É·Ê±Í¨¨ ·¥ ±Éμ·Ê ˆ	�-2Œ ¶·¨¸ÊÐ¨ ¸ÊÐ¥-
¸É¢¥´´Ò¥ Ë²Ê±ÉÊ Í¨¨ ·¥ ±É¨¢´μ¸É¨, ±μÉμ·Ò¥ ¢ ¸¢Ö§¨ ¸ ¶¥·¨μ¤¨Î¥¸±¨³ ¢ÒÌμ-
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¤μ³ ¢ ´ ¤±·¨É¨Î¥¸±μ¥ ¸μ¸ÉμÖ´¨¥ ¢Ò§Ò¢ ÕÉ ¥Ð¥ ¡μ²¥¥ ¸ÊÐ¥¸É¢¥´´Ò¥ Ë²Ê±ÉÊ-
 Í¨¨  ³¶²¨ÉÊ¤ ¨³¶Ê²Ó¸μ¢ ³μÐ´μ¸É¨.

�¥£Ê²¨·Ê¥³Ò³ ¶ · ³¥É·μ³ ·¥ ±Éμ·  Ö¢²Ö¥É¸Ö μÉ´μ¸¨É¥²Ó´μ¥ μÉ±²μ´¥´¨¥
 ³¶²¨ÉÊ¤Ò ¨³¶Ê²Ó¸  ³μÐ´μ¸É¨. �´μ · ¢´μ μÉ´μ¸¨É¥²Ó´μ³Ê μÉ±²μ´¥´¨Õ Ô´¥·-
£¨¨ ¨³¶Ê²Ó¸  ³μÐ´μ¸É¨ Δe¨ = (E¨ − E0

¨ )/E0
¨ , £¤¥ E¨ ¨ E0

¨ Å Ô´¥·£¨Ö ¨³-
¶Ê²Ó¸  ¨ ¥£μ ¡ §μ¢μ¥ (¸·¥¤´¥¥) §´ Î¥´¨¥ ¸μμÉ¢¥É¸É¢¥´´μ. �·¨  ´ ²¨§¥ ¤¨-
´ ³¨±¨ ·¥ ±Éμ·  Ê¤μ¡´¥¥ ¶μ²Ó§μ¢ ÉÓ¸Ö μÉ´μ¸¨É¥²Ó´Ò³ μÉ±²μ´¥´¨¥³ Ô´¥·£¨¨
¨³¶Ê²Ó¸  ³μÐ´μ¸É¨, ¶μÔÉμ³Ê ¨³¥´´μ μ´μ ¶·¨´ÖÉμ ¢ ± Î¥¸É¢¥ ·¥£Ê²¨·Ê¥³μ£μ
¶ · ³¥É· .

�·¨  ´ ²¨§¥ ·¥¦¨³  ¸É ¡¨²¨§ Í¨¨ ³μÐ´μ¸É¨ ·¥ ±É¨¢´μ¸ÉÓ Ê¤μ¡´¥¥ ¢Ò-
· ¦ ÉÓ ¢ ¤μ²ÖÌ β¨. ‚ ÔÉμ³ ·¥¦¨³¥ Î¨¸²¥´´Ò¥ §´ Î¥´¨Ö ¢μ§³ÊÐ¥´¨° ·¥ ±-
É¨¢´μ¸É¨ Δr, ¢Ò· ¦¥´´Ò¥ ¢ ¤μ²ÖÌ β¨, ¨ Î¨¸²¥´´Ò¥ §´ Î¥´¨Ö μÉ´μ¸¨É¥²Ó´ÒÌ
μÉ±²μ´¥´¨° Ô´¥·£¨¨ ¨³¶Ê²Ó¸μ¢ ³μÐ´μ¸É¨ Δe¨, ¢Ò§¢ ´´ÒÌ ÔÉ¨³¨ ¢μ§³ÊÐ¥-
´¨Ö³¨ ·¥ ±É¨¢´μ¸É¨, μÎ¥´Ó ¡²¨§±¨,   ¤²Ö ¤¨ ¶ §μ´μ¢ −0,1 � Δr � 0,1 ¨
−0,1 � Δe¨ � 0,1 ¶· ±É¨Î¥¸±¨ ¸μ¢¶ ¤ ÕÉ [4].

”²Ê±ÉÊ Í¨¨ ·¥£Ê²¨·Ê¥³μ£μ ¶ · ³¥É·  μÉ´μ¸¨É¥²Ó´μ ¸·¥¤´¥£μ Ê·μ¢´Ö ¢
ÏÉ É´μ³ ·¥¦¨³¥ ¸É ¡¨²¨§ Í¨¨ μ¡ÒÎ´μ Ê±² ¤Ò¢ ÕÉ¸Ö ¢ ¤¨ ¶ §μ´ ± 20 % ¸
¢μ§³μ¦´Ò³¨ ¢Ò¡·μ¸ ³¨ ¤μ 40%, ÎÉμ ¡²¨§±μ ± £· ´¨Í ³ ¸· ¡ ÉÒ¢ ´¨Ö  ¢ -
·¨°´μ° § Ð¨ÉÒ (± 50 %). “Î¨ÉÒ¢ Ö ÔÉμ, ±  ¢Éμ³ É¨Î¥¸±μ³Ê ·¥£Ê²ÖÉμ·Ê (��)
¶·¥¤ÑÖ¢²ÖÕÉ¸Ö μ¸μ¡Ò¥, ¶·¨Î¥³ ¶·μÉ¨¢μ·¥Î¨¢Ò¥, É·¥¡μ¢ ´¨Ö. ‘ μ¤´μ° ¸Éμ-
·μ´Ò, μ´ ¤μ²¦¥´ μ¡¥¸¶¥Î¨¢ ÉÓ É· ¤¨Í¨μ´´Ò¥ ¶μ± § É¥²¨ ± Î¥¸É¢  ¶¥·¥Ìμ¤-
´ÒÌ ¶·μÍ¥¸¸μ¢ ¶·¨ ·¥£Ê²Ö·´ÒÌ ¢μ§³ÊÐ¥´¨ÖÌ ·¥ ±É¨¢´μ¸É¨ (³ ²μ¥ ¶¥·¥·¥£Ê-
²¨·μ¢ ´¨¥ ¨ ³ ²μ¥ ¢·¥³Ö ·¥£Ê²¨·μ¢ ´¨Ö ¶·¨ ¸± Î±¥ ·¥ ±É¨¢´μ¸É¨). ‘ ¤·Ê£μ°
¸Éμ·μ´Ò, �� ¤μ²¦¥´ Ê¤μ¢²¥É¢μ·ÖÉÓ ´¥±μ¥³Ê ±·¨É¥·¨Õ ± Î¥¸É¢  ¶·¨ ¸²ÊÎ °-
´ÒÌ ¢μ§³ÊÐ¥´¨ÖÌ ·¥ ±É¨¢´μ¸É¨.

‘’�’ˆ‘’ˆ—…‘Šˆ ��’ˆŒ�‹œ�›‰ �‹ƒ��ˆ’Œ
ˆ ‘’�“Š’“�� �‚’�Œ�’ˆ—…‘Š�ƒ� �…ƒ“‹Ÿ’���

‚ ± Î¥¸É¢¥ ¸É É¨¸É¨Î¥¸±¨ μ¶É¨³ ²Ó´μ£μ ¶·¨´ÖÉ  ²£μ·¨É³ ��, μ¡¥¸¶¥Î¨-
¢ ÕÐ¨° ¢ ·¥¦¨³¥ ¸É ¡¨²¨§ Í¨¨ ³¨´¨³Ê³ ¢¥·μÖÉ´μ£μ ¸·¥¤´¥±¢ ¤· É¨Î¥¸±μ£μ
μÉ´μ¸¨É¥²Ó´μ£μ μÉ±²μ´¥´¨Ö Ô´¥·£¨¨ ¡Ê¤ÊÐ¥£μ (n-£μ) ¨³¶Ê²Ó¸  ³μÐ´μ¸É¨ ´ 
μ¸´μ¢ ´¨¨ ¨´Ëμ·³ Í¨¨, ¶μ²ÊÎ¥´´μ° ¨§ ¶·¥¤Ï¥¸É¢ÊÕÐ¨Ì (k-Ì) ¨³¶Ê²Ó¸μ¢
³μÐ´μ¸É¨ (k < n). �·¨ ÔÉμ³ ¨´Ëμ·³ Í¨¨ μÉ ¶·¥¤Ï¥¸É¢ÊÕÐ¨Ì ¨³¶Ê²Ó¸μ¢
¶·¨¤ ¥É¸Ö · §´Ò° ¢¥¸, ¨ É¥³ ¸ ³Ò³ ¢¢μ¤¨É¸Ö ¶·¨´Í¨¶ ¸É ·¥´¨Ö ¨´Ëμ·³ Í¨¨.
‚ ·¥§Ê²ÓÉ É¥ ¸É É¨¸É¨Î¥¸±¨ μ¶É¨³ ²Ó´Ò°  ²£μ·¨É³ �� ¶·¨μ¡·¥É ¥É ¸²¥¤ÊÕ-
Ð¨° ¢¨¤ [5]:

ΔrAn =
1

n−1∑
k=0

a2
n−k

n−1∑
k=0

a2
n−k(ΔrAk − Δe¨k), (1)

2



£¤¥ ΔrAn, ΔrAk Å ¢Ò· ¦¥´´Ò¥ ¢ ¤μ²ÖÌ β¨ μÉ±²μ´¥´¨Ö ·¥ ±É¨¢´μ¸É¨ �� μÉ
¸·¥¤´¥£μ (¡ §μ¢μ£μ) Ê·μ¢´Ö, μÉ´μ¸ÖÐ¨¥¸Ö ± ¡Ê¤ÊÐ¥³Ê (n-³Ê) ¨ ¶·¥¤Ï¥¸É¢ÊÕ-
Ð¨³ (k-³) ¨³¶Ê²Ó¸ ³ ³μÐ´μ¸É¨ ¸μμÉ¢¥É¸É¢¥´´μ; Δe¨k Å μÉ´μ¸¨É¥²Ó´Ò¥ μÉ-
±²μ´¥´¨Ö Ô´¥·£¨¨ ¶·¥¤Ï¥¸É¢ÊÕÐ¨Ì ¨³¶Ê²Ó¸μ¢ ³μÐ´μ¸É¨ (k = 0 ¸μμÉ¢¥É-
¸É¢Ê¥É ´ Î ²Ê μÉ¸Î¥É  Å ´ Î ²Ê ´ ¡μ·   ¢Éμ³ É¨Î¥¸±¨³ ·¥£Ê²ÖÉμ·μ³ ¨´Ëμ·-
³ Í¨¨); a2

n−k � 1 Å ¶ · ³¥É·, § ¢¨¸ÖÐ¨° μÉ · §´μ¸É¨ ´μ³¥·μ¢ ¨³¶Ê²Ó¸μ¢
n−k � 1, Ì · ±É¥·¨§Ê¥É ¸É¥¶¥´Ó ¸É ·¥´¨Ö ¨´Ëμ·³ Í¨¨, ¶μ²ÊÎ¥´´μ° ¨§ ¶·¥¤-
Ï¥¸É¢ÊÕÐ¨Ì ¨³¶Ê²Ó¸μ¢ ³μÐ´μ¸É¨.

�μ¤·μ¡´Ò° ¢Ò¢μ¤ ¸É É¨¸É¨Î¥¸±¨ μ¶É¨³ ²Ó´μ£μ  ²£μ·¨É³  ¶·¨¢¥¤¥´ ¢ · -
¡μÉ¥ [6], ¶·¨Î¥³ ± ± ¤²Ö ·¥¦¨³  ¸É ¡¨²¨§ Í¨¨, É ± ¨ ¤²Ö ¤·Ê£¨Ì ¢μ§³μ¦´ÒÌ
·¥¦¨³μ¢ · ¡μÉÒ ·¥ ±Éμ· .

”μ·³Ê²  (1) ¤²Ö ¨³¶Ê²Ó¸´μ° ¸¨¸É¥³Ò, Ö¢²ÖÕÐ Ö¸Ö  ´ ²μ£μ³ ¨´É¥£· ² 
„Õ ³¥²Ö ¤²Ö ´¥¶·¥·Ò¢´μ° ¸¨¸É¥³Ò, ¸¢Ö§Ò¢ ¥É ¢ÒÌμ¤´μ° ¸¨£´ ² �� ΔrAn ¢
¡Ê¤ÊÐ¥³ (n-³) ¨³¶Ê²Ó¸¥ ¸μ §´ Î¥´¨Ö³¨ ¢Ìμ¤´μ£μ ¸¨£´ ²  �� (ΔrAk −Δe¨k),
¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¶·¥¤Ï¥¸É¢ÊÕÐ¨³ (Ê¦¥ ¶·μÏ¥¤Ï¨³) ¨³¶Ê²Ó¸ ³ ¸ ´μ³¥-
· ³¨ k = 0, 1, . . . , n−1, ¨ ¸ ¤¨¸±·¥É´Ò³¨ §´ Î¥´¨Ö³¨ ¨³¶Ê²Ó¸´μ° ¶¥·¥Ìμ¤´μ°

Ì · ±É¥·¨¸É¨±¨ �� wAn−k =
(

1
/

n−1∑
k=0

a2
n−k

)
a2

n−k. ˆ§ Ëμ·³Ê²Ò (1) ¸²¥¤Ê¥É,

ÎÉμ ¨³¶Ê²Ó¸´ Ö ¶¥·¥Ìμ¤´ Ö Ì · ±É¥·¨¸É¨±  ��, É. ¥. ·¥ ±Í¨Ö �� ´  ¥¤¨´¨Î-
´Ò° ¨³¶Ê²Ó¸ (¨³¶Ê²Ó¸ ¥¤¨´¨Î´μ° ¶²μÐ ¤¨), ¶μ¤ ¢ ¥³Ò° ´  �� ¢ ³μ³¥´É,
¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¨³¶Ê²Ó¸Ê ¸ ´μ³¥·μ³ m = 0, μ¶¨¸Ò¢ ¥É¸Ö ¢Ò· ¦¥´¨¥³

wAn =

(
1

/
n∑

m=1

a2
m

)
n∑

m=1

a2
m, (2)

£¤¥ n � 1.
’ ±¨³ μ¡· §μ³, ¨³¶Ê²Ó¸´ Ö ¶¥·¥Ìμ¤´ Ö Ì · ±É¥·¨¸É¨±  ¨, ¸²¥¤μ¢ É¥²Ó´μ,

¸É·Ê±ÉÊ·  �� μ¶·¥¤¥²ÖÕÉ¸Ö ¢Ò¡μ·μ³ ËÊ´±Í¨¨ a2
n−k ¢ Ëμ·³Ê²¥ (1). � ¨¡μ²¥¥

¥¸É¥¸É¢¥´´Ò³¨ ¶·¥¤¸É ¢²ÖÕÉ¸Ö ¤¢  ¢ ·¨ ´É  ¢Ò¡μ·  ÔÉμ° ËÊ´±Í¨¨. �¥·¢Ò° Å
±μ£¤  ¡μ²¥¥ · ´´¥° ¨´Ëμ·³ Í¨¨ ¶·¨¤ ¥É¸Ö ³¥´ÓÏ¨° ¢¥¸, ¨´ Î¥ £μ¢μ·Ö, ±μ£¤ 
¸ ·μ¸Éμ³ ¨´¤¥±¸  n−k ¶ · ³¥É· a2

n−k Ê³¥´ÓÏ ¥É¸Ö (a2
0 = 1 > a2

1 > a2
2 > . . .).

‚Éμ·μ° Å ±μ£¤  ¨´Ëμ·³ Í¨¨, ¶μ²ÊÎ¥´´μ° ¢ N ¶·¥¤Ï¥¸É¢ÊÕÐ¨Ì ¨³¶Ê²Ó-
¸μ¢, ¶·¨¤ ¥É¸Ö ´ ¨¡μ²ÓÏ¨° ¢¥¸,   ¨´Ëμ·³ Í¨Ö, ¶μ²ÊÎ¥´´ Ö ¢ ¡μ²¥¥ · ´-
´¨Ì ¨³¶Ê²Ó¸ Ì, ¸Î¨É ¥É¸Ö ´¥¤μ¸Éμ¢¥·´μ° ¨ ´¥ ÊÎ¨ÉÒ¢ ¥É¸Ö (a2

n−k = 1 ¶·¨
1 � n − k � N ¨ a2

n−k = 0 ¶·¨ n − k > N ). ‚ · ¡μÉ¥ · ¸¸³ É·¨¢ ÕÉ¸Ö μ¡ 
¢ ·¨ ´É .

�¥·¢Ò° ¢ ·¨ ´É. ”Ê´±Í¨Ö a2
n−k μ¶¨¸Ò¢ ¥É¸Ö Ê¡Ò¢ ÕÐ¥° Ô±¸¶μ´¥´Éμ°:

a2
n−k = exp [−(n − k)T¨/TA], (3)

£¤¥ T¨ Å ¶¥·¨μ¤ ¨³¶Ê²Ó¸μ¢ ³μÐ´μ¸É¨; TA Å ¶μ¸ÉμÖ´´ Ö ¢·¥³¥´¨ Ô±¸¶μ´¥´-

Í¨ ²Ó´μ° ËÊ´±Í¨¨ a2
n−k.
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ˆ§ Ëμ·³Ê²Ò (3) ¸²¥¤Ê¥É, ÎÉμ ´ Î¨´ Ö Ê¦¥ ¸ ´μ³¥·  ¨³¶Ê²Ó¸  n > 5TA/T¨

¸Ê³³Ê
n−1∑
k=0

a2
n−k ¢  ²£μ·¨É³¥ (1) ³μ¦´μ ¸Î¨É ÉÓ ¶μ¸ÉμÖ´´μ° ¢¥²¨Î¨´μ°. “Î¨-

ÉÒ¢ Ö ÔÉμ, ¨³¶Ê²Ó¸´ Ö ¶¥·¥Ìμ¤´ Ö Ì · ±É¥·¨¸É¨±  �� (2) ¤²Ö ˆ	�-2Œ ¶·¨μ¡-
·¥É ¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

wAn = (1 − e−T¨/TA)
n∑

m=1

e−mT¨/TA . (4)

�Éμ ¨³¶Ê²Ó¸´ Ö ¶¥·¥Ìμ¤´ Ö Ì · ±É¥·¨¸É¨±   ¶¥·¨μ¤¨Î¥¸±μ£μ §¢¥´  ¸ ¨³-
¶Ê²Ó¸´μ° ¶¥·¥¤ ÉμÎ´μ° ËÊ´±Í¨¥°

W ∗
A(z) =

ΔrA(z)
δA(z)

= (1 − e−T¨/TA)
z−1

1 − e−T¨/TAz−1
, (5)

£¤¥ ΔrA(z) ¨ δA(z) Å z-¨§μ¡· ¦¥´¨Ö ¸μμÉ¢¥É¸É¢¥´´μ ¢ÒÌμ¤´μ£μ ¨ ¢Ìμ¤´μ£μ
¸¨£´ ²μ¢ ��, · ¸¸³ É·¨¢ ¥³ÒÌ ± ± ·¥Ï¥ÉÎ ÉÒ¥ ËÊ´±Í¨¨ Å ËÊ´±Í¨¨, μÉ-
²¨Î´Ò¥ μÉ ´Ê²Ö ²¨ÏÓ ¢ ¤¨¸±·¥É´Ò¥ ³μ³¥´ÉÒ ¢·¥³¥´¨ (¢ ³μ³¥´ÉÒ ¶μÖ¢²¥´¨Ö
¨³¶Ê²Ó¸μ¢ ³μÐ´μ¸É¨).

�·¨ ¸μμÉ´μÏ¥´¨¨ TA � T¨ ¨³¶Ê²Ó¸´ Ö ¶¥·¥¤ ÉμÎ´ Ö ËÊ´±Í¨Ö �� (5)
Ê¶·μÐ ¥É¸Ö, ¶·¨´¨³ Ö ¢¨¤ ¨³¶Ê²Ó¸´μ° ¶¥·¥¤ ÉμÎ´μ° ËÊ´±Í¨¨ ¨´É¥£· Éμ· :

W ∗
A(z) =

ΔrA(z)
δA(z)

=
T¨

TA

z−1

1 − z−1
. (6)

�� ˆ	�-2Œ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¨³¥´´μ É ±μ° ¨´É¥£· Éμ·. ‡´ Î¥´¨¥ TA

³μ¦¥É Ê¸É ´ ¢²¨¢ ÉÓ¸Ö · §²¨Î´Ò³, ¤²Ö Î¥£μ ¨¸¶μ²Ó§Ê¥É¸Ö ¸μμÉ´μÏ¥´¨¥
TA = 10Δ, £¤¥ Δ Å ¢ ·Ó¨·Ê¥³Ò° ¶ · ³¥É·. ‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¶·¨´ÖÉμ
Δ = 0,2, É. ¥. TA = 2 ¨ ±μÔËË¨Í¨¥´É ¶¥·¥¤ Î¨ �� ¢ Ëμ·³Ê²¥ (6) · ¢¥´
T¨/TA = 0,1. ‚ ·Ó¨·Ê¥³Ò° ¶ · ³¥É· Δ Å ¶ · ³¥É· ¸±μ·μ¸É¨ ��: Î¥³ μ´
¡μ²ÓÏ¥, É¥³ ³¥´ÓÏ¥ ¸±μ·μ¸ÉÓ �� ¶·¨ μ¤´μ³ ¨ Éμ³ ¦¥ ¸¨£´ ²¥ ´  ¥£μ ¢Ìμ¤¥.

ˆ§ ¸μμ¡· ¦¥´¨° ¥Ð¥ ¡μ²ÓÏ¥£μ μ¸² ¡²¥´¨Ö ¢²¨Ö´¨Ö ÏÊ³μ¢ ´  · ¡μÉÊ ��
·¥£Ê²¨·Ê¥³Ò° ¶ · ³¥É· Δe¨n ¶·μ¶Ê¸± ¥É¸Ö Î¥·¥§ ¤μ¶μ²´¨É¥²Ó´μ ¢¢¥¤¥´´Ò°
Ë¨²ÓÉ· ¨ ¶·¥¢· Ð ¥É¸Ö ¢ ¸£² ¦¥´´Ò° ¸¨£´ ² Δẽ¨n. ‚ ¨Éμ£¥ ´  ¢Ìμ¤ ��
¶μ¤ ¥É¸Ö ´¥ ¸¨£´ ² δAn = −Δe¨n,   ¸£² ¦¥´´Ò° ¸¨£´ ² δAn = −Δẽ¨n. �²£μ-
·¨É³ ¸£² ¦¨¢ ´¨Ö Ë¨²ÓÉ·  Ê¤μ¢²¥É¢μ·Ö¥É ¸É É¨¸É¨Î¥¸±¨ μ¶É¨³ ²Ó´μ³Ê ±·¨É¥-
·¨Õ,  ´ ²μ£¨Î´μ³Ê ±·¨É¥·¨Õ μ¶É¨³ ²Ó´μ¸É¨ �� [7], ¨ ¢Ò· ¦ ¥É¸Ö Ëμ·³Ê²μ°

Δẽ¨n = Δẽ¨n−1 +
1
q
(Δe¨n − Δẽ¨n−1), (7)

£¤¥ q > 1 Å ±μÔËË¨Í¨¥´É ¸£² ¦¨¢ ´¨Ö (¶·¨ q = 1 Δẽ¨n = Δe¨n, É. ¥. Ë¨²ÓÉ·
´¥ · ¡μÉ ¥É ¨ ¸£² ¦¨¢ ´¨Ö ·¥£Ê²¨·Ê¥³μ£μ ¶ · ³¥É·  ´¥ ¶·μ¢μ¤¨É¸Ö).
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�¨¸. 1. ‡ ³±´ÊÉ Ö ¸¨¸É¥³  ·¥£Ê²¨·μ¢ ´¨Ö ·¥ ±Éμ·  ˆ	�-2Œ: W ∗
A, W ∗

R, W ∗
∼ Å

¨³¶Ê²Ó¸´Ò¥ ¶¥·¥¤ ÉμÎ´Ò¥ ËÊ´±Í¨¨ ��, ·¥ ±Éμ·  ¨ Ë¨²ÓÉ·  ¸μμÉ¢¥É¸É¢¥´´μ; ΔrF Å
¢´¥Ï´¥¥ ¢μ§³ÊÐ¥´¨¥ ·¥ ±É¨¢´μ¸É¨

”¨²ÓÉ·Ê ¸  ²£μ·¨É³μ³ (7) ¸μμÉ¢¥É¸É¢Ê¥É ¨³¶Ê²Ó¸´ Ö ¶¥·¥¤ ÉμÎ´ Ö
ËÊ´±Í¨Ö

W ∗
∼(z) =

Δẽ¨(z)
Δe¨(z)

=

1
q − 1

q

q − 1
− z−1

. (8)

‘É·Ê±ÉÊ·´ Ö ¸Ì¥³  § ³±´ÊÉμ° ¸¨¸É¥³Ò  ¢Éμ³ É¨Î¥¸±μ£μ ·¥£Ê²¨·μ¢ ´¨Ö ·¥ ±-
Éμ·  ˆ	�-2Œ ¶μ± § ´  ´  ·¨¸. 1.

‚Éμ·μ° ¢ ·¨ ´É. “Î¨ÉÒ¢ ¥É¸Ö Éμ²Ó±μ ¨´Ëμ·³ Í¨Ö, ¶μ²ÊÎ¥´´ Ö ¨§ N
¶·¥¤Ï¥¸É¢ÊÕÐ¨Ì ¨³¶Ê²Ó¸μ¢ ³μÐ´μ¸É¨, ¨ ¥° ¶·¨¤ ¥É¸Ö ´ ¨¡μ²ÓÏ¨° ¢¥¸
(a2

n−k = 1 ¶·¨ 1 � n − k � N ¨ a2
n−k = 0 ¶·¨ n − k > N ). �Éμ³Ê

¸²ÊÎ Õ ¸μμÉ¢¥É¸É¢Ê¥É ¸É É¨¸É¨Î¥¸±¨ μ¶É¨³ ²Ó´Ò°  ²£μ·¨É³ ��

ΔrAn =

N∑
k=1

(ΔrAn−k − Δe¨n−k)

N
. (9)

’ ±¨³ μ¡· §μ³, ¢ÒÌμ¤´μ° ¸¨£´ ² �� ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¸·¥¤´¥ ·¨Ë³¥É¨Î¥-
¸±μ¥ §´ Î¥´¨¥ N ¶·¥¤Ï¥¸É¢ÊÕÐ¨Ì ¢Ìμ¤´ÒÌ ¸¨£´ ²μ¢. ˆ§ Ëμ·³Ê²Ò (9) ¸²¥-
¤Ê¥É, ÎÉμ ¨³¶Ê²Ó¸´ Ö ¶¥·¥¤ ÉμÎ´ Ö ËÊ´±Í¨Ö �� · ¢´ 

W ∗
A(z) =

ΔrA(z)
δA(z)

=
z−1

N

z−N

1 − z−1
. (10)

‚Éμ·μ³Ê ¢ ·¨ ´ÉÊ ¸μμÉ¢¥É¸É¢Ê¥É ¸É·Ê±ÉÊ·´ Ö ¸Ì¥³ , ¶μ± § ´´ Ö ´  ·¨¸. 1,
´μ ¶·¨ W ∗

∼ = 1, É. ¥. ¸Ì¥³  ¡¥§ Ë¨²ÓÉ· .

Œ�„…‹ˆ��‚��ˆ… ˆ �–…�Š� �…�…•�„�›• ���–…‘‘�‚
‚ �…�Š’��… „‹Ÿ „‚“• ‚��ˆ��’�‚ ��

Œμ¤¥²¨·μ¢ ´¨¥ ¶·μÍ¥¸¸μ¢ ¶·μ¢¥¤¥´μ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸μ ¸É·Ê±ÉÊ·´μ° ¸Ì¥-
³μ°, ¶μ± § ´´μ° ´  ·¨¸. 1. �μ¸±μ²Ó±Ê ¤¨´ ³¨±  ·¥ ±Éμ·  ¸ÊÐ¥¸É¢¥´´μ § -
¢¨¸¨É μÉ ¶ · ³¥É·μ¢ μ¡· É´μ° ¸¢Ö§¨, μ¡Ê¸²μ¢²¥´´μ° · §μ£·¥¢μ³ ·¥ ±Éμ· ,
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¤μ ³μ¤¥²¨·μ¢ ´¨Ö ¡Ò²¨ μÍ¥´¥´Ò §´ Î¥´¨Ö ÔÉ¨Ì ¶ · ³¥É·μ¢. �Í¥´±  μ¸ÊÐ¥-
¸É¢²¥´  ¶μ¸·¥¤¸É¢μ³ ³ É¥³ É¨Î¥¸±μ° μ¡· ¡μÉ±¨ § ·¥£¨¸É·¨·μ¢ ´´ÒÌ ¶¥·¥-
Ìμ¤´ÒÌ ¶·μÍ¥¸¸μ¢ ³μÐ´μ¸É¨, μ¡Ê¸²μ¢²¥´´ÒÌ ¶·¥¤´ ³¥·¥´´Ò³¨ ¶·Ö³μÊ£μ²Ó-
´Ò³¨ ±μ²¥¡ ´¨Ö³¨ ·¥ ±É¨¢´μ¸É¨, ¢ ·¥¦¨³¥ ¸ ³μ·¥£Ê²¨·μ¢ ´¨Ö [8].

�¨¸. 2. �É´μ¸¨É¥²Ó´μ¥ μÉ±²μ´¥´¨¥ Ô´¥·£¨¨ ¨³¶Ê²Ó¸μ¢ ³μÐ´μ¸É¨ Δe¨n ¶·¨ ¸± Î±¥
·¥ ±É¨¢´μ¸É¨ (¢ ¤μ²ÖÌ β¨) ΔrF = −0,1; n Å ´μ³¥· ¨³¶Ê²Ó¸  ³μÐ´μ¸É¨:  ) �� μÉ-
±²ÕÎ¥´ (·¥¦¨³ ¸ ³μ·¥£Ê²¨·μ¢ ´¨Ö); ¡Ä¥) ¶¥·¢Ò° ¢ ·¨ ´É ��: ¶ · ³¥É· Ë¨²ÓÉ·  q = 1
(Ë¨²ÓÉ· μÉ±²ÕÎ¥´) (¡), q = 4 (¢), q = 8 (£), q = 16 (¤), q = 32 (¥); 1 Å ¶ · ³¥É·
¸±μ·μ¸É¨ �� Δ = 0,05; 2 Å Δ = 0,1; 3 Å Δ = 0,2
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„²Ö μ¡μ¨Ì ¢ ·¨ ´Éμ¢ �� ¢ÒÎ¨¸²¥´Ò ¶¥·¥Ìμ¤´Ò¥ ¶·μÍ¥¸¸Ò ³μÐ´μ¸É¨
¶·¨ · §²¨Î´ÒÌ ¢μ§³ÊÐ¥´¨ÖÌ ·¥ ±É¨¢´μ¸É¨,   ¨³¥´´μ:  ) ·¥£Ê²Ö·´μ¥ ¢μ§³Ê-
Ð¥´¨¥ ¢ ¢¨¤¥ ¸± Î±  ΔrF = −0,1; ¡) ·¥ ²Ó´Ò° ÏÊ³ ·¥ ±É¨¢´μ¸É¨, ¢ÒÎ¨-
¸²¥´´Ò° ·¥ ±É¨³¥É·μ³ [9] ¶μ § ·¥£¨¸É·¨·μ¢ ´´μ³Ê ÏÊ³Ê ³μÐ´μ¸É¨ ¶·¨ · -
¡μÉ¥ ·¥ ±Éμ·  ¢ ·¥¦¨³¥ ¸ ³μ·¥£Ê²¨·μ¢ ´¨Ö ¶·¨ ´μ³¨´ ²Ó´μ° ¸·¥¤´¥° ³μÐ-
´μ¸É¨ 2 Œ‚É; ¢) ¸²ÊÎ °´μ¥ ¢μ§³ÊÐ¥´¨¥ ¢ ¢¨¤¥ ¡¥²μ£μ ÏÊ³  ¸ ¤¨¸¶¥·¸¨¥°
σ2

F = 0,052. ’ ±¦¥ ¢ÒÎ¨¸²¥´Ò Î ¸ÉμÉ´Ò¥ Ì · ±É¥·¨¸É¨±¨ ¤²Ö μÍ¥´±¨ Ê¸Éμ°-
Î¨¢μ¸É¨ ·¥ ±Éμ· .

�·¨¢¥¤¥´´Ò¥ ´¨¦¥ ·¨¸Ê´±¨ ¨²²Õ¸É·¨·ÊÕÉ ·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éμ¢ ¤²Ö ´μ-
³¨´ ²Ó´ÒÌ §´ Î¥´¨° ¸·¥¤´¥° ³μÐ´μ¸É¨ 2 Œ‚É ¨ · ¸Ìμ¤  É¥¶²μ´μ¸¨É¥²Ö
(´ É·¨Ö) 100 ³3/Î.

�  ·¨¸. 2 ¤²Ö ¶¥·¢μ£μ ¢ ·¨ ´É  �� ¶μ± § ´Ò ¶¥·¥Ìμ¤´Ò¥ ¶·μÍ¥¸¸Ò, ¢Ò-
§¢ ´´Ò¥ ¸± Î±μ³ ·¥ ±É¨¢´μ¸É¨ ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ ±μÔËË¨Í¨¥´É  ¸£² -
¦¨¢ ´¨Ö Ë¨²ÓÉ·  q ¨ ¶ · ³¥É·  ¸±μ·μ¸É¨ �� Δ. ’ ³ ¦¥ ¤²Ö ¸· ¢´¥´¨Ö
¶μ± § ´Ò  ´ ²μ£¨Î´Ò¥ ¶¥·¥Ìμ¤´Ò¥ ¶·μÍ¥¸¸Ò ¤²Ö ·¥¦¨³  ¸ ³μ·¥£Ê²¨·μ¢ ´¨Ö,
É. ¥. ¡¥§ ��.

�  ·¨¸. 3 ¶μ± § ´Ò  ´ ²μ£¨Î´Ò¥ ¶·μÍ¥¸¸Ò ¤²Ö ¢Éμ·μ£μ ¢ ·¨ ´É  �� ¢
§ ¢¨¸¨³μ¸É¨ μÉ Î¨¸²  N ¶·¥¤Ò¤ÊÐ¨Ì ¨³¶Ê²Ó¸μ¢ ³μÐ´μ¸É¨, ¶μ ±μÉμ·Ò³ ¶ÊÉ¥³
Ê¸·¥¤´¥´¨Ö ¢Ìμ¤´ÒÌ ¸¨£´ ²μ¢ �� Ëμ·³¨·Ê¥É¸Ö ¥£μ ¢ÒÌμ¤´μ° ¸¨£´ ².

�  ·¨¸. 4 ¶μ± § ´μ ¸·¥¤´¥±¢ ¤· É¨Î¥¸±μ¥ μÉ±²μ´¥´¨¥ Ô´¥·£¨¨ ¨³¶Ê²Ó¸μ¢
³μÐ´μ¸É¨ σ, μ¡Ê¸²μ¢²¥´´μ¥ ÏÊ³μ³ ·¥ ±É¨¢´μ¸É¨, ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ ±μ-
ÔËË¨Í¨¥´É  ¸£² ¦¨¢ ´¨Ö Ë¨²ÓÉ·  q ¨ ¶ · ³¥É·  ¸±μ·μ¸É¨ �� Δ (¶¥·¢Ò°
¢ ·¨ ´É ��) ¨ ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  N (¢Éμ·μ° ¢ ·¨ ´É ��).

�¨¸. 3. �É´μ¸¨É¥²Ó´μ¥ μÉ±²μ´¥´¨¥
Ô´¥·£¨¨ ¨³¶Ê²Ó¸μ¢ ³μÐ´μ¸É¨ Δe¨n

¶·¨ ¸± Î±¥ ·¥ ±É¨¢´μ¸É¨ ΔrF =
−0,1; n Å ´μ³¥· ¨³¶Ê²Ó¸  ³μÐ´μ-
¸É¨; 1 Å ¶ · ³¥É· �� N = 1; 2 Å
N = 8; 3 Å N = 16; 4 Å N = 32

�¨¸. 4. ‘·¥¤´¥±¢ ¤· É¨Î¥¸±μ¥ μÉ±²μ-
´¥´¨¥ Ô´¥·£¨¨ ¨³¶Ê²Ó¸μ¢ ³μÐ´μ¸É¨ σ
± ± ËÊ´±Í¨Ö ¶ · ³¥É·  Ë¨²ÓÉ·  q
(¶¥·¢Ò° ¢ ·¨ ´É ��, ±·¨¢Ò¥ 1Ä3) ¨
¶ · ³¥É·  �� N (¢Éμ·μ° ¢ ·¨ ´É ��,
±·¨¢ Ö 4): 1 Å Δ = 0,05; 2 Å
Δ = 0,1; 3 Å Δ = 0,2
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Š·¨¢Ò¥ ´  ·¨¸. 4 · ¸¸Î¨É ´Ò ¤²Ö ·¥ ²Ó´μ£μ ÏÊ³  ·¥ ±É¨¢´μ¸É¨. Š·¨¢Ò¥, · ¸-
¸Î¨É ´´Ò¥ ¤²Ö ¢μ§³ÊÐ¥´¨Ö ·¥ ±É¨¢´μ¸É¨ ¢ ¢¨¤¥ ¡¥²μ£μ ÏÊ³ , ´¥ μÉ²¨Î ÕÉ¸Ö
¸ÊÐ¥¸É¢¥´´μ μÉ ±·¨¢ÒÌ, ¶μ± § ´´ÒÌ ´  ·¨¸. 4.

�  ·¨¸. 5 ¨ 6 ¶·¨¢¥¤¥´Ò  ³¶²¨ÉÊ¤´μ-Ë §μ¢Ò¥ Î ¸ÉμÉ´Ò¥ Ì · ±É¥·¨¸É¨±¨
(�”—•) · §μ³±´ÊÉμ° ¸¨¸É¥³Ò, ¨¸¶μ²Ó§Ê¥³Ò¥ ¤²Ö ¸Ê¦¤¥´¨Ö μ¡ Ê¸Éμ°Î¨¢μ¸É¨
§ ³±´ÊÉμ° ¸¨¸É¥³Ò ®·¥£Ê²ÖÉμ·Ä·¥ ±Éμ·¯ ¶μ ±·¨É¥·¨Õ � °±¢¨¸É . �É¨ �”—•
¢ÒÎ¨¸²¥´Ò ¶μ ¨³¶Ê²Ó¸´Ò³ Î ¸ÉμÉ´Ò³ ¶¥·¥¤ ÉμÎ´Ò³ ËÊ´±Í¨Ö³
W ∗

· §(jω̄) = W ∗
A(jω̄)W ∗

R(jω̄)W ∗
∼(jω̄) ¤²Ö ¶¥·¢μ£μ ¢ ·¨ ´É  �� ¨ W ∗

· §(jω̄) =
W ∗

A(jω̄)W ∗
R(jω̄) ¤²Ö ¢Éμ·μ£μ. ”Ê´±Í¨¨ W ∗

A(jω̄), W ∗
R(jω̄) ¨ W ∗

∼(jω̄) ¶μ²Ê-

Î ÕÉ¸Ö ¨§ ËÊ´±Í¨° W ∗
A(z), W ∗

R(z) ¨ W ∗
∼(z) ¶ÊÉ¥³ § ³¥´Ò  ·£Ê³¥´É 

�¨¸. 5. �³¶²¨ÉÊ¤´μ-Ë §μ¢Ò¥ Î ¸ÉμÉ´Ò¥ Ì · ±É¥·¨¸É¨±¨ · §μ³±´ÊÉμ° ¸¨¸É¥³Ò
®·¥£Ê²ÖÉμ·Ä·¥ ±Éμ·¯ ¤²Ö §´ Î¥´¨° ¶ · ³¥É·  ¸±μ·μ¸É¨ �� Δ = 0,05 (a) ¨ Δ = 0,2 (¡)
¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ ±μÔËË¨Í¨¥´É  ¸£² ¦¨¢ ´¨Ö Ë¨²ÓÉ· : 1 Å q = 1; 2 Å q = 4;
3 Å q = 8; 4 Å q = 16; 5 Å q = 32

�¨¸. 6. �³¶²¨ÉÊ¤´μ-Ë §μ¢Ò¥ Î ¸ÉμÉ´Ò¥ Ì · ±É¥·¨¸É¨±¨ · §μ³±´ÊÉμ° ¸¨¸É¥³Ò
®·¥£Ê²ÖÉμ·Ä·¥ ±Éμ·¯ ¤²Ö ¢Éμ·μ£μ ¢ ·¨ ´É  �� ¶·¨ N = 8 ( ) ¨ N = 16 (¡)
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�¨¸. 7. ‡ ¶ ¸Ò ¶μ  ³¶²¨ÉÊ¤¥ ( ) ¨ Ë §¥ (¡) ¤²Ö ¶¥·¢μ£μ ¢ ·¨ ´É  ��: 1 Å Δ = 0,05;
2 Å Δ = 0,1; 3 Å Δ = 0,2; 4 Å ¤²Ö ¢Éμ·μ£μ ¢ ·¨ ´É  ��

z = exp (jω̄), £¤¥ ω̄ = ωT¨ Å ¡¥§· §³¥·´ Ö ±·Ê£μ¢ Ö Î ¸ÉμÉ  (¨¸¶μ²Ó§Ê¥É¸Ö
¤¨ ¶ §μ´ 0 � ω̄ � π), ω Å ±·Ê£μ¢ Ö Î ¸ÉμÉ  (¸−1), j =

√
−1.

�¨¸. 5 ¨²²Õ¸É·¨·Ê¥É ¤²Ö ¶¥·¢μ£μ ¢ ·¨ ´É  �� ¢²¨Ö´¨¥ ´  �”—• ±μÔËË¨-
Í¨¥´É  ¸£² ¦¨¢ ´¨Ö Ë¨²ÓÉ·  q ¨ ¶ · ³¥É·  ¸±μ·μ¸É¨ �� Δ,   ·¨¸. 6 Å ¢²¨Ö-
´¨¥ ±μ²¨Î¥¸É¢  N Ê¸·¥¤´Ö¥³ÒÌ ¢Ìμ¤´ÒÌ ¸¨£´ ²μ¢ �� ¤²Ö ¢Éμ·μ£μ
¢ ·¨ ´É .

�μ �”—•, ¸μμÉ¢¥É¸É¢ÊÕÐ¥° Éμ³Ê ¨²¨ ¨´μ³Ê §´ Î¥´¨Õ ¢ ·Ó¨·Ê¥³ÒÌ ¶ -
· ³¥É·μ¢ q ¨ Δ ¤²Ö ¶¥·¢μ£μ ¢ ·¨ ´É  ¨²¨ N ¤²Ö ¢Éμ·μ£μ, μ¶·¥¤¥²¥´Ò § ¶ ¸Ò
Ê¸Éμ°Î¨¢μ¸É¨ ¶μ  ³¶²¨ÉÊ¤¥ a = 1/0A ¨ ¶μ Ë §¥ Δϕ, · ¢´Ò¥ ´ ¨³¥´ÓÏ¥³Ê
Ê£²Ê ¶μ¢μ·μÉ  ¢¥±Éμ·  �”—• ¥¤¨´¨Î´μ° ¤²¨´Ò ¤μ μÉ·¨Í É¥²Ó´μ° ¤¥°¸É¢¨-
É¥²Ó´μ° ¶μ²Êμ¸¨ (¸³. ·¨¸. 5 ¨ 6). �  ·¨¸. 7 ¶μ± § ´Ò § ¢¨¸¨³μ¸É¨ § ¶ ¸μ¢ ¶μ
 ³¶²¨ÉÊ¤¥ ¨ Ë §¥ μÉ ¢ ·Ó¨·Ê¥³ÒÌ ¶ · ³¥É·μ¢ q ¨ Δ ¤²Ö ¶¥·¢μ£μ ¢ ·¨ ´É  ��
¨ μÉ N ¤²Ö ¢Éμ·μ£μ.

‡�Š‹	—…�ˆ…

‚ ¸¢Ö§¨ ¸ ¸ÊÐ¥¸É¢¥´´Ò³ · §¡·μ¸μ³  ³¶²¨ÉÊ¤ ¨³¶Ê²Ó¸μ¢ ³μÐ´μ¸É¨ · ¸-
¸³μÉ·¥´Ò ¤¢  ¢ ·¨ ´É   ¢Éμ³ É¨Î¥¸±μ£μ ·¥£Ê²ÖÉμ· , Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ ±·¨-
É¥·¨Õ ³¨´¨³Ê³  ¢¥·μÖÉ´μ£μ ¸·¥¤´¥±¢ ¤· É¨Î¥¸±μ£μ μÉ±²μ´¥´¨Ö  ³¶²¨ÉÊ¤Ò
¡Ê¤ÊÐ¥£μ ¨³¶Ê²Ó¸  ³μÐ´μ¸É¨ ´  μ¸´μ¢ ´¨¨ ¨´Ëμ·³ Í¨¨, ¶μ²ÊÎ¥´´μ° ¢ Ê¦¥
¶·μÏ¥¤Ï¨Ì ¨³¶Ê²Ó¸ Ì. �É²¨Î¨¥ ¢ ·¨ ´Éμ¢ Å ¢ ¢Ò¡μ·¥ Ì · ±É¥·  ÊÎ¥É 
¨´Ëμ·³ Í¨¨. �¥·¢Ò° ¢ ·¨ ´É Ì · ±É¥·¨§Ê¥É¸Ö ¶² ¢´Ò³ ¸É ·¥´¨¥³ ¨´Ëμ·-
³ Í¨¨: ¡μ²¥¥ · ´´¥° ¨´Ëμ·³ Í¨¨ ¶·¨¤ ¥É¸Ö ³¥´ÓÏ¨° ¢¥¸. ‚Éμ·μ° ¢ ·¨ ´É
Ì · ±É¥·¨§Ê¥É¸Ö ¸± Î±μμ¡· §´Ò³ ¢¨¤μ³ ¸É ·¥´¨Ö ¨´Ëμ·³ Í¨¨: ¨´Ëμ·³ Í¨¨,
¶μ²ÊÎ¥´´μ° ¨§ Ë¨±¸¨·μ¢ ´´μ£μ ±μ²¨Î¥¸É¢  ¶μ¸²¥¤´¨Ì ¨³¶Ê²Ó¸μ¢, ¶·¨¤ ¥É¸Ö
´ ¨¡μ²ÓÏ¨° ¢¥¸,   ¡μ²¥¥ · ´´¥° Å ´Ê²¥¢μ° (É. ¥. ¡μ²¥¥ · ´´ÖÖ ¨´Ëμ·³ Í¨Ö
´¥ ÊÎ¨ÉÒ¢ ¥É¸Ö ¢μμ¡Ð¥).
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‚μ§³ÊÐ¥´¨Ö ·¥ ±É¨¢´μ¸É¨ ¸μ¤¥·¦ É ± ± ¸²ÊÎ °´Ò¥, É ± ¨ ·¥£Ê²Ö·´Ò¥
¸μ¸É ¢²ÖÕÐ¨¥. �·¨ ¸²ÊÎ °´μ³ ¢μ§³ÊÐ¥´¨¨ ³¥´ÓÏ¥¥ (ÌμÉÖ ¨ ´¥ ¸Éμ²Ó ¸ÊÐ¥-
¸É¢¥´´μ¥) §´ Î¥´¨¥ ¸·¥¤´¥±¢ ¤· É¨Î¥¸±μ£μ μÉ±²μ´¥´¨Ö ·¥£Ê²¨·Ê¥³μ£μ ¶ · -
³¥É·  ¶μ²ÊÎ ¥É¸Ö ¶·¨ ¶¥·¢μ³ ¢ ·¨ ´É¥ ��. �·¨ ·¥£Ê²Ö·´μ³ ¢μ§³ÊÐ¥´¨¨ ¢
¢¨¤¥ ¸± Î±  ·¥ ±É¨¢´μ¸É¨ ´¥¸±μ²Ó±μ ²ÊÎÏ¨¥ ¶μ± § É¥²¨ ¶¥·¥Ìμ¤´μ£μ ¶·μ-
Í¥¸¸  ³μÐ´μ¸É¨ (¶¥·¥·¥£Ê²¨·μ¢ ´¨¥ ¨ ¢·¥³Ö ·¥£Ê²¨·μ¢ ´¨Ö) ¶μ²ÊÎ ÕÉ¸Ö ¶·¨
¢Éμ·μ³ ¢ ·¨ ´É¥ ��. �¤´ ±μ ¤²Ö ¶¥·¢μ£μ ¢ ·¨ ´É  § ¶ ¸ Ê¸Éμ°Î¨¢μ¸É¨ ¸¨-
¸É¥³Ò ®·¥£Ê²ÖÉμ·Ä·¥ ±Éμ·¯ ¨ ¶μ  ³¶²¨ÉÊ¤¥, ¨ ¶μ Ë §¥ ¡μ²ÓÏ¥, Î¥³ ¤²Ö ¢Éμ-
·μ£μ, ¶μÔÉμ³Ê ¶¥·¢Ò° ¢ ·¨ ´É ¶·¥¤¸É ¢²Ö¥É¸Ö ¡μ²¥¥ ¶·¥¤¶μÎÉ¨É¥²Ó´Ò³.
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