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Š¨´¥³ É¨Î¥¸±¨° Ë¨É

�·¨ ¨§³¥·¥´¨ÖÌ, ¶·μ¢μ¤¨³ÒÌ ¢ Ô±¸¶¥·¨³¥´É ²Ó´μ° Ë¨§¨±¥ Î ¸É¨Í, ¤²Ö ± -
¦¤μ° Î ¸É¨ÍÒ, ÊÎ ¸É¢ÊÕÐ¥° ¢μ ¢§ ¨³μ¤¥°¸É¢¨¨ ¨²¨ · ¸¶ ¤¥, ¨´¤¨¢¨¤Ê ²Ó´μ ´ -
Ìμ¤ÖÉ¸Ö ±¨´¥³ É¨Î¥¸±¨¥ ¶ · ³¥É·Ò Å ³μ¤Ê²Ó ¨³¶Ê²Ó¸  ¨ Ê£²Ò ¢Ò²¥É . ˆ§-§ 
μÏ¨¡μ±, ¢μ§´¨± ÕÐ¨Ì ¶·¨ ¨§³¥·¥´¨ÖÌ, ¢ ¸μ¢μ±Ê¶´μ¸É¨ ¶μ²ÊÎ¥´´ÒÌ ±¨´¥³ É¨-
Î¥¸±¨Ì ¶ · ³¥É·μ¢ ¢ Éμ° ¨²¨ ¨´μ° ¸É¥¶¥´¨ ´¥ ¢Ò¶μ²´ÖÕÉ¸Ö § ±μ´Ò ¸μÌ· ´¥´¨Ö
Ô´¥·£¨¨-¨³¶Ê²Ó¸ . � §· ¡μÉ ´´ Ö ¥Ð¥ ¢ 60-Ì ££. •• ¢. ¶·μÍ¥¤Ê·  ±¨´¥³ É¨Î¥-
¸±μ£μ Ë¨É¨·μ¢ ´¨Ö (kinematical ˇt) ÊÉμÎ´Ö¥É §´ Î¥´¨Ö ±¨´¥³ É¨Î¥¸±¨Ì ¶ · ³¥-
É·μ¢, Ê¸É· ´Ö¥É ¨Ì ´¥¸μμÉ¢¥É¸É¢¨¥ § ±μ´ ³ ¸μÌ· ´¥´¨Ö ¨ Ê³¥´ÓÏ ¥É ¨Ì μÏ¨¡±¨.

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ±· É±μ, ´μ ¨¸Î¥·¶Ò¢ ÕÐ¥ μ¶¨¸ ´  ²£μ·¨É³ ±¨´¥³ É¨-
Î¥¸±μ£μ Ë¨É¨·μ¢ ´¨Ö. ˆ§²μ¦¥´¨¥ ¢¥¤¥É¸Ö ¢ ³ É·¨Î´μ³ ¢¨¤¥. �·¥¤¸É ¢²ÖÕÉ¸Ö
´μ¢Ò¥ μ¸μ¡¥´´μ¸É¨ É¥¸É¨·μ¢ ´¨Ö ¨ ¨¸¶μ²Ó§μ¢ ´¨Ö ·¥§Ê²ÓÉ Éμ¢ Ë¨É¨·μ¢ ´¨Ö. � 
³μ¤¥²¨·μ¢ ´´ÒÌ ³ É¥·¨ ² Ì np-¢§ ¨³μ¤¥°¸É¢¨Ö ¸ ¶μ³μÐÓÕ ±·¨É¥·¨Ö ¸μ£² ¸¨Ö
Šμ²³μ£μ·μ¢  ¶μ± § ´μ, ÎÉμ ¶·μÍ¥¤Ê·  ±¨´¥³ É¨Î¥¸±μ£μ Ë¨É¨·μ¢ ´¨Ö ´¥ ¢´μ¸¨É
¸¨¸É¥³ É¨Î¥¸±¨Ì ¨¸± ¦¥´¨° ¢ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ Ë¨§¨±¨ ¢Ò¸μ±¨Ì Ô´¥·£¨° ¨³. ‚.ˆ. ‚¥±¸²¥· 
¨ �.Œ. � ²¤¨´  �ˆŸˆ.

‘μμ¡Ð¥´¨¥ �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2016
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The Kinematical Fit

At measurements performed in experimental particle physics, for every particle
taking part in collision or decay, kinematical parameters such as momentum and
exit angles are ˇxed individually. Due to measurement errors the conservation laws
of energy and momentum are violated in this set of kinematical parameters. The
procedure of ©kinematical ˇttingª, which was developed as early as the sixties of
the 20th century, makes values of kinematical parameters more precise, eliminates
violations of the conservation laws and makes smaller errors in parameters.

In this work the algorithm of kinematical ˇtting is described brie	y but enough
to create a program code. The matrix representation is used. New details of testing
and using of results of ˇtting are presented. At the Monte Carlo generation of the
np-interaction using the Kolmogorov criterion, it was shown that the kinematical ˇt
procedure does not imbed systematical errors in its results.

The investigation has been performed at the Veksler and Baldin Laboratory of
High Energy Physics, JINR.

Communication of the Joint Institute for Nuclear Research. Dubna, 2016
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�·μÍ¥¤Ê·  ±¨´¥³ É¨Î¥¸±μ£μ Ë¨É¨·μ¢ ´¨Ö ¤²Ö Ô±¸¶¥·¨³¥´É ²Ó´μ° Ë¨-
§¨±¨ Î ¸É¨Í ¶μ¤·μ¡´μ ¶·¥¤¸É ¢²¥´  ¢ [1]. �¶¨¸ ´¨Õ ¶μ¤μ¡´μ° ¶·μÍ¥¤Ê·Ò
¶μ¸¢ÖÐ¥´Ò É ±¦¥ · ¡μÉÒ [2Ä7]. „ ´´ Ö ¶·μÍ¥¤Ê·  Ë¨É¨·μ¢ ´¨Ö ¡ §¨·Ê¥É¸Ö
´  [1]; ¸ ´ Î ²  1980-Ì ££., ´¥μ¤´μ±· É´μ ³μ¤¨Ë¨Í¨·Ê¥³ Ö, μ´  ¶·¨³¥´Ö² ¸Ó
¶·¨ ¨§³¥·¥´¨¨ np-¢§ ¨³μ¤¥°¸É¢¨° [8] ¸ ¨³¶Ê²Ó¸μ³ ´ ²¥É ÕÐ¥£μ ´¥°É·μ´  μÉ
1,25 ¤μ 5,20 ƒÔ‚/¸ (np-Ô±¸¶¥·¨³¥´É), ¨§ÊÎ ¢Ï¨Ì¸Ö ¸ ¶μ³μÐÓÕ μ¤´μ³¥É·μ¢μ°
¢μ¤μ·μ¤´μ° ¶Ê§Ò·Ó±μ¢μ° ± ³¥·Ò ‹”‚
 �ˆŸˆ („Ê¡´ ) [9].

�·μÍ¥¤Ê·  ¶·¨³¥´Ö² ¸Ó É ±¦¥ ¶·¨ ¨§ÊÎ¥´¨¨ pp-¢§ ¨³μ¤¥°¸É¢¨° ¸ Ô´¥·-
£¨¥° ´ ²¥É ÕÐ¥£μ ¶·μÉμ´  2,2 ¨ 3,5 ƒÔ‚ ´  Ê¸É ´μ¢±¥ HADES GSI („ ·-
³ÏÉ ¤É) [10].

‚Ìμ¤´Ò³¨ ¤ ´´Ò³¨ ¤²Ö μ¶¨¸Ò¢ ¥³μ° ¶·μÍ¥¤Ê·Ò ±¨´¥³ É¨Î¥¸±μ£μ Ë¨É 
Ö¢²ÖÕÉ¸Ö ¨§³¥·¥´´Ò¥ ±¨´¥³ É¨Î¥¸±¨¥ ¶ · ³¥É·Ò Î ¸É¨Í, ÊÎ ¸É¢ÊÕÐ¨Ì ¢μ
¢§ ¨³μ¤¥°¸É¢¨¨ (¢ ¸Éμ²±´μ¢¥´¨¨ ¨²¨ ¶·¨ · ¸¶ ¤¥), ´ ¶·¨³¥·, ¨³¶Ê²Ó¸ ¨ Ê£²Ò
¢Ò²¥É , ¨Ì ¨§³¥·¨É¥²Ó´Ò¥ μÏ¨¡±¨,   É ±¦¥ ¨Ì ³ ¸¸Ò. —¨¸²¥´´Ò¥ §´ Î¥´¨Ö
¨§³¥·¥´´ÒÌ ±¨´¥³ É¨Î¥¸±¨Ì ¶ · ³¥É·μ¢ ¶·¥¤¶μ² £ ÕÉ¸Ö ¸²ÊÎ °´Ò³¨ ¢¥²¨-
Î¨´ ³¨ ¸ ´μ·³ ²Ó´Ò³ £ Ê¸¸μ¢Ò³ · ¸¶·¥¤¥²¥´¨¥³. �·¨ ÔÉμ³ Å ¨§-§  ·¥ ²Ó-
´ÒÌ μÏ¨¡μ± ¨§³¥·¥´¨Ö Å ¢ ¸μ¢μ±Ê¶´μ¸É¨ ¨§³¥·¥´´ÒÌ ±¨´¥³ É¨Î¥¸±¨Ì ¶ -
· ³¥É·μ¢ (¶μ ¢¸¥³ Î ¸É¨Í ³ ¢§ ¨³μ¤¥°¸É¢¨Ö) § ±μ´Ò ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨ ¨
¨³¶Ê²Ó¸  ¢ ¡μ²ÓÏ¥° ¨²¨ ³¥´ÓÏ¥° ¸É¥¶¥´¨ ´¥ ¸μ¡²Õ¤ ÕÉ¸Ö.

‡ ¤ Î  ±¨´¥³ É¨Î¥¸±μ£μ Ë¨É¨·μ¢ ´¨Ö Å ¢Ò¶μ²´¨ÉÓ ¶μ¤£μ´±Ê ¸μ¢μ±Ê¶´μ-
¸É¨ ±¨´¥³ É¨Î¥¸±¨Ì ¶ · ³¥É·μ¢ É ±, ÎÉμ¡Ò ¶μ¸²¥¤´¨¥, ¶μ-¶·¥¦´¥³Ê μ¡² ¤ Ö
¸¢μ°¸É¢ ³¨ ¸²ÊÎ °´ÒÌ £ Ê¸¸μ¢ÒÌ ¢¥²¨Î¨´, ®´ ¨²ÊÎÏ¨³ μ¡· §μ³¯ ¶·¨¡²¨§¨-
²¨¸Ó ± ÉμÎ´Ò³ ¶ · ³¥É· ³ ¢§ ¨³μ¤¥°¸É¢¨Ö Î ¸É¨Í ¨ μ¤´μ¢·¥³¥´´μ μ¡¥¸¶¥-
Î¨²¨ ¸μ¡²Õ¤¥´¨¥ § ±μ´μ¢ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨ ¨ ¨³¶Ê²Ó¸ .

‚ μ¶¨¸Ò¢ ¥³μ³ np-Ô±¸¶¥·¨³¥´É¥ ¨¸¸²¥¤ÊÕÉ¸Ö ¸μ¡ÒÉ¨Ö ¸ μ¤´μ° ¢¥·Ï¨-
´μ°, ¶·¨Î¥³ ¢ Î¨¸²¥ ¢Éμ·¨Î´ÒÌ Î ¸É¨Í · ¸¸³ É·¨¢ ¥É¸Ö ´¥ ¡μ²¥¥ μ¤´μ° ´¥°-
É· ²Ó´μ°. ‚ ± Î¥¸É¢¥ ±¨´¥³ É¨Î¥¸±¨Ì ¶ · ³¥É·μ¢ Î ¸É¨Í ¢Ò¡¨· ÕÉ¸Ö É·¨ ´¥-
§ ¢¨¸¨³μ ¨§³¥·Ö¥³Ò¥ ¸²ÊÎ °´Ò¥ ¢¥²¨Î¨´Ò. �μ¸±μ²Ó±Ê § ·Ö¦¥´´ Ö Î ¸É¨Í 
¢ ¶·μ¸É· ´¸É¢¥ ¶Ê§Ò·Ó±μ¢μ° ± ³¥·Ò μ¸É ¢²Ö¥É ¸²¥¤ (É·¥±) ¢ ¢¨¤¥ ¢¨´Éμ¢μ°
²¨´¨¨ ¸ μ¸ÓÕ z, ´ ¶· ¢²¥´´μ° ¢¤μ²Ó ¸¨²μ¢ÒÌ ²¨´¨° ³ £´¨É´μ£μ ¶μ²Ö, ¢ ± -
Î¥¸É¢¥ ±¨´¥³ É¨Î¥¸±¨Ì ¶ · ³¥É·μ¢ ³μ¦´μ ¢Ò¡¨· ÉÓ:
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1) ¶·μ¥±Í¨Õ pxy ¨³¶Ê²Ó¸  Î ¸É¨ÍÒ ´  ¶²μ¸±μ¸ÉÓ (xy), ±μÉμ· Ö ¸¢Ö§ ´ 
¸ ±·¨¢¨§´μ° K ¨ · ¤¨Ê¸μ³ R ¢¨´Éμ¢μ° ²¨´¨¨ ¨§¢¥¸É´Ò³¨ ¶·μ¶μ·Í¨Ö³¨ R ∼
pxy, K ∼ 1/pxy;

2) Ï¨·μÉ´Ò° Ê£μ² α Å Ê£μ² ¶μ¤Ñ¥³  ¢¨´Éμ¢μ° ²¨´¨¨ (¨²¨ ¥£μ É ´£¥´¸),
μ¶·¥¤¥²ÖÕÐ¨° ¸¢Ö§Ó ³¥¦¤Ê ¨³¶Ê²Ó¸μ³ p ¨ ¥£μ ¶·μ¥±Í¨¥° ´  ¶²μ¸±μ¸ÉÓ (xy):
pxy = p · cosα;

3)  §¨³ÊÉ ²Ó´Ò° Ê£μ² β.
Š ± ¶μ± §Ò¢ ¥É μ¶ÒÉ, ¤²Ö ±μ´±·¥É´μ£μ ¸²ÊÎ Ö np-Ô±¸¶¥·¨³¥´É  ¢³¥¸Éμ

¶·μ¥±Í¨¨ pxy ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ´¥¶μ¸·¥¤¸É¢¥´´μ ¨³¶Ê²Ó¸ p. ‚ [1] Ê¸É ´μ-
¢²¥´  ¶ · ³¥É·¨§ Í¨Ö (1/(p cosα), tgα, β), ¢ [11] Å (1/p, α, β). ‚ μ¶¨¸Ò¢ -
¥³μ° ¶·μÍ¥¤Ê·¥ ¶·¥¤Ê¸³μÉ·¥´Ò Å ¶μ ¢Ò¡μ·Ê Å ¶ · ³¥É·¨§ Í¨¨ (p, tgα, β)
¨ (1/p, tgα, β). Šμ³¶μ´¥´ÉÒ ¨³¶Ê²Ó¸  Î ¸É¨Í ¤²Ö ¶ · ³¥É·¨§ Í¨¨ (p, tgα, β)
¢ ¸²ÊÎ ¥ μ¤´μ³¥É·μ¢μ° ¶Ê§Ò·Ó±μ¢μ° ± ³¥·Ò § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¢¨¤¥

px = p
cosβ√
1 + tg2α

, py = p
sin β√

1 + tg2α
, pz = −p

tgα√
1 + tg2α

.

‘²¥¤ μÉ ¶ÊÎ±μ¢μ° Î ¸É¨ÍÒ ¢ np-Ô±¸¶¥·¨³¥´É¥ μÉ¸ÊÉ¸É¢Ê¥É ¨ ¶μÔÉμ³Ê ´¥
¨§³¥·Ö¥É¸Ö. ‘²¥¤μ¢ É¥²Ó´μ, ±¨´¥³ É¨Î¥¸±¨¥ ¶ · ³¥É·Ò ´ ²¥É ÕÐ¥£μ ´¥°-
É·μ´  ¢ ±μ´±·¥É´μ³ ¸μ¡ÒÉ¨¨ ´¥ μ¶·¥¤¥²¥´Ò, ´μ § ¤ ÕÉ¸Ö ¢¸Ö±¨° · § ¢ ± Î¥-
¸É¢¥ ´ Î ²Ó´ÒÌ ¶·¨¡²¨¦¥´¨° ¢ ¢¨¤¥ ´¥±μÉμ·ÒÌ ¸·¥¤´¨Ì ¢¥²¨Î¨´, ¶μ²ÊÎ¥´´ÒÌ
¨§ ¢´¥Ï´¨Ì ¸μμ¡· ¦¥´¨°. �μ, ¶μ¸±μ²Ó±Ê ¤¨¸¶¥·¸¨¨ ±¨´¥³ É¨Î¥¸±¨Ì ¶ · ³¥-
É·μ¢ ¶ÊÎ±μ¢μ£μ ´¥°É·μ´  ¢ np-Ô±¸¶¥·¨³¥´É¥ ¸· ¢´¨³Ò ¶μ ¢¥²¨Î¨´¥ ¸ ¤¨¸-
¶¥·¸¨Ö³¨ ±¨´¥³ É¨Î¥¸±¨Ì ¶ · ³¥É·μ¢ ¢Éμ·¨Î´ÒÌ Î ¸É¨Í, ¶ÊÎ±μ¢Ò° ´¥°É·μ´
¢ ´ ¸ÉμÖÐ¥° ¶·μÍ¥¤Ê·¥ ¶μ¤¢¥·£ ¥É¸Ö Ë¨É¨·μ¢ ´¨Õ ´ ·Ö¤Ê ¸μ ¢Éμ·¨Î´Ò³¨ Î -
¸É¨Í ³¨. ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ÔÉ¨³ ¶·¨´¨³ ¥É¸Ö, ÎÉμ ±¨´¥³ É¨Î¥¸±¨¥ ¶ · ³¥É·Ò
¶ÊÎ±μ¢μ£μ ´¥°É·μ´  ¨§³¥·¥´Ò (ÌμÉÖ ¨ ´¥ É ±, ± ± ¢Éμ·¨Î´Ò¥ Î ¸É¨ÍÒ).

� · ³¥É·Ò ¥¤¨´¸É¢¥´´μ° ¤μ¶Ê¸É¨³μ° ¢ ¤ ´´μ° ¶·μÍ¥¤Ê·¥ ´¥°É· ²Ó´μ°
Î ¸É¨ÍÒ (¸·¥¤¨ ¢Éμ·¨Î´ÒÌ) ´¥ ¨§³¥·ÖÕÉ¸Ö, ´μ μ¶·¥¤¥²ÖÕÉ¸Ö ¢ Ìμ¤¥ ¢ÒÎ¨¸-
²¥´¨°.

����Œ…’�› ˆ‡Œ…�…��›… ˆ ”ˆ’ˆ�“…Œ›…

�Ê¸ÉÓ ¢ ¸μ¡ÒÉ¨¨ ¨³¥¥É¸Ö n Î ¸É¨Í, ±¨´¥³ É¨Î¥¸±¨¥ ¶ · ³¥É·Ò ±μÉμ-
·ÒÌ ¨§³¥·¥´Ò. “¸É ´μ¢¨³, ÎÉμ Î ¸É¨Í  ¸ ´μ³¥·μ³ 1 ¥¸ÉÓ ¶ÊÎ±μ¢ Ö,   Î ¸É¨ÍÒ
¸ ´μ³¥· ³¨ μÉ 2 ¤μ n Å ¢Éμ·¨Î´Ò¥ § ·Ö¦¥´´Ò¥ (¸²¥¤μ¢ É¥²Ó´μ, ¨§³¥·¥´´Ò¥).
‚ ¤ ²Ó´¥°Ï¥³ ¨§³¥·¥´´Ò¥ ±¨´¥³ É¨Î¥¸±¨¥ ¶ · ³¥É·Ò ¡Ê¤¥³ ¸´ ¡¦ ÉÓ ¢¥·Ì-
´¥° ¶μ³¥É±μ° m (measured). ‚¢μ¤¨É¸Ö ¢¥±Éμ· ¨§³¥·¥´´ÒÌ ¤ ´´ÒÌ (¢¥±Éμ·-
¸Éμ²¡¥Í ¸ N = 3n ±μ³¶μ´¥´É ³¨)

xm = (xm
1 xm

2 xm
3 . . . xm

3i−2 xm
3i−1 xm

3i . . . xm
3n−2 xm

3n−1 xm
3n)T (i = 1, n),
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£¤¥ ¤²Ö ¶ · ³¥É·¨§ Í¨¨ (p, tgα, β)

xm
1 = pm

1 , xm
2 = tgαm

1 , xm
3 = βm

1 , . . . ,

xm
3n−2 = pm

n , xm
3n−1 = tgαm

n , xm
3n = βm

n .

Šμ³¶μ´¥´ÉÒ ¢¥±Éμ·  xm ¸μ¤¥·¦ É μÏ¨¡±¨ ¨§³¥·¥´¨Ö. Šμ¢ ·¨ Í¨μ´´ Ö ³ -
É·¨Í , ¨²¨ ³ É·¨Í  μÏ¨¡μ± (· §³¥·´μ¸ÉÓÕ N × N )

G−1 =
{
δxm · δxmT

}
NN

(§¤¥¸Ó δxm Å ¢¥±Éμ·-¸Éμ²¡¥Í ¸ N ±μ³¶μ´¥´É ³¨), Ëμ·³¨·Ê¥É¸Ö ¨§ ±μ¢ ·¨ -
Í¨μ´´ÒÌ ³ É·¨Í ¤²Ö ± ¦¤μ° Î ¸É¨ÍÒ:

G−1 =

⎛
⎜⎜⎝

cov1 0 0 0
0 cov2 0 0
0 0 covn−1 0
0 0 0 covn

⎞
⎟⎟⎠ .

„²Ö ¶ · ³¥É·¨§ Í¨¨ (p, tgα, β) ¨³¥¥³

cov1 =

⎛
⎝ (Δp1)2 0 0

0 (Δtgα1)2 0
0 0 (Δβ1)2

⎞
⎠ ,

covi =

⎛
⎝ (Δpi)2 0 kpiβi

0 (Δtgαi)2 0
kpiβi 0 (Δβi)2

⎞
⎠ ,

¶·¨Î¥³ ¤²Ö ± ¦¤μ° ¢Éμ·¨Î´μ° i-° ¨§³¥·¥´´μ° Î ¸É¨ÍÒ (i = 2, n) ³ É·¨Í 
μÏ¨¡μ± · ¸¸Î¨ÉÒ¢ ¥É¸Ö ¢ [11]. ‚ ´ Ï¥³ ¸²ÊÎ ¥ ±μ··¥²ÖÍ¨μ´´Ò¥ ³μ³¥´ÉÒ
kpiβi ¸ÊÉÓ ´¥´Ê²¥¢Ò¥.

‚¢¥¤¥³ É ±¦¥ ¢¥±Éμ·-¸Éμ²¡¥Í ¢¥²¨Î¨´, ¶·¥¤´ §´ Î ¥³ÒÌ ¤²Ö ·¥§Ê²ÓÉ Éμ¢
Ë¨É¨·μ¢ ´¨Ö (¡¥§ ¢¥·Ì´¥° ¶μ³¥É±¨ m):

x = (x1 x2 x3 . . . x3i−2 x3i−1 x3i . . . x3n−2 x3n−1 x3n)T (i = 1, n), £¤¥

x1 = p1, x2 = tgα1, x3 = β1, . . . , x3n−2 = pn, x3n−1 = tgαn, x3n = βn.

“��‚�…�ˆŸ ‘‚Ÿ‡ˆ

“· ¢´¥´¨Ö ¸¢Ö§¨ μ¸´μ¢Ò¢ ÕÉ¸Ö, ´ ¶·¨³¥·, ´  § ±μ´ Ì ¸μÌ· ´¥´¨Ö Ô´¥·-
£¨¨-¨³¶Ê²Ó¸  ¨²¨ ´  ¸¢μ°¸É¢¥ ¨´¢ ·¨ ´É´μ¸É¨ ³ ¸¸Ò. � §²¨Î´Ò¥ ¸²ÊÎ ¨ ¸μ-
¢μ±Ê¶´μ¸É¨ Ê· ¢´¥´¨° ¸¢Ö§¨ μ¶¨¸ ´Ò ¢ [1]. ‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ´  ¶·¨³¥·¥
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¶ · ³¥É·¨§ Í¨¨ (p, tgα, β) · ¸¸³ É·¨¢ ÕÉ¸Ö Éμ²Ó±μ ¸²ÊÎ ¨, ¸μ£² ¸´μ [1] μ¡μ-
§´ Î ¥³Ò¥ ± ± 1C ¨ 4C (C Å ¸μ±· Ð¥´¨¥ μÉ constraint).

‘²ÊÎ ° 4C. Š¨´¥³ É¨Î¥¸±¨¥ ¶ · ³¥É·Ò ¢¸¥Ì ¢Éμ·¨Î´ÒÌ Î ¸É¨Í ¨§³¥·¥´Ò
(¸²¥¤μ¢ É¥²Ó´μ, ¢¸¥ ¢Éμ·¨Î´Ò¥ Î ¸É¨ÍÒ § ·Ö¦¥´Ò, ± ± ¢ ·¥ ±Í¨¨ n + p →
p + p + π−). �£· ´¨Î¥´¨Ö ´  ¶μ¨¸± ³¨´¨³Ê³  ¢ ÔÉμ³ ¸²ÊÎ ¥ § ¶¨¸Ò¢ ÕÉ¸Ö
Î¥ÉÒ·Ó³Ö Ê· ¢´¥´¨Ö³¨ ¸¢Ö§¨ μÉ´μ¸¨É¥²Ó´μ ´¥¨§¢¥¸É´μ£μ ¢¥±Éμ·  x ¢ ¢¨¤¥
§ ±μ´μ¢ ¸μÌ· ´¥´¨Ö: ⎧⎪⎪⎨

⎪⎪⎩
F1 = e1 + mT −

n∑
i=2

ei = 0,

(F2, F3, F4) = p1 −
n∑

i=2

pi = 0,
(1)

£¤¥ ei =
√

p2
i + m2

i Å Ô´¥·£¨Ö; pi Å ¨³¶Ê²Ó¸ Î ¸É¨Í (i = 1, n); mT Å ³ ¸¸ 
³¨Ï¥´¨.

‘²ÊÎ ° 1C. ‘·¥¤¨ ¢Éμ·¨Î´ÒÌ Î ¸É¨Í, ¶μ³¨³μ § ·Ö¦¥´´ÒÌ (  ¸²¥¤μ-
¢ É¥²Ó´μ, ¨§³¥·¥´´ÒÌ), ¥¸ÉÓ μ¤´  ´¥°É· ²Ó´ Ö, ´¥¨§³¥·¥´´ Ö. � ¶·¨³¥·,
n + p → p + p + π− + π0. ˆ³¥¥É¸Ö Éμ²Ó±μ μ¤´μ Ê· ¢´¥´¨¥ ¸¢Ö§¨:

F1 = e1 + mT −

⎛
⎜⎝ n∑

i=2

ei +

√√√√(
p1 −

n∑
i=2

pi

)2

+ m2
neutra

⎞
⎟⎠ = 0.

‚ μ¡Ð¥³ ¸²ÊÎ ¥ ¨³¥¥³ M Ê· ¢´¥´¨° ¸¢Ö§¨, ±μÉμ·Ò¥ ¶·¥¤¸É ¢¨³ Ê· ¢´¥-
´¨¥³ ¸ M -³¥·´Ò³ ¢¥±Éμ·μ³-¸É·μ±μ°:

F(x) = (F1, F2, . . . , FM ) = 0. (2)

“‘‹�‚��Ÿ Œˆ�ˆŒˆ‡�–ˆŸ

�·¨ § ¤ ´´ÒÌ μ£· ´¨Î¥´¨ÖÌ (2) É·¥¡Ê¥É¸Ö ´ °É¨ Ê¸²μ¢´Ò° Ô±¸É·¥³Ê³ (³¨-
´¨³Ê³) ËÊ´±Í¨μ´ ² 

χ2 = (x − xm)T G (x − xm), (3)

μÉ±Ê¤  ³μ¦´μ ¶μ²ÊÎ¨ÉÓ Ë¨É¨·μ¢ ´´Ò¥ ±¨´¥³ É¨Î¥¸±¨¥ ¶ · ³¥É·Ò. ‘ ÔÉμ°
Í¥²ÓÕ ´ Ìμ¤¨É¸Ö  ¡¸μ²ÕÉ´Ò° Ô±¸É·¥³Ê³ (³¨´¨³Ê³) ËÊ´±Í¨μ´ ² 

L = χ2 + 2 ·F(x) · λ,

£¤¥ ¢¥±Éμ·-¸Éμ²¡¥Í λ · §³¥·´μ¸É¨ M ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ´¥μ¶·¥¤¥²¥´´Ò¥ ² -
£· ´¦¥¢Ò ±μÔËË¨Í¨¥´ÉÒ. �¶Ê¸± Ö ¢Ò±² ¤±¨, ¶·¨¢¥¤¥´´Ò¥ ¢ [1], ¨ ¨¸¶μ²Ó§ÊÖ
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μ¡μ§´ Î¥´¨Ö

E(xk) = G−1 · dF
dxk

,

H(xk) =
dF
dxk

T

· G−1 · dF
dxk

,

b(xk) = F(xk) + (xm − xk)T dF(xk)
dxk

,

£¤¥ k = 0, 1, . . . , ¶·¨¢¥¤¥³ ·¥§Ê²ÓÉ É, ±μÉμ·Ò° ¤μ¸É ÉμÎ¥´ ¤²Ö ¸μ§¤ ´¨Ö ¶·μ-
£· ³³´μ£μ ±μ¤ .

ˆ³¥¥³ ¶μ¸²¥¤μ¢ É¥²Ó´Ò¥ ¶·¨¡²¨¦¥´¨Ö ¤²Ö ² £· ´¦¥¢ÒÌ ±μÔËË¨Í¨¥´Éμ¢
¨ Ë¨É¨·Ê¥³ÒÌ ¶¥·¥³¥´´ÒÌ:

λk+1 = H−1(xk) · bT (xk),

xk+1 = xm − E(xk) · λk+1, (4)

¶·¨Î¥³ §  ´ Î ²Ó´μ¥ §´ Î¥´¨¥ Ë¨É¨·Ê¥³ÒÌ ¶¥·¥³¥´´ÒÌ ¶·¨´¨³ ¥É¸Ö x0 =
xm. ‚ ´ Î ²Ó´ÒÌ §´ Î¥´¨ÖÌ ¤²Ö ¢¥±Éμ·  λ ´¥É ´¥μ¡Ìμ¤¨³μ¸É¨, ¶μ¸±μ²Ó±Ê

λ1 = H−1(x0) · bT (x0) = H−1(xm) · bT (xm).

“‘‹�‚ˆŸ ‘•�„ˆŒ�‘’ˆ

‘Ìμ¤¨³μ¸ÉÓ ¶·μÍ¥¸¸  ¡Ê¤¥É ¤μ¸É¨£´ÊÉ , ±μ£¤  μÎ¥·¥¤´μ¥ (k + 1)-¥ ¶·¨-
· Ð¥´¨¥ δL ³¨´¨³¨§¨·Ê¥³μ£μ ËÊ´±Í¨μ´ ²  L ¸É ´¥É ¤μ¸É ÉμÎ´μ ³ ²Ò³.
Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ

δL2
λ = F · H−1 · FT ,

¶μÔÉμ³Ê ¤μ¸É¨¦¥´¨¥ ¸Ìμ¤¨³μ¸É¨ ¶μ λ ±μ´É·μ²¨·Ê¥É¸Ö Ê¸²μ¢¨¥³

F ·H−1 · FT < ελ, (5)

£¤¥ ελ Å § ¤ ´´Ò° μ£· ´¨Î¨É¥²Ó (¸³. ´¨¦¥).
�μ¸²¥ ¤μ¸É¨¦¥´¨Ö ¸Ìμ¤¨³μ¸É¨ ¶μ λ ±μ´É·μ²¨·Ê¥É¸Ö ¸Ìμ¤¨³μ¸ÉÓ ËÊ´±-

Í¨μ´ ²  L ¶μ x. �¡μ§´ Î Ö Ψ =
(

dF
dxk+1

− dF
dxk

)
· λk+1, ³μ¦´μ ¶μ± § ÉÓ,

ÎÉμ
δL2

x = ΨT · G−1 · Ψ,

¶μÔÉμ³Ê ¤μ¸É¨¦¥´¨¥ ¸Ìμ¤¨³μ¸É¨ ¶μ x ±μ´É·μ²¨·Ê¥É¸Ö Ê¸²μ¢¨¥³

ΨT · G−1 · Ψ < εx, (6)

£¤¥ εx Å § ¤ ´´Ò° μ£· ´¨Î¨É¥²Ó (¸³. ´¨¦¥).
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ˆÉ¥· É¨¢´Ò° ¶·μÍ¥¸¸ ¸Î¨É ¥É¸Ö ¸μÏ¥¤Ï¨³¸Ö, ¥¸²¨:
1) ¤¢ ¦¤Ò ¶μ¤·Ö¤ ¢Ò¶μ²´¥´Ò Ê¸²μ¢¨Ö (5) ¨ (6);
2) Î¨¸²μ ¨É¥· Í¨° μ± § ²μ¸Ó ³¥´ÓÏ¥ ¶·¥¤¥²Ó´μ£μ (¸³. ´¨¦¥).
�·¨ ¤μ¸É¨¦¥´¨¨ ¸Ìμ¤¨³μ¸É¨ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ, ¢μ-¶¥·¢ÒÌ, ·¥§Ê²ÓÉ¨·ÊÕ-

Ð¥¥ §´ Î¥´¨¥ χ2, ¢μ-¢Éμ·ÒÌ, ³ É·¨ÍÊ μÏ¨¡μ± ¤²Ö Ë¨É¨·μ¢ ´´ÒÌ ¶¥·¥³¥´´ÒÌ.

”“�Š–ˆ���‹ ˆ …ƒ� ‘�…„�…… ‡��—…�ˆ…

�μ¤¸É ¢²ÖÖ (4) ¢ μ¶·¥¤¥²¥´¨¥ (3), ³μ¦´μ ¶μ²ÊÎ¨ÉÓ μ¤´Ê ¨§ Ëμ·³ ¨Éμ£μ-
¢μ£μ §´ Î¥´¨Ö ËÊ´±Í¨μ´ ² :

χ2
1 = λT · H · λ.

Œμ¦´μ É ±¦¥ · ¸¸³μÉ·¥ÉÓ ¨´ÊÕ Ëμ·³Ê ¥£μ ¶·¥¤¸É ¢²¥´¨Ö:

χ2
2 = b · λ.

‚¢¨¤Ê ³´μ£μÎ¨¸²¥´´ÒÌ μ±·Ê£²¥´¨° ¢μ ¢·¥³Ö  ·¨Ë³¥É¨Î¥¸±¨Ì μ¶¥· Í¨°
μ¶¨¸Ò¢ ¥³μ£μ  ²£μ·¨É³  ¸²¥¤Ê¥É ¶·μ¢¥·ÖÉÓ · ¸Ìμ¦¤¥´¨¥ ³¥¦¤Ê ÔÉ¨³¨ É¥μ·¥-
É¨Î¥¸±¨ · ¢´Ò³¨ Ëμ·³ ³¨. …¸²¨ ¶·μ¢¥·± ∣∣∣∣χ2

1 − χ2
2

χ2
1

∣∣∣∣ < εa, (7)

£¤¥ εa Å § ¤ ´´Ò° μ£· ´¨Î¨É¥²Ó (¸³. ´¨¦¥), μ± §Ò¢ ¥É¸Ö Ê¸¶¥Ï´μ°, ¶·¨´¨-
³ ¥É¸Ö

χ2 =
χ2

1 + χ2
2

2
. (8)

�·¨ μÉ¸ÊÉ¸É¢¨¨ ¸¨¸É¥³ É¨Î¥¸±¨Ì ¶μ£·¥Ï´μ¸É¥° · ¸¶·¥¤¥²¥´¨¥ ¶μ²ÊÎ¥´-
´μ° ¸²ÊÎ °´μ° ¢¥²¨Î¨´Ò χ2 ¤μ²¦´μ ¶μ¤Î¨´ÖÉÓ¸Ö ¸É ´¤ ·É´μ³Ê χ2-· ¸¶·¥¤¥-
²¥´¨Õ (¨²¨ ®¸É É¨¸É¨±¥ �¨·¸μ´ ¯). Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ ¸·¥¤´¥¥ §´ Î¥´¨¥
χ2 · ¢´μ M , ¨§ Î¥£μ ¸²¥¤Ê¥É, ÎÉμ Î¨¸²μ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò Ê ËÊ´±Í¨μ´ ²  (3)
· ¢´μ ±μ²¨Î¥¸É¢Ê M Ê· ¢´¥´¨° ¸¢Ö§¨.

��‘���‘’���…�ˆ… �˜ˆ��Š

ˆ§ (4) ¸²¥¤Ê¥É δxk+1 = δxm−E(xk) ·δλk+1. ‘μ¸É ¢²ÖÖ ³ É·¨ÍÊ μÏ¨¡μ±
¤²Ö Ë¨É¨·μ¢ ´´ÒÌ ¶ · ³¥É·μ¢

V−1 = 〈δxk+1, δxk+1T 〉,
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³μ¦´μ ¶μ± § ÉÓ, ÎÉμ

V−1 = G−1 − E ·H−1 ·ET . (9)

„μ± § ´μ, ÎÉμ μÏ¨¡±¨ Ë¨É¨·μ¢ ´´ÒÌ ¢¥²¨Î¨´ (±¢ ¤· É´Ò¥ ±μ·´¨ ¨§ ¤¨ -
£μ´ ²Ó´ÒÌ Ô²¥³¥´Éμ¢ ³ É·¨ÍÒ V−1) ³¥´ÓÏ¥, Î¥³ μÏ¨¡±¨ ¨§³¥·¥´´ÒÌ. ’ -
±¨³ μ¡· §μ³, ¤²Ö ¤¨ £μ´ ²Ó´ÒÌ Ô²¥³¥´Éμ¢ g−1

ii ¨ ν−1
ii (i = 1, 3n) ¸μμÉ¢¥É¸É¢Ê-

ÕÐ¨Ì ³ É·¨Í ¥¸ÉÓ ¸μμÉ´μÏ¥´¨¥

0 < ν−1
ii < g−1

ii . (10)

‚Ò¶μ²´ÖÖ ¶·¨ ¢ÒÎ¨¸²¥´¨ÖÌ μ¶¥· Í¨Õ (9), ´¥μ¡Ìμ¤¨³μ, μ¤´ ±μ, ÊÎ¨ÉÒ¢ ÉÓ
¤¨¸±·¥É´μ¸ÉÓ · ¸Î¥Éμ¢ É ±, ÎÉμ¡Ò ¶·¥¦¤¥ ¢¸¥£μ ¢Ò¶μ²´Ö²μ¸Ó Ê¸²μ¢¨¥

g−1
ii · 10−ζ < (E · H−1 · ET )ii < g−1

ii , (11)

£¤¥ ζ Å ¤¥¸ÖÉ¨Î´ Ö · §·Ö¤´μ¸ÉÓ ³ ´É¨¸¸Ò ¢¥Ð¥¸É¢¥´´μ£μ Î¨¸² . ‚ ÔÉμ³ ¥¸ÉÓ
´¥μ¡Ìμ¤¨³μ¸ÉÓ, ¶μ¸±μ²Ó±Ê ·¥ ²Ó´μ ¢ ¶·¥´¥¡·¥¦¨³μ ·¥¤±¨Ì ¸²ÊÎ ÖÌ ¶μ¸²¥¤-
´¥¥ Ê¸²μ¢¨¥ ³μ¦¥É ´ ·ÊÏ ÉÓ¸Ö ¨§-§  ´ ± ¶²¨¢ ÕÐ¨Ì¸Ö μÏ¨¡μ± μ±·Ê£²¥´¨Ö
(¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ·¥Ï¥´¨¥ μÉ¡· ¸Ò¢ ¥É¸Ö).

“¸É ´μ¢²¥´μ É ±¦¥, ÎÉμ ³ É·¨Í  E ·H−1 ·ET Ö¢²Ö¥É¸Ö ³ É·¨Í¥° μÏ¨¡μ±
¤²Ö ¢¥±Éμ·  · §´μ¸É¨ ¸²ÊÎ °´ÒÌ ¢¥²¨Î¨´ xm−xk+1. �É¸Õ¤  (¶·¨ μÉ¸ÊÉ¸É¢¨¨
¸¨¸É¥³ É¨Î¥¸±¨Ì ¶μ£·¥Ï´μ¸É¥°) ¸²ÊÎ °´Ò¥ ¢¥²¨Î¨´Ò

Πi =
xm

i − xk+1
i√

g−1
ii − ν−1

ii

(i = 1, 3n) (12)

(±μÉμ·Ò¥ ¢ [1] μ¡μ§´ Î ÕÉ¸Ö ®stretch¯,   ¢ [10] Å ®pull¯) ¤μ²¦´Ò Ö¢²ÖÉÓ¸Ö
´μ·³ ²Ó´μ · ¸¶·¥¤¥²¥´´Ò³¨ ¸μ ¸·¥¤´¨³ 0 ¨ ¤¨¸¶¥·¸¨¥° 1. ®Œ¨´Ê¸¯ ¶μ¤
· ¤¨± ²μ³ ¢ (12) ¥¸ÉÓ ¸²¥¤¸É¢¨¥ ±μ··¥²ÖÍ¨¨ ³¥¦¤Ê ¢¥±Éμ· ³¨ xk+1 ¨ xm.

‡ ³¥É¨³, ÎÉμ ¶·¨ ´ ·ÊÏ¥´¨¨ Ê¸²μ¢¨Ö (11) ´¥ ¡Ê¤¥É ¢Ò¶μ²´¥´μ Ê¸²μ-
¢¨¥ (10), ÎÉμ ¶·¨¢¥¤¥É ± ´¥¢μ§³μ¦´μ¸É¨ ¢ÒÎ¨¸²¥´¨Ö ¢¥²¨Î¨´ (12).

‘²ÊÎ ° 1C-Ë¨É. � ¸Î¥É´Ò¥ ¶¥·¥³¥´´Ò¥ ¢ ÔÉμ³ ¸²ÊÎ ¥ Å ±μ³¶μ´¥´ÉÒ ¨³-
¶Ê²Ó¸  ´¥°É· ²Ó´μ° (´¥§ ·¥£¨¸É·¨·μ¢ ´´μ°) Î ¸É¨ÍÒ. �¡μ§´ Î¨³ · ¸Î¥É´Ò¥
¶¥·¥³¥´´Ò¥ ¢¥±Éμ·-¸Éμ²¡Íμ³ y = (y1, y2, y3)T . ˆ³¥Ö ¢ ¢¨¤Ê (1), ¶μ²ÊÎ ¥³,
ÎÉμ, ´¥§ ¢¨¸¨³μ μÉ ¶ · ³¥É·¨§ Í¨¨,

y1 = F2, y2 = F3, y3 = F4.

� °¤¥³ ³ É·¨ÍÊ μÏ¨¡μ± ¤²Ö · ¸Î¥É´ÒÌ ¶ · ³¥É·μ¢ U−1 = 〈δyk+1,

δyk+1T 〉. �μ¸±μ²Ó±Ê δyk+1 =
dy
dx

T

δxk+1, ³μ¦¥³ ¶μ²ÊÎ¨ÉÓ

U−1 =
dy
dx

T

· V−1 · dy
dx

. (13)

�·¥´¥¡·¥¦¨³μ ·¥¤±μ ¨ Ê ³ É·¨ÍÒ U−1 ¤¨ £μ´ ²Ó´Ò¥ Ô²¥³¥´ÉÒ μ± §Ò¢ ÕÉ¸Ö
´¥¶μ²μ¦¨É¥²Ó´Ò³¨; ¸μμÉ¢¥É¸É¢ÊÕÐ¨° Ë¨É μÉ¡· ¸Ò¢ ¥É¸Ö.
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Šμ´±·¥É´Ò¥ ¢¥²¨Î¨´Ò μ£· ´¨Î¨É¥²Ó´ÒÌ ±μ´¸É ´É ελ ¨ εx ¶μ¤¡¨· ÕÉ¸Ö
Ô³¶¨·¨Î¥¸±¨ ´  ¸É É¨¸É¨Î¥¸±¨ §´ Î¨³μ° ¢Ò¡μ·±¥  ±Éμ¢ Ë¨É¨·μ¢ ´¨Ö (  ¸²¥-
¤μ¢ É¥²Ó´μ, ´  ¤μ¸É ÉμÎ´μ ¡μ²ÓÏμ³ ³ ¸¸¨¢¥ ¨¸¸²¥¤Ê¥³ÒÌ  ±Éμ¢ ¢§ ¨³μ¤¥°-
¸É¢¨Ö Î ¸É¨Í Å ¸μ¡ÒÉ¨°). ‚  ²£μ·¨É³¥ ¶·μÍ¥¤Ê·Ò Ë¨É¨·μ¢ ´¨Ö É·¥¡Ê¥É¸Ö
¢Ò¶μ²´¥´¨¥ Ê¸²μ¢¨° (5) ¨ (6) ¤¢  · §  ¶μ¤·Ö¤. �É¸Õ¤  ±μ´¸É ´ÉÒ ´¥ ¤μ²¦´Ò
¡ÒÉÓ ®¸²¨Ï±μ³ ¡μ²ÓÏ¨³¨¯, É. ¥. ¤μ²¦´Ò ¡ÒÉÓ ¤μ¸É ÉμÎ´μ ÎÊ¢¸É¢¨É¥²Ó´Ò³¨
É ±, ÎÉμ¡Ò ¸Ìμ¤¨³μ¸ÉÓ ¢ ¸·¥¤´¥³ μ¸ÊÐ¥¸É¢²Ö² ¸Ó ´¥ ¶·¨ ¶¥·¢ÒÌ ¤¢ÊÌ ¨É¥-
· Í¨ÖÌ. ®‘²¨Ï±μ³ ³ ²Ò¥¯ ¢¥²¨Î¨´Ò ±μ´¸É ´É, μÎ¥¢¨¤´μ, É ±¦¥ ´¥¤μ¶Ê-
¸É¨³Ò: μ¶ÒÉ´Ò³ ¶ÊÉ¥³ ¢ÒÖ¸´¥´μ, ÎÉμ ¶·¨ ¸²¨Ï±μ³ ³ ²ÒÌ ελ ¨ εx ·¥§Ê²Ó-
É¨·ÊÕÐ¥¥ · ¸¶·¥¤¥²¥´¨¥ ¸²ÊÎ °´μ° ¢¥²¨Î¨´Ò χ2 ¤²Ö ³ ¸¸¨¢  Ë¨É¨·Ê¥³ÒÌ
¸μ¡ÒÉ¨° μ¡¥¤´Ö¥É¸Ö ¢ μ¡² ¸É¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨° ¶μ ¸· ¢´¥´¨Õ ¸μ ¸É ´¤ ·É-
´Ò³ · ¸¶·¥¤¥²¥´¨¥³ χ2. ‚ ´ Ï¥³ ¸²ÊÎ ¥ ¡Ò²μ Ê¸É ´μ¢²¥´μ ελ = 10−5,
εx = 10−7.

‚ [1] ¤²Ö μ£· ´¨Î¨É¥²Ó´ÒÌ ±μ´¸É ´É ¡Ò²¨ Ê± § ´Ò ¨´Ò¥ §´ Î¥´¨Ö,  
¨³¥´´μ ελ = εx = 10−2. �ÉÎ ¸É¨ ÔÉμ · §²¨Î¨¥ μ¡ÑÖ¸´Ö¥É¸Ö ¢Ò¡μ·μ³ ¢ [1]
¥¤¨´¨Í ¨§³¥·¥´¨Ö ŒÔ‚ ¤²Ö Ô´¥·£¨¨ Î ¸É¨ÍÒ, Éμ£¤  ± ± ¢ μ¶¨¸Ò¢ ¥³μ° ¶·μ-
Í¥¤Ê·¥ Ô´¥·£¨Ö ¨§³¥·Ö¥É¸Ö ¢ ƒÔ‚.

„²Ö ±μ´¸É ´ÉÒ εa ¡Ò²μ ¶μ¤μ¡· ´μ §´ Î¥´¨¥ 1,5 · 10−3 ¢ μÉ²¨Î¨¥ μÉ [1],
£¤¥ εa = 10−4. ‡ ³¥É¨³, ÎÉμ ¶·μ¢¥·±  Ê¸²μ¢¨Ö (7) ¡μ²¥¥ ¢ ¦´  ¤²Ö ¸²ÊÎ Ö 4C,
¶μ¸±μ²Ó±Ê ¤²Ö 1C ±μ²¨Î¥¸É¢μ ¢Ò¶μ²´Ö¥³ÒÌ ¢ÒÎ¨¸²¥´¨° ¸ÊÐ¥¸É¢¥´´μ ³¥´ÓÏ¥.

’¨¶¨Î´μ¥ · ¸¶·¥¤¥²¥´¨¥ Î¨¸²  ¨É¥· Í¨° Nit ¶μ ¸É É¨¸É¨Î¥¸±¨ §´ Î¨³μ°
¢Ò¡μ·±¥  ±Éμ¢ Ë¨É¨·μ¢ ´¨Ö ¶·¥¤¸É ¢²¥´μ ´  ·¨¸. 1.

„ ´´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¶·μ¶μ·Í¨μ´ ²Ó´μ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨ f ¤¨¸-
±·¥É´μ° ¸²ÊÎ °´μ° ¢¥²¨Î¨´Ò Nit. ˆ¸Ìμ¤Ö ¨§ ¢¨¤  ÔÉμ£μ · ¸¶·¥¤¥²¥´¨Ö ¶·¥-
¤¥²Ó´μ¥ Î¨¸²μ ¨É¥· Í¨° ¡Ò²μ ¢Ò¡· ´μ · ¢´Ò³ 10.

�¨¸. 1. ’¨¶¨Î´μ¥ · ¸¶·¥¤¥²¥´¨¥ Î¨¸²  ¨É¥· Í¨° Nit
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„²Ö ¶·μ¢¥·±¨ ¸¶· ¢¥¤²¨¢μ¸É¨ ¢ÒÏ¥¨§²μ¦¥´´μ£μ ³¥Éμ¤μ³ Œμ´É¥-Š ·²μ
¡Ò²  ¸£¥´¥·¨·μ¢ ´  ¸É É¨¸É¨Î¥¸±¨ §´ Î¨³ Ö ¢Ò¡μ·± , ¨³¨É¨·ÊÕÐ Ö ³´μ¦¥-
¸É¢μ ¸μ¡ÒÉ¨° Ë §μ¢μ£μ μ¡Ñ¥³  ¤²Ö ´¥°É·μ´  ¸ ¨³¶Ê²Ó¸μ³ 5,2 ƒÔ‚/c, ´ ²¥É -
ÕÐ¥£μ ´  ´¥¶μ¤¢¨¦´Ò° ¶·μÉμ´. ˆ³¨É¨·μ¢ ²¨¸Ó ± ´ ²Ò ·¥ ±Í¨¨ (¶μ 100 000
¸μ¡ÒÉ¨° ¢ ± ¦¤μ³)

np → ppπ−, np → ppπ−π0, np → pπ+π−n.

ˆ¸¶μ²Ó§μ¢ ²¨¸Ó ¤¢  ¸¶μ¸μ¡  £¥´¥· Í¨¨ ¸μ¡ÒÉ¨°:
1) ¶·¨ ¶μ³μÐ¨ ¨§¢¥¸É´μ° ¶·μ£· ³³Ò GENBOD;
2) ¶μ  ²£μ·¨É³Ê Šμ¶Ò²μ¢  [12].
‚¸¥ ¸£¥´¥·¨·μ¢ ´´Ò¥ ¸μ¡ÒÉ¨Ö ¶μ¤¢¥·£ ²¨¸Ó ¶·μÍ¥¤Ê·¥ Ë¨É¨·μ¢ ´¨Ö.

‚ ¶μ¸²¥¤ÊÕÐ¨Ì · §¤¥² Ì ¤ ÕÉ¸Ö ·¥§Ê²ÓÉ ÉÒ ¶·¨³¥´¥´¨Ö μ¶¨¸Ò¢ ¥³μ£μ  ²-
£μ·¨É³  ± £¥´¥·¨·μ¢ ´´Ò³ ¸μ¡ÒÉ¨Ö³.

“Œ…�œ˜…�ˆ… �˜ˆ��Š Šˆ�…Œ�’ˆ—…‘Šˆ• ����Œ…’��‚

‚¥±Éμ·-¸Éμ²¡Íμ³ xt μ¡μ§´ Î¨³ (¶μ¤μ¡´μ · ´¥¥ ¢¢¥¤¥´´Ò³ xm ¨ x) ¸μ¢μ-
±Ê¶´μ¸ÉÓ ¨¤¥ ²Ó´ÒÌ (true) ±¨´¥³ É¨Î¥¸±¨Ì ¶ · ³¥É·μ¢, ´¥¶μ¸·¥¤¸É¢¥´´μ ¤μ-
¸ÉÊ¶´ÒÌ ¢ Ê¸²μ¢¨ÖÌ £¥´¥· Í¨¨ ¸μ¡ÒÉ¨°. ‚ ÔÉ¨Ì Ê¸²μ¢¨ÖÌ ±μ³¶μ´¥´ÉÒ ¢¥±Éμ· 
xm ¨§³¥·¥´´ÒÌ ¢¥²¨Î¨´ ¶μ²ÊÎ ÕÉ §´ Î¥´¨Ö

xm
j = xt

j + σj(xt
j) · γ (j = 1, 3n),

£¤¥ σj(xt
j) Å ¸·¥¤´¥±¢ ¤· É¨Î¥¸± Ö μÏ¨¡±  j-° ±μ³¶μ´¥´ÉÒ, ¶μ¤¡¨· ¥³ Ö ´ 

μ¸´μ¢¥ ¨§¢¥¸É´ÒÌ · ¸¶·¥¤¥²¥´¨° μÏ¨¡μ±, ¢¢μ¤¨³ÒÌ Î¥·¥§ ³ É·¨ÍÊ G−1; γ Å

�¨¸. 2. � ¸¶·¥¤¥²¥´¨Ö ¢¥²¨Î¨´ ®¨§³¥·¥´´ Ö ³¨´Ê¸ ¨¸É¨´´ Ö¯ (pm − pt), ®Ë¨É¨·μ-
¢ ´´ Ö ³¨´Ê¸ ¨¸É¨´´ Ö¯ (p − pt) ¢ ± ´ ²¥ np → ppπ− ¤²Ö ¶¥·¢μ£μ ¨§ ¢Éμ·¨Î´ÒÌ
¶·μÉμ´μ¢
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¸²ÊÎ °´μ¥ ´μ·³ ²Ó´μ · ¸¶·¥¤¥²¥´´μ¥ Î¨¸²μ, ¶μ¸²¥¤μ¢ É¥²Ó´μ · §Ò£·Ò¢ ¥³μ¥
¸μμÉ¢¥É¸É¢ÊÕÐ¨³ £¥´¥· Éμ·μ³ ¸²ÊÎ °´ÒÌ Î¨¸¥².

‘¶· ¢¥¤²¨¢μ¸ÉÓ Ê¸²μ¢¨Ö (10) ¶μ¤É¢¥·¦¤ ¥É¸Ö ´  ·¨¸. 2, £¤¥ μ¤´μ¢·¥³¥´´μ
¤²Ö ¤¢ÊÌ ¢¥±Éμ·´ÒÌ ¢¥²¨Î¨´ (xm−xt) ¨ (x−xt) ¶·¥¤¸É ¢²¥´Ò · ¸¶·¥¤¥²¥´¨Ö
±μ³¶μ´¥´É, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¨³¶Ê²Ó¸Ê μ¤´μ£μ ¨§ ¢Éμ·¨Î´ÒÌ ¶·μÉμ´μ¢.

‚¨¤´μ, ÎÉμ · ¸¶·¥¤¥²¥´¨¥ ¢Éμ·μ° ¢¥²¨Î¨´Ò § ³¥É´μ �Ê¦¥ · ¸¶·¥¤¥²¥´¨Ö
¶¥·¢μ°. ˆ§ ÔÉμ£μ ¸²¥¤Ê¥É, ÎÉμ ¨ ¢ ¶·μÍ¥¸¸¥ Ë¨É¨·μ¢ ´¨Ö ·¥ ²Ó´ÒÌ ¤ ´´ÒÌ
μÏ¨¡±¨ ±¨´¥³ É¨Î¥¸±¨Ì ¶ · ³¥É·μ¢ Ê³¥´ÓÏ ÕÉ¸Ö,   ¤μ¸Éμ¢¥·´μ¸ÉÓ ¢¥±Éμ·  x
¶μ ¸· ¢´¥´¨Õ ¸ ¢¥±Éμ·μ³ xm ¢μ§· ¸É ¥É.

Šˆ�…Œ�’ˆ—…‘Šˆ… ����Œ…’�›
�…‡��…ƒˆ‘’�ˆ��‚����‰ (�…‰’��‹œ��‰) —�‘’ˆ–›

‚ Ê¸²μ¢¨ÖÌ £¥´¥· Í¨¨ ¸μ¡ÒÉ¨° ³μ¦´μ É ±¦¥ ¶μ± § ÉÓ (·¨¸. 3) ¢¥²¨Î¨´Ò
μÉ±²μ´¥´¨° ¢ÒÎ¨¸²¥´´ÒÌ ¶ · ³¥É·μ¢ ´¥§ ·¥£¨¸É·¨·μ¢ ´´μ° (´¥°É· ²Ó´μ°) Î -
¸É¨ÍÒ μÉ ¨¸É¨´´ÒÌ. 
Éμ ¤ ¥É ¶·¥¤¸É ¢²¥´¨¥ μ ¶μ·Ö¤±¥ ¢¥²¨Î¨´ ¤¨ £μ´ ²Ó´ÒÌ
Ô²¥³¥´Éμ¢ ³ É·¨ÍÒ (13).

�¨¸. 3. � ¸¶·¥¤¥²¥´¨Ö ¢¥²¨Î¨´ ®¢ÒÎ¨¸²¥´´ Ö ³¨´Ê¸ ¨¸É¨´´ Ö¯ ¤²Ö ´¥°É· ²Ó´μ° Î -
¸É¨ÍÒ ¢ ± ´ ²¥ np → ppπ−π0
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’ ±¨³ μ¡· §μ³, ¶·¨ Ë¨É¨·μ¢ ´¨¨ ·¥ ²Ó´ÒÌ ¤ ´´ÒÌ ±¨´¥³ É¨Î¥¸±¨¥ ¶ -
· ³¥É·Ò ´¥°É· ²Ó´μ° Î ¸É¨ÍÒ (¸²ÊÎ ° 1C) ¸É ´μ¢ÖÉ¸Ö ¤μ¸ÉÊ¶´Ò³¨ ¨ ¸´ ¡-
¦¥´´Ò³¨ £ Ê¸¸μ¢μ° μÏ¨¡±μ°.

���‚…�Š� �‹ƒ��ˆ’Œ�
�� �…‚�…‘…�ˆ… ‘ˆ‘’…Œ�’ˆ—…‘Šˆ• ��ƒ�…˜��‘’…‰

�·¨ μÉ¸ÊÉ¸É¢¨¨ ¸¨¸É¥³ É¨Î¥¸±μ° ¶μ£·¥Ï´μ¸É¨ (®¸¨¸É¥³ É¨±¨¯) ¢ Ô±¸¶¥-
·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ, ¥¸²¨ ¸¨¸É¥³ É¨±  ´¥ ¢´μ¸¨É¸Ö ¢ÒÏ¥μ¶¨¸ ´´μ° ¶·μÍ¥-
¤Ê·μ° ³¨´¨³¨§ Í¨¨, · ¸¶·¥¤¥²¥´¨¥ Ô±¸¶¥·¨³¥´É ²Ó´μ° ¸²ÊÎ °´μ° ¢¥²¨Î¨´Ò
χ2 (8) ¤μ²¦´μ ¶·¥¤¸É ¢²ÖÉÓ ¸μ¡μ° ¸É ´¤ ·É´μ¥ χ2-· ¸¶·¥¤¥²¥´¨¥, ¶²μÉ´μ¸ÉÓ
¢¥·μÖÉ´μ¸É¨ ±μÉμ·μ£μ

p (r, χ2) =
(χ2)

r
2−1 · e−χ2

2

2
r
2 · Γ(r/2)

, (14)

£¤¥ Í¥²μÎ¨¸²¥´´Ò° ¶ · ³¥É· r (¢ ¸²ÊÎ ÖÌ 1C ¨ 4C · ¢´Ò° ¸μμÉ¢¥É¸É¢¥´´μ
1 ¨²¨ 4) Ö¢²Ö¥É¸Ö Î¨¸²μ³ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò,   ¸²ÊÎ °´ Ö ¢¥²¨Î¨´  χ2 � 0.

�¨¸. 4. Š ´ ² np → ppπ−
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‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¸²ÊÎ °´ Ö ¢¥²¨Î¨´ 

u (r, χ2) =

+∞∫
χ2

p(r, z)dz,

£¤¥ ´¨¦´¨° ¶·¥¤¥² ¨´É¥£· ²  ¸ ³ · ¸¶·¥¤¥²¥´ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (14), Ö¢²Ö¥É¸Ö
· ¢´μ³¥·´μ · ¸¶·¥¤¥²¥´´μ° ´  ¶·μ³¥¦ÊÉ±¥ [0,1] ¤²Ö ²Õ¡μ£μ Î¨¸²  r ¸É¥¶¥´¥°
¸¢μ¡μ¤Ò, μÉ±Ê¤  pu(u(r, χ2)) ≡ 1. ‘²¥¤μ¢ É¥²Ó´μ, · ¢´μ³¥·´μ ¤μ²¦´  · ¸¶·¥-
¤¥²ÖÉÓ¸Ö Ô±¸¶¥·¨³¥´É ²Ó´ Ö ¸²ÊÎ °´ Ö ¢¥²¨Î¨´  u(r, χ2). „ ´´Ò¥ ÊÉ¢¥·¦¤¥-
´¨Ö μÉ´μ¸¨É¥²Ó´μ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ · ¸¶·¥¤¥²¥´¨° χ2 ¨ u(r, χ2) ¸²¥¤Ê¥É
¶μ¤¢¥·£ ÉÓ ¶·μ¢¥·±¥.

„²Ö ÔÉμ£μ ± £¥´¥·¨·μ¢ ´´Ò³ · ¸¶·¥¤¥²¥´¨Ö³ ¶·¨³¥´Ö²¸Ö ±·¨É¥·¨° ¸μ-
£² ¸¨Ö Šμ²³μ£μ·μ¢ . 
Éμ ¡Ò²μ ¨¸¸²¥¤μ¢ ´μ ¶·¨ μ¡μ¨Ì ¸¶μ¸μ¡ Ì £¥´¥· Í¨¨ ¨
¤²Ö · §´ÒÌ ¶ · ³¥É·¨§ Í¨°: (p, tgα, β) ¨ (1/p, tgα, β). �¥§Ê²ÓÉ ÉÒ ¢¸¥Ì ¨¸-
¶ÒÉ ´¨° μ± § ²¨¸Ó ¶· ±É¨Î¥¸±¨ ¨¤¥´É¨Î´Ò³¨. �¨¦¥ ¶·¨¢μ¤ÖÉ¸Ö ±μ´±·¥É´Ò¥
¤ ´´Ò¥ ¶·¨³¥´¥´¨Ö ±·¨É¥·¨Ö Šμ²³μ£μ·μ¢  ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¨³ £· Ë¨Î¥-
¸±¨¥ ¨²²Õ¸É· Í¨¨ (·¨¸. 4, 5) ¤²Ö ³ ¸¸¨¢  ¤ ´´ÒÌ, ¶μ²ÊÎ¥´´ÒÌ ¶μ  ²£μ·¨É³Ê

�¨¸. 5. Š ´ ² np → pπ+π−n
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Šμ¶Ò²μ¢  ¶·¨ ¶ · ³¥É·¨§ Í¨¨ (p, tgα, β). “·μ¢¥´Ó ¤μ¢¥·¨É¥²Ó´μ° ¢¥·μÖÉ-
´μ¸É¨ ´  ·¨¸. 4, 5 (¨ ¤ ²¥¥ 6, 7), μ¶·¥¤¥²Ö¥³μ° ¶μ ±·¨É¥·¨Õ Šμ²³μ£μ·μ¢ ,
μ¡μ§´ Î¥´ ¸¨³¢μ²μ³ α̃.

�É³¥É¨³, ÎÉμ ±·¨É¥·¨° Šμ²³μ£μ·μ¢  ¨¸¸²¥¤Ê¥É ´¥ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ-
¸É¨,   ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö Φ, Ö¢²ÖÕÐ¨¥¸Ö ¨Ì ¶¥·¢μ-
μ¡· §´Ò³¨. ‚ ´ Ï¥³ ¸²ÊÎ ¥ ÔÉμ

Φ(χ2) =

χ2∫
−∞

p(r, z) dz =

χ2∫
0

p(r, z) dz ¨

Φ(u) =

u∫
−∞

pu(u(r, χ2)) du =

u∫
0

pu(u(r, χ2)) du = u.

‡ ³¥É¨³ ¶·¨ ÔÉμ³, ÎÉμ ¸μ¢³¥Ð¥´¨Ö £· Ë¨±μ¢ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¨ É¥μ·¥É¨-
Î¥¸±¨Ì ËÊ´±Í¨° · ¸¶·¥¤¥²¥´¨Ö £· Ë¨Î¥¸±μ° ´ £²Ö¤´μ¸ÉÓÕ ´¥ μ¡² ¤ ÕÉ. �μ-
ÔÉμ³Ê ¤²Ö ¨²²Õ¸É· Í¨¨ ·¥§Ê²ÓÉ Éμ¢ ¶·¨³¥´¥´¨Ö ±·¨É¥·¨Ö Šμ²³μ£μ·μ¢  ¶μ-
± §Ò¢ ÕÉ¸Ö ¸μ¢³¥Ð¥´¨Ö £· Ë¨±μ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶²μÉ´μ¸É¥° ¢¥·μÖÉ´μ¸É¨
p(r, χ2) ¨ pu(u(r, χ2)). ‚¶·μÎ¥³, ¤²Ö r = 1 ¸μ¢³¥Ð¥´´Ò¥ £· Ë¨±¨ ¶²μÉ´μ-
¸É¥° ¢¥·μÖÉ´μ¸É¨ p(r, χ2) ´ £²Ö¤´μ¸ÉÓÕ É ±¦¥ ´¥ μ¡² ¤ ÕÉ. ‚¶μ²´¥ ´ £²Ö¤´Ò,
μ¤´ ±μ, ¢¸¥ £· Ë¨±¨ ¤²Ö pu(u(r, χ2)) ´¥§ ¢¨¸¨³μ μÉ r.

�¨¸. 6. Š ´ ² np → ppπ−, É¥¸É ¤²Ö ¶¥·¢μ£μ ¶·μÉμ´ 
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�¨¸. 7. Š ´ ² np → pπ+π−n, É¥¸É ¤²Ö ¶¨μ´  π−

‚ ± ¦¤μ³  ±É¥ ¸· ¢´¥´¨Ö, ¢Ò¶μ²´Ö¥³μ³ ¶μ ³¥Éμ¤¨±¥ ±·¨É¥·¨Ö Šμ²³μ-
£μ·μ¢ , ¢ÒÎ¨¸²¥´´Ò° Ê·μ¢¥´Ó ¤μ¢¥·¨É¥²Ó´μ° ¢¥·μÖÉ´μ¸É¨ α̃ ¸· ¢´¨¢ ²¸Ö ¸
®±·¨É¨Î¥¸±¨³¨¯ Ê·μ¢´Ö³¨, §  ±μÉμ·Ò¥ É· ¤¨Í¨μ´´μ ¶·¨´¨³ ÕÉ¸Ö 10, 5 ¨ 1 %.

„μ¶μ²´¨É¥²Ó´μ ±·¨É¥·¨° Šμ²³μ£μ·μ¢  ¶·¨³¥´Ö²¸Ö ± ¶μ¢¥¤¥´¨Õ ¸²ÊÎ °-
´ÒÌ pull-¢¥²¨Î¨´ Πi (i = 1, 3n) (14), ¢ÒÎ¨¸²¥´´ÒÌ ´  É¥Ì ¦¥ ³ ¸¸¨¢ Ì ¤ ´-
´ÒÌ, ÎÉμ ¨ ¢ÒÏ¥. ˆ§¡· ´´Ò¥ ¤ ´´Ò¥ É¥¸É¨·μ¢ ´¨Ö ¶·μ¨²²Õ¸É·¨·μ¢ ´Ò ´ 
·¨¸. 6, 7. �  £· Ë¨± Ì · ¸¶·¥¤¥²¥´¨¥ ¢¥²¨Î¨´ Πi ¸μ¢³¥Ð¥´μ ¸μ ¸É ´¤ ·É´μ°
£ Ê¸¸μ¢μ° ±·¨¢μ°.

Š ± ¢¨¤´μ, ¢μ ¢¸¥Ì ¸²ÊÎ ÖÌ α̃ ¸ÊÐ¥¸É¢¥´´μ ¶·¥¢μ¸Ìμ¤¨É ®¸ ³Ò° ±·¨É¨Î¥-
¸±¨°¯ Ê·μ¢¥´Ó ¤μ¢¥·¨É¥²Ó´μ° ¢¥·μÖÉ´μ¸É¨ α = 1 %. �  μ¸´μ¢ ´¨¨ ¢¸¥Ì ¢ÒÏ¥
¶·¨³¥´¥´´ÒÌ É¥¸Éμ¢ Šμ²³μ£μ·μ¢  ³μ¦´μ ¸¤¥² ÉÓ ¢Ò¢μ¤, ÎÉμ ¶·¨ ¤μ¶Ê¸É¨³μ³
¤μ¢¥·¨É¥²Ó´μ³ Ê·μ¢´¥ ¢¥·μÖÉ´μ¸É¨  ²£μ·¨É³ ³¨´¨³¨§ Í¨¨ ¸¨¸É¥³ É¨Î¥¸±¨Ì
¶μ£·¥Ï´μ¸É¥° ´¥ ¢´μ¸¨É.

PULL-�…�…Œ…��›… ˆ ”“�Š–ˆ���‹ χ2

� ¸¸³μÉ·¨³ ¸μ¢³¥¸É´ÊÕ ¶²μÉ´μ¸ÉÓ ¢¥·μÖÉ´μ¸É¨ ¸²ÊÎ °´ÒÌ ¢¥²¨Î¨´ Å
pull-¶¥·¥³¥´´ÒÌ Πi (i = 1, 3n) (12) ¨ ËÊ´±Í¨μ´ ²  χ2. ‚¨¤ · ¸¶·¥¤¥²¥´¨°
(·¨¸. 8) ¸ÊÐ¥¸É¢¥´´μ § ¢¨¸¨³ μÉ É¨¶  ± ´ ²  ·¥ ±Í¨¨.
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�¨¸. 8. ‡ ¢¨¸¨³μ¸ÉÓ pull-¶¥·¥³¥´´ÒÌ Πi (i = 1, 3n) μÉ χ2


±¸¶¥·¨³¥´É ²Ó´μ Ê¸É ´μ¢²¥´μ, ÎÉμ ¢ ± ´ ²¥ ¸ ´¥°É· ²Ó´μ° Î ¸É¨Í¥° (´ 
·¨¸. 8 ¸´¨§Ê) ¢¸¥ ¸²ÊÎ °´Ò¥ ¢¥²¨Î¨´Ò Πi (i = 1, 3n) ¨ χ2 ¸¢Ö§ ´Ò ËÊ´±Í¨μ-
´ ²Ó´μ° (¶ · ¡μ²¨Î¥¸±μ°) § ¢¨¸¨³μ¸ÉÓÕ:

χ2 = (Πi)2 (i = 1, 3n). (15)

‚ ± ´ ²¥ ¡¥§ ´¥°É· ²Ó´ÒÌ Î ¸É¨Í (¶·¨³¥· ¸¢¥·ÌÊ), ´ ¶·μÉ¨¢, ¸μμÉ¢¥É¸É¢¥´-
´Ò¥ ¶ ·Ò ¸²ÊÎ °´ÒÌ ¢¥²¨Î¨´ (Πi, χ2) · ¸¶μ²μ¦¥´Ò ¢μ ¢´ÊÉ·¥´´¥° Î ¸É¨
¶ · ¡μ²Ò (15).

ˆ§ Ëμ·³Ê²Ò (12) ¸²¥¤Ê¥É, ÎÉμ ¶·¨ μÉ¸ÊÉ¸É¢¨¨ ¸¨¸É¥³ É¨±¨ ¸²ÊÎ °´Ò¥ ¢¥-
²¨Î¨´Ò Πi (i = 1, 3n) ¤μ²¦´Ò ¶μ¤Î¨´ÖÉÓ¸Ö £ Ê¸¸μ¢μ³Ê · ¸¶·¥¤¥²¥´¨Õ, É. ¥. ¨Ì
¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ £ Ê¸¸μ¢Ò ±·¨¢Ò¥ ¤μ²¦´Ò · ¸¶μ² £ ÉÓ¸Ö ¶μ ±· °´¥° ³¥·¥ ¢
¤¨ ¶ §μ´¥ [−3, +3] (ÎÉμ ¸ ¢¥·μÖÉ´μ¸ÉÓÕ 99,73% μ§´ Î ¥É μÉ¸ÊÉ¸É¢¨¥ ¸¨¸É¥³ -
É¨±¨). �μÔÉμ³Ê ¤²Ö Éμ£μ, ÎÉμ¡Ò ¤²Ö ¸²ÊÎ °´ÒÌ ¢¥²¨Î¨´ Πi (i = 1, 3n) ¸μ¡²Õ-
¸É¨ ¤¨ ¶ §μ´ [−3, +3] ¢ ¸²ÊÎ ¥ ËÊ´±Í¨μ´ ²  χ2 ¸ μ¤´μ° ¸É¥¶¥´ÓÕ ¸¢μ¡μ¤Ò
(¶μ²ÊÎ ¥³μ£μ ¶·¨ ³¨´¨³¨§ Í¨¨ ± ´ ²μ¢ ¸ ´¥°É· ²Ó´μ° Î ¸É¨Í¥°), ¸²¥¤Ê¥É
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Ê¸É ´μ¢¨ÉÓ ¶·¥¤¥²Ó´μ¥ §´ Î¥´¨¥ χ21C

lim � 9 = 32. •¢μ¸É É ±μ£μ · ¸¶·¥¤¥²¥´¨Ö
χ2 ¸μ¤¥·¦¨É ¢¥·μÖÉ´μ¸ÉÓ

+∞∫
9

p(1, χ2)dχ2 ≈ 0,27 %.

„²Ö Ê· ¢´μ¢¥Ï¨¢ ´¨Ö ± ´ ²μ¢ ¸ μ¤´μ° ¨ Î¥ÉÒ·Ó³Ö ¸É¥¶¥´Ö³¨ ¸¢μ¡μ¤Ò
¶μ μÉ¡· ¸Ò¢ ¥³Ò³ ¢ Ì¢μ¸É Ì · ¸¶·¥¤¥²¥´¨Ö³ ¢¥·μÖÉ´μ¸É¥° ¶·¥¤¸É ¢²Ö¥É¸Ö
¥¸É¥¸É¢¥´´Ò³ ´ °É¨ ¶·¥¤¥²Ó´μ¥ §´ Î¥´¨¥ χ24C

lim ¨§ μÉ´μÏ¥´¨Ö

+∞∫
χ2 4C

lim

p(4, χ2)dχ2 � 0,27 %.

�μ²ÊÎ ¥É¸Ö χ24C

lim � 16,3.
’μ£¤  ¶μ¸²¥ § ¢¥·Ï¥´¨Ö ¶·μÍ¥¤Ê·Ò ³¨´¨³¨§ Í¨¨ ¸²¥¤Ê¥É É·¥¡μ¢ ÉÓ ¢Ò-

¶μ²´¥´¨Ö Ê¸²μ¢¨Ö
χ2 < χ2

lim (16)

¨ μÉ¡· ¸Ò¢ ÉÓ ·¥Ï¥´¨¥, ¥¸²¨ Ê¸²μ¢¨¥ ´¥ ¢Ò¶μ²´¥´μ.
’·¥¡μ¢ ´¨¥ (16) μ¡Ê¸²μ¢²¥´μ Éμ²Ó±μ ¢μ§³μ¦´Ò³ ´¥¤μ¸É É±μ³ ¸É É¨¸É¨±¨

¢ ¤¨ ¶ §μ´¥ ¡μ²ÓÏ¨Ì §´ Î¥´¨° χ2, ¶·¨ ±μÉμ·ÒÌ μ± §Ò¢ ¥É¸Ö ´¥¢μ§³μ¦´Ò³
¶μ¸É·μ¥´¨¥ ¸É É¨¸É¨Î¥¸±¨ §´ Î¨³ÒÌ £¨¸Éμ£· ³³.

Š‚�„��’ �…„�‘’�	™…‰ Œ�‘‘› ˆ ”“�Š–ˆ���‹ χ2

ˆ³¥Ö ¢ ¢¨¤Ê (1), ±¢ ¤· É ´¥¤μ¸É ÕÐ¥° ³ ¸¸Ò ¸μ¡ÒÉ¨Ö ¢ÒÎ¨¸²Ö¥³ ¶μ ¢¥±-
Éμ·Ê xm:

μ2(xm) = F 2
1 (xm) − [F 2

2 (xm) + F 2
3 (xm) + F 2

4 (xm)].

� ¸¸³μÉ·¨³ (·¨¸. 9) ¸μ¢³¥¸É´ÊÕ ¶²μÉ´μ¸ÉÓ ¢¥·μÖÉ´μ¸É¨ ¤¢ÊÌ ¸²ÊÎ °´ÒÌ
¢¥²¨Î¨´ Å ±¢ ¤· É  ´¥¤μ¸É ÕÐ¥° ³ ¸¸Ò μ2 ¨ ËÊ´±Í¨μ´ ²  χ2.

Œ¥¦¤Ê ¸²ÊÎ °´Ò³¨ ¢¥²¨Î¨´ ³¨ μ2 ¨ χ2 § ³¥É´  ±μ··¥²ÖÍ¨Ö. ‚ 4C-
± ´ ²¥ μ´  ¢Ò· ¦ ¥É¸Ö ¸¥³¥°¸É¢μ³ ¶·Ö³ÒÌ:

μ2 = μ2
0 + υ4C · χ2,

¢ÒÌμ¤ÖÐ¨Ì ¨§ ÉμÎ±¨ (μ2
0 = 0, χ2 = 0), £¤¥ υ4C Å ¶ · ³¥É· ¸ ¶·¥¨³ÊÐ¥-

¸É¢¥´´μ μÉ·¨Í É¥²Ó´Ò³ §´ Î¥´¨¥³.
‚ 1C-± ´ ² Ì ±μ··¥²ÖÍ¨Ö ¨´ Ö, ´ ¶μ³¨´ ÕÐ Ö ¸¥³¥°¸É¢μ ¶ · ¡μ² ¸ μ¡-

Ð¥° ¢¥·Ï¨´μ° ¢ ÉμÎ±¥ (μ2
0 = μ2

neutra, χ2 = 0). …¸²¨ ¸μ¢³¥¸É´ÊÕ ¶²μÉ´μ¸ÉÓ
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�¨¸. 9. ‘μ¢³¥¸É´ Ö ¶²μÉ´μ¸ÉÓ ¢¥·μÖÉ´μ¸É¨ μ2 ¨ χ2

¢¥·μÖÉ´μ¸É¨ ¢ ± ´ ² Ì 1C ¨§μ¡· §¨ÉÓ ¢ ¸²ÊÎ °´ÒÌ ¢¥²¨Î¨´ Ì μ2 ¨
√

χ2,
±μ··¥²ÖÍ¨Ö ¢ ÔÉ¨Ì ± ´ ² Ì É ±¦¥ ¶·¥¤¸É ¢¨É¸Ö ¸¥³¥°¸É¢μ³ ¶·Ö³ÒÌ:

μ2 = μ2
0 + υ1C ·

√
χ2,

¨¸Ìμ¤ÖÐ¨Ì ¨§ μ¤´μ° ÉμÎ±¨ (μ2
0 = μ2

neutra,
√

χ2 = 0), £¤¥ υ1C Å ¶ · ³¥É·
(·¨¸. 10).

�¨¸. 10. ‘μ¢³¥¸É´ Ö ¶²μÉ´μ¸ÉÓ ¢¥·μÖÉ´μ¸É¨ μ2 ¨
√

χ2 ¢ ± ´ ² Ì 1C
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�¨¸. 11. ‘μ¢³¥¸É´ Ö ¶²μÉ´μ¸ÉÓ ¢¥·μÖÉ´μ¸É¨ ¸²ÊÎ °´ÒÌ ¢¥²¨Î¨´ ω ¨ ρ

� · ³¥É·Ò υ4C =
μ2 − μ2

0

χ2
¨ υ1C =

μ2 − μ2
0√

χ2
¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° É ´-

£¥´¸Ò Ê£²  ´ ±²μ´  ¢ ¸¥³¥°¸É¢ Ì ¶·Ö³ÒÌ. ‘μμÉ¢¥É¸É¢¥´´μ, ¶¥·¥°¤¥³ ± ¶μ-
²Ö·´Ò³ ±μμ·¤¨´ É ³

¤²Ö 4C-± ´ ²μ¢: ¤²Ö 1C-± ´ ²μ¢:

{
ω4C = arctanυ4C ,

ρ4C =
√

(μ2 − μ2
0)2 + (χ2)2,

{
ω1C = arctanυ1C ,

ρ1C =
√

(μ2 − μ2
0)2 + χ2.

� ¸¸³μÉ·¥´¨¥ ¸μ¢³¥¸É´μ° ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨ ¸²ÊÎ °´ÒÌ ¢¥²¨Î¨´ ω ¨
ρ ¤²Ö ³ ¸¸¨¢μ¢ ¨¤¥ ²Ó´ÒÌ ¸μ¡ÒÉ¨° (·¨¸. 11) ¶μ§¢μ²Ö¥É μÉÎ¥É²¨¢μ ´ ¡²Õ¤ ÉÓ
£· ´¨ÍÒ μÉ¸ÊÉ¸É¢¨Ö ¸¨¸É¥³ É¨±¨. �·¨ μ¡· ¡μÉ±¥ ·¥ ²Ó´ÒÌ ¤ ´´ÒÌ ÔÉμ ³μ¦¥É
¸²Ê¦¨ÉÓ μ·¨¥´É¨·μ³ ¤²Ö μÉ¡· ¸Ò¢ ´¨Ö ¶μ £· ´¨Í ³ ¢ ±μμ·¤¨´ É Ì ω ¨ ρ ²μ¦-
´ÒÌ ·¥Ï¥´¨°, ¢´μ¸ÖÐ¨Ì ¸¨¸É¥³ É¨±Ê ¢ ·¥§Ê²ÓÉ É. ’ ±, ¤²Ö np-Ô±¸¶¥·¨³¥´É 
¢ ¤μ¶μ²´¥´¨¥ ± (16) ³μ¦´μ ¶μÉ·¥¡μ¢ ÉÓ (¸³. ·¨¸. 11), ÎÉμ¡Ò

−0,0014 < ω4C < +0,0004,

−0,3 < ω1C < +0,3.
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‡�Š‹	—…�ˆ…

�¶¨¸ ´´Ò°  ²£μ·¨É³ ¢Ò¶μ²´Ö² ³¨´¨³¨§ Í¨Õ ¤²Ö ·¥ ²Ó´ÒÌ ¸μ¡ÒÉ¨° ¶·¥-
¨³ÊÐ¥¸É¢¥´´μ ¢ np-Ô±¸¶¥·¨³¥´É¥ [8] ¸ ¨³¶Ê²Ó¸μ³ ´ ¡¥£ ÕÐ¥° Î ¸É¨ÍÒ μÉ
1,25 ¤μ 5,20 ƒÔ‚/¸ ¨ ¸ ³´μ¦¥¸É¢¥´´μ¸ÉÓÕ μÉ 1 ¤μ 7 (¢±²ÕÎ¨É¥²Ó´μ). Š·μ³¥
Éμ£μ,  ²£μ·¨É³ ¶·¨³¥´Ö²¸Ö ¶·¨ ¨¸¸²¥¤μ¢ ´¨ÖÌ pp-¸Éμ²±´μ¢¥´¨° ´  Ê¸É ´μ¢±¥
HADES [10]. ‚ [13Ä19] ¶·¥¤¸É ¢²¥´ ´¥¶μ²´Ò° ¸¶¨¸μ± · ¡μÉ, £¤¥ ¡Ò²μ ¨¸-
¶μ²Ó§μ¢ ´μ μ¶¨¸Ò¢ ¥³μ¥ §¤¥¸Ó ±¨´¥³ É¨Î¥¸±μ¥ Ë¨É¨·μ¢ ´¨¥.

‚ · ¡μÉ¥:
1) ¶·¥¤¸É ¢²¥´Ò μ¸μ¡¥´´μ¸É¨ μ¶¨¸ ´´μ° ¶·μÍ¥¤Ê·Ò ±¨´¥³ É¨Î¥¸±μ£μ Ë¨-

É¨·μ¢ ´¨Ö:
Å ÊÉμÎ´¥´¨¥ ±¨´¥³ É¨Î¥¸±¨Ì ¶ · ³¥É·μ¢ Î ¸É¨Í, ÊÎ ¸É¢μ¢ ¢Ï¨Ì ¢ ·¥-

 ±Í¨¨, ¸ μ¤´μ¢·¥³¥´´Ò³ ¸μ¡²Õ¤¥´¨¥³ ¤²Ö ´¨Ì § ±μ´μ¢ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨-
¨³¶Ê²Ó¸ ;

Å Ê³¥´ÓÏ¥´¨¥ μÏ¨¡μ± ±¨´¥³ É¨Î¥¸±¨Ì ¶ · ³¥É·μ¢;
Å ´ Ìμ¦¤¥´¨¥ ±¨´¥³ É¨Î¥¸±¨Ì ¶ · ³¥É·μ¢ (¨ ¨Ì μÏ¨¡μ±) ´¥°É· ²Ó´μ°

Î ¸É¨ÍÒ (¤²Ö ± ´ ²μ¢ ¸ ¥¤¨´¸É¢¥´´μ° ´¥°É· ²Ó´μ° Î ¸É¨Í¥°);
Å ¶μ²ÊÎ¥´¨¥ Î¨¸²¥´´μ£μ §´ Î¥´¨Ö ËÊ´±Í¨μ´ ²  χ2 ¤²Ö ¶μ¸²¥¤ÊÕÐ¥£μ ¢¥-

·μÖÉ´μ¸É´μ£μ μ¶·¥¤¥²¥´¨Ö ± ´ ² , ¶μ ±μÉμ·μ³Ê ·¥ ²¨§μ¢ ² ¸Ó ¤ ´´ Ö
·¥ ±Í¨Ö;

2) μ¶·¥¤¥²¥´μ ³¨´¨³ ²Ó´μ ¤μ¶Ê¸É¨³μ¥ §´ Î¥´¨¥ ¢¥·Ì´¥£μ ¶·¥¤¥²  χ2
lim

ËÊ´±Í¨μ´ ²  χ2, ¶·¨ ±μÉμ·μ³ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ±¨´¥³ É¨Î¥¸±μ£μ Ë¨É¨-
·μ¢ ´¨Ö μ± §Ò¢ ÕÉ¸Ö ¸¢μ¡μ¤´Ò³¨ μÉ ¸¨¸É¥³ É¨Î¥¸±¨Ì ¶μ£·¥Ï´μ¸É¥°;

3) ¶μ± § ´μ ¶·¨³¥´¥´¨¥ ±·¨É¥·¨Ö Šμ²³μ£μ·μ¢  ¤²Ö μÍ¥´±¨ ´¥¢´¥¸¥´¨Ö
¸¨¸É¥³ É¨Î¥¸±¨Ì ¶μ£·¥Ï´μ¸É¥° ¶·μÍ¥¤Ê·μ° ±¨´¥³ É¨Î¥¸±μ£μ Ë¨É¨·μ¢ ´¨Ö.

�² £μ¤ ·´μ¸É¨. � ¡μÉ  ¶μ¸¢ÖÐ¥´  ¶ ³ÖÉ¨ ‚.ˆ.Œμ·μ§ , Ö¢²Ö¢Ï¥£μ¸Ö
¨´¨Í¨ Éμ·μ³ ¸μ§¤ ´¨Ö ´¥°É·μ´´μ£μ ± ´ ²  ´  ¸¨´Ì·μË §μÉ·μ´¥ �ˆŸˆ, ¨
�. �.’·μÖ´ , ¢¥¤ÊÐ¥£μ Ë¨§¨±  np-Ô±¸¶¥·¨³¥´É .

�¢Éμ·Ò ¢Ò· ¦ ÕÉ ¡² £μ¤ ·´μ¸ÉÓ ±μ²²¥£ ³ ƒ. �£ ±¨Ï¨¥¢Ê, ‘. ƒ. �· ±¥²Ö´
¨ �.�. ’·μÖ´Ê §  ¶·μÖ¢²¥´´Ò° ¨´É¥·¥¸ ± · ¡μÉ¥ ¨ ³´μ£μÎ¨¸²¥´´Ò¥ μ¡¸Ê¦¤¥-
´¨Ö ¥¥  ¸¶¥±Éμ¢.
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