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� ¸¸³ É·¨¢ ÕÉ¸Ö ´¥±² ¸¸¨Î¥¸±¨¥ Ë¨§¨Î¥¸±¨¥ É¥µ·¨¨, ¢ ±µÉµ·ÒÌ ÊÎ¨ÉÒ¢ ÕÉ¸Ö ´¥±µ´É·µ²¨-
·Ê¥³Ò¥ (±¢ ´Éµ¢µ¥ ¨/¨²¨ É¥¶²µ¢µ¥) ¢µ§¤¥°¸É¢¨Ö, ¶·¨¢µ¤ÖÐ¨¥ ± Ë²Ê±ÉÊ Í¨Ö³ Ë¨§¨Î¥¸±¨Ì Ì · ±-
É¥·¨¸É¨±. ‘Ëµ·³Ê²¨·µ¢ ´  ±µ´Í¥¶Í¨Ö Ê´¨¢¥·¸ ²Ó´µ¸É¨ ¸µµÉ´µÏ¥´¨° ´¥µ¶·¥¤¥²¥´´µ¸É¨ (‘�),
¸µ£² ¸´µ ±µÉµ·µ° ¶·µ¨§¢¥¤¥´¨¥ Ë²Ê±ÉÊ Í¨° ¸µ¶·Ö¦¥´´ÒÌ ¢¥²¨Î¨´ ¸¢Ö§ ´µ ¸ ¨Ì µ¡µ¡Ð¥´´Ò³
±µ··¥²ÖÉµ·µ³, ÊÎ¨ÉÒ¢ ÕÐ¨³ ±µ··¥²ÖÍ¨¨ ¤¢ÊÌ · §²¨Î´ÒÌ É¨¶µ¢. �µ± § ´µ, ÎÉµ Ê± § ´´µ° ±µ´-
Í¥¶Í¨¨ Ê¤µ¢²¥É¢µ·ÖÕÉ ‘� ˜·¥¤¨´£¥· , Î ¸É´Ò³¨ ·¥ ²¨§ Í¨Ö³¨ ±µÉµ·ÒÌ Ö¢²ÖÕÉ¸Ö ‘� ƒ¥°§¥´-
¡¥·£  ¢ É· ¤¨Í¨µ´´µ° ±¢ ´Éµ¢µ° ¤¨´ ³¨±¥ ¨ ‘� �°´ÏÉ¥°´  ¢ ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥
¨ É¥µ·¨¨ ¡·µÊ´µ¢¸±µ£µ ¤¢¨¦¥´¨Ö. ‘¤¥² ´ ¸ÊÐ¥¸É¢¥´´Ò° Ï £ ¢ ¨¸¸²¥¤µ¢ ´¨¨ ‘� Ô´¥·£¨ÖÄ
¢·¥³Ö. �  µ¸´µ¢¥ ‘� ˜·¥¤¨´£¥·  ¶·¥¤²µ¦¥´µ µ¡µ¡Ð¥´¨¥ ¶µ´ÖÉ¨Ö ®´¥µ¶·¥¤¥²¥´´µ¸ÉÓ ¢·¥-
³¥´¨¯ Œ ´¤¥²ÓÏÉ ³ Ä’ ³³ , ±µÉµ·µ¥ µ¡² ¤ ¥É ¸¢µ°¸É¢µ³ µ¤´µ§´ Î´µ¸É¨ ¨ ´¥ ¶·¨¢µ¤¨É ± ¸¨´-
£Ê²Ö·´µ¸ÉÖ³. �  ÔÉµ° µ¸´µ¢¥ ¢¢¥¤¥´µ µ¡µ¡Ð¥´´µ¥ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö ¨ µ¶·¥¤¥²¥´  ÔËË¥±É¨¢´ Ö
Î ¸ÉµÉ  ± ± Ê´¨¢¥·¸ ²Ó´ Ö ¢·¥³¥´´ Ö Ì · ±É¥·¨¸É¨±  µÉ±·ÒÉµ° ³¨±·µ¸¨¸É¥³Ò ¢ Í¥²µ³, § ¤ ´-
´ Ö ³ ±·µ¸±µ¶¨Î¥¸±¨³¨ ¢´¥Ï´¨³¨ Ê¸²µ¢¨Ö³¨. �ËË¥±É¨¢´µ¸ÉÓ ¶·¥¤²µ¦¥´´µ£µ µ¡µ¡Ð¥´¨Ö ‘�
Ô´¥·£¨ÖÄ¢·¥³Ö ¶·µ¤¥³µ´¸É·¨·µ¢ ´  ´  É¨¶¨Î´ÒÌ ³µ¤¥²ÖÌ Ë¨´¨É´µ£µ ¨ ¨´Ë¨´¨É´µ£µ ¤¢¨¦¥´¨°
¢ ³¨±·µ³¨·¥. �µ± § ´µ, ÎÉµ ¢ ¸²ÊÎ ¥ ±µ£¥·¥´É´ÒÌ ¸µ¸ÉµÖ´¨° ÔËË¥±É¨¢´ Ö Î ¸ÉµÉ  ³¨±·µ¸¨-
¸É¥³Ò Ë²Ê±ÉÊ¨·Ê¥É, ÎÉµ ¶µ§¢µ²Ö¥É ¶¥·¥°É¨ µÉ µ¡µ¡Ð¥´´µ£µ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö ± Ô±¢¨¢ ²¥´É´µ³Ê
‘� Ô´¥·£¨ÖÄµ¡· É´ Ö ÔËË¥±É¨¢´ Ö Î ¸ÉµÉ . “¸É ´µ¢²¥´µ, ÎÉµ Ì · ±É¥· ±µ··¥²ÖÍ¨¨ Ë²Ê±ÉÊ Í¨°
¢ ÔÉµ³ ‘� ¸µ¢¶ ¤ ¥É ¸ ¶·¨´ÖÉÒ³ ¢ ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥, ´µ ± Î¥¸É¢¥´´µ µÉ²¨Î ¥É¸Ö
µÉ ±µ··¥²ÖÍ¨¨ Ë²Ê±ÉÊ Í¨° ¢ ‘� ƒ¥°§¥´¡¥·£ . �µ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ µÉ±·Ò¢ ÕÉ ¶¥·¸¶¥±É¨¢Ò
¤ ²Ó´¥°Ï¥£µ ¨¸¶µ²Ó§µ¢ ´¨Ö Ê´¨¢¥·¸ ²Ó´ÒÌ ‘� ˜·¥¤¨´£¥·  ¢ Í¥²µ¸É´µ° É¥µ·¨¨ ´¥±² ¸¸¨Î¥¸±µ°
Ë¨§¨±¨.

Non-classical physical theories are considered, where non-controllable (quantum and/or thermal)
in	uences are taken into account. These in	uences lead to the 	uctuations of the physical character-
istics of the object and its state. The conception of the uncertainties relations (UR) universality is
formulated, according to which the product of conjugated physical quantities 	uctuations is related
with their generalized correlator. This correlator accounts for the correlation of two different types. It
is shown this conception is satisˇed with the UR in the Schroedinger's form. UR in the Heisenberg's
form in the traditional quantum dynamics and UR in the Einstein's form in the statistical thermody-
namics and Brownian motion theory are the speciˇc realizations of these UR. The signiˇcant progress
in the investigation of the UR energyÄtime is achieved. On the grounds of the Schroedinger's UR
the generalization of the concept ®uncertainty of the time¯, introduced by Mandelstam and Tamm, is
suggested. The generalized version of this concept is unambiguity and doesn't lead to singularities.
Starting from this concept the generalized UR energyÄtime is introduced and some effective frequency
is determined. This frequency serves as the universal time characteristic for the open microsystem as

∗� ¸Ï¨·¥´´Ò° ¢ ·¨ ´É ¤µ±² ¤  ´  �µ£µ²Õ¡µ¢¸±µ° ±µ´Ë¥·¥´Í¨¨ ®�·µ¡²¥³Ò É¥µ·¥É¨Î¥¸±µ°
¨ ³ É¥³ É¨Î¥¸±µ° Ë¨§¨±¨¯ („Ê¡´ , �ˆŸˆ, ¸¥´ÉÖ¡·Ó 1999 £.).
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a whole and is determined by macroscopic external conditions. The effectiveness of the suggested
generalization UR energyÄtime is demonstrated on the typical models of ˇnite and inˇnite motions
in the microworld. It is shown in the case of coherent quantum states the effective frequency of the
microsystem 	uctuates. This allows to accomplish the transition from the generalized UR energyÄ
time to the equivalent UR energyÄinverse effective frequency. It is stated the nature of the 	uctuation
correlation in this type of UR coincide with the one accepted in the statistical thermodynamics, but
qualitatively differs with the correspondent quantity if the UR in the Heisenberg's form are used.
The results so far obtained open good perspectives for further exploitation of the universal UR in the
Shroedinger's form by the construction of the uniˇed theory of non-classical physics as a whole.

‘¢¥É²µ° ¶ ³ÖÉ¨
�µ·¨¸  ‚ ²¥´É¨´µ¢¨Î  Œ¥¤¢¥¤¥¢ 
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�µ´ÖÉ¨¥ ®¸µµÉ´µÏ¥´¨¥ ´¥µ¶·¥¤¥²¥´´µ¸É¥°¯ (‘�) ¢µÏ²µ ¢ Ö§Ò± ´ Ê±¨
¶µ¸²¥ Éµ£µ, ± ± ƒ¥°§¥´¡¥·£ [1] ¢¶¥·¢Ò¥ ´ ¶¨¸ ² ¢ 1927 £. ‘� ±µµ·¤¨´ É Ä
¨³¶Ê²Ó¸

δq δp � �. (1)

�¡Ð¥¶·¨´ÖÉµ ¸Î¨É ÉÓ, ÎÉµ ÔÉµ ¶µ´ÖÉ¨¥ Å ¢ ¦´¥°Ï¨° Ô²¥³¥´É ³ É¥³ É¨Î¥-
¸±µ£µ ¨ ±µ´Í¥¶ÉÊ ²Ó´µ£µ  ¶¶ · É  ±¢ ´Éµ¢µ° ¤¨´ ³¨±¨ [2]. Š ± ¨§¢¥¸É´µ, ¢
É¥Î¥´¨¥ ¤²¨É¥²Ó´µ£µ ¢·¥³¥´¨ ¥£µ Ë¨§¨Î¥¸± Ö ¨ ³¥Éµ¤µ²µ£¨Î¥¸± Ö ¨´É¥·¶·¥-
É Í¨¨ ´ Ìµ¤¨²¨¸Ó ¢ Í¥´É·¥ ¤¨¸±Ê¸¸¨¨ ¢¥¤ÊÐ¨Ì ÊÎ¥´ÒÌ. ‘¥£µ¤´Ö, ¡µ²¥¥ ¸¥-
³¨¤¥¸ÖÉ¨ ²¥É ¸¶Ê¸ÉÖ ¶µ¸²¥ µ¶Ê¡²¨±µ¢ ´¨Ö Ëµ·³Ê²Ò (1) ¨ ¢Ò¤¢¨¦¥´¨Ö �µ·µ³
¶·¨´Í¨¶  ¤µ¶µ²´¨É¥²Ó´µ¸É¨ [3], ¶µÖ¢¨² ¸Ó ¢µ§³µ¦´µ¸ÉÓ ¶µ¤¢¥¸É¨ ´¥±µÉµ·Ò¥
¨Éµ£¨ ÔÉµ° ¤¨¸±Ê¸¸¨¨, ¢§£²Ö´Ê¢ ´  ¤ ´´ÊÕ ¶·µ¡²¥³Ê ¶µ-´µ¢µ³Ê.

‚µ-¶¥·¢ÒÌ, §  ÔÉ¨ £µ¤Ò ¢ · ³± Ì ±¢ ´Éµ¢µ° ¤¨´ ³¨±¨ ¶µÖ¢¨²¨¸Ó ³´µ£µ-
Î¨¸²¥´´Ò¥ µ¡µ¡Ð¥´¨Ö ‘� (1), ¡µ²ÓÏ Ö Î ¸ÉÓ ±µÉµ·ÒÌ ¡Ò²  ¶µ¤·µ¡´µ ¶·µ-
 ´ ²¨§¨·µ¢ ´  ¢ µ¡§µ·¥ [4]. ‚ ´¥³ ¢ Í¥´É·¥ ¢´¨³ ´¨Ö ´ Ìµ¤ÖÉ¸Ö ³ É¥³ É¨Î¥-
¸±¨¥ ¢µ¶·µ¸Ò, ¸¢Ö§ ´´Ò¥ ¸ ¢µ§³µ¦´µ¸ÉÓÕ µ¡µ¡Ð¥´¨Ö ‘� ¨ ¶·¨²µ¦¥´¨Ö³¨ ±
¶· ±É¨Î¥¸±¨³ § ¤ Î ³, ¢ ±µÉµ·ÒÌ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¶µ¶Ê²Ö·´Ò¥ ´Ò´¥ ±µ£¥·¥´É-
´Ò¥, ±µ··¥²¨·µ¢ ´´Ò¥, ¸¦ ÉÒ¥ ¨ É.¶. ¸µ¸ÉµÖ´¨Ö. ‚ Éµ ¦¥ ¢·¥³Ö ¢µ¶·µ¸ ³
Ë¨§¨Î¥¸±µ° ¨´É¥·¶·¥É Í¨¨ ¶µ²ÊÎ¥´´ÒÌ µ¡µ¡Ð¥´¨° Ê¤¥²¥´µ ´¥¤µ¸É ÉµÎ´µ¥
¢´¨³ ´¨¥.

‚µ-¢Éµ·ÒÌ, ´  ¶·µÉÖ¦¥´¨¨ ³´µ£¨Ì ²¥É ·Ö¤ ÊÎ¥´ÒÌ (¸³., ´ ¶·¨³¥·, [5])
¸É ¢¨²¨ ¸¢µ¥° Í¥²ÓÕ ¢µµ¡Ð¥ µ¡µ°É¨ ¶·¨´Í¨¶¨ ²Ó´Ò¥ ¶·µ¡²¥³Ò, ¸¢Ö§ ´´Ò¥
¸ ‘� (1), ¸ É¥³ ÎÉµ¡Ò ´¨§¢¥¸É¨ ±¢ ´Éµ¢ÊÕ ¤¨´ ³¨±Ê ¤µ Ê·µ¢´Ö É·¨¢¨ ²Ó´µ°
¸É É¨¸É¨Î¥¸±µ° É¥µ·¨¨. ‘Éµ·µ´´¨±¨ ÔÉµ£µ ´ ¶· ¢²¥´¨Ö ¸É·¥³¨²¨¸Ó ¤µ± § ÉÓ,
ÎÉµ ¢ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¥ µÉ¸ÊÉ¸É¢ÊÕÉ Ì · ±É¥·´Ò¥ Î¥·ÉÒ, ¶·¨¸ÊÐ¨¥ ¢¸Ö±µ°
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¤¨´ ³¨Î¥¸±µ° É¥µ·¨¨. �¥¸³µÉ·Ö ´  µ¸É·µÉÊ ¤¨¸±Ê¸¸¨¨ ¨ £²Ê¡¨´Ê  ·£Ê³¥´-
Éµ¢, ¸¥£µ¤´Ö ÔÉµ ´ ¶· ¢²¥´¨¥ ´¥ ¶µ²Ó§Ê¥É¸Ö ¶µ¶Ê²Ö·´µ¸ÉÓÕ Ê ¡µ²ÓÏ¨´¸É¢ 
Ë¨§¨±µ¢. �µ²¥¥ Éµ£µ, ¢ ±µ´¥Î´µ³ ¨Éµ£¥ ¢ · ³± Ì ±µ´Í¥¶Í¨¨  ´¸ ³¡²¥° [6,
7] ¸Ëµ·³¨·µ¢ ²¸Ö ¶µ¤Ìµ¤ [8Ä10], ¶µ§¢µ²ÖÕÐ¨° É· ±Éµ¢ ÉÓ ¥¤¨´µµ¡· §´µ ¨
±¢ ´Éµ¢ÊÕ, ¨ ±² ¸¸¨Î¥¸±ÊÕ ¤¨´ ³¨±Ê.

‘ ÔÉµ° ÉµÎ±¨ §·¥´¨Ö µ¡¥ É¥µ·¨¨ ³µ¦´µ ¸Î¨É ÉÓ µ¤¨´ ±µ¢µ ®¸É É¨¸É¨Î¥-
¸±¨³¨¯, É ± ÎÉµ ¶·¥¤³¥É ¤¨¸±Ê¸¸¨¨, ¶µ ¸ÊÐ¥¸É¢Ê, ¨¸Î¥§. ‘µ¸ÉµÖ´¨Ö ±² ¸¸¨-
Î¥¸±µ° ¤¨´ ³¨±¨ ¨³¥ÕÉ ¢¨¤ ¤¥²ÓÉ -ËÊ´±Í¨°, É ± ÎÉµ ¶µ µÉ´µÏ¥´¨Õ ± ¸µ-
¸ÉµÖ´¨Ö³ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¨ µ´¨ Ö¢²ÖÕÉ¸Ö ¢Ò·µ¦¤¥´´Ò³¨. �µ¸²¥¤´¥¥ ¶·µ-
Ö¢²Ö¥É¸Ö ¢ Éµ³, ÎÉµ Ë¨§¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò ¢ ÔÉ¨Ì ¸µ¸ÉµÖ´¨ÖÌ ´¥ ¨¸¶ÒÉÒ¢ ÕÉ
Ë²Ê±ÉÊ Í¨°.

‚-É·¥ÉÓ¨Ì, · §¢¨É¨¥ É¥µ·¨¨ ¢¥·µÖÉ´µ¸É¥° ¶·¨¢¥²µ ± Éµ³Ê, ÎÉµ ³ É¥³ -
É¨Î¥¸±¨°  ¶¶ · É ±¢ ´Éµ¢µ° ¤¨´ ³¨±¨, ¢ Éµ³ Î¨¸²¥ ‘�, Ê¤ ²µ¸Ó ¢±²ÕÎ¨ÉÓ
¢ ¥¥ · ³±¨ [11, 12] ± ± ¸¶¥Í¨Ë¨Î¥¸±ÊÕ ¸É É¨¸É¨Î¥¸±ÊÕ ³µ¤¥²Ó. ‚ Éµ ¦¥
¢·¥³Ö ¶·¨ ¨´É¥·¶·¥É Í¨¨ ÔÉ¨Ì ·¥§Ê²ÓÉ Éµ¢ ¢¸¥ ¢´¨³ ´¨¥ ¡Ò²µ ¸µ¸·¥¤µÉµÎ¥´µ
´  ¸¶¥Í¨Ë¨±¥ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¨, ¸¢Ö§ ´´µ° ¸ µÉ²¨Î¨¥³ ¥¥ ¸É É¨¸É¨Î¥¸±µ°
³µ¤¥²¨ µÉ É· ¤¨Í¨µ´´ÒÌ ³µ¤¥²¥° ±² ¸¸¨Î¥¸±µ° É¥µ·¨¨ ¢¥·µÖÉ´µ¸É¥°,   ´ -
²¨Î¨¥ µ¡Ð¨Ì Î¥·É Ê É ±¨Ì ³µ¤¥²¥° µ± § ²µ¸Ó ¢ É¥´¨.

‚-Î¥É¢¥·ÉÒÌ, §  ¶µ¸²¥¤´¨¥ ¶ÖÉÓ¤¥¸ÖÉ ²¥É ¡Ò² ¨¸¸²¥¤µ¢ ´ ·Ö¤ Ë¨§¨Î¥¸±¨Ì
Ö¢²¥´¨° [13Ä15] (ÔËË¥±ÉÒ Š §¨³¨· , •µ±¨´£ , “´·Ê), ¢ ±µÉµ·ÒÌ ±¢ ´Éµ¢µ-
¤¨´ ³¨Î¥¸±µ¥ ¨ É¥·³µ¤¨´ ³¨Î¥¸±µ¥ µ¶¨¸ ´¨Ö ¶·¨¢µ¤ÖÉ ± µ¤¨´ ±µ¢Ò³ ·¥§Ê²Ó-
É É ³. �É¨ Ë ±ÉÒ ³µ¦´µ É· ±Éµ¢ ÉÓ ± ± ±µ¸¢¥´´µ¥ Ê± § ´¨¥ ´  ¢µ§³µ¦´µ¸ÉÓ
¸ÊÐ¥¸É¢µ¢ ´¨Ö ‘� ´¥ Éµ²Ó±µ ¢ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¥, ´µ ¨ ¢´¥ ¥¥. �µ²¥¥ Éµ£µ,
‘� É¨¶  (1) ¢ É¥µ·¨¨ ¡·µÊ´µ¢¸±µ£µ ¤¢¨¦¥´¨Ö ¨§¢¥¸É´µ ¸ 1933 £. [16, 17]. „µ
¸¨Ì ¶µ· ¡µ²ÓÏ¨´¸É¢µ Ë¨§¨±µ¢ µÉ´µ¸¨²µ¸Ó ± ´¥³Ê ´¥ ¡µ²¥¥ ± ± ± ±Ê·Ó¥§Ê [18],
¨ ¸¥·Ó¥§´Ò° ¨´É¥·¥¸ ± ‘� ¢ ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥ ¶µÖ¢¨²¸Ö ²¨ÏÓ
´¥¤ ¢´µ [19].

‚-¶ÖÉÒÌ, ¸ÊÐ¥¸É¢Ê¥É ¶·µ¡²¥³  ´¥§ ¢¥·Ï¥´´µ¸É¨ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¨,
¸¢Ö§ ´´ Ö ¸ µÉ¸ÊÉ¸É¢¨¥³ ¶µ¸²¥¤µ¢ É¥²Ó´µ° É¥µ·¨¨ ¨§³¥·¥´¨°. Œ´µ£¨¥ ¨¸¸²¥-
¤µ¢ É¥²¨ (¸³., ´ ¶·¨³¥·, [20]) ¸Î¨É ÕÉ, ÎÉµ ·¥Ï¥´¨¥ ÔÉµ° ¶·µ¡²¥³Ò É·¥¡Ê¥É
¢ÒÌµ¤  §  · ³±¨ É· ¤¨Í¨µ´´µ° ±¢ ´Éµ¢µ° ¤¨´ ³¨±¨ ¨ ¨¸¶µ²Ó§µ¢ ´¨Ö ¢ ÔÉ¨Ì
Í¥²ÖÌ ¨¤¥° É¥·³µ¤¨´ ³¨±¨ ¨ É¥µ·¨¨ ¨´Ëµ·³ Í¨¨. ‘ÊÐ¥¸É¢Ê¥É ³´¥´¨¥, ÎÉµ
¤²Ö ÔÉµ£µ ³µ¦¥É ¶µÉ·¥¡µ¢ ÉÓ¸Ö µ¡µ¡Ð¥´¨¥ ¨ ¸ ³µ° É¥·³µ¤¨´ ³¨±¨ [21].

� ±µ´¥Í, ¢-Ï¥¸ÉÒÌ, ¨ ÔÉµ ¸ ³µ¥ £² ¢´µ¥. Š ±µ´ÍÊ XX ¢¥±  ¢Ò±·¨¸É ²²¨-
§µ¢ ²¸Ö ´µ¢Ò° ¢§£²Ö¤ ´  ¸É·Ê±ÉÊ·Ê Ë¨§¨±¨ ¢ Í¥²µ³. �´ µ¶¨· ¥É¸Ö ´  ¸µ¢·¥-
³¥´´Ò¥ ³¥Éµ¤µ²µ£¨Î¥¸±¨¥ ¶·¥¤¸É ¢²¥´¨Ö µ ¸É· É¥£¨ÖÌ ¥¸É¥¸É¢¥´´µ-´ ÊÎ´µ£µ
³ÒÏ²¥´¨Ö [22, 23]. ‘µ£² ¸´µ ÔÉµ³Ê ¢§£²Ö¤Ê [24, 25] ¤¥²¥´¨¥ Ë¨§¨±¨ ¢ Í¥²µ³
´  ±² ¸¸¨Î¥¸±ÊÕ ¨ ¸µ¢·¥³¥´´ÊÕ (¨²¨ ´¥±² ¸¸¨Î¥¸±ÊÕ) Ë¨§¨±Ê Í¥²¥¸µµ¡· §´µ
¶·µ¨§¢µ¤¨ÉÓ ¢µ¢¸¥ ´¥ ¶µ Ì·µ´µ²µ£¨Î¥¸±µ³Ê ¶·¨§´ ±Ê. �·¥¤² £ ¥É¸Ö ¨¸Ìµ-
¤¨ÉÓ ¨§ Éµ£µ, ¸ÊÐ¥¸É¢¥´´µ ²¨ ¢ ¤ ´´µ³ · §¤¥²¥ Ë¨§¨±¨ ´¥±µ´É·µ²¨·Ê¥³µ¥
¨ ´¥Ê¸É· ´¨³µ¥ ¢µ§¤¥°¸É¢¨¥ ´  ³ É¥·¨ ²Ó´Ò¥ µ¡Ñ¥±ÉÒ ¸µ ¸Éµ·µ´Ò ¢´¥Ï´¥£µ
µ±·Ê¦¥´¨Ö, ¢±²ÕÎ ÕÐ¥£µ ¨ ¸ ³µ£µ ¨¸¸²¥¤µ¢ É¥²Ö.
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‘ ´ Ï¥° ÉµÎ±¨ §·¥´¨Ö, ± ´¥±² ¸¸¨Î¥¸±µ° Ë¨§¨±¥ ¸²¥¤µ¢ ²µ ¡Ò µÉ´µ¸¨ÉÓ
²Õ¡ÊÕ Ë¨§¨Î¥¸±ÊÕ É¥µ·¨Õ, ÊÎ¨ÉÒ¢ ÕÐÊÕ ´¥±µ´É·µ²¨·Ê¥³µ¥ ¢µ§¤¥°¸É¢¨¥ ¨
¢Ò§Ò¢ ¥³Ò¥ ¨³ Ë²Ê±ÉÊ Í¨¨ Ë¨§¨Î¥¸±¨Ì Ì · ±É¥·¨¸É¨± ± ± ¸ ³¨Ì ³ É¥·¨ ²Ó-
´ÒÌ µ¡Ñ¥±Éµ¢, É ± ¨ ¨Ì ¸µ¸ÉµÖ´¨° [26]. Š É ±¨³ É¥µ·¨Ö³, ´ ·Ö¤Ê ¸ ±¢ ´Éµ-
¢µ° ¤¨´ ³¨±µ°, ¸²¥¤Ê¥É, ¡¥§Ê¸²µ¢´µ, µÉ´¥¸É¨ ¨ · ¢´µ¢¥¸´ÊÕ ¸É É¨¸É¨Î¥¸±ÊÕ
É¥·³µ¤¨´ ³¨±Ê, ¶µ¸±µ²Ó±Ê µ ´¥Ê¸É· ´¨³µ¸É¨ ´¥±µ´É·µ²¨·Ê¥³µ£µ (É¥¶²µ¢µ£µ)
¢µ§¤¥°¸É¢¨Ö ¢ ´¥° Ìµ·µÏµ ¨§¢¥¸É´µ ¸µ ¢·¥³¥´¨ µ¶Ê¡²¨±µ¢ ´¨Ö · ¡µÉ �°´-
ÏÉ¥°´  ¨ ‘³µ²ÊÌµ¢¸±µ£µ ¶µ ¡·µÊ´µ¢¸±µ³Ê ¤¢¨¦¥´¨Õ [27]. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³
¢µ¶·µ¸ µ ´ Ìµ¦¤¥´¨¨ Ê´¨¢¥·¸ ²Ó´ÒÌ ‘�, ±µÉµ·Ò¥ ¡Ò²¨ ¡Ò ¶·¨³¥´¨³Ò ´¥
Éµ²Ó±µ ¢ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¥, ´µ ¨ ¢µ ¢¸¥° ´¥±² ¸¸¨Î¥¸±µ° Ë¨§¨±¥, ¶·¨µ¡·¥-
É ¥É ¸¥£µ¤´Ö ¶·¨´Í¨¶¨ ²Ó´µ¥ §´ Î¥´¨¥ [28].

—Éµ ¦¥ ¶·¥¶ÖÉ¸É¢µ¢ ²µ ¤µ ¸¨Ì ¶µ· Ê¸É ´µ¢²¥´¨Õ Ê´¨¢¥·¸ ²Ó´µ£µ Ì · ±-
É¥·  ‘� ¨ ¨Ì · ¸¶·µ¸É· ´¥´¨Õ ¨§ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¨ ´  ¤·Ê£¨¥ É¥µ·¨¨
´¥±² ¸¸¨Î¥¸±µ° Ë¨§¨±¨? ‚¸¥ ¤¥²µ ¢ Éµ³, ÎÉµ ¨§´ Î ²Ó´µ ¡Ò²µ ¶·¨´ÖÉµ ¸Î¨-
É ÉÓ, ÎÉµ ‘� É¨¶  (1) Å ÔÉµ ¸¶¥Í¨Ë¨Î¥¸± Ö µ¸µ¡¥´´µ¸ÉÓ ±¢ ´Éµ¢µ° ¤¨´ -
³¨±¨, ¢µ¶²µÐ ÕÐ Ö ¢ ¸¥¡¥ É ± ´ §Ò¢ ¥³Ò° ®±µ·¶Ê¸±Ê²Ö·´µ-¢µ²´µ¢µ° ¤Ê -
²¨§³¯ ¨ ¦¥¸É±µ ¶·¨¢Ö§ ´´ Ö ± ³ É¥³ É¨Î¥¸±µ³Ê  ¶¶ · ÉÊ ¶·¥µ¡· §µ¢ ´¨°
”Ê·Ó¥. „µ¢µ²Ó´µ ¸±µ·µ, µ¤´ ±µ, ¸É ²µ Ö¸´µ, ÎÉµ ¢ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¥ ‘�
¸¢Ö§Ò¢ ÕÉ ³´µ£¨¥ ¶ ·Ò Ë¨§¨Î¥¸±¨Ì Ì · ±É¥·¨¸É¨±, ±µÉµ·Ò³ ¸µ¶µ¸É ¢²ÖÕÉ¸Ö
´¥±µ³³ÊÉ¨·ÊÕÐ¨¥ Ô·³¨Éµ¢¸±¨¥ µ¶¥· Éµ·Ò [4]. Š ± § ³¥É¨² ‚¨£´¥·, ÔÉµ µ§´ -
Î ¥É, ÎÉµ ®ÔÉµÉ ¶µ¸²¥¤´¨° ¤Ê ²¨§³ ¥¸ÉÓ Éµ²Ó±µ Î ¸ÉÓ ¡µ²¥¥ µ¡Ð¥£µ ¶²Õ· -
²¨§³ ¯.

‘¥£µ¤´Ö ³µ¦´µ ÊÉ¢¥·¦¤ ÉÓ, ÎÉµ ÔÉµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ ¢ ±µ´Í¥´É·¨·µ¢ ´´µ³
¢¨¤¥ µÉ· ¦ ¥É ËÊ´¤ ³¥´É ²Ó´Ò° Ë ±É ´ ²¨Î¨Ö ¢ ¶·¨·µ¤¥ ¤¢ÊÌ ± Î¥¸É¢¥´´µ
· §²¨Î´ÒÌ, ´µ · ¢´µ¶· ¢´ÒÌ ¨ ´¥· §·Ò¢´ÒÌ ¸Éµ·µ´ Ë¨§¨Î¥¸±µ° ·¥ ²Ó´µ-
¸É¨, ¢µ¶²µÐ¥´´ÒÌ ¢ Ë¨§¨Î¥¸±¨Ì Ì · ±É¥·¨¸É¨± Ì µ¡Ñ¥±Éµ¢ ¨ ¨Ì ¸µ¸ÉµÖ´¨°.
�·¨ ´ ²¨Î¨¨ ´¥±µ´É·µ²¨·Ê¥³µ£µ (²¨¡µ ±¢ ´Éµ¢µ£µ, ²¨¡µ É¥¶²µ¢µ£µ) ¢µ§¤¥°-
¸É¢¨Ö µ±·Ê¦¥´¨Ö Ë¨§¨Î¥¸±¨¥ Ì · ±É¥·¨¸É¨±¨ ¢ ¶·µ¨§¢µ²Ó´µ³ ³¨±·µ¸µ¸Éµ-
Ö´¨¨ ³µ¦´µ µ¶¨¸Ò¢ ÉÓ ²¨ÏÓ ¸·¥¤´¨³¨ §´ Î¥´¨Ö³¨ ¨ µÉ±²µ´¥´¨Ö³¨ µÉ ´¨Ì
(Ë²Ê±ÉÊ Í¨Ö³¨). ”²Ê±ÉÊ Í¨¨ Ì · ±É¥·¨¸É¨± µ¡Ñ¥±Éµ¢ ¨ ¨Ì ¸µ¸ÉµÖ´¨° ´¥ Ö¢²Ö-
ÕÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨ ¤·Ê£ µÉ ¤·Ê£ . �´¨ ¸¢Ö§ ´Ò ³¥¦¤Ê ¸µ¡µ° ¸µµÉ¢¥É¸É¢ÊÕ-
Ð¨³¨ ‘�, µÉ· ¦ ÕÐ¨³¨ ´ ²¨Î¨¥ ±µ··¥²ÖÍ¨¨ ³¥¦¤Ê ´¨³¨.

‚ ¸¢µÕ µÎ¥·¥¤Ó, É· ¤¨Í¨µ´´µ ¡Ò²µ ¶·¨´ÖÉµ ¸Î¨É ÉÓ, ÎÉµ ³¥¦¤Ê ±¢ ´Éµ-
¢µ° ¤¨´ ³¨±µ° ¨ · ¢´µ¢¥¸´µ° ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±µ° ¸ÊÐ¥¸É¢ÊÕÉ
´¥¶·¥µ¤µ²¨³Ò¥ ±µ´Í¥¶ÉÊ ²Ó´Ò¥ · §²¨Î¨Ö. ˆÌ µ¡ÒÎ´µ ¸¢Ö§Ò¢ ÕÉ ¸ É¥³, ÎÉµ
¢ É¥·³µ¤¨´ ³¨±¥ Ë¨§¨Î¥¸±¨³ Ì · ±É¥·¨¸É¨± ³ ¨²¨ ³ ±·µ¶ · ³¥É· ³ ¸µ¶µ-
¸É ¢²ÖÕÉ¸Ö ´¥ µ¶¥· Éµ·Ò,   c-Î¨¸²µ¢Ò¥ ËÊ´±Í¨¨. Œ¥¦¤Ê É¥³, ± ± ¸²¥¤Ê¥É ¨§
¢µ¸¶µ³¨´ ´¨° ƒ¥°§¥´¡¥·£  [29], ¥Ð¥ ¢ 1930 £. �µ· ¢Ò¸± §Ò¢ ²¸Ö ¢ ¶µ²Ó§Ê ¢µ§-
³µ¦´µ¸É¨ ¸¡²¨¦¥´¨Ö ¨¸Ìµ¤´ÒÌ ¶µ²µ¦¥´¨° ÔÉ¨Ì É¥µ·¨° ´  µ¸´µ¢¥ ¶µ¸²¥¤µ¢ -
É¥²Ó´µ£µ ¶·¨³¥´¥´¨Ö ¶·¨´Í¨¶  ¤µ¶µ²´¨É¥²Ó´µ¸É¨. Š ¸µ¦ ²¥´¨Õ, ·¥ ²¨§ Í¨Ö
ÔÉµ° ¨¤¥¨ ´¥¸±µ²Ó±µ § ÉÖ´Ê² ¸Ó. �µ¸²¥¤´¥¥ µ¡¸ÉµÖÉ¥²Ó¸É¢µ, ¶µ-¢¨¤¨³µ³Ê,
µ¡Ê¸²µ¢²¥´µ ± ± É¥Ì´¨Î¥¸±¨³¨ ¶·¨Î¨´ ³¨ (¨¸¶µ²Ó§µ¢ ´¨¥ ¢ É¥·³µ¤¨´ ³¨±¥
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¢³¥¸Éµ µ¶¥· Éµ·µ¢ c-Î¨¸¥²), É ± ¨ Î¥·¥¸ÎÊ· ¶·Ö³µ²¨´¥°´µ° É· ±Éµ¢±µ° ¶·¨´-
Í¨¶  ¤µ¶µ²´¨É¥²Ó´µ¸É¨.

‚ ¸¢¥É¥ ¸± § ´´µ£µ ¢ÒÏ¥ µ¸µ¡µ¥ §´ Î¥´¨¥ ¶·¨µ¡·¥É ¥É ¢µ¶·µ¸ µ ‘�
Ô´¥·£¨ÖÄ¢·¥³Ö. ‘ µ¤´µ° ¸Éµ·µ´Ò, ¶µ¤µ¡´µ¥ ‘� ¢ ¦´µ ¶µÉµ³Ê, ÎÉµ µ´µ Ê¸É -
´ ¢²¨¢ ¥É ¢§ ¨³µ¸¢Ö§¨ ³¥¦¤Ê ¢ ¦´¥°Ï¨³¨ ¢¥²¨Î¨´ ³¨ Å Ô´¥·£¥É¨Î¥¸±µ° ¨
¢·¥³¥´´µ° Ì · ±É¥·¨¸É¨± ³¨ ³¨±·µ¸¨¸É¥³Ò ¢ Í¥²µ³. ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¸ ³
Ë ±É ¥£µ ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¤¥³µ´¸É·¨·Ê¥É, ÎÉµ ¨ ¢ ¸ ³µ° ±¢ ´Éµ¢µ° ¤¨´ ³¨±¥
´ ²¨Î¨¥ ‘� ´¥ ¢¸¥£¤  ¸¢Ö§ ´µ ¸ µ¶¥· Éµ·´Ò³ µ¶¨¸ ´¨¥³ Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´.
‚ Î ¸É´µ¸É¨, ‘� ®Ô´¥·£¨ÖÄ¢·¥³Ö¯ ¢ Ëµ·³¥

δε δt � � (2)

 ±É¨¢´µ ¨¸¶µ²Ó§Ê¥É¸Ö ¢ · §²¨Î´ÒÌ Í¥²ÖÌ ¸ ±µ´Í  20-Ì £µ¤µ¢, ÌµÉÖ ¸±µ²Ó±µ-
´¨¡Ê¤Ó · §Ê³´Ò° ¸ Ë¨§¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö µ¶¥· Éµ· ¢·¥³¥´¨ ¶µ±  ´¥¨§¢¥-
¸É¥´. ’µÉ Ë ±É, ÎÉµ µ¡  ‘� (1) ¨ (2) Ëµ·³ ²Ó´µ ¸¢Ö§ ´Ò ¸ µ¤´¨³ ¨ É¥³ ¦¥
´¥±µ´É·µ²¨·Ê¥³Ò³ ¢µ§¤¥°¸É¢¨¥³, µ¶·¥¤¥²Ö¥³Ò³ ¶µ¸ÉµÖ´´µ° �² ´±  �, ¨ ¢
Éµ ¦¥ ¢·¥³Ö µ¡² ¤ ÕÉ ¸µ¢¥·Ï¥´´µ · §²¨Î´Ò³ ¸É ÉÊ¸µ³, ¤µ ¸¨Ì ¶µ· ´¥ ´ Ï¥²
¤µ²¦´µ£µ µ¡ÑÖ¸´¥´¨Ö.

ˆ´Ò³¨ ¸²µ¢ ³¨, ²µ£¨Î´µ ¨¸Ìµ¤¨ÉÓ ¨§ Éµ£µ, ÎÉµ ‘� (2) ¨´É¥·¥¸´µ ´¥
Éµ²Ó±µ ¸ ¶· £³ É¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö. …£µ  ´ ²¨§ ³µ£ ¡Ò ¸Ò£· ÉÓ ¢ ¦´ÊÕ
·µ²Ó ¢ ¢ÒÖ¸´¥´¨¨ ³¥¸É  ‘� ¢ ´¥±² ¸¸¨Î¥¸±µ° Ë¨§¨±¥ ¢ Í¥²µ³, ÎÉµ ¢¥¸Ó³ 
¸ÊÐ¥¸É¢¥´´µ ¤²Ö ¤ ²Ó´¥°Ï¥£µ µ¡µ¡Ð¥´¨Ö É¥µ·¨¨ [26, 28]. ŒÒ ¸Î¨É ¥³, ÎÉµ
¶µ¤µ¡´Ò°  ´ ²¨§ ¸²¥¤Ê¥É µ¸ÊÐ¥¸É¢¨ÉÓ ¸ ´µ¢ÒÌ ¶µ§¨Í¨°, ¨¸Ìµ¤Ö ¨§ ±µ´Í¥¶Í¨¨
Ê´¨¢¥·¸ ²Ó´µ¸É¨ ‘� ¢ ´¥±² ¸¸¨Î¥¸±µ° Ë¨§¨±¥.

�µ·Ö¤µ± ¨§²µ¦¥´¨Ö ¢ µ¡§µ·¥ É ±µ¢. ‚ · §¤. 1 ¸Ëµ·³Ê²¨·µ¢ ´  ±µ´Í¥¶Í¨Ö
Ê´¨¢¥·¸ ²Ó´µ¸É¨ ¸µµÉ´µÏ¥´¨° ´¥µ¶·¥¤¥²¥´´µ¸É¥°, ¶µ§¢µ²ÖÕÐ Ö ¶·¨³¥´ÖÉÓ
‘� ± ± ¢ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¥, É ± ¨ ¢´¥ ¥¥. ‚ · §¤. 2, ¨¸Ìµ¤Ö ¨§ ÔÉµ° ±µ´-
Í¥¶Í¨¨, ¶µ¸ÉÊ²¨·Ê¥É¸Ö µ¡µ¡Ð¥´´µ¥ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö ¨ ¤¥³µ´¸É·¨·Ê¥É¸Ö ¥£µ
ÔËË¥±É¨¢´µ¸ÉÓ. ‚ · §¤. 3 Ê¸É ´µ¢²¥´µ, ÎÉµ ¢ ¸²ÊÎ ¥ ±µ£¥·¥´É´ÒÌ ¸µ¸ÉµÖ´¨°
µ¡µ¡Ð¥´´µ¥ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö  ¤¥±¢ É´µ ‘� Ô´¥·£¨ÖÄµ¡· É´ Ö ÔËË¥±É¨¢-
´ Ö Î ¸ÉµÉ . �µ± § ´µ, ÎÉµ ¥£µ ¨´É¥·¶·¥É Í¨Ö  ´ ²µ£¨Î´  ¨´É¥·¶·¥É Í¨¨ ‘�
Ô´¥·£¨ÖÄµ¡· É´ Ö É¥³¶¥· ÉÊ·  ¢ ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥, ´µ µÉ²¨Î´ 
µÉ ¨´É¥·¶·¥É Í¨¨ ‘� ƒ¥°§¥´¡¥·£ . ‚ § ±²ÕÎ¥´¨¨ ¶·¨¢¥¤¥´ ·Ö¤ ¸µµ¡· ¦¥´¨°
µ ·µ²¨ ‘� ˜·¥¤¨´£¥·  ¢ ¤ ²Ó´¥°Ï¥³ µ¡Ñ¥¤¨´¥´¨¨ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¨ ¨
¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¨ ¢ · ³± Ì Í¥²µ¸É´µ° É¥µ·¨¨ ´¥±² ¸¸¨Î¥¸±µ°
Ë¨§¨±¨.

1. Š��–…�–ˆŸ “�ˆ‚…�‘�‹œ��‘’ˆ ‘��’��˜…�ˆ‰
�…���…„…‹…���‘’…‰

1.1. �·µµ¡· §Ò ‘� ¢ ±² ¸¸¨Î¥¸±µ° Ë¨§¨±¥. ‚  ¡¸µ²ÕÉ´µ³ ¡µ²ÓÏ¨´¸É¢¥
³µ´µ£· Ë¨° ¨ ÊÎ¥¡´¨±µ¢ ¶·µ¨¸Ìµ¦¤¥´¨¥ ‘� ¢ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¥ ¸¢Ö§Ò¢ -
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¥É¸Ö ¶·¥¨³ÊÐ¥¸É¢¥´´µ ¸  ´ ²¨§µ³ Ì · ±É¥·¨¸É¨± ±² ¸¸¨Î¥¸±¨Ì ¢µ²´ ¢ · ³-
± Ì É¥µ·¨¨ ¶·¥µ¡· §µ¢ ´¨° ”Ê·Ó¥ (¨¸±²ÕÎ¥´¨¥ ¸µ¸É ¢²Ö¥É [30]). �É¸Õ¤ ,
¶µ-¢¨¤¨³µ³Ê, ¶·µ¨§µÏ¥² ¨ ¸ ³ É¥·³¨´ ®±µ·¶Ê¸±Ê²Ö·´µ-¢µ²´µ¢µ° ¤Ê ²¨§³¯.
ˆ³¥Ö ¢ ¢¨¤Ê ¶µ¨¸± ±µ´Í¥¶Í¨¨ Ê´¨¢¥·¸ ²Ó´µ¸É¨ ‘� ¢ ´¥±² ¸¸¨Î¥¸±µ° Ë¨-
§¨±¥, ¥¸É¥¸É¢¥´´µ ¡Ò²µ ¡Ò ¶·µ ´ ²¨§¨·µ¢ ÉÓ ¢µ§³µ¦´Ò¥ ¶·µµ¡· §Ò ‘� ¥Ð¥
¢ · ³± Ì ±² ¸¸¨Î¥¸±µ° Ë¨§¨±¨.

’ ±¨Ì ¶·µµ¡· §µ¢ ´  ¸ ³µ³ ¤¥²¥ ´¥ µ¤¨´, ± ± ÔÉµ ¶·¨´ÖÉµ ¸Î¨É ÉÓ,  
¤¢  Å É¥µ·¨Ö ¶·¥µ¡· §µ¢ ´¨° ”Ê·Ó¥ ¨ ±² ¸¸¨Î¥¸± Ö É¥µ·¨Ö ¢¥·µÖÉ´µ¸É¥°. ‘µ-
£² ¸´µ É¥µ·¨¨ ¶·¥µ¡· §µ¢ ´¨° ”Ê·Ó¥ ¤²Ö µ¤´µ° ¶¥·¥³¥´´µ° [31], ¨§³¥´¥´¨Ö
²Õ¡µ° Ë¨´¨É´µ° ËÊ´±Í¨¨∗ f(t) ¨ ¥¥ ËÊ·Ó¥-µ¡· §  f̃(ω) ¢ ¶·µÍ¥¸¸¥ ®¸¦ -
É¨Ö¯ ËÊ´±Í¨¨ f µ± §Ò¢ ÕÉ¸Ö ¢§ ¨³µ¸¢Ö§ ´´Ò³¨. � ¸¸³µÉ·¨³ ¢ ÔÉµ° ¸¢Ö§¨
¸¥³¥°¸É¢µ ËÊ´±Í¨°

fµ(t) =
√

µf(µt), (3)

£¤¥ µ Å ¢¥Ð¥¸É¢¥´´Ò° ¶ · ³¥É·. ”Ê´±Í¨Õ fµ(t) ¶·¨´ÖÉµ ´ §Ò¢ ÉÓ ¸¦ Éµ°
µÉ´µ¸¨É¥²Ó´µ f(t), ¥¸²¨ µ > 1, ¨ · ¸ÉÖ´ÊÉµ°, ¥¸²¨ µ < 1. „²Ö ËÊ·Ó¥-µ¡· § 
f̃(ω) ¨§ (3) ¸²¥¤Ê¥É, ÎÉµ

f̃µ(ω) =
1
√

µ
f̃

(
ω

µ

)
, (4)

É ± ÎÉµ ËÊ´±Í¨Ö f̃µ(ω) ¶·¨ ¨§³¥´¥´¨¨ µ ¢¥¤¥É ¸¥¡Ö µ¡· É´Ò³ µ¡· §µ³ ¶µ
µÉ´µÏ¥´¨Õ ± fµ(t).

�·¨ ÔÉµ³ ¸²¥¤Ê¥É ¶µ¤Î¥·±´ÊÉÓ, ÎÉµ ¢ ±² ¸¸¨Î¥¸±µ° Ë¨§¨±¥ ¢ ± Î¥¸É¢¥
ËÊ´±Í¨¨ f ³µ¦´µ ¢Ò¡· ÉÓ ²Õ¡ÊÕ Ë¨§¨Î¥¸±ÊÕ ¢¥²¨Î¨´Ê, ´¥¶·¥·Ò¢´µ § ¢¨¸Ö-
ÐÊÕ µÉ ¢·¥³¥´´µ£µ ¨²¨ ¶·µ¸É· ´¸É¢¥´´µ£µ  ·£Ê³¥´É . (Œ É¥³ É¨Î¥¸±¨¥ µ£· -
´¨Î¥´¨Ö ´  Ë¨´¨É´Ò¥ ËÊ´±Í¨¨ f ¢ Ë¨§¨±¥ µ¡ÒÎ´µ ¢Ò¶µ²´¥´Ò.) ’¥³ ¸ ³Ò³
¨§² £ ¥³ Ö §¤¥¸Ó É¥µ·¨Ö ¶·¨³¥´¨³  ± ËÊ·Ó¥- ´ ²¨§Ê ´¥ Éµ²Ó±µ Ì · ±É¥·¨¸É¨±
±µ²¥¡ ´¨° ¨²¨ ¢µ²´, ´µ ¨ ²Õ¡ÒÌ ´¥¶·¥·Ò¢´ÒÌ Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´.

„²Ö Ê¤µ¡¸É¢  ¸· ¢´¥´¨Ö ®Ï¨·¨´¯ · §²¨Î´ÒÌ ËÊ´±Í¨° f Í¥²¥¸µµ¡· §´µ
¢¢¥¸É¨ ± ±ÊÕ-²¨¡µ ³¥·Ê. ‚Ò¡µ· ¶µ¤µ¡´µ° Ì · ±É¥·¨¸É¨±¨ ¤²Ö ®Ï¨·¨´Ò¯
¤µ¸É ÉµÎ´µ ¶·µ¨§¢µ²¥´ ¨ Ë¨§¨Î¥¸±¨ ´¨Î¥³ ´¥ ¢Ò¤¥²¥´. �¤´ ±µ, ¨³¥Ö ¢ ¢¨¤Ê
´¥µ¡Ìµ¤¨³µ¸ÉÓ ¸µ¶µ¸É ¢²¥´¨Ö ¢ ¤ ²Ó´¥°Ï¥³ ´¥±µÉµ·ÒÌ ·¥§Ê²ÓÉ Éµ¢ É¥µ·¨¨
¶·¥µ¡· §µ¢ ´¨° ”Ê·Ó¥ ¨ ±² ¸¸¨Î¥¸±µ° É¥µ·¨¨ ¢¥·µÖÉ´µ¸É¥°, ¢ ± Î¥¸É¢¥ ¤µ¸É -
ÉµÎ´µ Ê¤µ¡´ÒÌ Ì · ±É¥·¨¸É¨± ¶·µ¨§¢µ²Ó´µ° Ë¨´¨É´µ° ËÊ´±Í¨¨ f(t) ³µ¦´µ
¢¢¥¸É¨ ³µ³¥´ÉÒ ¶¥·¢µ£µ ¨ ¢Éµ·µ£µ ¶µ·Ö¤±µ¢ ±¢ ¤· É  ³µ¤Ê²Ö ÔÉµ° ËÊ´±Í¨¨:

mf =
1√
2π

∫
t |f(t)|2 dt; (5)

∗�µ¤ Ë¨´¨É´µ° ËÊ´±Í¨¥° §¤¥¸Ó ¶µ´¨³ ¥É¸Ö ËÊ´±Í¨Ö, ¶· ±É¨Î¥¸±¨ · ¢´ Ö ´Ê²Õ ¢´¥ µ£· -
´¨Î¥´´µ° µ¡² ¸É¨ [2].
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σ2
f =

1√
2π

∫
(t − mf )2 |f(t)|2 dt. (6)

‘µµÉ¢¥É¸É¢¥´´µ ¤²Ö Ì · ±É¥·¨¸É¨± ËÊ·Ó¥-µ¡· §  f̃(ω), ´ §Ò¢ ¥³µ£µ ¸¶¥±É·µ³
ËÊ´±Í¨¨ f(t), Í¥²¥¸µµ¡· §´µ É ±¦¥ ¢¢¥¸É¨ ³µ³¥´ÉÒ ¶¥·¢µ£µ ¨ ¢Éµ·µ£µ ¶µ-
·Ö¤±µ¢

mf̃ =
1√
2π

∫
ω |f̃(ω)|2 dω; (7)

σ2
f̃

=
1√
2π

∫
(ω − mf̃ )2 |f̃(ω)|2 dω. (8)

‚¥²¨Î¨´Ò σf ¨ σf̃ ¤¥°¸É¢¨É¥²Ó´µ Ì · ±É¥·¨§ÊÕÉ ®Ï¨·¨´Ò¯ ËÊ´±Í¨¨ f ¨ ¥¥

¸¶¥±É·  f̃ . ‚ Î ¸É´µ¸É¨, ¶·¨ ¶¥·¥Ìµ¤¥ µÉ ËÊ´±Í¨¨ f(t) ± ËÊ´±Í¨¨ fµ(t)
¸µ£² ¸´µ (3) ¢¥²¨Î¨´  σ2

f § ³¥´Ö¥É¸Ö ´  σ2
f/µ2,   ¢¥²¨Î¨´  σ2

f̃
Å ´  µ2σ2

f̃
.

‚³¥¸É¥ ¸ É¥³ ´¥É ´¨± ±¨Ì µ¸´µ¢ ´¨° ´ §Ò¢ ÉÓ ¢¥²¨Î¨´Ò σf ¨ σf̃ ³¥· ³¨
Ë²Ê±ÉÊ Í¨° Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´, ¨¡µ §¤¥¸Ó µÉ¸ÊÉ¸É¢Ê¥É ¸²ÊÎ °´Ò° ¢Ò¡µ·,
µ¶· ¢¤Ò¢ ÕÐ¨° ¶·¨³¥´¥´¨¥ ±² ¸¸¨Î¥¸±µ° É¥µ·¨¨ ¢¥·µÖÉ´µ¸É¥°. ˆ´ Î¥ £µ-
¢µ·Ö, ËÊ´±Í¨¨ f ¨ f̃ Å ÔÉµ ´¥±¨¥ µ¤´µ§´ Î´µ § ¤ ´´Ò¥ Ë¨§¨Î¥¸±¨¥ ¢¥²¨-
Î¨´Ò, § ¢¨¸ÖÐ¨¥ µÉ ¸¢µ¨Ì ´¥¶·¥·Ò¢´ÒÌ  ·£Ê³¥´Éµ¢,   ¢µ¢¸¥ ´¥ · ¸¶·¥¤¥-
²¥´¨Ö ¢¥·µÖÉ´µ¸É¥° ¢µ§³µ¦´ÒÌ §´ Î¥´¨° ÔÉ¨Ì  ·£Ê³¥´Éµ¢, ´ ¡²Õ¤ ¥³ÒÌ ´ 
µ¶ÒÉ¥. ‘ ÔÉµ° ÉµÎ±¨ §·¥´¨Ö ¢¥²¨Î¨´Ò σ2

f ¨ σf̃ Å ÔÉµ ´¥ ± ±¨¥-²¨¡µ ®´¥µ¶·¥-
¤¥²¥´´µ¸É¨¯ §´ Î¥´¨°  ·£Ê³¥´Éµ¢ t ¨²¨ ω,   ®· §³ÒÉµ¸É¨¯ ¨²¨ ®Ï¨·¨´Ò¯
´ ¡²Õ¤ ¥³ÒÌ ´  µ¶ÒÉ¥ ¢¶µ²´¥ µ¶·¥¤¥²¥´´ÒÌ ËÊ´±Í¨° f(t) ¨ f̃(ω).

ˆ³¥´´µ ¤²Ö ÔÉ¨Ì ¢¥²¨Î¨´ ¨³¥¥É ³¥¸Éµ ¶µ²¥§´ Ö ¢§ ¨³µ¸¢Ö§Ó, ±µÉµ·ÊÕ
¨´µ£¤  ´¥±µ··¥±É´µ ´ §Ò¢ ÕÉ ‘� ¢ ±² ¸¸¨Î¥¸±µ° ¢µ²´µ¢µ° É¥µ·¨¨. ‚ µ¡Ð¥³
¸²ÊÎ ¥ µ´  É ±µ¢  [31]:

σ2
fσ2

f̃
� 1

4

∫
dt |f(t)|2 ≡ C

4
. (9)

…¸²¨, ± ± ÔÉµ µ¡ÒÎ´µ Ê¤ ¥É¸Ö ¸¤¥² ÉÓ, ËÊ´±Í¨Õ f ´µ·³¨·µ¢ ÉÓ, ¶µ²µ¦¨¢
C ≡ 1, Éµ ¢§ ¨³µ¸¢Ö§Ó (9) ¤²Ö ²¨´¥°´ÒÌ ¢¥²¨Î¨´ ¶·¨´¨³ ¥É ¢¨¤

σfσf̃ ≡ δt δω � 1
2
, (10)

£¤¥ δt ¨ δω Å ÔÉµ ¶·µ¸Éµ Ê¤µ¡´Ò¥ µ¡µ§´ Î¥´¨Ö ®Ï¨·¨´¯ σf ¨ σf̃ , ÊÎ¨ÉÒ-
¢ ÕÐ¨¥ ¸µµ¡· ¦¥´¨Ö · §³¥·´µ¸É¨. ‡´ ± · ¢¥´¸É¢  ¢ (10) ¤µ¸É¨£ ¥É¸Ö Éµ²Ó±µ
¤²Ö ËÊ´±Í¨¨ f , ¨³¥ÕÐ¥° Ëµ·³Ê £ Ê¸¸µ¢µ° ±·¨¢µ°. (�´ ²µ£¨Î´ÊÕ Ëµ·³Ê ¶µ
¸¢µ°¸É¢Ê ¨´É¥£· ²  ”Ê·Ó¥ ¨³¥¥É ¨ ËÊ·Ó¥-µ¡· § f̃ .)

ˆÉ ±, ¢ ±² ¸¸¨Î¥¸±µ° Ë¨§¨±¥ ´¥ Éµ²Ó±µ ¤²Ö  ³¶²¨ÉÊ¤Ò ¨²¨ ¨´É¥´¸¨¢´µ-
¸É¨ ± ±µ°-²¨¡µ ¢µ²´Ò, ´µ ¨ ¤²Ö ²Õ¡µ° Ë¨§¨Î¥¸±µ° ¢¥²¨Î¨´Ò f , Ö¢²ÖÕÐ¥°¸Ö
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´¥¶·¥·Ò¢´µ° Ë¨´¨É´µ° ËÊ´±Í¨¥° ¸¢µ¥£µ  ·£Ê³¥´É , ¨ ¥¥ ËÊ·Ó¥-µ¡· §  f̃ ¸¶· -
¢¥¤²¨¢µ ´¥· ¢¥´¸É¢µ (10), ¸¢Ö§Ò¢ ÕÐ¥¥ Ì · ±É¥·´Ò¥ ®Ï¨·¨´Ò¯ ËÊ´±Í¨¨ f ¨
¥¥ ¸¶¥±É·  f̃ . …£µ ¢ ¦´µ° µ¸µ¡¥´´µ¸ÉÓÕ Ö¢²Ö¥É¸Ö Éµ, ÎÉµ ¸²¥¢  ¢ ´¥£µ ¢Ìµ¤¨É
¶·µ¨§¢¥¤¥´¨¥ Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´ Å ®Ï¨·¨´¯ ËÊ´±Í¨°, Éµ£¤  ± ± ¸¶· ¢ 
¸Éµ¨É Î¨¸²µ, § ¤ ¢ ¥³µ¥ Ê¸²µ¢¨¥³ ´µ·³¨·µ¢±¨. Š ± ¨ ¸²¥¤µ¢ ²µ µ¦¨¤ ÉÓ,
¥¸²¨ ´¥±µ´É·µ²¨·Ê¥³µ¥ ¢µ§¤¥°¸É¢¨¥ µÉ¸ÊÉ¸É¢Ê¥É, Éµ ´¨± ±¨Ì ´¥µ¶·¥¤¥²¥´´µ-
¸É¥°, ¶µ ¸ÊÐ¥¸É¢Ê, ´¥É,   ¸²¥¤µ¢ É¥²Ó´µ, ´¥ ¸ÊÐ¥¸É¢ÊeÉ µ¸´µ¢ ´¨° É· ±Éµ¢ ÉÓ
(10) ± ± ´¥±µ¥ ‘�. �µÔÉµ³Ê ¸µµÉ´µÏ¥´¨¥ (10) ¢ ±² ¸¸¨Î¥¸±µ° Ë¨§¨±¥ ¡Ò²µ
¡Ò ¡µ²¥¥ ¥¸É¥¸É¢¥´´µ ´ §Ò¢ ÉÓ ®¸µµÉ´µÏ¥´¨¥³ Ï¨·¨´¯ (‘˜).

�¡ÒÎ´µ ¢ ± Î¥¸É¢¥ ¶·µµ¡· §  ‘� ¢ ±² ¸¸¨Î¥¸±µ° Ë¨§¨±¥ µ£· ´¨Î¨¢ ÕÉ¸Ö
²¨ÏÓ Ëµ·³Ê²µ° (10), ¶·¨Î¥³ ¥¥ ¶·¨³¥´ÖÕÉ ´¥ ¢ µ¡Ð¥³ ¸²ÊÎ ¥,   Éµ²Ó±µ Éµ£¤ ,
±µ£¤  f Å  ³¶²¨ÉÊ¤  ¨²¨ ¨´É¥´¸¨¢´µ¸ÉÓ ±² ¸¸¨Î¥¸±µ° ¢µ²´Ò. Œ¥¦¤Ê É¥³
¤·Ê£¨³ ´¥§ ¢¨¸¨³Ò³ ¶·µµ¡· §µ³ ‘� ¢ ±² ¸¸¨Î¥¸±µ° Ë¨§¨±¥ ³µ¦¥É ¸²Ê¦¨ÉÓ
±² ¸¸¨Î¥¸± Ö É¥µ·¨Ö ¢¥·µÖÉ´µ¸É¥° ¢ ¸²ÊÎ ¥ ¶·¨³¥´¥´¨Ö ¥¥ ±  ´ ²¨§Ê ·¥§Ê²Ó-
É Éµ¢ ¨§³¥·¥´¨° ²Õ¡ÒÌ Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´ [32]. ‘µ£² ¸´µ ÔÉµ° É¥µ·¨¨
¶·¨ ¨§³¥·¥´¨¨ ´¥±µ° Ë¨§¨Î¥¸±µ° ¢¥²¨Î¨´Ò A ´  µ¶ÒÉ¥ ¶µ²ÊÎ ¥É¸Ö ¸µ¢µ-
±Ê¶´µ¸ÉÓ §´ Î¥´¨° ÔÉµ° ¢¥²¨Î¨´Ò ¨§ ´¥±µÉµ·µ£µ ¨´É¥·¢ ²  ¨ · ¸¶·¥¤¥²¥´¨¥
¢¥·µÖÉ´µ¸É¥° ÔÉ¨Ì §´ Î¥´¨° ρ(A). �µ ÔÉ¨³ ¤ ´´Ò³ ³µ¦´µ ¢ÒÎ¨¸²¨ÉÓ ¸·¥¤´¥¥
§´ Î¥´¨¥ ¨¸±µ³µ° ¢¥²¨Î¨´Ò

Ā =
∫

Aρ(A) dA (11)

¨ ¸·¥¤´¥±¢ ¤· É¨Î´µ¥ µÉ±²µ´¥´¨¥ (¤¨¸¶¥·¸¨Õ)

σ2
A ≡ (∆A)2 =

∫
(A − Ā)2ρ(A) dA, (12)

£¤¥ ρ(A) Å ¶²µÉ´µ¸ÉÓ ¢¥·µÖÉ´µ¸É¨, ´µ·³¨·µ¢ ´´ Ö Ê¸²µ¢¨¥³∫
ρ(A) dA = 1. (13)

�´ ²µ£¨Î´µ ³µ¦´µ ¢¢¥¸É¨ · ¸¶·¥¤¥²¥´¨¥ ¢¥·µÖÉ´µ¸É¥° ρ(B) Ë¨§¨Î¥¸±µ°
¢¥²¨Î¨´Ò B, ¥¥ ¸·¥¤´¥¥ §´ Î¥´¨¥ B̄ ¨ ¤¨¸¶¥·¸¨Õ σ2

B . � ±µ´¥Í, ¥¸²¨ ¶·µ¨§-
¢µ¤¨É¸Ö µ¤´µ¢·¥³¥´´µ¥ ¨§³¥·¥´¨¥ ¤¢ÊÌ ¢¥²¨Î¨´ A ¨ B, Éµ ·¥§Ê²ÓÉ É ¸ÊÐ¥-
¸É¢¥´´µ § ¢¨¸¨É µÉ Éµ£µ, Ö¢²ÖÕÉ¸Ö ²¨ ÔÉ¨ ¢¥²¨Î¨´Ò ¸É É¨¸É¨Î¥¸±¨ ´¥§ ¢¨¸¨-
³Ò³¨ ¨²¨ ´¥É. ‚ µ¡Ð¥³ ¸²ÊÎ ¥ · §¡·µ¸ ·¥§Ê²ÓÉ Éµ¢ ¨§³¥·¥´¨° µ¶·¥¤¥²Ö¥É¸Ö
¸µ¢³¥¸É´µ° ¶²µÉ´µ¸ÉÓÕ ¢¥·µÖÉ´µ¸É¨ ρ(A, B), ´µ·³¨·µ¢ ´´µ° Ê¸²µ¢¨¥³∫

ρ(A, B) dAdB = 1. (14)

‘µ£² ¸´µ ±² ¸¸¨Î¥¸±µ° É¥µ·¨¨ ¢¥·µÖÉ´µ¸É¥° [32] ¶·¨§´ ±µ³ ¸É É¨¸É¨Î¥¸±µ°
§ ¢¨¸¨³µ¸É¨ ¢¥²¨Î¨´ A ¨ B ³µ¦¥É ¸²Ê¦¨ÉÓ µÉ²¨Î¨¥ µÉ ´Ê²Ö ±µ··¥²ÖÉµ· 
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Ë²Ê±ÉÊ Í¨° ∆A ¨ ∆B:

σAB ≡ (∆A∆B) =
∫

(A − Ā)(B − B̄)ρ(A, B) dAdB = AB − ĀB̄, (15)

£¤¥, ´ ¶·¨³¥·, Ā µ¶·¥¤¥²Ö¥É¸Ö Ëµ·³Ê²µ° (11).
…¸²¨ ¸µ¢³¥¸É´ Ö ¶²µÉ´µ¸ÉÓ ¢¥·µÖÉ´µ¸É¨ Ê¤µ¢²¥É¢µ·Ö¥É Ê¸²µ¢¨Õ ¸É É¨¸É¨-

Î¥¸±µ° ´¥§ ¢¨¸¨³µ¸É¨

ρ(A, B) = ρ(A)ρ(B), (16)

Éµ ±µ··¥²ÖÉµ· σAB (15) ¢¸¥£¤  µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó.
�Î¥¢¨¤´µ, ÎÉµ ¢¥²¨Î¨´Ò σA, σB ¨ σAB , ¨¸¶µ²Ó§Ê¥³Ò¥ ¢ ±² ¸¸¨Î¥¸±µ°

É¥µ·¨¨ ¢¥·µÖÉ´µ¸É¥°, Ö¢²ÖÕÉ¸Ö ³µ³¥´É ³¨ ¢Éµ·µ£µ ¶µ·Ö¤±  ¤²Ö ËÊ´±Í¨¨
· ¸¶·¥¤¥²¥´¨Ö ¢¥·µÖÉ´µ¸É¥°. ‘ Ë¨§¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö µ´¨ ¨³¥ÕÉ ¸³Ò¸²
Ì · ±É¥·´ÒÌ · §¡·µ¸µ¢ ∆A ¨ ∆B §´ Î¥´¨° ¨§³¥·Ö¥³ÒÌ ¢¥²¨Î¨´ A ¨ B
¨ ±µ··¥²ÖÉµ·  (∆A · ∆B) ÔÉ¨Ì · §¡·µ¸µ¢. ‚¸²¥¤¸É¢¨¥ ´¥· ¢¥´¸É¢  ŠµÏ¨Ä
�Ê´Ö±µ¢¸±µ£µÄ˜¢ ·Í  ³¥¦¤Ê ´¨³¨ ¸ÊÐ¥¸É¢Ê¥É ¸É ´¤ ·É´ Ö ¢§ ¨³µ¸¢Ö§Ó

σAσB ≡ ∆A∆B � σAB = (∆A∆B), (17)

±µÉµ·ÊÕ ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ¢ ± Î¥¸É¢¥ ¥Ð¥ µ¤´µ£µ ¶·µµ¡· §  ‘� ¢ ±² ¸-
¸¨Î¥¸±µ° Ë¨§¨±¥.

‡ ³¥É¨³, µ¤´ ±µ, ÎÉµ ¥¸²¨ ¶µ¸²¥¤µ¢ É¥²Ó´µ ¶·¨¤¥·¦¨¢ ÉÓ¸Ö ±² ¸¸¨Î¥-
¸±µ° ¸É· É¥£¨¨ ³ÒÏ²¥´¨Ö, Éµ ¢§ ¨³µ¸¢Ö§Ó ¢¨¤  (17) ³¥¦¤Ê ¤¨¸¶¥·¸¨Ö³¨ ¨
±µ··¥²ÖÉµ·µ³ ¢ ±² ¸¸¨Î¥¸±µ° Ë¨§¨±¥ ¶µÖ¢²Ö¥É¸Ö Éµ²Ó±µ ´  ¶·µ³¥¦ÊÉµÎ´µ³
ÔÉ ¶¥, ±µ£¤  · §¡·µ¸Ò ¢ §´ Î¥´¨ÖÌ ¢¥²¨Î¨´ A ¨ B ¨ ±µ··¥²ÖÍ¨Ö ÔÉ¨Ì · §-
¡·µ¸µ¢ § ¢¨¸ÖÉ µÉ ´¥¤µ¸É ÉµÎ´µ£µ ³ ¸É¥·¸É¢  Ô±¸¶¥·¨³¥´É Éµ·  ¨²¨ ´ ²¨Î¨Ö
±µ´É·µ²¨·Ê¥³ÒÌ ¢´¥Ï´¨Ì ¶µ³¥Ì. �·¨´ÖÉµ ¸Î¨É ÉÓ, ÎÉµ ¢ ¨¤¥ ²¥ ÔÉ¨ ¶·¨Î¨´Ò
¶µÖ¢²¥´¨Ö · §¡·µ¸  §´ Î¥´¨° ¶·¨ ¨§³¥·¥´¨ÖÌ Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´ ¢ ±² ¸¸¨-
Î¥¸±µ° Ë¨§¨±¥ ³µ¦´µ Ê¸É· ´¨ÉÓ, ¨¡µ ¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ ´¥±µ´É·µ²¨·Ê¥³µ¥
¢´¥Ï´¥¥ ¢µ§¤¥°¸É¢¨¥ ¢ ¤ ´´µ³ ¸²ÊÎ ¥ µÉ¸ÊÉ¸É¢Ê¥É. ’¥³ ¸ ³Ò³, ¢µ-¶¥·¢ÒÌ,
¤µ²¦´µ ¢Ò¶µ²´ÖÉÓ¸Ö Ê¸²µ¢¨¥ ¸É É¨¸É¨Î¥¸±µ° ´¥§ ¢¨¸¨³µ¸É¨ (16), ÎÉµ ¶·¨¢µ-
¤¨É ± µ¡· Ð¥´¨Õ ¢ ´Ê²Ó ±µ··¥²ÖÉµ·  σAB ¢ ¶· ¢µ° Î ¸É¨ (17). ‚µ-¢Éµ·ÒÌ,
± ¦¤ Ö ¨§ ¤¨¸¶¥·¸¨° σA ¨ σB ¢ ²¥¢µ° Î ¸É¨ (17) ´¥§ ¢¨¸¨³µ É ±¦¥ ³µ¦¥É
µ¡· É¨ÉÓ¸Ö ¢ ´Ê²Ó. �Éµ ¨ µ§´ Î ¥É, ÎÉµ ¢ ±² ¸¸¨Î¥¸±µ° Ë¨§¨±¥ ¨³¥ÕÉ¸Ö ²¨ÏÓ
¶·µµ¡· §Ò ‘�, ´µ ¸ ³¨ ‘� µÉ¸ÊÉ¸É¢ÊÕÉ.

1.2. “´¨¢¥·¸ ²Ó´Ò¥ ‘� ˜·¥¤¨´£¥·  ¢ ´¥±² ¸¸¨Î¥¸±µ° Ë¨§¨±¥. “¸É -
´µ¢²¥´¨¥ ‘� ¢ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¥ ³µ¦´µ ¡Ò²µ ¡Ò ´ Î ÉÓ, µ¶¨· Ö¸Ó ´  Ëµ·-
³Ê²Ò ²¨¡µ (9), ²¨¡µ (17), ¨§¢¥¸É´Ò¥ ¨§ ±² ¸¸¨Î¥¸±µ° Ë¨§¨±¨. �¤´ ±µ ¨¸Éµ-
·¨Î¥¸±¨ ÔÉµ ¶·µ¨§µÏ²µ ¶ÊÉ¥³ É· ´¸Ëµ·³ Í¨¨ ¨ ¶¥·¥¨´É¥·¶·¥É Í¨¨ Éµ²Ó±µ
Ëµ·³Ê²Ò (9). ”µ·³Ê²  (17), ± ± ¢µ§³µ¦´Ò° ¶·µµ¡· § ‘�, ¨§´ Î ²Ó´µ ¢µ¸É·¥-
¡µ¢ ´  ´¥ ¡Ò² . ‘²¥¤¸É¢¨¥³ ÔÉµ£µ Ö¢¨² ¸Ó ´¥Ê´¨¢¥·¸ ²Ó´µ¸ÉÓ ‘�, ¢¢¥¤¥´´ÒÌ
ƒ¥°§¥´¡¥·£µ³.
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„²Ö ¶µ¤É¢¥·¦¤¥´¨Ö ÔÉµ£µ É¥§¨¸  µ¡· É¨³¸Ö ± ¨´ÉÊ¨É¨¢´µ³Ê µ¡µ¸´µ¢ -
´¨Õ ¢Ò¢µ¤  ¶·µ¸É¥°Ï¥£µ ‘� ±µµ·¤¨´ É Ä¨³¶Ê²Ó¸. ‘ ÔÉµ° Í¥²ÓÕ ¢ ± Î¥¸É¢¥
ËÊ´±Í¨¨ f ¤µ¸É ÉµÎ´µ ¢Ò¡· ÉÓ ®±² ¸¸¨Î¥¸±ÊÕ ¢µ²´µ¢ÊÕ ËÊ´±Í¨Õ¯ ψ±²(q),
· ¸¶·µ¸É· ´ÖÕÐÊÕ¸Ö ¢¤µ²Ó µ¸¨ q (¶·¨ t = const). ’µ£¤  ¸µ£² ¸´µ (9) ®Ï¨·¨-
´Ò¯ σψ±² ¨ σψ̃±²

ËÊ´±Í¨¨ ψ±²(q) ¨ ¥¥ ¸¶¥±É·  ψ̃±²(k) ¸¢Ö§ ´Ò ¸µµÉ´µÏ¥´¨¥³

σψ±²σψ̃±²
≡ δq δk � γ. (18)

‡¤¥¸Ó ¶µ ¸µµ¡· ¦¥´¨Ö³ · §³¥·´µ¸É¨ δq ¨ δk Å ¨´É¥·¢ ²Ò ¨§³¥´¥´¨Ö  ·£Ê-
³¥´Éµ¢ q ¨ k ËÊ´±Í¨° ψ±² ¨ ψ̃±² ¸µµÉ¢¥É¸É¢¥´´µ, k Å ¢µ²´µ¢µ¥ Î¨¸²µ,   γ Å
¶µ¸ÉµÖ´´ Ö, §´ Î¥´¨¥ ±µÉµ·µ° § ¢¨¸¨É µÉ µ¶·¥¤¥²¥´¨Ö ®Ï¨·¨´¯ ËÊ´±Í¨° ψ±²

¨ ψ̃±² ¨ µÉ ¨Ì ´µ·³¨·µ¢±¨. ‚ Î ¸É´µ¸É¨, ¢ ±² ¸¸¨Î¥¸±µ° É¥µ·¨¨ ¤¨Ë· ±Í¨¨
§  ®Ï¨·¨´Ê¯ δψ±² ≡ δq ËÊ´±Í¨¨ ψ±²(q) Î ¸Éµ ¢Ò¡¨· ÕÉ · ¸¸ÉµÖ´¨¥ ³¥¦¤Ê
¶¥·¢Ò³¨ ³¨´¨³Ê³ ³¨ ¤¨Ë· ±Í¨µ´´µ° ± ·É¨´Ò, ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É ¢Ò¡µ·Ê
γ = 2π.

„ ²Ó´¥°Ï¨° Ìµ¤ · ¸¸Ê¦¤¥´¨° ¤µ¢µ²Ó´µ ¶·µ¸É. ‚ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¥
³¨±·µÎ ¸É¨Í¥ ¶·¨ µ¤´µ³¥·´µ³ ¤¢¨¦¥´¨¨ ¸µ¶µ¸É ¢²Ö¥É¸Ö ±¢ ´Éµ¢ Ö ¢µ²´µ¢ Ö
ËÊ´±Í¨Ö ψ±¢(q) (¶·¨ t = const). ‚¸¥ ¸µµ¡· ¦¥´¨Ö, ¨§²µ¦¥´´Ò¥ ¢ ¶. 1.1,
¢¶µ²´¥ µÉ´µ¸ÖÉ¸Ö ¨ ± ´¥°, É ± ÎÉµ ¸µµÉ´µÏ¥´¨¥ (18) ¸¶· ¢¥¤²¨¢µ ¨ ¢ ÔÉµ³
¸²ÊÎ ¥. �·¨ ÔÉµ³ ¸³Ò¸² ¢¥²¨Î¨´, ¢Ìµ¤ÖÐ¨Ì ¢ ²¥¢ÊÕ Î ¸ÉÓ (18), ± ± ´¥±¨Ì
®Ï¨·¨´¯ ËÊ´±Í¨° ψ±¢ ¨ ψ̃±¢ ¸µÌ· ´Ö¥É¸Ö.

…¸²¨ ¤ ²¥¥ ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö Ëµ·³Ê²µ° ¤¥ �·µ°²Ö p = �k ¨ ¶·µ¸Éµ ¤µ³´µ-
¦¨ÉÓ ´¥· ¢¥´¸É¢µ (18) ´  ¶µ¸ÉµÖ´´ÊÕ �² ´±  �, Éµ ¶µ²ÊÎ¥´´µ¥ ¸µµÉ´µÏ¥´¨¥

δq δp � γ� (19)

¸É ´¥É ¢´¥Ï´¥ ¶µÌµ¦¨³ ´  ‘� ƒ¥°§¥´¡¥·£  (1). �¤´ ±µ Ë¨§¨Î¥¸±¨° ¸³Ò¸²
(19) ± ± ¸µµÉ´µÏ¥´¨Ö ®Ï¨·¨´¯ µ¸É ´¥É¸Ö ¶·¥¦´¨³, É.¥., ¶µ ¸ÊÐ¥¸É¢Ê, ±² ¸-
¸¨Î¥¸±¨³.

�¥Ï ÕÐ¨° Ï £, ¶µ§¢µ²ÖÕÐ¨° ¶·¨°É¨ ± ´¥É·¨¢¨ ²Ó´Ò³ ‘� ¢ ±¢ ´Éµ¢µ°
¤¨´ ³¨±¥, ¸¢Ö§ ´ ¸ µ¸µ§´ ´¨¥³ Éµ£µ, ÎÉµ ¢µ²´µ¢ Ö ËÊ´±Í¨Ö ψ±¢ ¢ µÉ²¨Î¨¥ µÉ
ψ±² ¨³¥¥É ¸³Ò¸² ±µ³¶²¥±¸´µ°  ³¶²¨ÉÊ¤Ò ¢¥·µÖÉ´µ¸É¨. �Éµ ¶µ§¢µ²Ö¥É ¶¥·¥¨´-
É¥·¶·¥É¨·µ¢ ÉÓ ¢¥²¨Î¨´Ò ¢ ²¥¢µ° Î ¸É¨ (18) ¨ ¸¢Ö§ ÉÓ ¨Ì ¸ É¥µ·¨¥° ¨§³¥·¥´¨°
¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì Ì · ±É¥·¨¸É¨± ³¨±·µÎ ¸É¨Í ¨ ¨Ì ¸µ¸ÉµÖ´¨°.

‘ ÔÉµ° Í¥²ÓÕ ´ ¡²Õ¤ ¥³Ò³ q ¨ p ¸µ¶µ¸É ¢²ÖÕÉ¸Ö Ô·³¨Éµ¢¸±¨¥ µ¶¥· -
Éµ·Ò q̂ ¨ p̂, ¶µ¸²¥ Î¥£µ ¶µ µ¶·¥¤¥²¥´´Ò³ ¶· ¢¨² ³ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¨Ì ¸·¥¤´¨¥
§´ Î¥´¨Ö q̄ ¨ p̄ ¨ ¸·¥¤´¨¥ ±¢ ¤· É¨Î´Ò¥ µÉ±²µ´¥´¨Ö µÉ ÔÉ¨Ì §´ Î¥´¨° (¤¨¸¶¥-
·¸¨¨) ∆q ¨ ∆p. …¸²¨ É¥¶¥·Ó ¢ ²¥¢µ° Î ¸É¨ (19) ¢³¥¸Éµ δq ¨ δp ¶µ¤¸É ¢¨ÉÓ
¤¨¸¶¥·¸¨¨ ∆q ¨ ∆p, Éµ µ´µ ¶·¥¢· É¨É¸Ö ¢ ‘� ƒ¥°§¥´¡¥·£  ¢¨¤ 

∆q ∆p � γ�, (20)

¢ ±µÉµ·µ³ µ¸É ²µ¸Ó Éµ²Ó±µ ÊÉµÎ´¨ÉÓ ¶µ¸ÉµÖ´´ÊÕ γ.
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�Éµ µ§´ Î ¥É, ÎÉµ ¢ ¸²ÊÎ ¥ ¢µ²´µ¢µ° ËÊ´±Í¨¨ ψ±¢(q) ®Ï¨·¨´ ³¯ σf ¨
σf̃ , É¨¶¨Î´Ò³ ¤²Ö ËÊ·Ó¥- ´ ²¨§ , Ê¤ ¥É¸Ö ¶·¨¤ ÉÓ ¸³Ò¸² ¸·¥¤´¥±¢ ¤· É¨Î´ÒÌ
Ë²Ê±ÉÊ Í¨° ∆A ¨ ∆B, ¨¸¶µ²Ó§Ê¥³ÒÌ ¢ ±² ¸¸¨Î¥¸±µ° É¥µ·¨¨ ¢¥·µÖÉ´µ¸É¥°. ‘
ÊÎ¥Éµ³ Ê¸²µ¢¨Ö ´µ·³¨·µ¢±¨ ³¨´¨³ ²Ó´µ¥ §´ Î¥´¨¥ γ, ¤µ¸É¨£ ¥³µ¥ ¤²Ö £ Ê¸-
¸µ¢  ¢µ²´µ¢µ£µ ¶ ±¥É , · ¢´µ 1/2, É ± ÎÉµ µ±µ´Î É¥²Ó´µ ‘� ƒ¥°§¥´¡¥·£ 
±µµ·¤¨´ É Ä¨³¶Ê²Ó¸ ¶·¨´¨³ ¥É ¢¨¤

∆q ∆p � �

2
. (21)

…¸²¨ ¸· ¢´¨ÉÓ ÔÉÊ Ëµ·³Ê²Ê ¸ ±² ¸¸¨Î¥¸±¨³¨ ¸µµÉ´µÏ¥´¨Ö³¨ (9) ¨ (17), Éµ
´¥É·Ê¤´µ ¢¨¤¥ÉÓ, ÎÉµ, ´ Î ¢ ¸ Ëµ·³Ê²Ò (9) ¨§ ËÊ·Ó¥- ´ ²¨§ , ³Ò ¶·¨Ï²¨
± Éµ³Ê, ÎÉµ ²¥¢ Ö Î ¸ÉÓ ‘� (21) ¸µ¢¶ ¤ ¥É ¸ ²¥¢µ° Î ¸ÉÓÕ Ëµ·³Ê²Ò (17)
¨§ ±² ¸¸¨Î¥¸±µ° É¥µ·¨¨ ¢¥·µÖÉ´µ¸É¥°. ‚ Éµ ¦¥ ¢·¥³Ö ¶· ¢ Ö Î ¸ÉÓ ‘� (21)
¸±µ·¥¥ ¶µÌµ¦  ´  ¶· ¢ÊÕ Î ¸ÉÓ Ëµ·³Ê²Ò (9) ¨§ ËÊ·Ó¥- ´ ²¨§ .

�·µ¢¥¤¥´´µ¥ µ¡¸Ê¦¤¥´¨¥ ¶µ± §Ò¢ ¥É, ÎÉµ ¶µ¤Ìµ¤ ± ¢Ò¢µ¤Ê ‘� ¢ ±¢ ´-
Éµ¢µ° ¤¨´ ³¨±¥ Éµ²Ó±µ ´  µ¸´µ¢¥ ·¥§Ê²ÓÉ Éµ¢ ËÊ·Ó¥- ´ ²¨§  Ë ±É¨Î¥¸±¨
Ö¢²Ö¥É¸Ö ´¥¶µ¸²¥¤µ¢ É¥²Ó´Ò³. �  ÔÉµ³ ¶ÊÉ¨ µ¸É ¥É¸Ö µÉ±·ÒÉÒ³ ¢µ¶·µ¸, ´ -
¸±µ²Ó±µ Ö¢²Ö¥É¸Ö µ¡Ð¨³ ¨ Ê´¨¢¥·¸ ²Ó´Ò³ ¢Ò· ¦¥´¨¥, ¸ÉµÖÐ¥¥ ¢ ¶· ¢µ° Î ¸-
É¨ ‘� (21).

�É¢¥É ´  ´¥£µ ¡Ò² ¶µ²ÊÎ¥´ ¢ Ìµ¤¥ · ¸¶·µ¸É· ´¥´¨Ö ¶µ´ÖÉ¨Ö ‘� ´  ¤·Ê£¨¥
´ ¡²Õ¤ ¥³Ò¥ ³¨±·µÎ ¸É¨Í [33, 4]. ‚ ·¥§Ê²ÓÉ É¥ ‘� (21) ¡Ò²µ µ¡µ¡Ð¥´µ ´ 
²Õ¡Ò¥ ´ ¡²Õ¤ ¥³Ò¥ A ¨ B, ±µÉµ·Ò³ ¸µ¶µ¸É ¢²ÖÕÉ¸Ö Ô·³¨Éµ¢Ò µ¶¥· Éµ·Ò Â
¨ B̂. �´µ ¶·¨´Ö²µ ¢¨¤

∆B ∆A � 1
2
|〈|[Â, B̂]|〉| ≡ cAB. (22)

‡¤¥¸Ó ∆B ¨ ∆A Å ¸·¥¤´¥±¢ ¤· É¨Î´Ò¥ µÉ±²µ´¥´¨Ö ¢¥²¨Î¨´ B ¨ A ¢ ¤ ´´µ³
¸µ¸ÉµÖ´¨¨,   cAB Å ¶µ²µ¢¨´  ¸·¥¤´¥£µ ³µ¤Ê²Ö ±µ³³ÊÉ Éµ·  ÔÉ¨Ì µ¶¥· Éµ·µ¢,
µÉ· ¦ ÕÐ Ö ¸¢µ¥µ¡· §´ÊÕ ±µ··¥²ÖÍ¨Õ ³¥¦¤Ê Ë²Ê±ÉÊ Í¨Ö³¨ ´ ¡²Õ¤ ¥³ÒÌ B
¨ A. ‚ Î ¸É´µ³ ¸²ÊÎ ¥, ±µ£¤  B̂ = q̂ ¨ Â = p̂, ¶· ¢ Ö Î ¸ÉÓ (21) · ¢´ 

cpq =
1
2
|〈|[p̂, q̂]|〉| =

�

2
. (23)

”µ·³Ê²Ê (22) ¶·¨´ÖÉµ ´ §Ò¢ ÉÓ ¸µµÉ´µÏ¥´¨¥³ ´¥µ¶·¥¤¥²¥´´µ¸É¥° ƒ¥°§¥´-
¡¥·£  ¤²Ö ¶·µ¨§¢µ²Ó´ÒÌ ´ ¡²Õ¤ ¥³ÒÌ. ‚Ìµ¤ÖÐ¨¥ ¢ ´¥£µ ¸²¥¢  ¨ ¸¶· ¢ 
¢¥²¨Î¨´Ò, ¢ µÉ²¨Î¨¥ µÉ ¢¥²¨Î¨´ ¢ Ëµ·³Ê²¥ (1), ¨³¥ÕÉ ¸É·µ£¨° ³ É¥³ É¨-
Î¥¸±¨° ¸³Ò¸². �¡Ð¥¶·¨´ÖÉ Ö Ë¨§¨Î¥¸± Ö É· ±Éµ¢±  ‘� (22) ¸µµÉ¢¥É¸É¢Ê¥É,
± ± ¨§¢¥¸É´µ, É· ¤¨Í¨µ´´µ° ¨´É¥·¶·¥É Í¨¨ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¨ [2].

�¤´ ±µ ´¥É·Ê¤´µ ¢¨¤¥ÉÓ, ÎÉµ ‘� ƒ¥°§¥´¡¥·£  (22), ÌµÉÖ ¨ Ê¸É ´ ¢²¨¢ ÕÉ
´¥±ÊÕ ±µ··¥²ÖÍ¨Õ ³¥¦¤Ê Ë²Ê±ÉÊ Í¨Ö³¨ ´ ¡²Õ¤ ¥³ÒÌ B ¨ A, ¢·Ö¤ ²¨ Ö¢²Ö-
ÕÉ¸Ö Ê´¨¢¥·¸ ²Ó´Ò³¨. ‚ ´¨Ì ¢±² ¤ ±µ³³ÊÉ Éµ·  cAB µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ´¥
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Éµ²Ó±µ Éµ£¤ , ±µ£¤  ÌµÉÖ ¡Ò µ¤´µ° ¨§ ´ ¡²Õ¤ ¥³ÒÌ ¸µ¶µ¸É ¢²Ö¥É¸Ö c-Î¨¸²µ.
’µ ¦¥ ¸ ³µ¥ ¨³¥¥É ³¥¸Éµ ¢ ¸µ¸ÉµÖ´¨ÖÌ, ¢ ±µÉµ·ÒÌ ¶·¨ [Â, B̂] �= 0 ¸·¥¤´¥¥ µÉ
±µ³³ÊÉ Éµ·  µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó. ‚ Éµ ¦¥ ¢·¥³Ö É¥µ·¨Ö ¨§³¥·¥´¨°, µ¸´µ¢ ´´ Ö
´  ±² ¸¸¨Î¥¸±µ° É¥µ·¨¨ ¢¥·µÖÉ´µ¸É¥°, ¤¥³µ´¸É·¨·Ê¥É ¢µ§³µ¦´µ¸ÉÓ ±µ··¥²Ö-
Í¨¨ ³¥¦¤Ê Ë²Ê±ÉÊ Í¨Ö³¨ ¨ É¥³ ¸ ³Ò³ ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¸¢µ¥µ¡· §´µ£µ ‘� ¢¨¤ 
(17) ¤ ¦¥ ¤²Ö c-Î¨¸²µ¢ÒÌ Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´, ¸¢Ö§ ´´ÒÌ ± ±µ°-²¨¡µ ¸É É¨-
¸É¨Î¥¸±µ° § ¢¨¸¨³µ¸ÉÓÕ.

“Î¨ÉÒ¢ Ö ¶·µ¤µ²¦ ÕÐ¥¥¸Ö ¸É ´µ¢²¥´¨¥ ¥¤¨´µ£µ ´¥±² ¸¸¨Î¥¸±µ£µ ¢§£²Ö¤ 
´  ¶·¨·µ¤Ê ¨ ´ ²¨Î¨¥ µ¡Ð¨Ì Î¥·É ¢ ‘� (22) ¨ (17), ³Ò ¢Ò¤¢¨£ ¥³ ±µ´-
Í¥¶Í¨Õ Ê´¨¢¥·¸ ²Ó´µ¸É¨ ¸µµÉ´µÏ¥´¨° ´¥µ¶·¥¤¥²¥´´µ¸É¥° ¢ ´¥±² ¸¸¨Î¥¸±µ°
Ë¨§¨±¥. ‘µ£² ¸´µ ÔÉµ° ±µ´Í¥¶Í¨¨ ¢ ¶·µ¨§¢µ²Ó´µ³ ¸µ¸ÉµÖ´¨¨ ¸¨¸É¥³Ò ¶ ·Ò
¢§ ¨³µ§ ¢¨¸¨³ÒÌ Ë¨§¨Î¥¸±¨Ì Ì · ±É¥·¨¸É¨± A ¨ B µ¶·¥¤¥²ÖÕÉ¸Ö ²¨ÏÓ ¸
ÉµÎ´µ¸ÉÓÕ ¤µ Ë²Ê±ÉÊ Í¨°, µ£· ´¨Î¥´´ÒÌ µ¡µ¡Ð¥´´Ò³¨ ±µ··¥²ÖÍ¨Ö³¨ ³¥¦¤Ê
ÔÉ¨³¨ Ë²Ê±ÉÊ Í¨Ö³¨. �µ¸²¥¤´¨¥ µÉ· ¦ ÕÉ ´ ²¨Î¨¥ Éµ£µ ¨²¨ ¨´µ£µ ´¥±µ´É·µ-
²¨·Ê¥³µ£µ ¢µ§¤¥°¸É¢¨Ö ´  ¸¨¸É¥³Ê ¸µ ¸Éµ·µ´Ò µ±·Ê¦¥´¨Ö. “´¨¢¥·¸ ²Ó´µ¸ÉÓ
‘� µ§´ Î ¥É, ÎÉµ µ´¨ ¢ · ¢´µ° ³¥·¥ ¢µ§´¨± ÕÉ ¢ ²Õ¡µ° É¥µ·¨¨ ´¥±² ¸¸¨Î¥-
¸±µ° Ë¨§¨±¨, ´¥§ ¢¨¸¨³µ µÉ Éµ£µ, µ¶¨¸Ò¢ ÕÉ¸Ö ²¨ ¢Ìµ¤ÖÐ¨¥ ¢ ´¨Ì ¢¥²¨Î¨´Ò
µ¶¥· Éµ· ³¨ ¨²¨ c-Î¨¸² ³¨. � §²¨Î¨¥ ³¥¦¤Ê ÔÉ¨³¨ ¸²ÊÎ Ö³¨ ³µ¦¥É ¡ÒÉÓ
¸¢Ö§ ´µ Éµ²Ó±µ ¸ É¥³, ± ±µ£µ É¨¶  ±µ··¥²ÖÍ¨¨ µ¶·¥¤¥²ÖÕÉ ¶· ¢ÊÕ Î ¸ÉÓ ¸µ-
µÉ¢¥É¸É¢ÊÕÐ¨Ì ‘�.

Š ± ³Ò ¸¥°Î ¸ ¶µ± ¦¥³, Ê± § ´´µ° ±µ´Í¥¶Í¨¨ ¶µ²´µ¸ÉÓÕ Ê¤µ¢²¥É¢µ·ÖÕÉ
µ¡µ¡Ð¥´´Ò¥ ‘� ˜·¥¤¨´£¥·  [34], ¶µ²ÊÎ¥´´Ò¥ ¨³ ¥Ð¥ ¢ 1930 £. ‘ ¸µ¢·¥-
³¥´´µ° ÉµÎ±¨ §·¥´¨Ö ÔÉµ µ¡µ¡Ð¥´¨¥ ‘� ƒ¥°§¥´¡¥·£  (22) ¢Ò£²Ö¤¨É ¸µ¢¥·-
Ï¥´´µ ¥¸É¥¸É¢¥´´Ò³, Ö¢²ÖÖ¸Ó ·¥ ²¨§ Í¨¥° ¢ ´ ¨¡µ²¥¥ µ¡Ð¥° Ëµ·³¥ ´¥· -
¢¥´¸É¢  ŠµÏ¨Ä�Ê´Ö±µ¢¸±µ£µÄ˜¢ ·Í  (®´¥· ¢¥´¸É¢  É·¥Ê£µ²Ó´¨± ¯, ¢¥¤ÊÐ¥£µ
¶·µ¨¸Ìµ¦¤¥´¨¥ µÉ É¥µ·¥³Ò �¨Ë £µ· ).

�·µ¸É¥°Ï¨³ ¶·¨³¥·µ³ É ±µ£µ ´¥· ¢¥´¸É¢  ³µ¦¥É ¸²Ê¦¨ÉÓ ¸µµÉ´µÏ¥´¨¥
³¥¦¤Ê ¢¥±Éµ· ³¨ a ¨ b É·¥Ì³¥·´µ£µ ¥¢±²¨¤µ¢  ¶·µ¸É· ´¸É¢ :

|a|2|b|2 � (ab)2 = |a|2|b|2 cos2 ϕ. (24)

‚ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¥  ´ ²µ£¨Î´µ¥ ´¥· ¢¥´¸É¢µ [35]

〈A|A〉〈B|B〉 � |〈A|B〉|2 ≡ (Re 〈A|B〉)2 + (Im 〈A|B〉)2 (25)

¸¢Ö§Ò¢ ¥É ¶·µ¨§¢µ²Ó´Ò¥ ¢¥±Éµ·Ò £¨²Ó¡¥·Éµ¢  ¶·µ¸É· ´¸É¢  |A〉 = Â|〉 ¨ |B〉 =
B̂|〉.

�¥É·Ê¤´µ ¶µ± § ÉÓ, ÎÉµ Ëµ·³Ê²  (25) Ö¢²Ö¥É¸Ö ¶·Ö³Ò³ ¸²¥¤¸É¢¨¥³ ¶µ-
²µ¦¨É¥²Ó´µ° µ¶·¥¤¥²¥´´µ¸É¨ ¤²¨´Ò ¢¥±Éµ·  ¢ £¨²Ó¡¥·Éµ¢µ³ ¶·µ¸É· ´¸É¢¥ ¸
µ¡ÒÎ´µ° ³¥É·¨±µ°

〈C|C〉 ≡ 〈λA + B|λA + B〉, (26)
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£¤¥ λ Å ¶·µ¨§¢µ²Ó´µ¥ ±µ³¶²¥±¸´µ¥ Î¨¸²µ. � ¸±·Ò¢ Ö ²¥¢ÊÕ Î ¸ÉÓ ´¥· ¢¥´¸É¢ 
(26), ¶µ²ÊÎ¨³

|λ|2〈A|A〉 + (λ∗〈A|B〉 + λ〈B|A〉) + 〈B|B〉 � 0. (27)

“Î¨ÉÒ¢ Ö, ÎÉµ 〈B|A〉 = 〈A|B〉∗ ¨ ¢Ò¡¨· Ö Ë §Ê Î¨¸²  λ É ±, ÎÉµ¡Ò λ∗〈A|B〉 =
|λ| · |〈A|B〉|, ¨§ (27) ¶µ²ÊÎ¨³

|λ|2〈A|A〉 + 2|λ|〈A|B〉 + 〈B|B〉 � 0. (28)

’µ£¤  Ê¸²µ¢¨¥ ´¥µÉ·¨Í É¥²Ó´µ¸É¨ ¤²¨´Ò ¢¥±Éµ·  〈C|C〉 ¸¢µ¤¨É¸Ö ± Ê¸²µ¢¨Õ
µÉ·¨Í É¥²Ó´µ¸É¨ ¤¨¸±·¨³¨´ ´É  ±¢ ¤· É´µ£µ É·¥ÌÎ²¥´  (28) µÉ´µ¸¨É¥²Ó´µ
|λ|, ÎÉµ ¨ ¤ ¥É ´¥· ¢¥´¸É¢µ (25).

—Éµ¡Ò ¶µ²ÊÎ¨ÉÓ, µ¶¨· Ö¸Ó ´  ´¥· ¢¥´¸É¢µ (25), Ê´¨¢¥·¸ ²Ó´µ¥ ‘� ˜·¥-
¤¨´£¥· , ¢ ± Î¥¸É¢¥ µ¶¥· Éµ·µ¢ Â ¨ B̂, ¶µ·µ¦¤ ÕÐ¨Ì ¢¥±Éµ·Ò £¨²Ó¡¥·Éµ¢ 
¶·µ¸É· ´¸É¢ , ¤µ¸É ÉµÎ´µ ¨¸¶µ²Ó§µ¢ ÉÓ µ¶¥· Éµ·Ò

∆Â = Â − Ā; ∆B̂ = B̂ − B̄, (29)

¸µ¢¶ ¤ ÕÐ¨¥ ¸ ¶·¥¦´¨³¨ ¶·¨ Ā = 〈|Â|〉 = 0 ¨ B̄ = 〈|B̂|〉 = 0. ’µ£¤  ¢³¥¸Éµ
(25) ¶µ²ÊÎ¨³ ´¥· ¢¥´¸É¢µ

σ2
Aσ2

B ≡ (∆A)2(∆B)2 � R2
AB ≡ |〈∆A|∆B〉|2, (30)

¨³¥ÕÐ¥¥ ¸³Ò¸² Ê´¨¢¥·¸ ²Ó´µ£µ ‘� ˜·¥¤¨´£¥· . ‚ ´¥³

(∆A)2 ≡ 〈|(∆Â)2|〉; (∆B)2 ≡ 〈|(∆B̂)2|〉 (31)

¸ÊÉÓ ¤¨¸¶¥·¸¨¨ ¢¥²¨Î¨´ A ¨ B, a

R2
AB = σ2

AB + c2
AB =

1
4
〈|{∆Â, ∆B̂}|〉2 +

1
4
|〈|[Â, B̂]|〉|2 (32)

Ö¢²Ö¥É¸Ö µ¡µ¡Ð¥´´µ° Ì · ±É¥·¨¸É¨±µ° ±µ··¥²ÖÍ¨¨ ÔÉ¨Ì ¢¥²¨Î¨´. �µ¸²¥¤´ÖÖ
¢±²ÕÎ ¥É ¢±² ¤Ò  ´É¨±µ³³ÊÉ Éµ·  {∆Â, ∆B̂} ¨ ±µ³³ÊÉ Éµ·  [Â, B̂] ¸µµÉ¢¥É-
¸É¢ÊÕÐ¨Ì µ¶¥· Éµ·µ¢.

ˆ´Ò³¨ ¸²µ¢ ³¨, ²¥¢Ò¥ Î ¸É¨ ‘� ˜·¥¤¨´£¥·  (30) ¨ ‘� ƒ¥°§¥´¡¥·£  (22)
¸µ¢¶ ¤ ÕÉ. ‚ Éµ ¦¥ ¢·¥³Ö ¢ ¶· ¢ÊÕ Î ¸ÉÓ ‘� (30) ¢ ± Î¥¸É¢¥ µ¡µ¡Ð¥´´µ£µ
±µ··¥²ÖÉµ·  R2

AB ¢Ìµ¤¨É ±¢ ¤· É ³µ¤Ê²Ö  ³¶²¨ÉÊ¤Ò ¶¥·¥Ìµ¤  ³¥¦¤Ê ¸µ¸Éµ-
Ö´¨Ö³¨ |∆A〉 ¨ |∆B〉. �µ¸±µ²Ó±Ê ¶·µ¨§¢¥¤¥´¨¥ Ô·³¨Éµ¢ÒÌ µ¶¥· Éµ·µ¢ ∆Â
¨ ∆B̂ ¢ µ¡Ð¥³ ¸²ÊÎ ¥ Ö¢²Ö¥É¸Ö ´¥Ô·³¨Éµ¢Ò³, ¢ ¶· ¢ÊÕ Î ¸ÉÓ ‘� (30), ¢
µÉ²¨Î¨¥ µÉ ¶· ¢µ° Î ¸É¨ ‘� (22), ¢Ìµ¤ÖÉ ¢±² ¤Ò ± ± Ô·³¨Éµ¢µ° (σAB), É ±
¨  ´É¨Ô·³¨Éµ¢µ° (cAB) Î ¸É¥° ÔÉµ£µ ¶·µ¨§¢¥¤¥´¨Ö. Š ± ³Ò Ê¢¨¤¨³ ´¨¦¥,
µ´¨ ¸µµÉ¢¥É¸É¢ÊÕÉ · §²¨Î´Ò³ É¨¶ ³ ±µ··¥²ÖÍ¨¨ ³¥¦¤Ê ¢§ ¨³µ§ ¢¨¸¨³Ò³¨
¢¥²¨Î¨´ ³¨ ∆A ¨ ∆B.
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�É³¥É¨³, ÎÉµ ¶µÉ·¥¡´µ¸ÉÓ ¢ ¡µ²¥¥ ¶µ¤·µ¡´µ³ ¤µ± § É¥²Ó¸É¢¥ ´¥· ¢¥´¸É¢ 
(25) ¢Ò§¢ ´  É¥³, ÎÉµ ¤ ¦¥ ¢ ¸µ¢·¥³¥´´ÒÌ ³µ´µ£· Ë¨ÖÌ ¨ ÊÎ¥¡´¨± Ì [2, 9,
30] ¤µ± § É¥²Ó¸É¢  ‘� ˜·¥¤¨´£¥·  (30) ¨ ‘� ƒ¥°§¥´¡¥·£  (22) ¶·¨¢µ¤ÖÉ¸Ö
´¥§ ¢¨¸¨³µ ¤·Ê£ µÉ ¤·Ê£  ¡¥§ ± ±µ£µ-²¨¡µ ¸· ¢´¨É¥²Ó´µ£µ  ´ ²¨§ . �·¨ ÔÉµ³
¢ Ìµ¤¥ ¤µ± § É¥²Ó¸É¢  ‘� ƒ¥°§¥´¡¥·£  (22), ¸Ìµ¤´µ£µ ¸ ¨§²µ¦¥´´Ò³ ¢ÒÏ¥,
¢³¥¸Éµ ±µ³¶²¥±¸´µ£µ Î¨¸²  λ ¢Ò¡¨· ¥É¸Ö Î¨¸Éµ ³´¨³µ¥ Î¨¸²µ (−i)|λ|, ÎÉµ
¶·¨¢µ¤¨É ± § ³¥´¥ ¢Éµ·µ£µ Î²¥´  ¸²¥¢  ¢ ´¥· ¢¥´¸É¢¥ (28) ´  2|λ| Im 〈A|B〉.

„µ¢µ²Ó´µ Ê¤¨¢¨É¥²Ó´µ, ÎÉµ ´¨±Éµ ¤µ ¸¨Ì ¶µ· ´¥ § ³¥É¨², ÎÉµ ¢Ò¡µ· ¢
± Î¥¸É¢¥ λ ¢ Éµ³ ¦¥ ¤µ± § É¥²Ó¸É¢¥ ¢¥Ð¥¸É¢¥´´µ£µ Î¨¸²  |λ|  ¢Éµ³ É¨Î¥¸±¨
¶·¨¢µ¤¨É ± § ³¥´¥ Éµ£µ ¦¥ Î²¥´  ¸²¥¢  ¢ ´¥· ¢¥´¸É¢¥ (28) ´  2|λ|Re 〈A|B〉.

’¥³ ¸ ³Ò³ µ¤¨´ ¨ ÉµÉ ¦¥ ¶·¨¥³ ¤µ± § É¥²Ó¸É¢  ¸¶µ¸µ¡¥´ ¶·¨¢¥¸É¨ ± ± ±
Ê´¨¢¥·¸ ²Ó´Ò³ ‘� (30), É ± ¨ ± ¨Ì Î ¸É´Ò³ ·¥ ²¨§ Í¨Ö³ Å ‘� (22) ¨²¨ ‘�
¢¨¤ 

(∆A)2(∆B)2 � σ2
AB, (33)

´ ¶µ³¨´ ÕÐ¨³ Ëµ·³Ê²Ê (17) ¢ ±² ¸¸¨Î¥¸±µ° É¥µ·¨¨ ¢¥·µÖÉ´µ¸É¥°.
�É³¥É¨³, ÎÉµ ¶µ¸²¥¤´¥¥ ‘� ´¥¶µ¸·¥¤¸É¢¥´´µ ¸²¥¤Ê¥É ¨§ ±¢ §¨É¥·³µ¤¨´ -

³¨Î¥¸±µ° É¥µ·¨¨ Ë²Ê±ÉÊ Í¨°, ¶·¥¤²µ¦¥´´µ° �. �°´ÏÉ¥°´µ³ [36] ¢ 1910 £. ¢
· ³± Ì ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¨. ” ±É¨Î¥¸±¨  ´ ²µ£¨Î´Ò¥ ‘� ³µ¦´µ
¡Ò²µ ¡Ò ¶µ²ÊÎ¨ÉÓ ¥Ð¥ · ´ÓÏ¥ ¨§ ¥£µ ¦¥ É¥µ·¨¨ ¡·µÊ´µ¢¸±µ£µ ¤¢¨¦¥´¨Ö [27].
‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ¢¶µ²´¥ µ¡µ¸´µ¢ ´´µ ´ §Ò¢ ÉÓ Ëµ·³Ê²Ò (33) ¨²¨ (17) ¸µµÉ´µ-
Ï¥´¨¥³ ´¥µ¶·¥¤¥²¥´´µ¸É¥° �°´ÏÉ¥°´ .

’ ±¨³ µ¡· §µ³, Ê´¨¢¥·¸ ²Ó´Ò¥ ‘� ˜·¥¤¨´£¥·  (30) ¨§¢¥¸É´Ò 70 ²¥É. �¤-
´ ±µ ¤µ ¸¨Ì ¶µ· µ´¨ µ¸É ¢ ²¨¸Ó, ¶µ ¸ÊÐ¥¸É¢Ê, ´¥ ¢µ¸É·¥¡µ¢ ´´Ò³¨. �· ¢¤ ,
¢ ¶µ¸²¥¤´¨¥ ¤¥¸ÖÉ¨²¥É¨Ö µ´¨ ¶µ²ÊÎ¨²¨ ´¥±µÉµ·µ¥ ¶· ±É¨Î¥¸±µ¥ ¶·¨³¥´¥´¨¥
¢ ¸¢Ö§¨ ¸ ÔËË¥±É¨¢´Ò³ ¨¸¶µ²Ó§µ¢ ´¨¥³ ±µ£¥·¥´É´ÒÌ, ±µ··¥²¨·µ¢ ´´ÒÌ ¨
¸¦ ÉÒÌ ¸µ¸ÉµÖ´¨° ¢ ±¢ ´Éµ¢µ° µ¶É¨±¥, É¥µ·¨ÖÌ ¸¢¥·ÌÉ¥±ÊÎ¥¸É¨ ¨ ¸¢¥·Ì¶·µ-
¢µ¤¨³µ¸É¨ ¨ ¤·Ê£¨Ì ¶µ¤µ¡´ÒÌ § ¤ Î Ì [4]. �¤´ ±µ ±µ´Í¥¶ÉÊ ²Ó´Ò° Ì · ±É¥·
¨ Ê´¨¢¥·¸ ²Ó´µ¸ÉÓ ‘� ˜·¥¤¨´£¥·  ¶·¨ ÔÉµ³ µ¸É ¢ ²¨¸Ó ¢ É¥´¨. ‚ Î ¸É´µ¸É¨,
¢ É¥Ì ¸²ÊÎ ÖÌ, ±µ£¤  ¢¢µ¤¨²¨¸Ó ± ± ‘� ˜·¥¤¨´£¥·  (30), É ± ¨ ‘� ƒ¥°§¥´-
¡¥·£  (22), µ¡ÒÎ´µ ¤¥² ²µ¸Ó ÊÉ¢¥·¦¤¥´¨¥ µ Éµ³, ÎÉµ µÉ¡· ¸Ò¢ ´¨¥ Î²¥´  σ2

AB

¢ ¶· ¢µ° Î ¸É¨ ‘� (30), É.¥. Ëµ·³ ²Ó´Ò° ¶¥·¥Ìµ¤ ± ‘� (22), Éµ²Ó±µ Ê¸¨²¨-
¢ ¥É ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ´¥· ¢¥´¸É¢µ. Œ¥¦¤Ê É¥³ É ±µ¥ Ê¸¨²¥´¨¥ ´¥· ¢¥´¸É¢ ,
É.¥. ¶¥·¥Ìµ¤ µÉ ‘� (30) ± ‘�, ¶µÌµ¦¨³ ´  ‘� (22), ´µ ¸ § ³¥´µ° §´ ±  �
´  §´ ± ¸¨²Ó´µ£µ ´¥· ¢¥´¸É¢  > ¤¥² ¥É ¶·¨³¥´¥´¨¥ ¶µ¸²¥¤´¨Ì ¤µ¸É ÉµÎ´µ
¡¥¸¶¥·¸¶¥±É¨¢´Ò³.

�  ¸ ³µ³ ¤¥²¥ ± ·É¨´  É ±µ¢ . “´¨¢¥·¸ ²Ó´Ò¥ ‘� ˜·¥¤¨´£¥·  (30) ³µ£ÊÉ
¢Ò·µ¦¤ ÉÓ¸Ö ¢ ¸¢µ¨ Î ¸É´Ò¥ ¸²ÊÎ ¨ Å ‘� ƒ¥°§¥´¡¥·£  (22) ¨ ‘� �°´ÏÉ¥°´ 
(33) Å Éµ²Ó±µ ¶·¨ ¢Ò¶µ²´¥´¨¨ µ¶·¥¤¥²¥´´ÒÌ Ê¸²µ¢¨°. …¸²¨ cAB = 0, Éµ ‘�
(30) ¸¢µ¤ÖÉ¸Ö ± ‘� (33). …¸²¨ ¦¥ σAB = 0, Éµ ‘� (30) ¸¢µ¤ÖÉ¸Ö ± ‘� (22).
‚ µ¡Ð¥³ ¸²ÊÎ ¥ ¸¶· ¢¥¤²¨¢Ò ²¨ÏÓ Ê´¨¢¥·¸ ²Ó´Ò¥ ‘� (30).
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‚ ¦´µ µÉ³¥É¨ÉÓ, ÎÉµ ¢ ±¢ §¨±² ¸¸¨Î¥¸±µ³ ¶·¥¤¥²¥ � → 0 ¨²¨ ¢ ¸²ÊÎ ÖÌ,
±µ£¤  µ¤´  ¨§ ¤¢ÊÌ ¢¥²¨Î¨´ A ¨ B (¨²¨ µ´¨ µ¡¥ µ¤´µ¢·¥³¥´´µ) Ö¢²ÖÕÉ¸Ö
c-Î¨¸² ³¨, Î²¥´ c2

AB ¢ ¶· ¢µ° Î ¸É¨ ‘� (30) ¨¸Î¥§ ¥É. ‚ Éµ ¦¥ ¢·¥³Ö Î²¥´
σ2

AB (¶·¨ ´ ²¨Î¨¨ ¸É É¨¸É¨Î¥¸±µ° § ¢¨¸¨³µ¸É¨) ¶¥·¥Ìµ¤¨É ¢ ±¢ ¤· É ±µ··¥-

²ÖÉµ·  (∆A∆B)
2

³¥¦¤Ê Ë²Ê±ÉÊ Í¨Ö³¨ ∆A ¨ ∆B, ¢Ìµ¤ÖÐ¨° ¢ Ëµ·³Ê²Ê (17)
¨§ ±² ¸¸¨Î¥¸±µ° É¥µ·¨¨ ¢¥·µÖÉ´µ¸É¥°. �µ²¥¥ Éµ£µ, ¨ ¶·¨ � �= 0, É.¥. ¢ ±¢ ´-
Éµ¢µ° ¤¨´ ³¨±¥, ³µ¦¥É ¸²ÊÎ¨ÉÓ¸Ö É ±, ÎÉµ σAB � cAB . ’µ£¤  ¶· ¢ÊÕ Î ¸ÉÓ
‘� (30) µ¶·¥¤¥²Ö¥É ¢±² ¤  ´É¨±µ³³ÊÉ Éµ·  µ¶¥· Éµ·µ¢ ∆B̂ ¨ ∆Â, µÉ· ¦ Õ-
Ð¨° ± Î¥¸É¢¥´´µ ¨´µ° É¨¶ ±µ··¥²ÖÍ¨¨ ÔÉ¨Ì ¢¥²¨Î¨´. ‚ Î ¸É´µ¸É¨, ÔÉµ ¨³¥¥É
³¥¸Éµ, ±µ£¤  ±µ³³ÊÉ Éµ· [Â, B̂] · ¢¥´ ´Ê²Õ.

‚¥²¨Î¨´  R2
AB ¢ ¶· ¢µ° Î ¸É¨ Ê´¨¢¥·¸ ²Ó´ÒÌ ‘� ˜·¥¤¨´£¥·  (30) µ¡Ñ-

¥¤¨´Ö¥É ¤¢  ± Î¥¸É¢¥´´µ · §²¨Î´ÒÌ É¨¶  ±µ··¥²ÖÍ¨¨, ¶·¥¤¸É ¢²¥´´Òx ¸² £ -
¥³Ò³¨ σ2

AB ¨ c2
AB . �¤¨´ É¨¶ ±µ··¥²ÖÍ¨¨, Ì · ±É¥·´Ò° ¤²Ö ‘� ƒ¥°§¥´¡¥·£ ,

³µ¦´µ ´ §¢ ÉÓ ±µ··¥²ÖÍ¨¥° ®¢ ¶·µÉ¨¢µË §¥¯, ¨¡µ ¢ ´¥³ ∆A ∼ 1
∆B

. „·Ê£µ°

É¨¶ ±µ··¥²ÖÍ¨¨, Ì · ±É¥·´Ò° ¤²Ö ‘� �°´ÏÉ¥°´ , ³µ¦´µ ´ §¢ ÉÓ ±µ··¥²Ö-
Í¨¥° ®¢ Ë §¥¯, ¶µÉµ³Ê ÎÉµ ¢ ´¥³ ∆A ∼ ∆B. ‚¥²¨Î¨´  R2

AB ¢ Í¥²µ³ ¨³¥¥É
Ë¨§¨Î¥¸±¨° ¸³Ò¸² ³¥·Ò µ¡µ¡Ð¥´´µ° ±µ··¥²ÖÍ¨¨ ³¥¦¤Ê Ë²Ê±ÉÊ Í¨Ö³¨ ¢¥²¨-
Î¨´ B ¨ A ¨ Ö¢²Ö¥É¸Ö Í¥²µ¸É´µ° Ì · ±É¥·¨¸É¨±µ° ´¥±µ´É·µ²¨·Ê¥³µ£µ ¢µ§-
¤¥°¸É¢¨Ö µ±·Ê¦¥´¨Ö, ¨´¢ ·¨ ´É´µ° µÉ´µ¸¨É¥²Ó´µ Ê´¨É ·´ÒÌ ¶·¥µ¡· §µ¢ ´¨°
¢ £¨²Ó¡¥·Éµ¢µ³ ¶·µ¸É· ´¸É¢¥. � §Ê³¥¥É¸Ö, ¢Ìµ¤ÖÐ¨¥ ¢ R2

AB ¸² £ ¥³Ò¥ σ2
AB ¨

c2
AB ¶µ µÉ¤¥²Ó´µ¸É¨ ÔÉ¨³¨ ± Î¥¸É¢ ³¨ ´¥ µ¡² ¤ ÕÉ, ±·µ³¥ É¥Ì ¸²ÊÎ ¥¢, ±µ£¤ 

²¨¡µ ¶·¨ � �= 0 ¢±² ¤ ±µ³³ÊÉ Éµ·  c2
AB µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¨²¨ ¶·¥´¥¡·¥¦¨³µ

³ ², ²¨¡µ ¶·¨ � → 0 ¢±² ¤  ´É¨±µ³³ÊÉ Éµ·  σ2
AB , ¶¥·¥Ìµ¤ÖÐ¨° ¢ ±¢ ¤· É

±µ··¥²ÖÉµ·  (∆A∆B)
2
, µÉ²¨Î¥´ µÉ ´Ê²Ö.

1.3. ”²Ê±ÉÊ Í¨¨ ³ ±·µ¶ · ³¥É·µ¢ ¨ ‘� �°´ÏÉ¥°´  ¢ ¸É É¨¸É¨Î¥¸±µ°
É¥·³µ¤¨´ ³¨±¥. “´¨¢¥·¸ ²Ó´Ò¥ ‘� ˜·¥¤¨´£¥·  (30) · ¸Ï¨·ÖÕÉ ±² ¸¸ É¥µ-
·¨°, ¢ ±µÉµ·ÒÌ ³¥¦¤Ê Ë²Ê±ÉÊ Í¨Ö³¨ Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´ ¨³¥ÕÉ¸Ö ´¥É·¨-
¢¨ ²Ó´Ò¥ ±µ··¥²ÖÍ¨¨, ´  ¢¸Õ ´¥±² ¸¸¨Î¥¸±ÊÕ Ë¨§¨±Ê. �µ¸²¥¤´¥¥ µ¸µ¡¥´´µ
¸ÊÐ¥¸É¢¥´´µ ¤²Ö  ´ ²¨§  ‘� Ô´¥·£¨ÖÄ¢·¥³Ö, ¶µ¸±µ²Ó±Ê µ¤´  ¨§ ¤¢ÊÌ ¢Ìµ¤Ö-
Ð¨Ì ¢ ´¥£µ ¢¥²¨Î¨´ Å ¢·¥³Ö Ö¢²Ö¥É¸Ö c-Î¨¸²µ³. �·¥¦¤¥ Î¥³ ¶¥·¥°É¨ ± ÔÉµ³Ê
 ´ ²¨§Ê, Í¥²¥¸µµ¡· §´µ µ¡¸Ê¤¨ÉÓ ¡µ²¥¥ ¶µ¤·µ¡´µ ¸¨ÉÊ Í¨Õ ¸ Ë²Ê±ÉÊ Í¨Ö³¨ ¨
¨Ì ±µ··¥²ÖÍ¨¥° ¢ ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥, ¢ ±µÉµ·µ° ¢¸¥ Ë¨§¨Î¥¸±¨¥
¢¥²¨Î¨´Ò µ¶¨¸Ò¢ ÕÉ¸Ö c-Î¨¸² ³¨.

ˆ´É¥·¥¸´µ µÉ³¥É¨ÉÓ, ÎÉµ ‘� �°´ÏÉ¥°´  (33) ³µ£²¨ ¡Ò ¸É ÉÓ ¶µ²¥§´Ò³
¨´¸É·Ê³¥´Éµ³ ¨¸¸²¥¤µ¢ ´¨Ö ¢ ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥, ¶µ ±· °´¥°
³¥·¥, ¸ 1910 £. ’µÉ Ë ±É, ÎÉµ ÔÉµ£µ ´¥ ¶·µ¨§µÏ²µ, ³µ¦´µ µ¡ÑÖ¸´¨ÉÓ ¸±µ·¥¥
¢¸¥£µ ¶¸¨Ìµ²µ£¨Î¥¸±¨³¨ ¶·¨Î¨´ ³¨. ‘ µ¤´µ° ¸Éµ·µ´Ò, ¨³¥¥É §´ Î¨É¥²Ó´µ¥
· ¸¶·µ¸É· ´¥´¨¥ [37] Ê¡¥¦¤¥´´µ¸ÉÓ ¢ Éµ³, ÎÉµ ¸ ³ Ë ±É ´ ²¨Î¨Ö ‘� ³¥¦¤Ê
¤¢Ê³Ö Ë¨§¨Î¥¸±¨³¨ ¢¥²¨Î¨´ ³¨ ¶·¨´Í¨¶¨ ²Ó´µ ¸¢Ö§ ´ ¸ ¨Ì µ¶¥· Éµ·´Ò³
µ¶¨¸ ´¨¥³, Ì · ±É¥·´Ò³ ¤²Ö ±¢ ´Éµ¢µ° ¤¨´ ³¨±¨. ‘ ÔÉµ° ÉµÎ±¨ §·¥´¨Ö ´¨ µ
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± ±¨Ì ‘� ¢ ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥ £µ¢µ·¨ÉÓ ´¥ ¶·¨Ìµ¤¨É¸Ö. ‘ ¤·Ê£µ°
¸Éµ·µ´Ò, ¤ ¦¥ É¥  ¢Éµ·Ò [16, 17, 38, 39], ±Éµ ¨³¥² ¤¥²µ ¸ Î ¸É´Ò³¨ ¸²ÊÎ -
Ö³¨ ‘� ¢ ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥, ¨¸¶ÒÉÒ¢ ²¨ ¸¥·Ó¥§´Ò¥ É·Ê¤´µ¸É¨
¶·¨ ¶µ¶ÒÉ± Ì ¨Ì ¨¸Éµ²±µ¢ ´¨Ö ¢ ¤ÊÌ¥ É· ¤¨Í¨µ´´µ° ±¢ ´Éµ¢µ° ¤¨´ ³¨±¨
[2]. �·¨·µ¤Ê ÔÉ¨Ì É·Ê¤´µ¸É¥° ³µ¦´µ ¶µ´ÖÉÓ, ¶µ¸±µ²Ó±Ê Ì · ±É¥· ±µ··¥²Ö-
Í¨¨ ³¥¦¤Ê c-Î¨¸²µ¢Ò³¨ ¢¥²¨Î¨´ ³¨ A ¨ B ¢ ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥
¸µ¢¥·Ï¥´´µ ¨´µ°.

—Éµ¡Ò ¢ ÔÉµ³ · §µ¡· ÉÓ¸Ö, µ£· ´¨Î¨³¸Ö §¤¥¸Ó · ¸¸³µÉ·¥´¨¥³ Éµ²Ó±µ · ¢-
´µ¢¥¸´µ° ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¨. Š ± ¨§¢¥¸É´µ [40, 41], ¢ ´¥° ¨³¥-
ÕÉ¸Ö É·¨ Ê·µ¢´Ö É¥µ·¥É¨Î¥¸±µ£µ µ¶¨¸ ´¨Ö. �  ¶¥·¢µ³ ¨§ ´¨Ì Å ¢ Ë¥´µ³¥-
´µ²µ£¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥ Å ¢¸¥ ³ ±·µ¶ · ³¥É·Ò, µ¶·¥¤¥²ÖÕÐ¨¥ ³ ±·µ-
¸µ¸ÉµÖ´¨Ö ¸¨¸É¥³Ò, É¨¶  ¢´ÊÉ·¥´´¥° Ô´¥·£¨¨ E , É¥³¶¥· ÉÊ·Ò T , µ¡Ñ¥³  V ,
¤ ¢²¥´¨Ö P ¨ É.¶., · ¢´µ¶· ¢´Ò ¨ µ¤´µ§´ Î´µ Ë¨±¸¨·µ¢ ´Ò (´¥ ¨¸¶ÒÉÒ¢ ÕÉ
Ë²Ê±ÉÊ Í¨°).

�  ¸²¥¤ÊÕÐ¥³ Ê·µ¢´¥ Å ¢ É¥·³µ¤¨´ ³¨±¥, µ¸´µ¢ ´´µ° ´  ¸É É¨¸É¨Î¥-
¸±µ° ³¥Ì ´¨±¥ ƒ¨¡¡¸ , ¥¸²¨ ¤²Ö ¶·µ¸ÉµÉÒ µ£· ´¨Î¨ÉÓ¸Ö Éµ²Ó±µ ¢¥²¨Î¨´ ³¨ E
¨ T , · ¢´µ¶· ¢¨¥ Ô´¥·£¨¨ ¨ É¥³¶¥· ÉÊ·Ò ´ ·ÊÏ ¥É¸Ö. —Éµ ± ¸ ¥É¸Ö Ô´¥·£¨¨
¸¨¸É¥³Ò ± ± ³ ±·µ¶ · ³¥É· , Éµ µ´  Ì · ±É¥·¨§Ê¥É¸Ö ¸·¥¤´¨³ §´ Î¥´¨¥³ Ē
¨ Ë²Ê±ÉÊ Í¨¥° ∆E , ±µÉµ·Ò¥ ³µ£ÊÉ ¡ÒÉÓ ´ °¤¥´Ò ¶µ · ¸¶·¥¤¥²¥´¨Õ ƒ¨¡¡¸ .
‚ Éµ ¦¥ ¢·¥³Ö É¥³¶¥· ÉÊ· , ¡Ê¤ÊÎ¨ ³µ¤Ê²¥³ ÔÉµ£µ · ¸¶·¥¤¥²¥´¨Ö, µ¸É ¥É¸Ö
¦¥¸É±µ Ë¨±¸¨·µ¢ ´´µ°. ” ±É¨Î¥¸±¨ µ´  Ö¢²Ö¥É¸Ö É¥³¶¥· ÉÊ·µ° É¥·³µ¸É É 
T0 ¨, ± ± ¨ ´  ¶¥·¢µ³ Ê·µ¢´¥, ¶¥·¥´µ¸¨É¸Ö ´  ¸¨¸É¥³Ê ¸ ¶µ³µÐÓÕ Ë¥´µ³¥´µ-
²µ£¨Î¥¸±µ£µ ´Ê²¥¢µ£µ ´ Î ²  É¥·³µ¤¨´ ³¨±¨: T ≡ T0. � §Ê³¥¥É¸Ö, £µ¢µ·¨ÉÓ
µ ‘� Ô´¥·£¨ÖÄÉ¥³¶¥· ÉÊ·  ´  ÔÉ¨Ì Ê·µ¢´ÖÌ µ¶¨¸ ´¨Ö ´¥ ¶·¨Ìµ¤¨É¸Ö.

� ±µ´¥Í, ´  É·¥ÉÓ¥³, ´ ¨¡µ²¥¥ ËÊ´¤ ³¥´É ²Ó´µ³ Ê·µ¢´¥ Å ¢ ¸µ¡¸É¢¥´´µ
¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥ Å ¶·¨´¨³ ÕÉ¸Ö ¢µ ¢´¨³ ´¨¥ ± ± Ë²Ê±ÉÊ -
Í¨¨ É¥³¶¥· ÉÊ·Ò ∆T , É ± ¨ ±µ··¥²ÖÉµ· Ë²Ê±ÉÊ Í¨° Ô´¥·£¨¨ ¨ É¥³¶¥· ÉÊ·Ò
¸¨¸É¥³Ò ∆E∆T , µÉ· ¦ ÕÐ¨° ´ ²¨Î¨¥ ´¥±µ´É·µ²¨·Ê¥³µ£µ (É¥¶²µ¢µ£µ) ¢µ§-
¤¥°¸É¢¨Ö ´  ¸¨¸É¥³Ê ¸µ ¸Éµ·µ´Ò µ±·Ê¦¥´¨Ö (É¥·³µ¸É É ). �´¨ ³µ£ÊÉ ¡ÒÉÓ ¢Ò-
Î¨¸²¥´Ò ¢ · ³± Ì ±¢ §¨É¥·³µ¤¨´ ³¨Î¥¸±µ° É¥µ·¨¨ Ë²Ê±ÉÊ Í¨° �°´ÏÉ¥°´ 
[36, 40, 41]. �·¨ ÔÉµ³ É¥³¶¥· ÉÊ·  É¥·³µ¸É É , ¨³¥ÕÐ Ö Ë¨§¨Î¥¸±¨° ¸³Ò¸²
¸·¥¤´¥° É¥³¶¥· ÉÊ·Ò ¸¨¸É¥³Ò T̄ = T0, µ¸É ¥É¸Ö ´¥¨§³¥´´µ° (∆T0 = 0). ‚
Éµ ¦¥ ¢·¥³Ö É¥³¶¥· ÉÊ·  ¸¨¸É¥³Ò Ë²Ê±ÉÊ¨·Ê¥É (∆T �= 0), É ± ÎÉµ ¢ É¥µ-
·¨¨ �°´ÏÉ¥°´  ¶µ´ÖÉ¨¥ É¥¶²µ¢µ£µ · ¢´µ¢¥¸¨Ö (´Ê²¥¢µ¥ ´ Î ²µ É¥·³µ¤¨´ -
³¨±¨) µ¡µ¡Ð ¥É¸Ö, ¶·¨´¨³ Ö ¤¨´ ³¨Î¥¸±¨° Ì · ±É¥·. ’¥³ ¸ ³Ò³, ¢ ¸É -
É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥ ¢¶µ²´¥ ³µ¦¥É ¡ÒÉÓ ¸¶· ¢¥¤²¨¢µ ‘� Ô´¥·£¨ÖÄ
É¥³¶¥· ÉÊ· ,  ´ ²µ£¨Î´µ¥ ¶µ Ëµ·³¥ ‘� �°´ÏÉ¥°´  (33).

� ¸¸³µÉ·¨³ ¤µ¸É ÉµÎ´µ µ¡ÐÊÕ ³µ¤¥²Ó Å ¶·µ¨§¢µ²Ó´ÊÕ ³ ±·µ¸¨¸É¥³Ê ¢
Ê¸²µ¢¨ÖÌ É¥¶²µ¢µ£µ · ¢´µ¢¥¸¨Ö ¸ É¥·³µ¸É Éµ³, ±µ£¤  µ¤´µ¢·¥³¥´´µ ¢µ§³µ¦´Ò
Ë²Ê±ÉÊ Í¨¨ Ô±¸É¥´¸¨¢´ÒÌ ³ ±·µ¶ · ³¥É·µ¢ Å Ô´¥·£¨¨ E ¨ µ¡Ñ¥³a V Å ¨ ¨´-
É¥´¸¨¢´ÒÌ ³ ±·µ¶ · ³¥É·µ¢ Å É¥³¶¥· ÉÊ·Ò T ¨ ¤ ¢²¥´¨Ö P . �£· ´¨Î¨¢ Ö¸Ó
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¸´ Î ²  Ë²Ê±ÉÊ Í¨Ö³¨ Éµ²Ó±µ Ô´¥·£¨¨ ∆E ¨ É¥³¶¥· ÉÊ·Ò ∆T , ¨³¥¥³ [41]:

σ2
E = −(kBT )

(
∂V

∂P

)
T

[
T

(
∂P

∂T

)
V

− P

]2

+

+CV kBT 2 = f(V, T ) + CV kBT 2; (34)

σ2
T =

kBT 2

CV
; σET = kBT 2, (35)

£¤¥ CV Å É¥¶²µ¥³±µ¸ÉÓ ¶·¨ ¶µ¸ÉµÖ´´µ³ µ¡Ñ¥³¥, kB Å ¶µ¸ÉµÖ´´ Ö �µ²ÓÍ-
³ ´ . �µ¤¸É ¢²ÖÖ ¤ ²¥¥ Ëµ·³Ê²Ò (34) ¨ (35) ¢ ‘� �°´ÏÉ¥°´  (33), ¶µ²ÊÎ¨³
‘� Ô´¥·£¨ÖÄÉ¥³¶¥· ÉÊ· 

σ2
Eσ2

T ≡ (∆E)2(∆T )2 � R2
ET ≡ σ2

ET = (kBT 2)2, (36)

£¤¥ · ¢¥´¸É¢µ ¤µ¸É¨£ ¥É¸Ö, ´ ¶·¨³¥·, ¶·¨ V = const.
�·¥¦¤¥ ¢¸¥£µ, ¶µÖ¸´¨³ ¸³Ò¸² Ë²Ê±ÉÊ Í¨¨ É¥³¶¥· ÉÊ·Ò ± ± Ì · ±É¥·¨-

¸É¨±¨ ³ ±·µ¸¨¸É¥³Ò ¢ Í¥²µ³. � ¶µ³´¨³, ÎÉµ ¢ µ¸´µ¢¥ Ë¥´µ³¥´µ²µ£¨Î¥¸±µ°
É¥·³µ¤¨´ ³¨±¨ ²¥¦¨É ¶µ¸ÉÊ² É, ´ §Ò¢ ¥³Ò° µ¡ÒÎ´µ ´Ê²¥¢Ò³ ´ Î ²µ³. �´
¶µ¤· §Ê³¥¢ ¥É, ÎÉµ ¶·¨ É¥¶²µ¢µ³ · ¢´µ¢¥¸¨¨ É¥³¶¥· ÉÊ·Ò ²Õ¡ÒÌ ¤¢ÊÌ ³ -
±·µ¸±µ¶¨Î¥¸±¨Ì ¸¨¸É¥³ (§¤¥¸Ó Å ¸¨¸É¥³Ò ¨ É¥·³µ¸É É ) ¸µ¢¶ ¤ ÕÉ, É ± ÎÉµ
± ±¨¥-²¨¡µ Ë²Ê±ÉÊ Í¨¨ ¨Ì É¥³¶¥· ÉÊ· ´¥ ¶·¥¤¶µ² £ ÕÉ¸Ö. ‚ É¥µ·¨¨ �°´-
ÏÉ¥°´  [36] ¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ É¥·³µ¸É É, µ¡² ¤ ÕÐ¨° ¡¥¸±µ´¥Î´Ò³ Î¨¸²µ³
¸É¥¶¥´¥° ¸¢µ¡µ¤Ò (CV → ∞), ¸µ£² ¸´µ (35) ¨³¥¥É ¦¥¸É±µ Ë¨±¸¨·µ¢ ´´ÊÕ
É¥³¶¥· ÉÊ·Ê T0 = const, ±µÉµ· Ö ¢Ìµ¤¨É ¢ ± Î¥¸É¢¥ ³µ¤Ê²Ö · ¸¶·¥¤¥²¥´¨Ö ¢µ
¢¸¥ Ëµ·³Ê²Ò · ¢´µ¢¥¸´µ° ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¨. ‚ Éµ ¦¥ ¢·¥³Ö ²Õ-
¡ Ö ³ ±·µ¸±µ¶¨Î¥¸± Ö ¸¨¸É¥³  ¸ ±µ´¥Î´Ò³ Î¨¸²µ³ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò ¨³¥¥É
É¥³¶¥· ÉÊ·Ê T , Ë²Ê±ÉÊ¨·ÊÕÐÊÕ µÉ´µ¸¨É¥²Ó´µ É¥³¶¥· ÉÊ·Ò É¥·³µ¸É É :

T0 − ∆T � T � T + ∆T. (37)

‡¤¥¸Ó

(∆T )2 =
T 2

0

αN
, (38)

N Å Î¨¸²µ Î ¸É¨Í ¢ ¸¨¸É¥³¥, α Å ¶µ¸ÉµÖ´´ Ö, ¸¢Ö§ ´´ Ö ¸ Î¨¸²µ³ ¸É¥¶¥´¥°
¸¢µ¡µ¤Ò Î ¸É¨ÍÒ. ’¥³ ¸ ³Ò³ ¢ É¥µ·¨¨ �°´ÏÉ¥°´ , ¢ µÉ²¨Î¨¥ µÉ É¥µ·¨° Š² Ê-
§¨Ê¸  ¨²¨ ƒ¨¡¡¸ , ¶µ´ÖÉ¨¥ É¥¶²µ¢µ£µ · ¢´µ¢¥¸¨Ö ¶·¨µ¡·¥É ¥É ¤¨´ ³¨Î¥¸±¨°
Ì · ±É¥·.

�¡· É¨³ ¢´¨³ ´¨¥ ´  Éµ, ÎÉµ ¢´¥Ï´¨° ¢¨¤ ¶µ²ÊÎ¥´´µ£µ ‘� Ô´¥·£¨ÖÄ
É¥³¶¥· ÉÊ·  ¢ · ¢´µ¢¥¸´µ° ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥ ´¥ ¢Ò§Ò¢ ¥É µ¸µ-
¡ÒÌ  ¸¸µÍ¨ Í¨° ¸ ± ±¨³-²¨¡µ ‘� ¢ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¥. ‘¨ÉÊ Í¨Ö, µ¤´ ±µ,
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³¥´Ö¥É¸Ö, ¥¸²¨ ¢ ´¥³ ¶¥·¥°É¨ µÉ É¥³¶¥· ÉÊ·Ò T ± µ¡· É´µ° É¥³¶¥· ÉÊ·¥ 1/T .
’µ£¤ , ¶µ¸±µ²Ó±Ê

∆(1/T ) =
∆T

T 2
, (39)

¢³¥¸Éµ (36) ¶µ²ÊÎ¨³ ‘� Ô´¥·£¨ÖÄµ¡· É´ Ö É¥³¶¥· ÉÊ·  ¢ ¢¨¤¥

∆E∆(1/T ) � kB, (40)

µÉ±·Ò¢ ÕÐ¥³ ¡µ²¥¥ Ï¨·µ±¨¥ ¢µ§³µ¦´µ¸É¨ ¤²Ö Ë¨§¨Î¥¸±µ° ¨´É¥·¶·¥É Í¨¨.
‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ µÎ¥´Ó Î ¸Éµ ¶µ¸ÉµÖ´´ÊÕ �µ²ÓÍ³ ´  kB ¸Î¨É ÕÉ

Î¨¸Éµ É¥Ì´¨Î¥¸±µ° ¢¥²¨Î¨´µ°. �Î¥¢¨¤´µ, ÎÉµ ¢ ‘� �°´ÏÉ¥°´  (40) µ´  Ö¢´µ
¨£· ¥É ·µ²Ó ËÊ´¤ ³¥´É ²Ó´µ° ±µ´¸É ´ÉÒ,  ´ ²µ£¨Î´ÊÕ ·µ²¨ ¶µ¸ÉµÖ´´µ° � ¢
±¢ ´Éµ¢µ° ¤¨´ ³¨±¥. �µ¸±µ²Ó±Ê ¶·¨´ÖÉµ ¸Î¨É ÉÓ, ÎÉµ ³¨´¨³ ²Ó´µ¥ ¨§³¥´¥-
´¨¥ Ô´É·µ¶¨¨ ∆Smin ∼ kB, ¶µ¸ÉµÖ´´ÊÕ �µ²ÓÍ³ ´  kB ¸²¥¤Ê¥É É· ±Éµ¢ ÉÓ ± ±
³¨´¨³ ²Ó´ÊÕ ³¥·Ê ®´¥Ê¶µ·Ö¤µÎ¥´´µ¸É¨¯, ¶¥·¥¤ ¢ ¥³ÊÕ ¸¨¸É¥³¥ É¥·³µ¸É Éµ³
¢ Ê¸²µ¢¨ÖÌ É¥¶²µ¢µ£µ · ¢´µ¢¥¸¨Ö. ’¥³ ¸ ³Ò³ µ´  ¢ Éµ° ¦¥ ³¥·¥ Ì · ±É¥·¨§Ê¥É
³¨´¨³ ²Ó´µ¥ ´¥±µ´É·µ²¨·Ê¥³µ¥ É¥¶²µ¢µ¥ ¢µ§¤¥°¸É¢¨¥, ¢ ± ±µ° ¶µ¸ÉµÖ´´ Ö
�² ´±  � Å ³¨´¨³ ²Ó´µ¥ ´¥±µ´É·µ²¨·Ê¥³µ¥ ±¢ ´Éµ¢µ¥ ¢µ§¤¥°¸É¢¨¥.

„·Ê£µ¥ ‘� ¢ · ¢´µ¢¥¸´µ° ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥, Ê ±µÉµ·µ£µ ¥¸ÉÓ
 ´ ²µ£ ¸·¥¤¨ ‘� ¢ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¥, ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¤²Ö Ë²Ê±ÉÊ Í¨°
µ¡Ñ¥³a V , ¤ ¢²¥´¨Ö P ¨ ¨Ì ±µ··¥²ÖÉµ·  (∆V )(∆P ). ‘²¥¤ÊÖ ¢´µ¢Ó [41],
¨³¥¥³

σ2
V = −(kBT )

(
∂V

∂P

)
T

; (41)

σ2
P = −(kBT )

(
∂P

∂V

)
T

+
(

∂P

∂T

)2

V

kBT 2

CV
; (42)

σV P = −(kBT ). (43)

�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉµ ¢ ¤ ´´µ³ ¸²ÊÎ ¥ ¸¶· ¢¥¤²¨¢µ ‘� µ¡Ñ¥³Ä¤ ¢²¥´¨¥:

σ2
V σ2

P ≡ (kBT )2
[
1 −

(
∂P

∂T

)2

V

T

CV

(
∂V

∂P

)
T

]
� (kBT )2 (44)

¨²¨ ¤²Ö ²¨´¥°´ÒÌ ¢¥²¨Î¨´

∆V ∆(P/T ) � kB, (45)

£¤¥ · ¢¥´¸É¢µ ¤µ¸É¨£ ¥É¸Ö, ´ ¶·¨³¥·, ¶·¨ V = const.



��‚›‰ ��„•�„ Š ‘��’��˜…�ˆ
 �…���…„…‹…���‘’…‰ 1195

�µ¸±µ²Ó±Ê ´ ¸ ¨´É¥·¥¸Ê¥É  ´ ²µ£¨Ö ¸ ±¢ ´Éµ¢µ° ¤¨´ ³¨±µ°, ¤ ¤¨³ ‘�
(44) ¸¢µ¥µ¡· §´ÊÕ ®³¨±·µ¸±µ¶¨Î¥¸±ÊÕ¯ É· ±Éµ¢±Ê, ¢µ¸¶µ²Ó§µ¢ ¢Ï¨¸Ó ³µ-
¤¥²ÓÕ ´¥¢Ò·µ¦¤¥´´µ£µ ¨¤¥ ²Ó´µ£µ £ § . ‘ ÔÉµ° Í¥²ÓÕ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ £ §
¢ ¸µ¸Ê¤¥ ¢ Í¥²µ³ ± ± ¸¢µ¥µ¡· §´ÊÕ ®±¢ §¨Î ¸É¨ÍÊ¯, Ë²Ê±ÉÊ Í¨Ö ±µµ·¤¨´ ÉÒ
±µÉµ·µ° ∆q ¸¢Ö§ ´  ¸ Ë²Ê±ÉÊ Í¨¥° µ¡Ñ¥³  ∆V = ∆qS, £¤e S Å ¶²µÐ ¤Ó
¶µ·Ï´Ö, ¶¥·¶¥´¤¨±Ê²Ö·´µ£µ µ¸¨ q. ‘µµÉ¢¥É¸É¢¥´´µ, Ë²Ê±ÉÊ Í¨Õ ¤ ¢²¥´¨Ö
∆P ¢Ò· §¨³ Î¥·¥§ Ë²Ê±ÉÊ Í¨Õ ¨³¶Ê²Ó¸  ∆p ®±¢ §¨Î ¸É¨ÍÒ¯ ¶µ Ëµ·³Ê²¥

∆P =
∆F

S
=

∆pν

S
, (46)

£¤¥ ∆F Å Ë²Ê±ÉÊ Í¨Ö ¸¨²Ò, ¤¥°¸É¢ÊÕÐ¥° ´  ¶µ·Ï¥´Ó ¢ µÉ¸ÊÉ¸É¢¨¥ ¢´¥Ï-
´¨Ì ¶µ²¥° (¶·¨ U(q) = 0), ν Å Î¨¸²µ Ê¤ ·µ¢ Î ¸É¨Í µ ¶µ·Ï¥´Ó ¢ ¥¤¨´¨ÍÊ
¢·¥³¥´¨.

�µ¤¸É ¢²ÖÖ Ëµ·³Ê²Ò, ¢Ò· ¦ ÕÐ¨¥ ∆V ¨ ∆P Î¥·¥§ ∆q ¨ ∆p ¢ ‘� (45),
¶µ²ÊÎ¨³

∆V ∆P = (∆qS)
(

∆pν

S

)
� kBT. (47)

’¥³ ¸ ³Ò³ µ±µ´Î É¥²Ó´µ ‘� ±µµ·¤¨´ É Ä¨³¶Ê²Ó¸ ¢ · ¢´µ¢¥¸´µ° ¸É É¨¸É¨Î¥-
¸±µ° É¥·³µ¤¨´ ³¨±¥ ¶·¨´¨³ ¥É ¢¨¤

∆q∆p � kB
T

ωÔËË
. (48)

‡¤¥¸Ó ωÔËË ≡ ν Å ÔËË¥±É¨¢´ Ö Î ¸ÉµÉ  ¤²Ö ¤ ´´µ° ¸¨¸É¥³Ò Å ´¥¢Ò·µ¦-
¤¥´´µ£µ ¨¤¥ ²Ó´µ£µ £ §  ¢ ¸µ¸Ê¤¥ ¶·¨ µÉ¸ÊÉ¸É¢¨¨ ¢´¥Ï´¨Ì ¢µ§¤¥°¸É¢¨°. �´ 
¨£· ¥É ·µ²Ó ¢·¥³¥´´µ° Ì · ±É¥·¨¸É¨±¨ ¸¨¸É¥³Ò ¢ Í¥²µ³. ‘� �°´ÏÉ¥°´ ,
 ´ ²µ£¨Î´µ¥ ‘� (48), ¸ ωÔËË ≡ 1/τ , £¤¥ τ Å ¢·¥³Ö ·¥² ±¸ Í¨¨, ¸¢Ö§Ò¢ ¥É
Ë²Ê±ÉÊ Í¨¨ ±µµ·¤¨´ ÉÒ ¨ ¨³¶Ê²Ó¸  ¡·µÊ´µ¢¸±µ° Î ¸É¨ÍÒ [14].

�¥É·Ê¤´µ ¶µ´ÖÉÓ, ÎÉµ ‘� �°´ÏÉ¥°´  (48) ¢ · ¢´µ¢¥¸´µ° ¸É É¨¸É¨Î¥-
¸±µ° É¥·³µ¤¨´ ³¨±¥ ¤²Ö ¸¢µ¥µ¡· §´µ° ®±¢ §¨Î ¸É¨ÍÒ¯ ¢ É¥¶²µ¢µ³ · ¢´µ¢¥-
¸¨¨ ¢´¥Ï´¥ ¶µÌµ¦¥ ´  ‘� ƒ¥°§¥´¡¥·£  (22) ¢ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¥, ¨¡µ ¢ ¥£µ
¶· ¢µ° Î ¸É¨ ¸Éµ¨É Ì · ±É¥·´ Ö ±µ³¡¨´ Í¨Ö · §³¥·´µ¸É¨ ¤¥°¸É¢¨Ö. ‚³¥¸É¥
¸ É¥³ ‘� (48) ¡²¨§±µ ¶µ Ëµ·³¥ ¨ ± ‘� Ô´¥·£¨ÖÄÉ¥³¶¥· ÉÊ·  (40) ¨²¨ (36),
É ±¦¥ ¸µ¤¥·¦ Ð¨³ ¶µ¸ÉµÖ´´ÊÕ kB ¨ É¥³¶¥· ÉÊ·Ê T . �Éµ ²¨Ï´¨° · § ¶µ¤-
Î¥·±¨¢ ¥É ¸ÊÐ¥¸É¢¥´´ÊÕ ·µ²Ó ´¥±µ´É·µ²¨·Ê¥³µ£µ (É¥¶²µ¢µ£µ) ¢µ§¤¥°¸É¢¨Ö ´ 
¸¨¸É¥³Ê, ±µÉµ·µ¥ µ¤¨´ ±µ¢µ ¸± §Ò¢ ¥É¸Ö ´  ±µ··¥²ÖÍ¨ÖÌ Ë²Ê±ÉÊ Í¨° · §´ÒÌ
¢§ ¨³µ§ ¢¨¸¨³ÒÌ Ë¨§¨Î¥¸±¨Ì Ì · ±É¥·¨¸É¨±.

1.4. ‘µ¢·¥³¥´´Ò° ¸É ÉÊ¸ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö. Š ± Ê¦¥ µÉ³¥Î ²µ¸Ó ¢ÒÏ¥,
´¥¸³µÉ·Ö ´  ¢´¥Ï´¥¥ ¸Ìµ¤¸É¢µ, ¸É ÉÊ¸ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö (2) ¶·¨´Í¨¶¨ ²Ó´µ
µÉ²¨Î ¥É¸Ö µÉ ¸É ÉÊ¸  ‘� ±µµ·¤¨´ É Ä¨³¶Ê²Ó¸ (21). ‘ÊÐ¥¸É¢Ê¥É ´¥¸±µ²Ó±µ
· §²¨Î´ÒÌ Ë¨§¨Î¥¸±¨Ì § ¤ Î, ¢ ±µÉµ·ÒÌ ³µ¦¥É ¨¤É¨ ·¥ÎÓ µ ‘� É¨¶  (2) [4].
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�¤´ ±µ ¢ ± ¦¤µ³ ±µ´±·¥É´µ³ ¸²ÊÎ ¥ Ë¨§¨Î¥¸±¨° ¸³Ò¸² ¨ ³ É¥³ É¨Î¥¸±µ¥
µ¶·¥¤¥²¥´¨¥ ¢Ìµ¤ÖÐ¨Ì ¢ ²¥¢ÊÕ Î ¸ÉÓ ¢¥²¨Î¨´ µ± §Ò¢ ÕÉ¸Ö ¢¥¸Ó³  · §²¨Î-
´Ò³¨, ´  ÎÉµ µ¡· Ð ²µ¸Ó ¢´¨³ ´¨¥ ¥Ð¥ ¢ · ¡µÉ¥ [42]. �¥ ³¥´ÓÏ¥ ¢µ¶·µ¸µ¢
¸¢Ö§ ´µ ¸ ¨¸Éµ²±µ¢ ´¨¥³ ¨ ¶· ¢µ° Î ¸É¨ ‘� É¨¶  (2). „¥²µ ¢ Éµ³, ÎÉµ ¢
±¢ ´Éµ¢µ° ¤¨´ ³¨±¥ Ô´¥·£¨Ö Ö¢²Ö¥É¸Ö ´ ¡²Õ¤ ¥³µ°, ±µÉµ·µ° ¸µ¶µ¸É ¢²Ö¥É¸Ö
Ô·³¨Éµ¢ µ¶¥· Éµ·,   ¢·¥³Ö Å c-Î¨¸²µ¢Ò³ ¶ · ³¥É·µ³.

� ¨¡µ²¥¥ ¶·µ¸Éµ ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ´¥±µ¥ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö, ¥¸²¨ ¸²¥¤µ-
¢ ÉÓ Éµ³Ê ¶ÊÉ¨, ÎÉµ ¡Ò² ¨§²µ¦¥´ ¢ ´ Î ²¥ ¶. 1.3. …¸²¨ ¢³¥¸Éµ ¢µ²´µ¢ÒÌ
ËÊ´±Í¨° ψ±²(q) ¨ ψ̃±²(q) (¶·¨ t = const) ¢Ò¡· ÉÓ, ¸µµÉ¢¥É¸É¢¥´´µ, ¢µ²´µ-
¢Ò¥ ËÊ´±Í¨¨ ψ±²(t) ¨ ψ̃±²(ω) (¶·¨ q = const), Éµ ¸µ£² ¸´µ ËÊ·Ó¥- ´ ²¨§Ê
®Ï¨·¨´Ò¯ ÔÉ¨Ì ËÊ´±Í¨° ¡Ê¤ÊÉ ¸¢Ö§ ´Ò  ´ ²µ£¨Î´Ò³ ´¥· ¢¥´¸É¢µ³:

σψ±²σψ̃±²
≡ δt δω � γ. (49)

‡ ¶¨¸Ò¢ Ö Ëµ·³Ê²Ê,  ´ ²µ£¨Î´ÊÕ (49), ¤²Ö, ψ±¢(t) ¨ ψ̃±¢(ω) , ¤µ³´µ¦ Ö ¶µ²Ê-
Î¥´´µ¥ ´¥· ¢¥´¸É¢µ ´  ¶µ¸ÉµÖ´´ÊÕ �² ´±  ¨ ¨¸¶µ²Ó§ÊÖ Ëµ·³Ê²Ê �°´ÏÉ¥°´ 
ε = �ω, ¶µ²ÊÎ¨³

δt δε � γ�, (50)

£¤¥ ¶·¨ ´¥±µÉµ·µ° ´µ·³¨·µ¢±¥ γ = 1/2. ‚ ¨Éµ£¥ ¶µ²ÊÎ ¥É¸Ö ¸µµÉ´µÏ¥´¨¥
®Ï¨·¨´¯ (‘˜)

δt δε � �

2
, (51)

¶µ²´µ¸ÉÓÕ  ´ ²µ£¨Î´µ¥ Ëµ·³Ê²¥ (19). �µÔÉµ³Ê ¥£µ Ë¨§¨Î¥¸±¨° ¸³Ò¸² µ¸É -
¥É¸Ö É¥³ ¦¥, ÎÉµ ¨ ¢ ±² ¸¸¨Î¥¸±µ° Ë¨§¨±¥.

�¤´ ±µ §¤¥¸Ó Ê¦¥ ´¥¢µ§³µ¦´µ c¤¥² ÉÓ Ï £¨, ±µÉµ·Ò¥ · ´¥¥ ¶·¨¢¥²¨ ´ ¸
µÉ Ëµ·³Ê²Ò (19) ± Ëµ·³Ê²¥ (21), ¶·¨´Í¨¶¨ ²Ó´µ ¨§³¥´¨¢ ¸³Ò¸² ¢Ìµ¤ÖÐ¨Ì
¢ ÔÉ¨ ´¥· ¢¥´¸É¢  ¢¥²¨Î¨´. ‚·¥³Ö ¢ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¥, ± ± ¨§¢¥¸É´µ [2,
4], ´¥ Ö¢²Ö¥É¸Ö ´ ¡²Õ¤ ¥³µ°, ±µÉµ·µ° ¸µ¶µ¸É ¢²Ö¥É¸Ö Ô·³¨Éµ¢ µ¶¥· Éµ·. �µ-
ÔÉµ³Ê ¤²Ö ¢·¥³¥´¨ ³¨±·µ¸¨¸É¥³Ò ´¥ ¨³¥¥É ¸³Ò¸²  ¢¢µ¤¨ÉÓ ¢ · ¸¸³µÉ·¥´¨¥
±¢ ´Éµ¢µ-¤¨´ ³¨Î¥¸±µ¥ ¸·¥¤´¥¥ ¨ ¥£µ Ë²Ê±ÉÊ Í¨Õ. ‘µµÉ¢¥É¸É¢¥´´µ ¶· ¢ÊÕ
Î ¸ÉÓ ‘� (51) ´¥¢µ§³µ¦´µ É· ±Éµ¢ ÉÓ ± ± ³¥·Ê ±µ··¥²ÖÍ¨¨ Ë²Ê±ÉÊ Í¨° Ô´¥·-
£¨¨ ¨ ¢·¥³¥´¨.

‚ ÔÉ¨Ì Ê¸²µ¢¨ÖÌ µ¸É ¥É¸Ö, ±µ´¥Î´µ, ¤·Ê£ Ö ¢µ§³µ¦´µ¸ÉÓ Å ¨¸¶µ²Ó§µ¢ ÉÓ
±² ¸¸¨Î¥¸±ÊÕ ¶µ Ë¨§¨Î¥¸±µ³Ê ¸³Ò¸²Ê Ëµ·³Ê²Ê (51) ¨ ¢ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¥,
ÎÉµ Ë ±É¨Î¥¸±¨ ¡Ò²µ ¶·¥¤²µ¦¥´µ ¢ [43]. �µ Éµ£¤ , · §Ê³¥¥É¸Ö, ³Ò ¡Ê¤¥³
¨³¥ÉÓ ¤¥²µ ´¥ ¸ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö,   ¸ ‘˜ Ô´¥·£¨ÖÄ¢·¥³Ö. ‘ ¶· ±É¨Î¥-
¸±µ° ÉµÎ±¨ §·¥´¨Ö ÔÉµ µ§´ Î ¥É, ÎÉµ ¢ Ê¸²µ¢¨ÖÌ, ±µ£¤  ®Ï¨·¨´Ò¯ δt ¨ δε ¨
¶µ¸ÉµÖ´´ Ö γ ´¥ ¨³¥ÕÉ ¸É·µ£µ£µ ³ É¥³ É¨Î¥¸±µ£µ µ¶·¥¤¥²¥´¨Ö ¨ Ö¸´µ° Ë¨§¨-
Î¥¸±µ° É· ±Éµ¢±¨, £² ¢´µ° § ¡µÉµ° µ± §Ò¢ ¥É¸Ö Ê¤µ¡´Ò° ¢Ò¡µ· ±µ´±·¥É´ÒÌ
§´ Î¥´¨° ÔÉ¨Ì ¢¥²¨Î¨´.
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‚ Î ¸É´µ¸É¨ [4], ¤²Ö ¢¥¸Ó³  ¢ ¦´ÒÌ ¸ Ô±¸¶¥·¨³¥´É ²Ó´µ° ÉµÎ±¨ §·¥´¨Ö
· ¸¶ ¤´ÒÌ ¸µ¸ÉµÖ´¨° ¸ Ô±¸¶µ´¥´Í¨ ²Ó´Ò³ § ±µ´µ³ · ¸¶ ¤ 

ρ(t) ≡ |ψ±¢(t)|2 = exp (−t/τ) (52)

· ¸¶·¥¤¥²¥´¨¥ ¶µ Ô´¥·£¨Ö³ Ö¢²Ö¥É¸Ö ²µ·¥´Í¥¢Ò³:

ρ(ε) = |ψ̃±¢(ε)|2 =
Γ/2π

(ε − ε0)2 + Γ2/4
. (53)

®˜¨·¨´ ¯ ÔÉµ£µ · ¸¶·¥¤¥²¥´¨Ö δε ≡ Γ = �/τ µ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê¸²µ¢¨Ö
|ψ̃±¢(ε)|2 = (1/2)|ψ̃±¢(0)|2.

…¸²¨ ¶·¨´ÖÉÓ ¸·¥¤´¥¥ ¢·¥³Ö ¦¨§´¨ ¸µ¸ÉµÖ´¨Ö δt ≡ τ §  ®Ï¨·¨´Ê¯ · ¸-
¶·¥¤¥²¥´¨Ö ρ(t), Éµ ¨§ Ëµ·³Ê² (52) ¨ (53) ¸²¥¤Ê¥É ‘˜ Ô´¥·£¨ÖÄ¢·¥³Ö

δtδε ≡ τΓ = �. (54)

�¥É·Ê¤´µ § ³¥É¨ÉÓ, ÎÉµ ¢ ¤ ´´µ³ ¸²ÊÎ ¥ §  ®Ï¨·¨´Ê¯ · ¸¶·¥¤¥²¥´¨Ö ρ(ε) ¤µ-
¸É ÉµÎ´µ ¶·µ¨§¢µ²Ó´µ ¶·¨´¨³ ¥É¸Ö Ï¨·¨´  Ê·µ¢´Ö Γ,   µÉ´Õ¤Ó ´¥ ¤¨¸¶¥·¸¨Ö
∆ε. �µ¸²¥¤´¥¥ ¶·µÖ¢²Ö¥É¸Ö ¢ Éµ³, ÎÉµ, ¨§³¥´ÖÖ ¢¨¤ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö
¶µ Ô´¥·£¨¨ ´  ¥¥ ®Ì¢µ¸É¥¯ (¶·¨ |ε − ε0| � Γ), ³µ¦´µ ¸¨²Ó´µ ¨§³¥´¨ÉÓ ¢¥²¨-
Î¨´Ê ¤¨¸¶¥·¸¨¨ ∆ε. Œ¥¦¤Ê É¥³ ¸·¥¤´¥¥ ¢·¥³Ö ¦¨§´¨ τ ,   §´ Î¨É, ¨ ¢¥²¨Î¨´ 
Γ µ¸É ´ÊÉ¸Ö ¶· ±É¨Î¥¸±¨ ´¥¨§³¥´´Ò³¨ [42].

ˆ§ ¸± § ´´µ£µ ¢ÒÏ¥ ¸²¥¤Ê¥É, ÎÉµ É· ±Éµ¢±  ‘˜ Ô´¥·£¨ÖÄ¢·¥³Ö (51) Ö¢²Ö-
¥É¸Ö, ¢ ¸ÊÐ´µ¸É¨, ±² ¸¸¨Î¥¸±µ° ¨ ¶µÉµ³Ê ´¥ ¸¢Ö§ ´´µ° ¸ ´ ²¨Î¨¥³ Ë²Ê±ÉÊ-
 Í¨° ¨ ¨Ì ±µ··¥²ÖÍ¨¥°, É.¥. ¸ É¥µ·¨¥° ¨§³¥·¥´¨° [2]. ’ ±¨³ µ¡· §µ³, ÌµÉÖ
Ëµ·³Ê²Ò ¢¨¤  (2) ¢ Éµ° ¨²¨ ¨´µ° ³¥·¥ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¢ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¥ ¸
±µ´Í  20-Ì £µ¤µ¢, ¢µ¶·µ¸ µ ³ É¥³ É¨Î¥¸±µ³ ¸³Ò¸²¥ ¨ Ë¨§¨Î¥¸±µ° É· ±Éµ¢±¥
¢Ìµ¤ÖÐ¨Ì ¢ ´¨Ì ¸²¥¢  ¨ ¸¶· ¢  ¢¥²¨Î¨´ ¢ µ¡Ð¥³ ¸²ÊÎ ¥ µ¸É ¥É¸Ö ¢¸¥ ¥Ð¥
µÉ±·ÒÉÒ³. ˆ¸¶µ²Ó§Ê¥³Ò¥ ´  ¶· ±É¨±¥ Ëµ·³Ê²Ò É¨¶  (51) ¨³¥ÕÉ ¸³Ò¸² ‘˜,
µÉ²¨Î´Ò° µÉ ¸³Ò¸²  ‘� Ô´¥·£¨ÖÄ¢·¥³Ö.

“± § ´´ Ö ¸¨ÉÊ Í¨Ö § ¸É ¢²Ö¥É ¶·µ¤µ²¦ ÉÓ ¶µ¨¸±¨ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö,
¸µ¶µ¸É ¢¨³µ£µ ¶µ ¸¢µ¥³Ê Ë¨§¨Î¥¸±µ³Ê ¸³Ò¸²Ê ¨ ³ É¥³ É¨Î¥¸±µ³Ê µ¶·¥¤¥²¥-
´¨Õ ¸ ¤·Ê£¨³¨ ‘� ¢ ´¥±² ¸¸¨Î¥¸±µ° Ë¨§¨±¥. �´¨ ¢¥¤ÊÉ¸Ö ¢ ¤¢ÊÌ £² ¢´ÒÌ
´ ¶· ¢²¥´¨ÖÌ. �  ¶¥·¢µ³ ¶ÊÉ¨ ¶·¥¤¶·¨´¨³ ÕÉ¸Ö Ê¸¨²¨Ö, ÎÉµ¡Ò ¸µ¶µ¸É ¢¨ÉÓ
¢·¥³¥´¨ · §Ê³´Ò° ¸ Ë¨§¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö Ô·³¨Éµ¢ µ¶¥· Éµ· ¨ É¥³ ¸ ³Ò³
¶µ¤´ÖÉÓ ¸É ÉÊ¸ ¢·¥³¥´¨ ¤µ ¸É ÉÊ¸  ±¢ ´Éµ¢µ-¤¨´ ³¨Î¥¸±µ° ´ ¡²Õ¤ ¥³µ°. ‚
ÔÉµ³ ¸²ÊÎ ¥ ¶·¥¤¶µ² £ ¥É¸Ö ¶·¨¤ ÉÓ ¢¥²¨Î¨´ ³ ¸²¥¢  ¨ ¸¶· ¢  ¢ ‘� ¢¨¤ 
(2) ³ É¥³ É¨Î¥¸±¨° ¸³Ò¸² ¨ Ë¨§¨Î¥¸±ÊÕ É· ±Éµ¢±Ê,  ´ ²µ£¨Î´Ò¥ Éµ³Ê, ÎÉµ
¨³¥ÕÉ ³¥¸Éµ ¤²Ö ¢¥²¨Î¨´ ¢ ‘� ƒ¥°§¥´¡¥·£  (22) ¤²Ö ¶·µ¨§¢µ²Ó´ÒÌ ´ ¡²Õ¤ -
¥³ÒÌ A ¨ B. ‘µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¶µ¶ÒÉ±¨ ¶µ±  ´¥ Ê¢¥´Î ²¨¸Ó Ê¸¶¥Ìµ³ [4].

�  ¢Éµ·µ³ ¶ÊÉ¨ ¶·¥¤² £ ¥É¸Ö ¢ Ê¸²µ¢¨ÖÌ µÉ¸ÊÉ¸É¢¨Ö µ¶¥· Éµ·  ¢·¥³¥´¨
¶·¨¤ ÉÓ ¸±µ²Ó±µ-´¨¡Ê¤Ó · §Ê³´Ò° ¸³Ò¸² ¶µ´ÖÉ¨Õ ®´¥µ¶·¥¤¥²¥´´µ¸ÉÓ ¢·¥³¥-
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´¨¯ ¸ ³µ³Ê ¶µ ¸¥¡¥, Ëµ·³ ²Ó´µ ´¥ ¢ÒÌµ¤Ö §  · ³±¨ ±¢ ´Éµ¢µ° Ë¨§¨±¨ ¨ ¸µ-
Ì· ´ÖÖ, ¢ Î ¸É´µ¸É¨, µ¶¥· Éµ·´µ¥ µ¶¨¸ ´¨¥ ¤²Ö Ô´¥·£¨¨. � ¨¡µ²¥¥ Ê¸¶¥Ï´ Ö
¶µ¶ÒÉ±  É ±µ£µ ·µ¤  ¡Ò²  ¶·¥¤¶·¨´ÖÉ  ‹.Œ ´¤¥²ÓÏÉ ³µ³ ¨ ˆ.’ ³³µ³ [44].

‘¥£µ¤´Ö ¶µ¤Ìµ¤ ± ‘� Ô´¥·£¨ÖÄ¢·¥³Ö Œ ´¤¥²ÓÏÉ ³ Ä’ ³³  ¶µ²ÊÎ¨² ´ ¨-
¡µ²ÓÏ¥¥ · ¸¶·µ¸É· ´¥´¨¥ ¢ ¸µ¢·¥³¥´´ÒÌ ÊÎ¥¡´¨± Ì ¨ ³µ´µ£· Ë¨ÖÌ ¶µ ±¢ ´-
Éµ¢µ° ³¥Ì ´¨±¥ [2, 9]. �´ µ¸´µ¢ ´ ´  ¨¸¶µ²Ó§µ¢ ´¨¨ ‘� Ô´¥·£¨ÖÄ¶·µ¨§-
¢µ²Ó´ Ö ´ ¡²Õ¤ ¥³ Ö ¨ µ¶·¥¤¥²¥´¨¨ ´¥µ¶·¥¤¥²¥´´µ¸É¨ ¢·¥³¥´¨ Î¥·¥§ ¥£µ
¶· ¢ÊÕ Î ¸ÉÓ. �·¨ ÔÉµ³ ¨¸Ìµ¤ÖÉ ¨§ ‘� ƒ¥°§¥´¡¥·£  (22) ¸ B̂ ≡ Ĥ :

∆ε∆A � cAH =
1
2
|〈|[Â, Ĥ ]|〉|, (55)

£¤¥ Â Å µ¶¥· Éµ·, ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ´ ¡²Õ¤ ¥³µ° A, Ĥ Å £ ³¨²ÓÉµ´¨ ´,
  ∆ε ¨ ∆A Å ¤¨¸¶¥·¸¨¨ ¢¥²¨Î¨´ ε ¨ A. �· ¢ÊÕ Î ¸ÉÓ ‘� (55) ³µ¦´µ
¶·¥µ¡· §µ¢ ÉÓ, ¢µ¸¶µ²Ó§µ¢ ¢Ï¨¸Ó ¤²Ö µ¶¥· Éµ·  Â Ê· ¢´¥´¨¥³ ƒ¥°§¥´¡¥·£ 
dÂ/dt = (i/�)[Â, Ĥ ]. ’µ£¤  ¶µ²ÊÎ¨³, ÎÉµ

cAH ≡ �

2
|〈|dÂ

dt
|〉|. (56)

®�¥µ¶·¥¤¥²¥´´µ¸ÉÓÕ ¢·¥³¥´¨¯, ¨¸Ìµ¤Ö ¨§ ¶· ¢µ° Î ¸É¨ ‘� (55), Œ ´¤¥²Ó-
ÏÉ ³ ¨ ’ ³³ ´ §¢ ²¨ ¢¥²¨Î¨´Ê

∆tA ≡ ∆A

(2/�)cAH
=

∆A

|〈|dÂ/dt|〉|
. (57)

�¶·¥¤¥²¥´¨¥ (57) µ¡² ¤ ¥É É¥³ ¶·¥¨³ÊÐ¥¸É¢µ³, ÎÉµ ¶·¨¤ ¥É ¢¥²¨Î¨´¥
∆tA · §Ê³´Ò° Ë¨§¨Î¥¸±¨° ¸³Ò¸² ¶·µ³¥¦ÊÉ±  ¢·¥³¥´¨, ¢ É¥Î¥´¨¥ ±µÉµ·µ£µ
¸·¥¤´¥¥ §´ Î¥´¨¥ Ā ¨§³¥´Ö¥É¸Ö ´  ¢¥²¨Î¨´Ê ¸·¥¤´¥±¢ ¤· É¨Î´µ£µ µÉ±²µ´¥´¨Ö
∆A. ‚³¥¸É¥ ¸ É¥³ ¥³Ê ¶·¨¸ÊÐ ¨ ·Ö¤ ¸ÊÐ¥¸É¢¥´´ÒÌ ´¥¤µ¸É É±µ¢. ‚µ-¶¥·¢ÒÌ,
µ´µ ´¥ Ö¢²Ö¥É¸Ö µ¤´µ§´ Î´Ò³, ¨¡µ ¶µ§¢µ²Ö¥É ¤²Ö µ¤´µ° ¨ Éµ° ¦¥ ³¨±·µ¸¨-
¸É¥³Ò ¢¢µ¤¨ÉÓ ´¥¸±µ²Ó±µ ¶·µ³¥¦ÊÉ±µ¢ ¢·¥³¥´¨ ∆tAi ¶·¨³¥´¨É¥²Ó´µ ± · §-
´Ò³ ´ ¡²Õ¤ ¥³Ò³ Ai. ‚µ-¢Éµ·ÒÌ, µ´µ É¥·Ö¥É ¸³Ò¸² Éµ£¤ , ±µ£¤  ¶·¨ ∆ε �= 0
¨ ∆A �= 0 ²¨¡µ ¸ ³ ±µ³³ÊÉ Éµ· [Â, Ĥ], ²¨¡µ ¸·¥¤´¥¥ µÉ ´¥£µ µ¡· Ð ÕÉ¸Ö ¢
´Ê²Ó.

„²Ö ¶·¥µ¤µ²¥´¨Ö ¶¥·¢µ£µ ¨§ Ê± § ´´ÒÌ ´¥¤µ¸É É±µ¢ ¤µ ¸¨Ì ¶µ· ¶·¥¤² £ -
²¨¸Ó ¸²¥¤ÊÕÐ¨¥ ·¥Ï¥´¨Ö. � ¨¡µ²¥¥ · ¸¶·µ¸É· ´¥´´Ò° ¶µ¤Ìµ¤ [2, 9] ¸µ¸Éµ¨É
¢ Éµ³, ÎÉµ §  Ì · ±É¥·´Ò° ¶·µ³¥¦ÊÉµ± ¢·¥³¥´¨ ³¨±·µ¸¨¸É¥³Ò ¢ Í¥²µ³ ¶·¥¤-
² £ ¥É¸Ö ¢Ò¡¨· ÉÓ ³¨´¨³ ²Ó´ÊÕ ¨§ ¢¸¥Ì ¢µ§³µ¦´ÒÌ ¢¥²¨Î¨´ ∆tAi . �¤´ ±µ
É ±µ° ¢Ò¡µ· Ö¢²Ö¥É¸Ö ¤µ¸É ÉµÎ´µ ¶·µ¨§¢µ²Ó´Ò³, ¶µ¸±µ²Ó±Ê µ´ ¸ÊÐ¥¸É¢¥´´µ
§ ¢¨¸¨É µÉ Éµ£µ ³¨±·µ¸µ¸ÉµÖ´¨Ö, ¶µ ±µÉµ·µ³Ê ¶·µ¨¸Ìµ¤¨É Ê¸·¥¤´¥´¨¥ ¢ Ëµ·-
³Ê²¥ (57).

‚ ¤·Ê£µ³ ¶µ¤Ìµ¤¥ [4] ¤²Ö ¶·¨¤ ´¨Ö µ¶·¥¤¥²¥´¨Õ (57) µ¤´µ§´ Î´µ¸É¨
¨ Ê´¨¢¥·¸ ²Ó´µ¸É¨ ¢ ± Î¥¸É¢¥ ¢¥²¨Î¨´Ò, ¶·¥¤¸É ¢²ÖÕÐ¥° ³¨±·µ¸¨¸É¥³Ê ¢
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Í¥²µ³, ¶·¥¤² £ ¥É¸Ö ¢Ò¡¨· ÉÓ ³ É·¨ÍÊ ¶²µÉ´µ¸É¨ ρ̂. �¤´ ±µ ÎÉµ¡Ò ¨§¡¥-
¦ ÉÓ ¶µ¸²¥¤¸É¢¨° ¢Éµ·µ£µ ´¥¤µ¸É É± , µ¶·¥¤¥²¥´¨¥ (57) ¢ ÔÉµ³ ¸²ÊÎ ¥ ¶·¨-
Ìµ¤¨É¸Ö ¶·¨³¥´ÖÉÓ Éµ²Ó±µ ± ´¥¸É Í¨µ´ ·´Ò³ ¸³¥Ï ´´Ò³ ¸µ¸ÉµÖ´¨Ö³, ±µ£¤ 
dρ̂/dt �= 0. �É¨³ ¸· §Ê ¨¸±²ÕÎ ÕÉ¸Ö ¨§ · ¸¸³µÉ·¥´¨Ö ± ± Î¨¸ÉÒ¥ ±¢ ´-
Éµ¢Ò¥ ¸µ¸ÉµÖ´¨Ö, É ± ¨ ¸³¥Ï ´´Ò¥ ¸µ¸ÉµÖ´¨Ö ¢ · ¢´µ¢¥¸´µ° ¸É É¨¸É¨Î¥-
¸±µ° É¥·³µ¤¨´ ³¨±¥, ÎÉµ §´ Î¨É¥²Ó´µ µ£· ´¨Î¨¢ ¥É µ¡² ¸ÉÓ ¶·¨³¥´¥´¨Ö ¢¥-
²¨Î¨´Ò ∆tA (57).

�¤´ ±µ £² ¢´ Ö ¶·µ¡²¥³ , ¸¢Ö§ ´´ Ö ¸ ¶µ¤Ìµ¤µ³ Œ ´¤¥²ÓÏÉ ³ Ä’ ³³ 
± ‘� Ô´¥·£¨ÖÄ¢·¥³Ö, ¢µ¢¸¥ ´¥ ¢ ÔÉµ³. � ¶µ³´¨³, ÎÉµ Í¥²ÓÕ ¢¢¥¤¥´¨Ö ¢¥²¨-
Î¨´Ò ∆tA (57) ¡Ò²  ¢µ§³µ¦´µ¸ÉÓ ¶·¨¤ ÉÓ ‘� (55) ¶µ¸²¥ ¶¥·¥Ìµ¤  µÉ ∆A ±
∆tA Ëµ·³Ê, ¢´¥Ï´¥ ¸Ìµ¤´ÊÕ ¸ ‘� (2) ¨²¨ ‘� (51), ´µ ¸µ¤¥·¦ ÐÊÕ ¸É·µ£µ
µ¶·¥¤¥²¥´´Ò¥ ¢¥²¨Î¨´Ò:

∆ε∆tA � �

2
. (58)

�·¨ ÔÉµ³ ´¥ ¡Ò² ÊÎÉ¥´ ÉµÉ Ë ±É, ÎÉµ ‘� ƒ¥°§¥´¡¥·£  (55) ¸¶· ¢¥¤²¨¢µ, ¥¸²¨
¢±² ¤  ´É¨±µ³³ÊÉ Éµ·  σAH = 0. �µ¸²¥¤´¥¥, ¥¸²¨ ¨ ¢µ§³µ¦´µ, Éµ Éµ²Ó±µ
¢ ¤µ¸É ÉµÎ´µ Ô±§µÉ¨Î¥¸±¨Ì ¸¨ÉÊ Í¨ÖÌ. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ³µ¦´µ ÊÉ¢¥·¦¤ ÉÓ,
ÎÉµ ¤ ¦¥ ¢ É¥Ì ¸²ÊÎ ÖÌ, ±µ£¤  µ¶·¥¤¥²¥´¨¥ ¢¥²¨Î¨´Ò ∆tA ²¨Ï¥´µ Ê± § ´´ÒÌ
¢ÒÏ¥ ´¥¤µ¸É É±µ¢, µ´µ ´¥ÔËË¥±É¨¢´µ, ¨¡µ µ¸´µ¢ ´´µ¥ ´  ´¥³ ‘� Ô´¥·£¨ÖÄ
¢·¥³Ö (58) ¸¶· ¢¥¤²¨¢µ Éµ²Ó±µ ± ± Î¨¸Éµ¥ ´¥· ¢¥´¸É¢µ.

‚ ¤ ´´µ° · ¡µÉ¥, ¸²¥¤ÊÖ [26, 28], ³Ò · §¢¨¢ ¥³ ¶µ¤Ìµ¤ Œ ´¤¥²ÓÏÉ ³ Ä
’ ³³  ± ‘� Ô´¥·£¨ÖÄ¢·¥³Ö. ‚³¥¸Éµ ‘� ƒ¥°§¥´¡¥·£  (55) ³Ò ¶·¥¤² £ ¥³
¨¸¶µ²Ó§µ¢ ÉÓ Ê´¨¢¥·¸ ²Ó´µ¥ ‘� ˜·¥¤¨´£¥·  Ô´¥·£¨ÖÄ¶·µ¨§¢µ²Ó´ Ö ´ ¡²Õ¤ -
¥³ Ö. ˆ¸Ìµ¤Ö ¨§ ¥£µ ¶· ¢µ° Î ¸É¨, ³Ò ¤ ¤¨³ µ¡µ¡Ð¥´¨¥ ¶µ´ÖÉ¨Ö ´¥µ¶·¥¤¥²¥´-
´µ¸É¨ ¢·¥³¥´¨, ¸¢µ¡µ¤´µ¥ µÉ ¶¥·¥Î¨¸²¥´´ÒÌ ¢ÒÏ¥ ´¥¤µ¸É É±µ¢ µ¶·¥¤¥²¥´¨Ö
Œ ´¤¥²ÓÏÉ ³ Ä’ ³³ . �  ¥£µ µ¸´µ¢¥ ¡Ê¤¥É ¢¢¥¤¥´µ µ¡µ¡Ð¥´´µ¥ ‘� Ô´¥·£¨ÖÄ
¢·¥³Ö ¨ µ¶·¥¤¥²¥´  ÔËË¥±É¨¢´ Ö Î ¸ÉµÉ  µÉ±·ÒÉµ° ³¨±·µ¸¨¸É¥³Ò ¢ Í¥²µ³.
„ ²Ó´¥°Ï¨°  ´ ²¨§ ÔÉµ£µ ‘� ¢ ¸²ÊÎ ¥ ±µ£¥·¥´É´ÒÌ ¸µ¸ÉµÖ´¨° ¶µ§¢µ²¨É ¶·¨-
¤ ÉÓ ¥³Ê Ëµ·³Ê ‘� Ô´¥·£¨ÖÄµ¡· É´ Ö ÔËË¥±É¨¢´ Ö Î ¸ÉµÉ , ¨´É¥·¶·¥É Í¨Ö
±µÉµ·µ£µ ¡²¨§±  ± ¨´É¥·¶·¥É Í¨¨ ‘� Ô´¥·£¨ÖÄµ¡· É´ Ö É¥³¶¥· ÉÊ·  ¢ ¸É É¨-
¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥. ’¥³ ¸ ³Ò³ ¡Ê¤¥É ¶µ± § ´µ, ÎÉµ, ¶µ ±· °´¥° ³¥·¥
¤²Ö ±µ£¥·¥´É´ÒÌ ¸µ¸ÉµÖ´¨°, µ¡µ¡Ð¥´´µ¥ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö ¸µµÉ¢¥É¸É¢Ê¥É
±µ´Í¥¶Í¨¨ Ê´¨¢¥·¸ ²Ó´µ¸É¨ ¸µµÉ´µÏ¥´¨° ´¥µ¶·¥¤¥²¥´´µ¸É¥° ¢ ´¥±² ¸¸¨Î¥-
¸±µ° Ë¨§¨±¥.

2. ����™…���… ‘��’��˜…�ˆ… �…���…„…‹…���‘’…‰
��…�ƒˆŸÄ‚�…ŒŸ

2.1. �¡µ¡Ð¥´¨¥ ¶µ´ÖÉ¨Ö ´¥µ¶·¥¤¥²¥´´µ¸É¨ ¢·¥³¥´¨ Œ ´¤¥²ÓÏÉ ³ Ä
’ ³³ . ‚ ¤ ´´µ° · ¡µÉ¥ ³Ò µ¸É ¥³¸Ö ¢ · ³± Ì ¶µ¤Ìµ¤  Œ ´¤¥²ÓÏÉ ³ Ä’ ³³ 
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± ‘� Ô´¥·£¨ÖÄ¢·¥³Ö, ´µ ¢³¥¸Éµ ‘� ƒ¥°§¥´¡¥·£  (22),   ÉµÎ´¥¥, ¥£µ Î ¸É´µ£µ
¸²ÊÎ Ö (55), ¶·¨ µ¶·¥¤¥²¥´¨¨ ´¥µ¶·¥¤¥²¥´´µ¸É¨ ¢·¥³¥´¨ ³Ò ¶·¥¤² £ ¥³ ¨¸-
¶µ²Ó§µ¢ ÉÓ Ê´¨¢¥·¸ ²Ó´µ¥ ‘� ˜·¥¤¨´£¥·  (30), ¶µ²µ¦¨¢ ¢ ´¥³ B̂ ≡ Ĥ. ’µ£¤ 
¢³¥¸Éµ Ëµ·³Ê² (30) ¨ (32) ¶µ²ÊÎ¨³

∆ε∆A � RAH , (59)

£¤¥
R2

AH ≡ |〈∆A|∆H〉|2 = |〈|∆Â∆Ĥ |〉|2 = σ2
AH + c2

AH =

=
1
4
〈|{∆Â, ∆Ĥ}|〉2 +

1
4
|〈|[Â, Ĥ ]|〉|2. (60)

�¡µ¡Ð¨³ É¥¶¥·Ó Ëµ·³Ê²Ê Œ ´¤¥²ÓÏÉ ³ Ä’ ³³  (57) ¨ µ¶·¥¤¥²¨³ ®´¥µ¶·¥¤¥-
²¥´´µ¸ÉÓ ¢·¥³¥´¨¯ Ëµ·³Ê²µ°

∆t∗A ≡ ∆A

(2/�)RAH
. (61)

’µ£¤  µ¡µ¡Ð¥´´µ¥ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö ¢³¥¸Éµ (58) ¶·¨³¥É ¢¨¤

∆ε∆t∗A � �

2
. (62)

�¨¦¥ ´ ³¨ · ¸¸³µÉ·¥´Ò ¤¢¥ ¤µ¸É ÉµÎ´µ µ¡Ð¨¥ ³µ¤¥²¨ ³¨±·µ¸¨¸É¥³,
¸µ¢¥·Ï ÕÐ¨Ì Ë¨´¨É´µ¥ ¨ ¨´Ë¨´¨É´µ¥ ¤¢¨¦¥´¨Ö. ˆÌ µ¡Ð¥° µ¸µ¡¥´´µ-
¸ÉÓÕ Ö¢²Ö¥É¸Ö Éµ, ÎÉµ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ³¨±·µ¸¨¸É¥³Ò · ¸¸³ É·¨¢ ÕÉ¸Ö ¢
´¥¸É Í¨µ´ ·´ÒÌ ¡ §¨¸´ÒÌ ¸µ¸ÉµÖ´¨ÖÌ, ±µ£¤  Ë²Ê±ÉÊ Í¨¨ Ô´¥·£¨¨ ¸¨¸É¥³Ò
∆ε �= 0. �·¥¦¤¥ ¢¸¥£µ ³Ò ¶µ± ¦¥³, ÎÉµ ¢¢¥¤¥´´µ¥ §¤¥¸Ó µ¶·¥¤¥²¥´¨¥ ∆t∗A
(61), ¢µ-¶¥·¢ÒÌ, µ¤´µ§´ Î´µ (´¥ ¶·¨¢Ö§ ´µ ± ± ±µ°-²¨¡µ µ¤´µ° ´ ¡²Õ¤ ¥³µ°)
¨, ¢µ-¢Éµ·ÒÌ, ²¨Ï¥´µ ¸¨´£Ê²Ö·´µ¸É¨ ¶·¨ µ¡· Ð¥´¨¨ ¢±² ¤  ±µ³³ÊÉ Éµ·  cAH

¢ ´Ê²Ó. ‚Ò¡µ· Ê´¨¢¥·¸ ²Ó´µ° ¢·¥³¥´´µ° Ì · ±É¥·¨¸É¨±¨ µÉ±·ÒÉµ° ³¨±·µ¸¨-
¸É¥³Ò ¢ Í¥²µ³ ¡Ê¤¥É ¤ ´ ¢ ¶. 2.4.

2.2. ”¨´¨É´µ¥ ¤¢¨¦¥´¨¥: ±¢ ´Éµ¢Ò° µ¸Í¨²²ÖÉµ· ¢ ±µ£¥·¥´É´µ³ ¸µ¸Éµ-
Ö´¨¨. ‚ ± Î¥¸É¢¥ ³µ¤¥²¨ Ë¨´¨É´µ£µ ¤¢¨¦¥´¨Ö ³¨±·µ¸¨¸É¥³Ò · ¸¸³µÉ·¨³
±¢ ´Éµ¢Ò° £ ·³µ´¨Î¥¸±¨° µ¸Í¨²²ÖÉµ· ¸ Î ¸ÉµÉµ° ω0 =

√
κ/m, ´ Ìµ¤ÖÐ¨°¸Ö

¢ ±µ£¥·¥´É´µ³ ¸µ¸ÉµÖ´¨¨ |α〉. � ¶µ³´¨³, ÎÉµ ÔÉ¨ ¸µ¸ÉµÖ´¨Ö Ö¢²ÖÕÉ¸Ö ¸µ¡-
¸É¢¥´´Ò³¨ ¸µ¸ÉµÖ´¨Ö³¨ µ¶¥· Éµ·  Ê´¨ÎÉµ¦¥´¨Ö [45, 4]:

â|α〉 = α|α〉; 〈α|â+ = 〈α|α∗; [â, â+] = 1, (63)

£¤¥ α Å ¶·µ¨§¢µ²Ó´µ¥ ±µ³¶²¥±¸´µ¥ Î¨¸²µ. Š ± ¨§¢¥¸É´µ, ±µ£¥·¥´É´Ò¥ ¸µ-
¸ÉµÖ´¨Ö ¢Ò¤¥²ÖÕÉ¸Ö ¸·¥¤¨ ¤·Ê£¨Ì ´¥¸É Í¨µ´ ·´ÒÌ ¸µ¸ÉµÖ´¨° É¥³, ÎÉµ µ´¨
´¥µ·Éµ£µ´ ²Ó´Ò. Š·µ³¥ Éµ£µ, µ´¨ ´ ¨¡µ²¥¥ ¡²¨§±¨ ± ±² ¸¸¨Î¥¸±¨³ ¸µ¸ÉµÖ-
´¨Ö³ µ¸Í¨²²ÖÉµ· .
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‚ ¤ ´´µ³ ¸²ÊÎ ¥ ¸·¥¤´¥¥ §´ Î¥´¨¥ Ô´¥·£¨¨ ¨ ¥¥ ¤¨¸¶¥·¸¨Ö ¨³¥ÕÉ ¢¨¤

ε̄ ≡ 〈α|Ĥ |α〉 = �ω0〈α|
(

â+â +
1
2

)
|α〉 = �ω0

(
n̄ +

1
2

)
, (64)

(∆ε)2 ≡ 〈α|(∆Ĥ)2|α〉 = 〈α|(Ĥ2 − ε̄2)|α〉 = �
2ω2

0n̄, (65)

£¤¥ n̄ = |α|2 Å ¸·¥¤´¥¥ Î¨¸²µ ±¢ ´Éµ¢ ¢µ§¡Ê¦¤¥´¨Ö (®Ëµ´µ´µ¢¯) ¢ ¸µ¸ÉµÖ-
´¨¨ |α〉.

„²Ö ¤ ²Ó´¥°Ï¥£µ ´¥µ¡Ìµ¤¨³µ ¢ÒÎ¨¸²¨ÉÓ ¤¨¸¶¥·¸¨¨ (∆Ai)2 · §²¨Î´ÒÌ
¢¥²¨Î¨´ ¢ ±µ£¥·¥´É´µ³ ¸µ¸ÉµÖ´¨¨ |α〉. B ¤ ´´µ³ ¸²ÊÎ ¥ Ê ¸¨¸É¥³Ò ¨³¥ÕÉ¸Ö
Éµ²Ó±µ ¤¢¥ ¸ÊÐ¥¸É¢¥´´Ò¥ Ë¨§¨Î¥¸±¨¥ Ì · ±É¥·¨¸É¨±¨∗ Å ±µµ·¤¨´ É  q ¨
¨³¶Ê²Ó¸ p. �µ¸²¥¤ÊÕÐ¨¥ · ¸Î¥ÉÒ ¶·µÐ¥ ¢¸¥£µ ¶·µ¢µ¤¨ÉÓ, ¢Ò· §¨¢ µ¶¥· Éµ·Ò
q̂ ¨ p̂ Î¥·¥§ µ¶¥· Éµ·Ò â+ ¨ â ¸µ£² ¸´µ

q̂ =
â + â+

√
2

l0; p̂ = (−i)
â − â+

√
2

�

l0
, (66)

£¤¥ l0 =
√

�/mω0 Å  ³¶²¨ÉÊ¤  ´Ê²¥¢ÒÌ ±µ²¥¡ ´¨°. ’µ£¤  [4]

q̄ =
√

2l0 Reα; p̄ =
√

2
�

l0
Im α; (67)

(∆q)2 = l20/2; (∆p)2 = �
2/2l20. (68)

„²Ö ¶µ²ÊÎ¥´¨Ö ¢Ò· ¦¥´¨° ´¥µ¶·¥¤¥²¥´´µ¸É¥° ¢·¥³¥´¨ ∆tA ¨²¨ ∆t∗A ´¥-
µ¡Ìµ¤¨³µ ¢ÒÎ¨¸²¨ÉÓ ¸·¥¤´¨¥ µÉ ±µ³³ÊÉ Éµ·µ¢ ¨  ´É¨±µ³³ÊÉ Éµ·µ¢ µ¶¥· Éµ-
·µ¢ ∆q̂ = q̂ − q̄ ¨ ∆Ĥ = Ĥ − ε̄, ¸ µ¤´µ° ¸Éµ·µ´Ò, ¨ ∆p̂ = p̂ − p̄ ¨ ∆Ĥ Å ¸
¤·Ê£µ°. �¥É·Ê¤´µ Ê¡¥¤¨ÉÓ¸Ö ¢ Éµ³, ÎÉµ

cqH =
1
2
|〈α|[q̂, Ĥ]|α〉| =

l0√
2
(�ω0) Im α, (69)

cpH =
1
2
|〈α|[p̂, Ĥ ]|α〉| =

�√
2l0

(�ω0)Re α, (70)

¶·¨Î¥³ ¢±² ¤Ò µÉ q̄, p̄ ¨ ε̄ ¨§ µÉ¢¥É  ¢Ò¶ ¤ ÕÉ. �¥¸±µ²Ó±µ ¡µ²¥¥ £·µ³µ§¤±¨¥
¢ÒÎ¨¸²¥´¨Ö ¤ ÕÉ

σqH =
1
2
〈α|{∆q̂, ∆Ĥ}|α〉 =

l0√
2
(�ω0)Re α, (71)

∗—Éµ ± ¸ ¥É¸Ö Ô´¥·£¨¨, Éµ ¤²Ö Â ≡ Ĥ Ëµ·³Ê²Ò (59) ¨ (62) µ¡· Ð ÕÉ¸Ö ¢ Éµ¦¤¥¸É¢ .
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σpH =
1
2
〈α|{∆p̂, ∆Ĥ}|α〉 =

�√
2l0

(�ω0) �= 0. (72)

�¶·¥¤¥²¥´¨¥ ´¥µ¶·¥¤¥²¥´´µ¸É¨ ¢·¥³¥´¨ ∆tA (57) ¸µ£² ¸´µ ¨¸Ìµ¤´µ°
¶·µÍ¥¤Ê·¥ Œ ´¤¥²ÓÏÉ ³ Ä’ ³³  ¶·¨¢µ¤¨É, ± ± ¨ ¸²¥¤µ¢ ²µ µ¦¨¤ ÉÓ, ± ¤¢Ê³
· §´Ò³ ¢Ò· ¦¥´¨Ö³:

∆tq ≡ ∆q

|〈α|dq̂/dt|α〉| =
1

2ω0 Im α
, (73)

∆tp ≡ ∆p

|〈α|dp̂/dt|α〉| =
1

2ω0 Re α
, (74)

ÎÉµ ¨ ¤¥³µ´¸É·¨·Ê¥É ¥£µ ´¥µ¤´µ§´ Î´µ¸ÉÓ. �µ´ÖÉ´µ, ÎÉµ µÉ¢¥É ´  ¢µ¶·µ¸ µ
Éµ³, ±µÉµ· Ö ¨§ ¢¥²¨Î¨´, ∆tq ¨²¨ ∆tp, Ö¢²Ö¥É¸Ö ³¨´¨³ ²Ó´µ° ¨ É¥³ ¸ ³Ò³ ³µ-
¦¥É ¸²Ê¦¨ÉÓ Ì · ±É¥·¨¸É¨±µ° ´¥µ¶·¥¤¥²¥´´µ¸É¨ ¢·¥³¥´¨ ¤²Ö ³¨±·µ¸¨¸É¥³Ò
¢ Í¥²µ³, § ¢¨¸¨É µÉ ¢Ò¡µ·  ±µ´±·¥É´µ£µ ±µ£¥·¥´É´µ£µ ¸µ¸ÉµÖ´¨Ö, Ë¨±¸¨·Ê¥-
³µ£µ ±µ³¶²¥±¸´Ò³ Î¨¸²µ³ α. �µ²¥¥ Éµ£µ, ¶µ¸±µ²Ó±Ê §¤¥¸Ó ¢±² ¤Ò  ´É¨±µ³-
³ÊÉ Éµ·µ¢ σqH ¨ σpH µÉ²¨Î´Ò µÉ ´Ê²Ö, ‘� (58) ¢µµ¡Ð¥ ´¥ ¢Ò¶µ²´ÖÕÉ¸Ö.
‚ ¸¢µÕ µÎ¥·¥¤Ó, ¶·¥¤²µ¦¥´´µ¥ ¢ÒÏ¥ µ¡µ¡Ð¥´¨¥ ¶µ´ÖÉ¨Ö ´¥µ¶·¥¤¥²¥´´µ¸É¨
¢·¥³¥´¨ ∆t∗A (61) ¶·¨¢µ¤¨É ± ¸²¥¤ÊÕÐ¨³ ¢Ò· ¦¥´¨Ö³:

∆t∗q ≡ ∆q

(2/�)RqH
=

l0/
√

2√
2l0ω0{(Reα)2 + (Im α)2}1/2

=
1

2ω0

√
n̄

, (75)

∆t∗p ≡ ∆p

(2/�)RpH
=

�/
√

2l0√
2(�/l0)ω0{(Im α)2 + (Re α)2}1/2

=
1

2ω0

√
n̄

. (76)

�Î¥¢¨¤´µ, ÎÉµ ¤²Ö ¤ ´´µ° ¸¨¸É¥³Ò µ¡µ¡Ð¥´¨¥ ¶µ´ÖÉ¨Ö ´¥µ¶·¥¤¥²¥´´µ¸É¨
¢·¥³¥´¨ Ö¢²Ö¥É¸Ö µ¤´µ§´ Î´Ò³:

∆t∗ = ∆t∗q = ∆t∗p =
1

2ω0

√
n̄

, (77)

¶·¨Î¥³ ¢¥²¨Î¨´  ∆t∗ § ¢¨¸¨É µÉ Ë¨§¨Î¥¸±¨ · §Ê³´ÒÌ ¢¥²¨Î¨´ Å Î ¸ÉµÉÒ
ω0, Ë¨±¸¨·µ¢ ´´µ° ¢´¥Ï´¨³¨ ³ ±·µÊ¸²µ¢¨Ö³¨, ¨ ¸·¥¤´¥£µ Î¨¸²  ±¢ ´Éµ¢
¢µ§¡Ê¦¤¥´¨Ö n̄ ¢ ¤ ´´µ³ ±µ£¥·¥´É´µ³ ³¨±·µ¸µ¸ÉµÖ´¨¨ |α〉.

� ±µ´¥Í, ´¥É·Ê¤´µ Ê¡¥¤¨ÉÓ¸Ö ¢ Éµ³, ÎÉµ µ¡µ¡Ð¥´´µ¥ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö
¢¨¤  (62) ³¨´¨³¨§¨·Ê¥É¸Ö ±µ£¥·¥´É´Ò³¨ ¸µ¸ÉµÖ´¨Ö³¨ ±¢ ´Éµ¢µ£µ µ¸Í¨²²Ö-
Éµ·  |α〉. C ÊÎ¥Éµ³ Ëµ·³Ê² (65) ¨ (77) ¨³¥¥³

∆ε∆t∗ = (�ω0

√
n̄)

1
2ω0

√
n̄

=
�

2
(78)

´¥§ ¢¨¸¨³µ µÉ §´ Î¥´¨Ö n̄. �µ²ÊÎ¥´´Ò¥ ¢ ÔÉµ³ ¶Ê´±É¥ ·¥§Ê²ÓÉ ÉÒ ³µ¦´µ
· ¸¶·µ¸É· ´¨ÉÓ ¨ ´  ¢¸¥ ¤·Ê£¨¥ ³¨±·µ¸¨¸É¥³Ò, ¸µ¢¥·Ï ÕÐ¨¥ Ë¨´¨É´µ¥ ¤¢¨-
¦¥´¨¥ ¢ Ê¸²µ¢¨ÖÌ, ±µ£¤  ¨Ì ³µ¦´µ ³µ¤¥²¨·µ¢ ÉÓ ±¢ ´Éµ¢Ò³ µ¸Í¨²²ÖÉµ·µ³ ¢
±µ£¥·¥´É´µ³ ¸µ¸ÉµÖ´¨¨.
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2.3. ˆ´Ë¨´¨É´µ¥ ¤¢¨¦¥´¨¥ ³¨±·µ¸¨¸É¥³Ò: ¸¢µ¡µ¤´ Ö ³¨±·µÎ ¸É¨Í 
¢ ¸µ¸ÉµÖ´¨¨ £ Ê¸¸µ¢  ¢µ²´µ¢µ£µ ¶ ±¥É . ‚ ± Î¥¸É¢¥ ³µ¤¥²¨ ¨´Ë¨´¨É´µ£µ
¤¢¨¦¥´¨Ö ³¨±·µ¸¨¸É¥³Ò · ¸¸³µÉ·¨³ µ¤´µ³¥·´µ¥ ¤¢¨¦¥´¨¥ ¸µ ¸±µ·µ¸ÉÓÕ v0

¸¢µ¡µ¤´µ° ³¨±·µÎ ¸É¨ÍÒ ¸ ³ ¸¸µ° m, ´ Î ²Ó´µ¥ ¸µ¸ÉµÖ´¨¥ ±µÉµ·µ° § ¤ ¥É¸Ö ¢
q-¶·¥¤¸É ¢²¥´¨¨ £ Ê¸¸µ¢Ò³ ¢µ²´µ¢Ò³ ¶ ±¥Éµ³ Ï¨·¨´µ° ∆q(0) = b. ƒ Ê¸¸µ¢ 
Ëµ·³  ¢µ²´µ¢µ£µ ¶ ±¥É  ¸µÌ· ´Ö¥É¸Ö ¨ ¢ p-¶·¥¤¸É ¢²¥´¨¨, ¢ ¸¢Ö§¨ ¸ Î¥³
¢ÒÎ¨¸²¥´¨Ö Ê¤µ¡´µ ¶·µ¢µ¤¨ÉÓ ¢ µ¡µ¨Ì ¶·¥¤¸É ¢²¥´¨ÖÌ.

‚µ²´µ¢ Ö ËÊ´±Í¨Ö ³¨±·µÎ ¸É¨ÍÒ ¢ ¶·µ¨§¢µ²Ó´Ò° ³µ³¥´É ¢·¥³¥´¨ ¢
q-¶·¥¤¸É ¢²¥´¨¨ ¨³¥¥É ¢¨¤

ψ(q, t) = |ψ(q, t)| exp {iϕ(q, t)}. (79)

‡¤¥¸Ó

|ψ(q, t)| = [2π(b2 + ṽ2t2)]−1/4 exp
{
− (q − v0t)2

4(b2 + ṽ2t2)

}
, (80)

ϕ(q, t) =
mv0

�
q − mv2

0

2�
t +

(q − v0t)2(ṽt)
4b(b2 + ṽ2t2)

− ϕ0(t), (81)

£¤¥ ϕ0(t) =
1
2

arctg
ṽt

b
Å ´¥¸ÊÐ¥¸É¢¥´´ Ö ¶µ¸ÉµÖ´´ Ö,  

ṽ =
�

2mb
(82)

¥¸ÉÓ ¸±µ·µ¸ÉÓ ®· ¸¶²Ò¢ ´¨Ö¯ ¶ ±¥É , ¶·µ¨¸Ìµ¤ÖÐ¥£µ (¸³. ´¨¦¥ (94)) ¶µ § -
±µ´Ê [∆q(t)]2 = b2 + ṽ2t2. …¥ §´ Î¥´¨¥, ± ± ¶µ± § ´µ ´¨¦¥ ¢ (90), ¸µµÉ¢¥É-
¸É¢Ê¥É ³¨´¨³ ²Ó´µ ¢µ§³µ¦´µ³Ê §´ Î¥´¨Õ, ¶·¥¤¶¨¸Ò¢ ¥³µ³Ê ‘� ƒ¥°§¥´¡¥·£ 
(21) ¢ ´ Î ²Ó´Ò° ³µ³¥´É ¢·¥³¥´¨:

∆p = mṽ =
�

2∆q(0)
=

�

2b
. (83)

‘µµÉ¢¥É¸É¢¥´´µ ¢ p-¶·¥¤¸É ¢²¥´¨¨ ¨³¥¥³

ψ̃(p, t) = |ψ̃(p, t)| exp {iϕ̃(p, t)}, (84)

£¤¥

|ψ̃(p, t)| = [2πm2ṽ2]−1/4 exp
{
− (p − mv0)2

4m2ṽ2

}
, (85)

ϕ̃(p, t) = − p2

2m�
t. (86)



1204 ‘“•���‚ �.„.

‘·¥¤´¥¥ §´ Î¥´¨¥ Ô´¥·£¨¨ ¨ ¥¥ ¤¨¸¶¥·¸¨Õ ¶·µÐ¥ ¢ÒÎ¨¸²¨ÉÓ ¢ p-¶·¥¤¸É ¢²¥-
´¨¨. ’µ£¤ 

ε̄ ≡ 〈|Ĥ |〉 =
∫

dp
p2

2m
|ψ̃(p, t)|2 =

mv2
0

2
+

mṽ2

2
=

mv2
0

2
+

�
2

8mb2
; (87)

(∆ε)2 ≡ 〈|(∆Ĥ)2|〉 =
∫

dp

[(
p2

2m

)2

− (ε̄)2
]
|ψ̃(p, t)|2 =

= (mv2
0)(mṽ2)

(
1 +

1
2

ṽ2

v2
0

)
=

�
2

4

(v0

b

)2
(

1 +
1
2

ṽ2

v2
0

)
. (88)

‚ ¤ ´´µ³ ¸²ÊÎ ¥ µ¶¥· Éµ·Ò Ô´¥·£¨¨ ¨ ¶·µ¥±Í¨¨ ¨³¶Ê²Ó¸  ±µ³³ÊÉ¨·ÊÕÉ, É ±
ÎÉµ µ¶·¥¤¥²¥´¨¥ Œ ´¤¥²ÓÏÉ ³ Ä’ ³³  (57) ´¥µ¶·¥¤¥²¥´´µ¸É¨ ¢·¥³¥´¨ ∆tp,
¢ÒÉ¥± ÕÐ¥¥ ¨§ ‘� (22), ´¥±µ··¥±É´µ. �µÔÉµ³Ê ´¨¦¥ ¨§´ Î ²Ó´µ ¡Ê¤¥³ ¨¸Ìµ-
¤¨ÉÓ ¨§ µ¶·¥¤¥²¥´¨Ö ´¥µ¶·¥¤¥²¥´´µ¸É¨ ¢·¥³¥´¨ ∆t∗A (61), ±µÉµ·µ¥ ¶µ ¶·¥¤-
¶µ²µ¦¥´¨Õ µ¤´µ§´ Î´µ ¨ ´¥ ¸µ¤¥·¦¨É ¸¨´£Ê²Ö·´µ¸É¨.

„²Ö ¶µ²ÊÎ¥´¨Ö ¢¥²¨Î¨´Ò ∆t∗p ´¥µ¡Ìµ¤¨³µ ¢ÒÎ¨¸²¨ÉÓ p̄ ¨ (∆p)2,   É ±¦¥

¸·¥¤´¥¥ µÉ  ´É¨±µ³³ÊÉ Éµ·  µ¶¥· Éµ·µ¢ ∆p̂ ¨ ∆Ĥ. ˆ¸¶µ²Ó§ÊÖ ¢µ²´µ¢ÊÕ
ËÊ´±Í¨Õ ¢ p-¶·¥¤¸É ¢²¥´¨¨ ¢¨¤  (84), ¶µ²ÊÎ¨³

p̄ =
∫

dp p|ψ̃(p, t)|2 = mv0, (89)

(∆p)2 =
∫

dp[p2 − (p̄)2]|ψ̃(p, t)|2 = (mṽ)2 =
�

2

4b2
, (90)

σpH =
1
2
〈|{∆p̂, ∆Ĥ}|〉 =

∫
dp

[
p3

2m
− p̄ε̄

]
|ψ̃(p, t)|2 = (mṽ)2v0. (91)

�±µ´Î É¥²Ó´µ ¢¥²¨Î¨´  ´¥µ¶·¥¤¥²¥´´µ¸É¨ ¢·¥³¥´¨ ∆t∗p ¨³¥¥É ¢¨¤

∆t∗p ≡ ∆p

(2/�)RpH
=

mṽ

(2/�){σ2
pH + 0}1/2

=
mṽ

(2/�)(mṽ)2v0
=

b

v0
. (92)

ˆ´É¥·¥¸´µ µÉ³¥É¨ÉÓ, ÎÉµ ´¨ µ¤´  ¨§ ¢¥²¨Î¨´ ¢ Ëµ·³Ê²¥ (92) ¨ É¥³ ¸ ³Ò³ ∆t∗p
¢ Í¥²µ³ ´¥ § ¢¨¸¨É µÉ ¢·¥³¥´¨. ‘²¥¤Ê¥É É ±¦¥ ¶µ¤Î¥·±´ÊÉÓ, ÎÉµ §¤¥¸Ó ¢¥¸Ó ·¥-
§Ê²ÓÉ É µ¶·¥¤¥²Ö¥É¸Ö ¢±² ¤µ³  ´É¨±µ³³ÊÉ Éµ·  σpH , ¢Ìµ¤ÖÐ¨³ ¢ µ¶·¥¤¥²¥´¨¥
∆t∗A (61).

‘µµÉ¢¥É¸É¢¥´´µ ¤²Ö ¶µ²ÊÎ¥´¨Ö ¢¥²¨Î¨´Ò ∆t∗q ¢ÒÎ¨¸²¨³ q̄ ¨ (∆q)2, ¨¸-
¶µ²Ó§µ¢ ¢ ¢µ²´µ¢ÊÕ ËÊ´±Í¨Õ ¢ q-¶·¥¤¸É ¢²¥´¨¨ ¢¨¤  (79):

q̄ =
∫

dq q|ψ(q, t)|2 = v0t, (93)
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(∆q)2 =
∫

dq[q2 − (q̄)2]|ψ(q, t)|2 = b2 + ṽ2t2 = b2 +
(∆p)2

m2
t2. (94)

’¥³ ¸ ³Ò³ ¶·¨ t = 0 ¸·¥¤´¥¥ §´ Î¥´¨¥ ±µµ·¤¨´ ÉÒ q̄(0) = 0.
‚ ¸¢µÕ µÎ¥·¥¤Ó, ¸·¥¤´¨¥ µÉ ±µ³³ÊÉ Éµ·  ¨  ´É¨±µ³³ÊÉ Éµ·  µ¶¥· Éµ·µ¢

∆q̂ ¨ ∆Ĥ ¶·µÐ¥ ¢ÒÎ¨¸²¨ÉÓ, ¢µ¸¶µ²Ó§µ¢ ¢Ï¨¸Ó p-¶·¥¤¸É ¢²¥´¨¥³. ‚ ·¥§Ê²Ó-
É É¥ ¶µ²ÊÎ¨³

cqH =
1
2
〈|[p̂, Ĥ]|〉 =

�

2m
p̄ =

�v0

2
, (95)

σqH =
1
2
〈|{∆q̂, ∆Ĥ}|〉 =

1
2
〈|{q̂, Ĥ}|〉 − q̄ε̄ =

= −
(

�

2i

) ∫
dpψ̃∗(p, t)

{
∂

∂p

[
p2

2m
ψ̃(p, t)

]
+

p2

2m

∂ψ̃(p, t)
∂p

}
− q̄ε̄ =

=
1
2
(v0t)(mv2

0 + 3mṽ2) − (v0t)
(

mv2
0

2
+

mṽ2

2

)
= (v0t)(mṽ2). (96)

’ ±¨³ µ¡· §µ³, ¢¥²¨Î¨´  ´¥µ¶·¥¤¥²¥´´µ¸É¨ ¢·¥³¥´¨ ∆t∗q ¸ ÊÎ¥Éµ³ Ëµ·-
³Ê²Ò (82) ¨³¥¥É ¢¨¤

∆t∗q ≡ ∆q

(2/�)RqH
=

(b2 + ṽ2t2)1/2

2
�

{
(v0t)(mṽ2)2 +

�
2v2

0

4

}1/2
=

=
(b2 + ṽ2t2)1/2{

4
�2

(mṽ2)(ṽ2t2)v2
0 + v2

0

}1/2
=

=
(b2 + ṽ2t2)1/2{

1
b2

(ṽ2t2)v2
0 + v2

0

}1/2
=

∆q(0)
v0

=
b

v0
. (97)

‚ ¤ ´´µ³ ¸²ÊÎ ¥ ¨ Î¨¸²¨É¥²Ó ¨ ¶¥·¢µ¥ ¸² £ ¥³µ¥ ¢ §´ ³¥´ É¥²¥ (97)
§ ¢¨¸ÖÉ µÉ ¢·¥³¥´¨. �¤´ ±µ ¢¥²¨Î¨´  ∆t∗q ¢ Í¥²µ³ µÉ ¢·¥³¥´¨ ´¥ § ¢¨¸¨É.
�·¨ t �= 0 ·¥§Ê²ÓÉ É ¸ÊÐ¥¸É¢¥´´µ § ¢¨¸¨É µÉ ¢±² ¤   ´É¨±µ³³ÊÉ Éµ·  σqH ,
±µÉµ·Ò° ¶·¨ t → ∞ ¸É ´µ¢¨É¸Ö µ¶·¥¤¥²ÖÕÐ¨³. ‚ Éµ ¦¥ ¢·¥³Ö ¶·¨ t = 0 ÔÉµÉ
¢±² ¤ µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó, ¨ ÉµÉ ¦¥ ·¥§Ê²ÓÉ É b/v0 ¤²Ö ∆t∗q ¶µ²ÊÎ ¥É¸Ö Éµ²Ó±µ
§  ¸Î¥É ¢±² ¤  ±µ³³ÊÉ Éµ·  cqH .
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‚ ¦´¥°Ï¨³ ¨Éµ£µ³ ¶·µ¢¥¤¥´´ÒÌ ¢ÒÎ¨¸²¥´¨° Ö¢²Ö¥É¸Ö Éµ, ÎÉµ ¨ ¤²Ö ¤ ´-
´µ° ¸¨¸É¥³Ò µ¡µ¡Ð¥´´ Ö ¢·¥³¥´´ Ö Ì · ±É¥·¨¸É¨± 

∆t∗ = ∆t∗q = ∆t∗p =
b

v0
(98)

µ¤´µ§´ Î´ , ´¥ § ¢¨¸¨É µÉ ¢·¥³¥´¨ ¨ ¸ÊÐ¥¸É¢¥´´µ § ¢¨¸¨É µÉ ¸Ê³³Ò ¢±² -
¤µ¢  ´É¨±µ³³ÊÉ Éµ·  ¨ ±µ³³ÊÉ Éµ·  ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì µ¶¥· Éµ·µ¢. �´  ¶µ²-
´µ¸ÉÓÕ Ë¨±¸¨·µ¢ ´  ¢´¥Ï´¨³¨ ³ ±·µÊ¸²µ¢¨Ö³¨, µ¶·¥¤¥²ÖÕÐ¨³¨ Ëµ·³¨·µ-
¢ ´¨¥ ¸µ¸ÉµÖ´¨Ö ¶·¨ t = 0. ’¥³ ¸ ³Ò³ Ö¢´µ ¶·µ¤¥³µ´¸É·¨·µ¢ ´  ¶·¨´Í¨¶¨-
 ²Ó´ Ö ¢ ¦´µ¸ÉÓ ¢¢¥¤¥´´µ£µ ´ ³¨ µ¡µ¡Ð¥´´µ£µ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö (62).

‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ´ ¶µ³´¨³, ÎÉµ ¢ ¸²ÊÎ ¥ µ¸Í¨²²ÖÉµ·  ¢ ±µ£¥·¥´É´µ³ ¸µ¸Éµ-
Ö´¨¨ ¢ ¶. 2.2 § ¤ Î  ¨§´ Î ²Ó´µ ¡Ò²  ¸¨³³¥É·¨Î´  ¶µ µÉ´µÏ¥´¨Õ ± µ¶¥· Éµ-
· ³ q̂ ¨ p̂. �µÔÉµ³Ê §´ ³¥´ É¥²¨ ¢ Ëµ·³Ê² Ì (75) ¨ (76) ¤²Ö ¢¥²¨Î¨´ ∆t∗q ¨
∆t∗p µÉ²¨Î ²¨¸Ó Éµ²Ó±µ ¢§ ¨³´Ò³¨ ¶¥·¥¸É ´µ¢± ³¨ ±µ³³ÊÉ Éµ·  ¨  ´É¨±µ³-
³ÊÉ Éµ· . ‚ ¤ ´´µ³ ¸²ÊÎ ¥ ÔÉµ Ö¢´µ ´¥ É ±. �µÔÉµ³Ê ÉµÉ Ë ±É, ÎÉµ ¨ ¢ ÔÉµ°
³µ¤¥²¨ ¢¢¥¤¥´´µ¥ ¢ÒÏ¥ µ¶·¥¤¥²¥´¨¥ ´¥µ¶·¥¤¥²¥´´µ¸É¨ ¢·¥³¥´¨ ∆t∗A (61)
¶·¨¢µ¤¨É ± µ¡µ¡Ð¥´´µ° ¢·¥³¥´´µ° Ì · ±É¥·¨¸É¨±¥, ¢Ò£²Ö¤¨É ¢¥¸Ó³  Ê¡¥¤¨-
É¥²Ó´Ò³. ‡ ³¥É¨³, ±¸É É¨, ÎÉµ ¸µ£² ¸´µ Ëµ·³Ê²¥ (57) ¤²Ö ´¥µ¶·¥¤¥²¥´´µ¸É¨
¢·¥³¥´¨ Œ ´¤¥²ÓÏÉ ³ Ä’ ³³  ¢¥²¨Î¨´  ∆tq = (∆q(t))/v0 §¤¥¸Ó É ±¦¥ µ¶·¥-
¤¥²¥´ . �¤´ ±µ ¢¸²¥¤¸É¢¨¥ Éµ£µ, ÎÉµ ¢±² ¤  ´É¨±µ³³ÊÉ Éµ·  σqH �= 0, ¢ ‘�
Ô´¥·£¨ÖÄ¢·¥³Ö (58) ¸µÌ· ´Ö¥É¸Ö Éµ²Ó±µ §´ ± ´¥· ¢¥´¸É¢ .

‚¥·´¥³¸Ö É¥¶¥·Ó ± µ¡µ¡Ð¥´´µ³Ê ‘� Ô´¥·£¨ÖÄ¢·¥³Ö (62), ¢±²ÕÎ ÕÐ¥³Ê
µ¡µ¡Ð¥´´ÊÕ ¢·¥³¥´´ÊÕ Ì · ±É¥·¨¸É¨±Ê ∆t∗. �·¥¦¤¥ ¢¸¥£µ ¶·µ ´ ²¨§¨·Ê¥³
¶µ²ÊÎ¥´´µ¥ ¢ÒÏ¥ ¢Ò· ¦¥´¨¥ (87) ¤²Ö ¸·¥¤´¥° Ô´¥·£¨¨ ε̄. �¥É·Ê¤´µ ¢¨¤¥ÉÓ,
ÎÉµ ÔÉ  ¢¥²¨Î¨´  µÉ²¨Î ¥É¸Ö µÉ ¢Ò· ¦¥´¨Ö (mv2

0)/2 ¤²Ö Ô´¥·£¨¨ ¸¢µ¡µ¤´µ°
³¨±·µÎ ¸É¨ÍÒ ¢ ¸µ¸ÉµÖ´¨¨ ¶²µ¸±µ° ¢µ²´Ò ¤¥ �·µ°²Ö ¸ ¶µ¸ÉµÖ´´µ°  ³¶²¨ÉÊ-
¤µ°. ‚ ´¥¥ ¢Ìµ¤¨É ¢±² ¤, ÊÎ¨ÉÒ¢ ÕÐ¨° Ì · ±É¥·´ÊÕ Ï¨·¨´Ê ¶ ±¥É  ¶·¨ t = 0
¨ ¶· ±É¨Î¥¸±¨ ´¥ µÉ²¨Î ÕÐ¨°¸Ö µÉ Ô´¥·£¨¨ ³¨±·µÎ ¸É¨ÍÒ ¢ µ¸´µ¢´µ³ ¸µ¸Éµ-

Ö´¨¨ ¡¥¸±µ´¥Î´µ £²Ê¡µ±µ° ¶µÉ¥´Í¨ ²Ó´µ° Ö³Ò ε1 =
π2

�
2

2mL2
, £¤¥ L Å Ï¨·¨´ 

Ö³Ò. ’¥³ ¸ ³Ò³ Ëµ·³¨·µ¢ ´¨¥ £ Ê¸¸µ¢  ¢µ²´µ¢µ£µ ¶ ±¥É  µ¶·¥¤¥²¥´´µ°
Ï¨·¨´Ò b ¸ ÉµÎ±¨ §·¥´¨Ö ¢´¥Ï´¨Ì ³ ±·µÊ¸²µ¢¨° Ô±¢¨¢ ²¥´É´µ ¶µ³¥Ð¥´¨Õ
³¨±·µÎ ¸É¨ÍÒ ¢ ¸¢µ¥µ¡· §´ÊÕ ¶µÉ¥´Í¨ ²Ó´ÊÕ Ö³Ê § ¤ ´´µ° Ï¨·¨´Ò L = 2πb
¨ ¡¥¸±µ´¥Î´µ° £²Ê¡¨´Ò.

‘ ÊÎ¥Éµ³ ¶µ²ÊÎ¥´´ÒÌ Ëµ·³Ê² (88) ¨ (98) ¶·¥¤²µ¦¥´´µ¥ ¢ÒÏ¥ µ¡µ¡Ð¥´-
´µ¥ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö (62) ¢ ¤ ´´µ³ ¸²ÊÎ ¥ ¶·¨´¨³ ¥É ¢¨¤

∆ε∆t∗ =

[
�

2

(v0

b

)(
1 +

1
2

ṽ2

v2
0

)1/2
]

b

v0
=

�

2

(
1 +

1
2

ṽ2

v2
0

)1/2

� �

2
. (99)

�É³¥É¨³, ÎÉµ ³¨´¨³¨§ Í¨Ö ÔÉµ£µ ´¥· ¢¥´¸É¢  ¤µ¸É¨£ ¥É¸Ö ²¨ÏÓ ¤²Ö É ±¨Ì
¸µ¸ÉµÖ´¨°, ¤²Ö ±µÉµ·ÒÌ µÉ´µÏ¥´¨¥ ṽ/v0 = �/(2mbv0) ¸É·¥³¨É¸Ö ± ´Ê²Õ, É.¥.
¢ ±¢ §¨±² ¸¸¨Î¥¸±µ³ ¶·¥¤¥²¥.
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2.4. �ËË¥±É¨¢´ Ö Î ¸ÉµÉ  ± ± Ê´¨¢¥·¸ ²Ó´ Ö ¢·¥³¥´´ Ö Ì · ±É¥·¨-
¸É¨±  µÉ±·ÒÉµ° ³¨±·µ¸¨¸É¥³Ò ¢ Í¥²µ³. ‚ÒÏ¥ ´  ¤¢ÊÌ ¤µ¢µ²Ó´µ µ¡Ð¨Ì ³µ-
¤¥²ÖÌ µÉ±·ÒÉÒÌ ³¨±·µ¸¨¸É¥³, ¢ ±µÉµ·ÒÌ Ë²Ê±ÉÊ Í¨Ö Ô´¥·£¨¨ ∆ε �= 0, ¡Ò²µ
¶µ± § ´µ, ÎÉµ ¶·¥¤²µ¦¥´´µ¥ µ¡µ¡Ð¥´¨¥ (61) ¶µ´ÖÉ¨Ö ´¥µ¶·¥¤¥²¥´´µ¸É¨ ¢·¥-
³¥´¨ ²¨Ï¥´µ ´¥¤µ¸É É±µ¢, ¶·¨¸ÊÐ¨Ì ¨¸Ìµ¤´µ³Ê µ¶·¥¤¥²¥´¨Õ Œ ´¤¥²ÓÏÉ -
³ Ä’ ³³  (57). ‚³¥¸É¥ ¸ É¥³ µ¡µ¡Ð¥´´µ¥ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö (62), Ëµ·³ ²Ó´µ
µ¸´µ¢ ´´µ¥ ´  ÔÉµ³ ¶µ´ÖÉ¨¨, ¶µ-¶·¥¦´¥³Ê ´Ê¦¤ ¥É¸Ö ¢ ¨´É¥·¶·¥É Í¨¨.

�·¥¦¤¥ ¢¸¥£µ, ¢¥²¨Î¨´Ê ∆t∗ ¢ ´¥³ ´¥²Ó§Ö ¨¸Éµ²±µ¢ ÉÓ ± ± Ë²Ê±ÉÊ Í¨Õ
¢·¥³¥´¨, ¨¡µ µ¸É ¥É¸Ö ´¥Ö¸´Ò³, ¢ ± ±µ³ ³¨±·µ¸µ¸ÉµÖ´¨¨ ¨ µÉ´µ¸¨É¥²Ó´µ ± -
±µ£µ ¸·¥¤´¥£µ ¢·¥³¥´¨ ³¨±·µ¸¨¸É¥³Ò t̄ ¨³¥¥É ³¥¸Éµ ¶µ¤µ¡´ Ö Ë²Ê±ÉÊ Í¨Ö.
�µ ¸ ³µ¥ £² ¢´µ¥ ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ¶· ¢ Ö Î ¸ÉÓ ‘� (62) Éµ²Ó±µ ¢´¥Ï´¥
´ ¶µ³¨´ ¥É §´ ±µ³ÊÕ ¶· ¢ÊÕ Î ¸ÉÓ ‘� ƒ¥°§¥´¡¥·£  (21) ¤²Ö Ë²Ê±ÉÊ Í¨° ±µ-
µ·¤¨´ ÉÒ ¨ ¨³¶Ê²Ó¸ , ¸µ¤¥·¦ ÐÊÕ ¶µ¸ÉµÖ´´ÊÕ �/2. ‚ Ê¸²µ¢¨ÖÌ µÉ¸ÊÉ¸É¢¨Ö
µ¶¥· Éµ·  ¢·¥³¥´¨ ‘� (62) ¤¥³µ´¸É·¨·Ê¥É ± Î¥¸É¢¥´´µ ¨´µ° Ì · ±É¥· ±µ·-
·¥²ÖÍ¨¨ ¢¥²¨Î¨´ ε ¨ t∗. ‚ ¸ ³µ³ ¤¥²¥, ¸·¥¤¨ · ¸¸³µÉ·¥´´ÒÌ ³µ¤¥²Ó´ÒÌ
³¨±·µ¸µ¸ÉµÖ´¨° ´¥É É ±¨Ì, ±µÉµ·Ò¥ ¡Ò²¨ ¡Ò ¢§ ¨³´µ ¤µ¶µ²´¨É¥²Ó´Ò ¢ ¤ÊÌ¥
É· ¤¨Í¨µ´´µ° ¨´É¥·¶·¥É Í¨¨ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¨ [2], ¶µ¸±µ²Ó±Ê ¢ · ¸¸³µ-
É·¥´´ÒÌ ¢ÒÏ¥ ³µ¤¥²ÖÌ µÉ±·ÒÉÒÌ ³¨±·µ¸¨¸É¥³ ¢¸¥£¤  ∆t∗ �= 0 ¨ ∆ε �= 0.

—Éµ¡Ò ¶·µ¤¢¨´ÊÉÓ¸Ö ¤ ²ÓÏ¥ ¢ ¨´É¥·¶·¥É Í¨¨ ‘� (62), ¶·¥¦¤¥ ¢¸¥£µ,
¡Ò²µ ¡Ò ¦¥² É¥²Ó´µ µÉ¤¥²¨ÉÓ ´ Ìµ¦¤¥´¨¥ ¸·¥¤´¥£µ §´ Î¥´¨Ö ¶µ¤Ìµ¤ÖÐ¥°
¢·¥³¥´´µ° Ì · ±É¥·¨¸É¨±¨ µÉ±·ÒÉµ° ³¨±·µ¸¨¸É¥³Ò µÉ ´ Ìµ¦¤¥´¨Ö Ë²Ê±ÉÊ -
Í¨° ÔÉµ° ¢¥²¨Î¨´Ò. ‘ ÔÉµ° Í¥²ÓÕ, ±µ£¤  ÔÉµ ¢µ§³µ¦´µ, ¶¥·¥°¤¥³ ± ¶¥·¥³¥´-
´Ò³ ¤¥°¸É¢¨¥ÄÊ£µ² [46] ¨ ¢³¥¸Éµ ¶·µ³¥¦ÊÉ±  ¢·¥³¥´¨ ¢¢¥¤¥³ µ¡· É´ÊÕ ¥³Ê
¢¥²¨Î¨´Ê Å ÔËË¥±É¨¢´ÊÕ Î ¸ÉµÉÊ

ωÔËË ≡ ∂ε̄

∂JÔËË
, (100)

£¤¥ ε̄ Å ¸·¥¤´ÖÖ Ô´¥·£¨Ö µÉ±·ÒÉµ° ³¨±·µ¸¨¸É¥³Ò,   JÔËË Å ¥¥ ÔËË¥±É¨¢´µ¥
¤¥°¸É¢¨¥. Š ± ¸²¥¤Ê¥É ¨§ ¶·¨¢¥¤¥´´ÒÌ ´¨¦¥ ¶·¨³¥·µ¢, ÔÉ  ¢¥²¨Î¨´  ¨£· ¥É
·µ²Ó Ê´¨¢¥·¸ ²Ó´µ° ¢·¥³¥´´µ° Ì · ±É¥·¨¸É¨±¨ µÉ±·ÒÉµ° ³¨±·µ¸¨¸É¥³Ò, § -
¢¨¸ÖÐ¥° µÉ ³ ±·µ¸±µ¶¨Î¥¸±¨Ì ¶ · ³¥É·µ¢, Ë¨±¸¨·ÊÕÐ¨Ì ¥¥ ³¨±·µ¸µ¸ÉµÖ´¨¥
¢ ±¢ §¨±² ¸¸¨Î¥¸±µ³ ¶·¥¤¥²¥.

�Î¥¢¨¤´µ, ÎÉµ µ¶·¥¤¥²¥´¨¥ (100) ÔËË¥±É¨¢´µ° Î ¸ÉµÉÒ ¶·¨£µ¤´µ ¤²Ö ¢¸¥Ì
µÉ±·ÒÉÒÌ ³¨±·µ¸¨¸É¥³, ¸·¥¤´ÖÖ Ô´¥·£¨Ö ±µÉµ·ÒÌ ¶·¥¤¸É ¢¨³  ¢ Ô±¢¨¢ ²¥´É-
´ÒÌ Ëµ·³ Ì: ²¨¡µ

ε̄ =
J2

ÔËË

2IÔËË
=

(NÔËË�)2

2IÔËË
, (101)

²¨¡µ

ε̄ =
�

2
JÔËË

IÔËË

JÔËË

�
=

�ωÔËË

2
NÔËË. (102)
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‡¤¥¸Ó IÔËË = JÔËË/ωÔËË Å ÔËË¥±É¨¢´Ò° ³µ³¥´É ¨´¥·Í¨¨,

NÔËË ≡ JÔËË

�

mωÔËË

�

IÔËË

m
=

1
l20

IÔËË

m
(103)

¥¸ÉÓ ÔËË¥±É¨¢´µ¥ Î¨¸²µ ±¢ ´Éµ¢ ¤¥°¸É¢¨Ö �, ¶·¨Î¥³ NÔËË � 1,   l0 =√
�/mωÔËË Å  ³¶²¨ÉÊ¤  ±¢ ´Éµ¢ÒÌ ´Ê²¥¢ÒÌ ±µ²¥¡ ´¨° ¸ Î ¸ÉµÉµ° ωÔËË.

—Éµ¡Ò ¢ ÔÉµ³ Ê¡¥¤¨ÉÓ¸Ö, ¸µ¶µ¸É ¢¨³ µ¶·¥¤¥²¥´¨Ö (100) ¨ (103) ¸ ¶ -
· ³¥É· ³¨ · ¸¸³µÉ·¥´´ÒÌ ¢ÒÏ¥ ³µ¤¥²¥° µÉ±·ÒÉÒÌ ³¨±·µ¸¨¸É¥³. ’ ±, ¤²Ö
µ¸Í¨²²ÖÉµ·  ¢ ±µ£¥·¥´É´µ³ ¸µ¸ÉµÖ´¨¨

ωÔËË =
(mv)d
md2

= ω0; NÔËË =
(mv)d

�
=

d2

l20
= 2n̄, (104)

£¤¥

IÔËË = md2; JÔËË = (mv)d; v = ω0d. (105)

‡¤¥¸Ó d Å ±² ¸¸¨Î¥¸± Ö  ³¶²¨ÉÊ¤  ±µ²¥¡ ´¨° ¢ ±¢ §¨±² ¸¸¨Î¥¸±µ³ ³¨±·µ¸µ-
¸ÉµÖ´¨¨ ¸ n ≈ n̄ � 1, µ¶·¥¤¥²Ö¥³ Ö ¨§ Ê¸²µ¢¨Ö

ε̄ =
mω2

0d
2

2
≈ �ω0n̄. (106)

‘µµÉ¢¥É¸É¢¥´´µ, ¤²Ö ¸¢µ¡µ¤´µ° ³¨±·µÎ ¸É¨ÍÒ ¢ ¸µ¸ÉµÖ´¨¨ £ Ê¸¸µ¢  ¢µ²´µ¢µ£µ
¶ ±¥É 

ωÔËË =
(mv0)b
mb2

=
v0

b
; NÔËË =

(mv0)b
�

=
b2

l20
, (107)

£¤¥

IÔËË = mb2; JÔËË = (mv0)b. (108)

�·µ¤¥³µ´¸É·¨·Ê¥³ É¥¶¥·Ó ¢µ§³µ¦´µ¸ÉÓ ´ Ìµ¦¤¥´¨Ö ¢Ò· ¦¥´¨° ¤²Ö ωÔËË

¨ NÔËË ¢ ¤·Ê£¨Ì ¨§¢¥¸É´ÒÌ § ¤ Î Ì. � ¶·¨³¥·, ¤²Ö ³¨±·µÎ ¸É¨ÍÒ ¢ ¡¥¸±µ´¥Î-
´µ° ¶·Ö³µÊ£µ²Ó´µ° ¶µÉ¥´Í¨ ²Ó´µ° Ö³¥ Ï¨·¨´µ° L Ô´¥·£¨Õ ³µ¦´µ § ¶¨¸ ÉÓ
¢ ¢¨¤¥

εn =
π2

�
2n2

2mL2
≡

J2
ÔËË

2IÔËË
, (109)

£¤¥ IÔËË = mL2, JÔËË = π�n. ’µ£¤  ¸µ£² ¸´µ µ¶·¥¤¥²¥´¨Ö³ (100) ¨ (103)

ωÔËË =
π�n

mL2
; NÔËË =

π�n

�
= πn =

L2

l20
, (110)
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£¤¥ n � 1, É ± ÎÉµ ¢ ¶·¥¤¥²¥ � → 0 ¢¥²¨Î¨´  π�n Ö¢²Ö¥É¸Ö ³ ±·µ¸±µ¶¨Î¥¸±µ°.
�´ ²µ£¨Î´Ò¥ ¢Ò±² ¤±¨ ³µ¦´µ µ¸ÊÐ¥¸É¢¨ÉÓ ¨ ¤²Ö Ô²¥±É·µ´  ¢  Éµ³¥ ¢µ-

¤µ·µ¤ . “ÎÉ¥³, ÎÉµ ¢ ÔÉµ³ ¸²ÊÎ ¥ Ô´¥·£¨Ö ¨³¥¥É ¢¨¤

|εn| =
me4

2�2n2
. (111)

‚Ò¡¨· Ö ¢ ± Î¥¸É¢¥ ÔËË¥±É¨¢´µ£µ · §³¥·  ³¨±·µ¸¨¸É¥³Ò ¶·¨ n � 1
· ¤¨Ê¸ n-° ¡µ·µ¢¸±µ° µ·¡¨ÉÒ

rn =
�

2n2

me2
, (112)

¶µ²ÊÎ¨³

|εn| =
�

2n2

2mr2
n

≡
J2

ÔËË

2IÔËË
, (113)

£¤¥ IÔËË = mr2
n, JÔËË = �n. ’µ£¤  ¸µ£² ¸´µ µ¶·¥¤¥²¥´¨Ö³ (100) ¨ (103)

ωÔËË =
�n

mr2
n

=
e2

�n
; NÔËË =

�n

�
= n =

r2
n

l20
, (114)

£¤¥ ¶·¨ n � 1 ¢ ¶·¥¤¥²¥ � → 0 ¢¥²¨Î¨´  �n É ±¦¥ Ö¢²Ö¥É¸Ö ³ ±·µ¸±µ¶¨Î¥-
¸±µ°.

�µ± ¦¥³ É¥¶¥·Ó ´  ¶·¨³¥·¥ µ¸Í¨²²ÖÉµ·  ¢ ±µ£¥·¥´É´µ³ ¸µ¸ÉµÖ´¨¨, ÎÉµ
¢¢¥¤¥´¨¥ ÔËË¥±É¨¢´µ° Î ¸ÉµÉÒ ¶µ§¢µ²Ö¥É ¶·µ¤¢¨´ÊÉÓ¸Ö ¢ ¨´É¥·¶·¥É Í¨¨ ‘�
Ô´¥·£¨ÖÄ¢·¥³Ö (62). ‚¶µ²´¥ ¥¸É¥¸É¢¥´´µ ¤µ¶Ê¸É¨ÉÓ, ÎÉµ ÔËË¥±É¨¢´ Ö Î ¸ÉµÉ 
¨³¥¥É ¸³Ò¸² ¸·¥¤´¥° Î ¸ÉµÉÒ µ¸Í¨²²ÖÉµ·  ± ± µÉ±·ÒÉµ° ³¨±·µ¸¨¸É¥³Ò:

ωÔËË ≡ ω̄ = ω0. (115)

—Éµ ± ¸ ¥É¸Ö Ë²Ê±ÉÊ Í¨¨ µ¡· É´µ° ÔËË¥±É¨¢´µ° Î ¸ÉµÉÒ ∆(1/ωÔËË), Éµ
¥¥ ³µ¦´µ ¡Ò²µ ¡Ò ¸¢Ö§ ÉÓ ¸ ´¥µ¶·¥¤¥²¥´´µ¸ÉÓÕ ¢·¥³¥´¨ ∆t∗ ¢ ± ±µ³-²¨¡µ
±µ´±·¥É´µ³ ±µ£¥·¥´É´µ³ ¸µ¸ÉµÖ´¨¨. „¥²µ ¢ Éµ³, ÎÉµ ²¥¢ Ö Î ¸ÉÓ ‘� Ô´¥·£¨ÖÄ
¢·¥³Ö (62) Ê¤µ¢²¥É¢µ·Ö¥É É·¥¡µ¢ ´¨Õ ³ ¸ÏÉ ¡´µ° ¨´¢ ·¨ ´É´µ¸É¨:

∆ε∆t∗ =
(

∆ε
√

µ

)
(
√

µ∆t∗) ≡ ∆εµ∆t∗µ, (116)

£¤¥ µ Å ²Õ¡µ¥ ¶µ²µ¦¨É¥²Ó´µ¥ Î¨¸²µ. ˆ§³¥´¥´¨¥ ³ ¸ÏÉ ¡  ¢¥²¨Î¨´ ∆ε ¨
∆t∗ (¨Ì ¸¢µ¥µ¡· §´ Ö ®¶¥·¥´µ·³¨·µ¢± ¯) ¸µµÉ¢¥É¸É¢Ê¥É, ± ± ¨§¢¥¸É´µ [4],
¶¥·¥Ìµ¤Ê µÉ ¨¸Ìµ¤´ÒÌ ¸µ¸ÉµÖ´¨° ³¨±·µ¸¨¸É¥³Ò ± É ± ´ §Ò¢ ¥³Ò³ ¸¦ ÉÒ³
¸µ¸ÉµÖ´¨Ö³.

’¥³ ¸ ³Ò³ ¢³¥¸Éµ ¥¤¨´¸É¢¥´´µ° ¢¥²¨Î¨´Ò ∆t∗ (61) Ë ±É¨Î¥¸±¨ ³Ò ¢¸¥-
£¤  ¨³¥¥³ ¤¥²µ ¸ ¸µ¢µ±Ê¶´µ¸ÉÓÕ ´¥µ¶·¥¤¥²¥´´µ¸É¥° ¢·¥³¥´¨ ∆t∗µ =

√
µ∆t,
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¶·¨Î¥³ ± ¦¤Ò° Î²¥´ ÔÉµ° ¸µ¢µ±Ê¶´µ¸É¨, ¢µµ¡Ð¥ £µ¢µ·Ö, § ¢¨¸¨É µÉ Ì · ±-
É¥·¨¸É¨± ³¨±·µ¸µ¸ÉµÖ´¨Ö ¶·¨ Ë¨±¸¨·µ¢ ´´ÒÌ ³ ±·µ¸±µ¶¨Î¥¸±¨Ì Ê¸²µ¢¨ÖÌ
§ ¤ Î¨. ‚ ÔÉµ° ¸¨ÉÊ Í¨¨ ¢Ò¡µ· ¶µ¸ÉµÖ´´µ° µ ³µ¦´µ ¸¤¥² ÉÓ Ë¨§¨Î¥¸±¨ µ¸³Ò-
¸²¥´´Ò³, ¸¢Ö§ ¢ ¥¥ ¸ Ì · ±É¥·¨¸É¨± ³¨ ±µ´±·¥É´µ£µ ³¨±·µ¸µ¸ÉµÖ´¨Ö.

�¤¨´ ¢ ·¨ ´É ¢Ò¡µ·  ¶µ¸ÉµÖ´´µ° µ ¢Ò¤¥²¥´ É¥³, ÎÉµ ¢ ´¥³ § ¢¨¸¨³µ¸ÉÓ
∆t∗µ µÉ Ì · ±É¥·¨¸É¨±¨ ³¨±·µ¸µ¸ÉµÖ´¨Ö Å ¸·¥¤´¥£µ Î¨¸²  ±¢ ´Éµ¢ ¢µ§¡Ê¦¤¥-
´¨Ö n̄ Å ¶µ²´µ¸ÉÓÕ ¨¸Î¥§ ¥É. …£µ ³µ¦´µ ´ §¢ ÉÓ µ¶É¨³ ²Ó´µ ¸¦ ÉÒ³ ±µ£¥-
·¥´É´Ò³ ³¨±·µ¸µ¸ÉµÖ´¨¥³. ‚ ·¥§Ê²ÓÉ É¥ ¸µµÉ¢¥É¸É¢ÊÕÐ Ö ´¥µ¶·¥¤¥²¥´´µ¸ÉÓ
¢·¥³¥´¨ ¸É ´µ¢¨É¸Ö Ê´¨¢¥·¸ ²Ó´µ°, ¶µ¸±µ²Ó±Ê § ¢¨¸¨É Éµ²Ó±µ µÉ ³ ±·µ¸±µ¶¨-
Î¥¸±¨Ì Ê¸²µ¢¨° § ¤ Î¨. „²Ö ±¢ ´Éµ¢µ£µ µ¸Í¨²²ÖÉµ·  ¢ ±µ£¥·¥´É´µ³ ¸µ¸ÉµÖ´¨¨
¥¥ ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¨§ Ëµ·³Ê²Ò (77), ¶µ²µ¦¨¢ µ = 4n̄. ’µ£¤  ∆t∗4n̄ = 1/ω0,
ÎÉµ ¸µ¢¶ ¤ ¥É, ± ± ¨ ¸²¥¤µ¢ ²µ µ¦¨¤ ÉÓ, ¸ µ¡· É´µ° ÔËË¥±É¨¢´µ° Î ¸ÉµÉµ°
µ¸Í¨²²ÖÉµ· . ‚Ò¡µ· ¤·Ê£µ£µ ¢ ·¨ ´É  ¶µ¸ÉµÖ´´µ° µ, ¶µ§¢µ²ÖÕÐ¨° Ë¨±¸¨·µ-
¢ ÉÓ Ë²Ê±ÉÊ Í¨Õ ÔËË¥±É¨¢´µ° Î ¸ÉµÉÒ µÉ´µ¸¨É¥²Ó´µ ¥¥ ¸·¥¤´¥£µ §´ Î¥´¨Ö
ω̄ = ω0, É·¥¡Ê¥É ¶·¨¢²¥Î¥´¨Ö ¤µ¶µ²´¨É¥²Ó´ÒÌ Ë¨§¨Î¥¸±¨Ì ¸µµ¡· ¦¥´¨°.

3. ‘��’��˜…�ˆ… �…���…„…‹…���‘’…‰
��…�ƒˆŸÄ����’��Ÿ �””…Š’ˆ‚��Ÿ —�‘’�’�

3.1. ‘µµÉ´µÏ¥´¨¥ ´¥µ¶·¥¤¥²¥´´µ¸É¥° Ô´¥·£¨ÖÄµ¡· É´ Ö É¥³¶¥· ÉÊ· 
± ±  ´ ²µ£ µ¡µ¡Ð¥´´µ£µ ¸µµÉ´µÏ¥´¨Ö ´¥µ¶·¥¤¥²¥´´µ¸É¥° Ô´¥·£¨ÖÄ¢·¥³Ö.
„²Ö µÉ±·ÒÉµ° ³¨±·µ¸¨¸É¥³Ò ¢¢¥¤¥´¨¥ ¸·¥¤´¥° ÔËË¥±É¨¢´µ° Î ¸ÉµÉÒ, µÉ´µ-
¸¨É¥²Ó´µ ±µÉµ·µ° ¶·µ¨¸Ìµ¤ÖÉ ¥¥ Ë²Ê±ÉÊ Í¨¨, ¶µ§¢µ²Ö¥É ¢ ¶·¨´Í¨¶¥ ¸¢Ö§ ÉÓ
¢¥²¨Î¨´Ò ∆t∗ ¨ ∆(1/ωÔËË) ¢ ´¥±µÉµ·µ³ ³¨±·µ¸µ¸ÉµÖ´¨¨. �¤´ ±µ É·Ê¤´µ-
¸É¨, ¢µ§´¨±Ï¨¥ ¢ÒÏ¥ ¸ ¨´É¥·¶·¥É Í¨¥° ‘� (62), ¶·¨ ÔÉµ³  ¢Éµ³ É¨Î¥¸±¨
´¥ ¨¸Î¥§´ÊÉ. �´¨ ¸¢Ö§ ´Ò ¸ É¥³, ÎÉµ ‘� (62), ¢ ±µÉµ·µ³ Éµ²Ó±µ µ¤´ 
¨§ ¢¥²¨Î¨´ Å Ô´¥·£¨Ö µ¶¨¸Ò¢ ¥É¸Ö µ¶¥· Éµ·µ³, ¶·¨´ÖÉµ ¸µ¶µ¸É ¢²ÖÉÓ ¸
‘� ƒ¥°§¥´¡¥·£  (22), ¸¢Ö§Ò¢ ÕÐ¨³ Ë²Ê±ÉÊ Í¨¨ ¤¢ÊÌ ±¢ ´Éµ¢µ-¤¨´ ³¨Î¥¸±¨Ì
´ ¡²Õ¤ ¥³ÒÌ ¸ ¢±² ¤µ³ ¨Ì ±µ³³ÊÉ Éµ·  cAB . …¸²¨ ¦¥ ¸ ¸ ³µ£µ ´ Î ² 
ÊÎ¥¸ÉÓ, ÎÉµ µ¡· É´ Ö ÔËË¥±É¨¢´ Ö Î ¸ÉµÉ  ∆(1/ωÔËË) Å ÔÉµ c-Î¨¸²µ¢ Ö ¢¥-
²¨Î¨´ , Éµ ¥¥ ±µ³³ÊÉ Éµ· ¸ £ ³¨²ÓÉµ´¨ ´µ³, µÎ¥¢¨¤´µ, µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó,
É ± ÎÉµ Ëµ·³Ê²  (22) ¢ ÔÉµ³ ¸²ÊÎ ¥ É¥·Ö¥É ¸³Ò¸² ¸µµÉ´µÏ¥´¨Ö ´¥µ¶·¥¤¥²¥´-
´µ¸É¥°.

‘²¥¤µ¢ É¥²Ó´µ, ¥¤¨´¸É¢¥´´ Ö ¢µ§³µ¦´µ¸ÉÓ ¨¸Éµ²±µ¢ ÉÓ µ¡µ¡Ð¥´´µ¥ ‘�
Ô´¥·£¨ÖÄ¢·¥³Ö (62) ¢ · ³± Ì ±¢ ´Éµ¢µ° ¤¨´ ³¨±¨ Å ÔÉµ ± ±¨³-Éµ µ¡· §µ³
¸µ¶µ¸É ¢¨ÉÓ ¥£µ ¸ Ê´¨¢¥·¸ ²Ó´Ò³ ‘� ˜·¥¤¨´£¥·  (30). ˆ§ ¶µ¸²¥¤´¥£µ ¸²¥-
¤Ê¥É, ÎÉµ ¥¸²¨ µ¤´  ¨§ ¤¢ÊÌ Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´ B ¨ A Ö¢²Ö¥É¸Ö c-Î¨¸²µ³,
Éµ ¢ ¶· ¢µ° Î ¸É¨ ‘� (30) µ¸É ¥É¸Ö Éµ²Ó±µ ¢±² ¤ σAB , ±µÉµ·Ò° ¢ ±¢ §¨±² ¸-
¸¨Î¥¸±µ³ ¶·¥¤¥²¥ ¶¥·¥Ìµ¤¨É ¢ ±µ··¥²ÖÉµ· (∆A∆B). �·¨ ÔÉµ³ ¸ ³µ ‘� (30)
¶·¨´¨³ ¥É Ëµ·³Ê ‘� �°´ÏÉ¥°´  (33), Ìµ·µÏµ ¨§¢¥¸É´ÊÕ ¨§ ±² ¸¸¨Î¥¸±µ°
É¥µ·¨¨ ¢¥·µÖÉ´µ¸É¥° [32].
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ˆÉ ±, ¶µ ´ Ï¥³Ê ³´¥´¨Õ,  ´ ²µ£¨Õ ¤²Ö µ¡µ¡Ð¥´´µ£µ ‘� (62) ´¥É ¸³Ò¸² 
¨¸± ÉÓ ¢ µ·Éµ¤µ±¸ ²Ó´µ° ±¢ ´Éµ¢µ° ¤¨´ ³¨±¥, µ¸´µ¢ ´´µ° ´  ‘� ƒ¥°§¥´¡¥·£ 
(22). …¥ ³µ¦´µ ¡Ò²µ ¡Ò ´ °É¨ ¢ Ë¨§¨Î¥¸±µ° É¥µ·¨¨, ¢ ±µÉµ·µ° Ë¨§¨Î¥¸±¨³
¢¥²¨Î¨´ ³ ¸µ¶µ¸É ¢²Ö²¨¸Ó ¡Ò ´¥ µ¶¥· Éµ·Ò,   c-Î¨¸² , ´µ ¶·¨ ÔÉµ³ ¸É ÉÊ¸
Ô´¥·£¨¨ ¡Ò² ¡Ò · ¢´µ¶· ¢¥´ ¸µ ¸É ÉÊ¸µ³ ¤·Ê£¨Ì Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´, ¸¶µ¸µ¡-
´ÒÌ Ë²Ê±ÉÊ¨·µ¢ ÉÓ ¢³¥¸É¥ ¸ ´¥Õ. Š ± ¸²¥¤Ê¥É ¨§ ¶. 1.3, ¶µ¤µ¡´ÊÕ  ´ ²µ£¨Õ
³µ¦´µ µ¡´ ·Ê¦¨ÉÓ ¢ · ¢´µ¢¥¸´µ° ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥ [40, 41]. ‘
ÔÉµ° Í¥²ÓÕ ´¨¦¥ ³Ò µ£· ´¨Î¨³¸Ö · ¸¸³µÉ·¥´¨¥³ Éµ²Ó±µ ¢µ¶·µ¸  µ Ë¨§¨Î¥-
¸±µ³ ¸³Ò¸²¥ ‘� Ô´¥·£¨ÖÄÉ¥³¶¥· ÉÊ· . �µ¤µ¡´Ò° ¢Ò¡µ· ¶µ¤¸± § ´ É¥³, ÎÉµ
¢ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¥ É¥³¶¥· ÉÊ·¥, ± ± ¨ ¢·¥³¥´¨, ´¥¢µ§³µ¦´µ ¸µ¶µ¸É ¢¨ÉÓ
µ¶¥· Éµ·Ò.

�¥É·Ê¤´µ ¶µ´ÖÉÓ, ÎÉµ É ±¨¥ Ë¨§¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò, ± ± Ô´¥·£¨Ö ¨ É¥³-
¶¥· ÉÊ·  ¤²Ö ³ ±·µ¸¨¸É¥³Ò ¢ É¥·³µ¸É É¥ ¢¶µ²´¥ ¶·¨£µ¤´Ò ¤²Ö ¶µ²ÊÎ¥´¨Ö
‘�, ±µÉµ·µ¥ ³µ£²µ ¡Ò ¶µ¸²Ê¦¨ÉÓ  ´ ²µ£µ³ µ¡µ¡Ð¥´´µ£µ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö
(62). ‚µ-¶¥·¢ÒÌ, ¤²Ö ¨Ì µ¶¨¸ ´¨Ö ´¥ ¨¸¶µ²Ó§ÊÕÉ¸Ö µ¶¥· Éµ·Ò. ‚µ-¢Éµ·ÒÌ,
¶µ µ¶·¥¤¥²¥´´Ò³ ¶· ¢¨² ³ ³Ò ³µ¦¥³ ¢ÒÎ¨¸²¨ÉÓ ¨Ì ¸·¥¤´¨¥ §´ Î¥´¨Ö Ē ¨
T̄ ≡ T0 ¨ ¤¨¸¶¥·¸¨¨ ∆E ¨ ∆T ,   É ±¦¥ ±µ··¥²ÖÉµ· (∆E∆T ). ‚-É·¥ÉÓ¨Ì, ¨
ÔÉµ ¸ ³µ¥ £² ¢´µ¥, ¢ ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥ Ô´¥·£¨Ö ¨ É¥³¶¥· ÉÊ· 
¸¨¸É¥³Ò ¨³¥ÕÉ · ¢´µ¶· ¢´Ò° ¸É ÉÊ¸,   ±µ··¥²ÖÉµ· (∆E∆T ) ¢ ¶· ¢µ° Î ¸É¨
‘� µÉ· ¦ ¥É ±µ··¥²ÖÍ¨Õ Ë²Ê±ÉÊ Í¨° Ô´¥·£¨¨ ¨ É¥³¶¥· ÉÊ·Ò, Ì · ±É¥· ±µ-
Éµ·µ° ± Î¥¸É¢¥´´µ µÉ²¨Î¥´ µÉ ±µ··¥²ÖÍ¨¨ Ë²Ê±ÉÊ Í¨° ´ ¡²Õ¤ ¥³ÒÌ A ¨ B
¢ ‘� ƒ¥°§¥´¡¥·£  (22), ±µ£¤  ¢¥²¨Î¨´Ò ∆A ¨ ∆B µ¡· É´µ ¶·µ¶µ·Í¨µ´ ²Ó´Ò
¤·Ê£ ¤·Ê£Ê (±µ··¥²ÖÍ¨Ö ®¢ ¶·µÉ¨¢µË §¥¯).

„¥°¸É¢¨É¥²Ó´µ, ¶µ²ÊÎ¥´´µ¥ ¢ ¶. 1.3 ‘� Ô´¥·£¨ÖÄÉ¥³¶¥· ÉÊ·  (36) ¤²Ö ²¨-
´¥°´ÒÌ ¢¥²¨Î¨´ ¶·¨´¨³ ¥É ¢¨¤

∆E∆T � (∆E∆T ) = kBT 2. (117)

Š ± ¨ ¸²¥¤µ¢ ²µ µ¦¨¤ ÉÓ, É· ±Éµ¢±  ‘� (117) ± Î¥¸É¢¥´´µ µÉ²¨Î ¥É¸Ö µÉ
É· ±Éµ¢±¨ ‘� (22). ‡¤¥¸Ó Ë²Ê±ÉÊ Í¨¨ ∆E ¨ ∆T ¶·Ö³µ ¶·µ¶µ·Í¨µ´ ²Ó´Ò
¤·Ê£ ¤·Ê£Ê (±µ··¥²ÖÍ¨Ö ®¢ Ë §¥¯), É ± ÎÉµ ²Õ¡ Ö ¨§ ÔÉ¨Ì Ë²Ê±ÉÊ Í¨° ¨ ¨Ì
±µ··¥²ÖÉµ· (∆E∆T ) ¸µ¢³¥¸É´µ µ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó ¶·¨ T → 0. ’¥³ ¸ ³Ò³
¢´¥Ï´¨° ¢¨¤ ‘� (117) ¢ ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥ ¨¸Ìµ¤´µ ´¥ ¢Ò§Ò¢ ¥É
µ¸µ¡ÒÌ  ¸¸µÍ¨ Í¨° ¸ µ¡µ¡Ð¥´´Ò³ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö (62).

‘¨ÉÊ Í¨Ö, µ¤´ ±µ, Ëµ·³ ²Ó´µ ³¥´Ö¥É¸Ö, ¥¸²¨ ¢ ¶· ¢µ° Î ¸É¨ ‘� (117)
µ¸É ¢¨ÉÓ Éµ²Ó±µ ¶µ¸ÉµÖ´´ÊÕ kB. � §¤¥²¨¢ µ¡¥ Î ¸É¨ ´¥· ¢¥´¸É¢  (117) ´ 
µ¤¨´ ¨ ÉµÉ ¦¥ ³´µ¦¨É¥²Ó T 2 ¨ ÊÎ¨ÉÒ¢ Ö ¢Ò· ¦¥´¨¥ (35) ¤²Ö ±µ··¥²ÖÉµ· 
(∆E∆T ), ¶µ²ÊÎ¨³ ‘� �°´ÏÉ¥°´  Ô´¥·£¨ÖÄµ¡· É´ Ö É¥³¶¥· ÉÊ· 

∆E kB∆T

(∆E∆T )
≡ ∆E∆

(
1
T

)
� kB, (118)

±µÉµ·µ¥ Ê¦¥ ¶· ±É¨Î¥¸±¨ ´¥ µÉ²¨Î ¥É¸Ö ¶µ Ëµ·³¥ µÉ ‘� (62). ‘ ³ Ö ¸Ê-
Ð¥¸É¢¥´´ Ö ¥£µ µ¸µ¡¥´´µ¸ÉÓ ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ, ¡Ê¤ÊÎ¨ ¢´¥Ï´¥ ¶µÌµ¦¨³ ´ 
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‘� ƒ¥°§¥´¡¥·£  (21) ¸ ¶µ¸ÉµÖ´´µ° �/2 ¢ ¶· ¢µ° Î ¸É¨, µ´µ ¢ ¸±·ÒÉµ° Ëµ·³¥
µÉ¢¥Î ¥É ± Î¥¸É¢¥´´µ ¨´µ³Ê É¨¶Ê ±µ··¥²ÖÍ¨¨ ³¥¦¤Ê Ë²Ê±ÉÊ Í¨Ö³¨ Ô´¥·£¨¨ ¨
É¥³¶¥· ÉÊ·Ò (±µ··¥²ÖÍ¨Ö ®¢ Ë §¥¯), µÉ²¨Î´µ³Ê µÉ ±µ··¥²ÖÍ¨¨ ³¥¦¤Ê Ë²Ê±-
ÉÊ Í¨Ö³¨ ´ ¡²Õ¤ ¥³ÒÌ q ¨ p ¢ ‘� ƒ¥°§¥´¡¥·£  (21) (±µ··¥²ÖÍ¨Ö ®¢ ¶·µÉ¨¢µ-
Ë §¥¯). Ÿ¢´ Ö Ëµ·³  ±µ··¥²ÖÍ¨¨ ®¢ Ë §¥¯ µÉ· ¦¥´  ¢ ‘� (117).

’ ±¨³ µ¡· §µ³, ¶µ¸É ¢²¥´´ Ö Í¥²Ó ¤µ¸É¨£´ÊÉ  ¨ ‘� (118), ±µÉµ·µ¥ ³µ¦¥É
¸²Ê¦¨ÉÓ  ´ ²µ£µ³ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö (62), ¶µ¸É·µ¥´µ. ‚Ìµ¤ÖÐ¨¥ ¢ ‘� (117) ¨
(118) ¢¥²¨Î¨´Ò ∆E ¨ ∆T ¨³¥ÕÉ Ë¨§¨Î¥¸±¨° ¸³Ò¸² ³¥· Ë²Ê±ÉÊ Í¨° µÉ´µ¸¨-
É¥²Ó´µ ¸·¥¤´¨Ì §´ Î¥´¨° Ē ¨ T̄ . ‚ ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥ ¢¥²¨Î¨´Ò
E ¨ T , ³¥·Ò Ë²Ê±ÉÊ Í¨° ±µÉµ·ÒÌ ¸¢Ö§ ´Ò ‘� �°´ÏÉ¥°´  (33), ¶µ²´µ¸ÉÓÕ
· ¢´µ¶· ¢´Ò, ´µ ¶·¨ ÔÉµ³ ±µ··¥²ÖÍ¨Ö ¢ ‘� (117) Ô´¥·£¨ÖÄÉ¥³¶¥· ÉÊ·  ± -
Î¥¸É¢¥´´µ µÉ²¨Î ¥É¸Ö µÉ ±µ··¥²ÖÍ¨¨ ¢ ‘� ƒ¥°§¥´¡¥·£  (22). � ±µ´¥Í, ‘�
Ô´¥·£¨ÖÄµ¡· É´ Ö É¥³¶¥· ÉÊ·  (118) ¸¢Ö§Ò¢ ¥É ³¥·Ò Ë²Ê±ÉÊ Í¨° Ô´¥·£¨¨ ¸¨-
¸É¥³Ò ¨ ¥¥ µ¡· É´µ° É¥³¶¥· ÉÊ·Ò ¸ ¶µ¸ÉµÖ´´µ° �µ²ÓÍ³ ´  kB, ¸²Ê¦ Ð¥°
Ì · ±É¥·¨¸É¨±µ° ´¥±µ´É·µ²¨·Ê¥³µ£µ É¥¶²µ¢µ£µ ¢µ§¤¥°¸É¢¨Ö. “± § ´´Ò¥ µ¸µ-
¡¥´´µ¸É¨ ¶µ§¢µ²ÖÕÉ ¨¸¶µ²Ó§µ¢ ÉÓ ‘� (118) ¢ ± Î¥¸É¢¥ ¶·µµ¡· §   ¤¥±¢ É´µ°
Ëµ·³Ò µ¡µ¡Ð¥´´µ£µ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö.

3.2. ”²Ê±ÉÊ Í¨Ö ÔËË¥±É¨¢´µ° Î ¸ÉµÉÒ ±¢ ´Éµ¢µ£µ µ¸Í¨²²ÖÉµ·  ¢ ±µ£¥-
·¥´É´µ³ ¸µ¸ÉµÖ´¨¨. �¥·¥¤ ´ ³¨ ¸Éµ¨É § ¤ Î  Å ¢Ò¡· ÉÓ ´ ¨¡µ²¥¥  ¤¥±¢ É-
´ÊÕ Ëµ·³Ê µ¡µ¡Ð¥´´µ£µ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö ¢ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¥. ‚ ´¥°
ÌµÉ¥²µ¸Ó ¡Ò ¸µÌ· ´¨ÉÓ § ¢¨¸¨³µ¸ÉÓ µÉ ¶µ¸ÉµÖ´´µ° �/2, ´µ ¶·¨ ÔÉµ³ ¤ ÉÓ ¥°
É· ±Éµ¢±Ê,  ´ ²µ£¨Î´ÊÕ É· ±Éµ¢±¥ ‘� Ô´¥·£¨ÖÄµ¡· É´ Ö É¥³¶¥· ÉÊ·  ¢ ¸É É¨-
¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥. —Éµ¡Ò ·¥Ï¨ÉÓ ÔÉÊ § ¤ ÎÊ, ¡Ê¤¥³ ¢¶·¥¤Ó ´ ¶·Ö³ÊÕ
¸µ¶µ¸É ¢²ÖÉÓ ¢Ìµ¤ÖÐ¨¥ ¢ ‘� (62) ¢¥²¨Î¨´Ò ¸  ´ ²µ£¨Î´Ò³¨ ¢¥²¨Î¨´ ³¨ ¢
‘� (118).

�Î¥¢¨¤´µ, ÎÉµ Ë²Ê±ÉÊ Í¨¨ Ô´¥·£¨¨ ε ¢ ³¨±·µ¸¨¸É¥³¥ ¨ Ô´¥·£¨¨ E ¢ ³ -
±·µ¸¨¸É¥³¥ ± Î¥¸É¢¥´´µ ¡²¨§±¨ ¤·Ê£ ± ¤·Ê£Ê, µÉ²¨Î Ö¸Ó ²¨ÏÓ ¸¶µ¸µ¡µ³ ¢Ò-
Î¨¸²¥´¨Ö. ‚Ìµ¤ÖÐ¨¥ ¸¶· ¢  ¢ (62) ¨ (118) ËÊ´¤ ³¥´É ²Ó´Ò¥ ¶µ¸ÉµÖ´´Ò¥ �/2
¨ kB É ±¦¥  ´ ²µ£¨Î´Ò ¶µ Ë¨§¨Î¥¸±µ³Ê ¸³Ò¸²Ê, ¨¡µ µÉ· ¦ ÕÉ ´ ²¨Î¨¥ Éµ£µ
¨²¨ ¨´µ£µ É¨¶  ´¥±µ´É·µ²¨·Ê¥³µ£µ ¢µ§¤¥°¸É¢¨Ö ´  ¸¨¸É¥³Ê ¸µ ¸Éµ·µ´Ò µ±·Ê-
¦¥´¨Ö. B ÔÉ¨Ì Ëµ·³Ê² Ì, ¶µ ¸ÊÐ¥¸É¢Ê, ´Ê¦´µ ´ °É¨  ´ ²µ£¨Õ ²¨ÏÓ ³¥¦¤Ê
¢¥²¨Î¨´ ³¨ ∆t∗ ¨ ∆(1/T ).

� ¶µ³´¨³, ÎÉµ ¢Ìµ¤ÖÐ Ö ¢ ‘� (118) ¢¥²¨Î¨´  ∆(1/T ) Å ÔÉµ ³¥·  Ë²Ê±-
ÉÊ Í¨¨ µ¡· É´µ° É¥³¶¥· ÉÊ·Ò µÉ´µ¸¨É¥²Ó´µ ¥¥ ¸·¥¤´¥£µ §´ Î¥´¨Ö (T−1) =
T−1

0 , £¤¥ T0 Å É¥³¶¥· ÉÊ·  É¥·³µ¸É É . �´ , É ± ¦¥ ± ± ¨ ³¥·  Ë²Ê±ÉÊ Í¨¨
Ô´¥·£¨¨ ³ ±·µ¸¨¸É¥³Ò, ¸µµÉ¢¥É¸É¢Ê¥É ¥¤¨´¸É¢¥´´µ³Ê ³ ±·µ¸µ¸ÉµÖ´¨Õ Å ¸µ-
¸ÉµÖ´¨Õ É¥¶²µ¢µ£µ · ¢´µ¢¥¸¨Ö ¨ ¢ÒÎ¨¸²Ö¥É¸Ö ¢ · ³± Ì ±¢ §¨É¥·³µ¤¨´ ³¨-
Î¥¸±µ° É¥µ·¨¨ Ë²Ê±ÉÊ Í¨° �°´ÏÉ¥°´  [36].

‚ Éµ ¦¥ ¢·¥³Ö ¢¥²¨Î¨´  ∆t∗, ¢Ìµ¤ÖÐ Ö ¢ ‘� (62), Ë ±É¨Î¥¸±¨ µ¡µ§´ -
Î ¥É Í¥²ÊÕ ¸µ¢µ±Ê¶´µ¸ÉÓ ¢¥²¨Î¨´ ∆t∗µ, § ¢¨¸ÖÐ¨Ì, ± ± ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ Ö
¸µ¢µ±Ê¶´µ¸ÉÓ ¢¥²¨Î¨´ ∆εµ, µÉ ¢Ò¡µ·  ±µ´±·¥É´µ£µ ³¨±·µ¸µ¸ÉµÖ´¨Ö ¨ ¸¢Ö-
§ ´´ÒÌ Ê¸²µ¢¨¥³ (116). ‚ µ¡Ð¥³ ¸²ÊÎ ¥ ¶·µ¨§¢µ²Ó´Ò° Î²¥´ ¸µ¢µ±Ê¶´µ¸É¨
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∆t∗µ ´¥ ³µ¦¥É ¡ÒÉÓ ¨¸Éµ²±µ¢ ´ ± ± ³¥·  Ë²Ê±ÉÊ Í¨¨ ± ±µ°-²¨¡µ ¢·¥³¥´´µ°
Ì · ±É¥·¨¸É¨±¨. �µ²¥¥ Éµ£µ, ± ± ¡Ò²µ ¶µ± § ´µ ¢ ¶.2.4, ¶·¨ ¸¶¥Í¨Ë¨Î¥¸±µ³
¢Ò¡µ·¥ µ¶É¨³ ²Ó´µ ¸¦ Éµ£µ ³¨±·µ¸µ¸ÉµÖ´¨Ö ¢¥²¨Î¨´  ∆t∗µ Ë¨±¸¨·µ¢ ´  ¨

· ¢´  (ω−1) = ω−1
0 .

’ ±¨³ µ¡· §µ³, ¤²Ö ¢Ò¡µ·  ±µ´±·¥É´µ£µ §´ Î¥´¨Ö ∆t∗µ ´¥µ¡Ìµ¤¨³µ ¶µ-
´ÖÉÓ, ± ± ¸·¥¤¨ ¢¸¥Ì ¢µ§³µ¦´ÒÌ ³¨±·µ¸µ¸ÉµÖ´¨° ´ °É¨ ¸¶¥Í¨Ë¨Î¥¸±µ¥ ³¨-
±·µ¸µ¸ÉµÖ´¨¥ ¸ Ë¨±¸¨·µ¢ ´´Ò³ µ, ¢ ±µÉµ·µ³ ¢¥²¨Î¨´  ∆t∗µ ¡Ò²  ¡Ò  ´ ²µ-
£µ³ ∆(1/T ). ‚ ÔÉµ³ ¸²ÊÎ ¥ ³Ò ¸³µ¦¥³ ¥¥ ¨¸Éµ²±µ¢ ÉÓ ± ± ³¥·Ê Ë²Ê±ÉÊ Í¨¨
µ¡· É´µ° ÔËË¥±É¨¢´µ° Î ¸ÉµÉÒ ∆(1/ωÔËË) µÉ±·ÒÉµ° ³¨±·µ¸¨¸É¥³Ò ¢ Í¥²µ³
µÉ´µ¸¨É¥²Ó´µ ¥¥ ¸·¥¤´¥£µ §´ Î¥´¨Ö. �·¥¦¤¥ Î¥³ ¸¤¥² ÉÓ ÔÉµÉ ¢Ò¡µ· ¢ µ¡Ð¥³
¸²ÊÎ ¥, ¶·µ¨²²Õ¸É·¨·Ê¥³ ¸ÊÐ¥¸É¢µ ¨¤¥¨ ´  ³µ¤¥²¨ ±¢ ´Éµ¢µ£µ µ¸Í¨²²ÖÉµ· 
¢ ±µ£¥·¥´É´µ³ ¸µ¸ÉµÖ´¨¨.

„²Ö ÔÉµ£µ ¢µ¸¶µ²Ó§Ê¥³¸Ö ¶µ²Ê±² ¸¸¨Î¥¸±µ° É· ±Éµ¢±µ° ±µ£¥·¥´É´µ£µ ³¨-
±·µ¸µ¸ÉµÖ´¨Ö ± ± ´¥¸É Í¨µ´ ·´µ£µ. ’µÉ Ë ±É, ÎÉµ ¢ ÔÉµ³ ¸µ¸ÉµÖ´¨¨ ±¢ ´Éµ-
¢Ò° µ¸Í¨²²ÖÉµ· ´¥ ¨³¥¥É Ë¨±¸¨·µ¢ ´´µ° Ô´¥·£¨¨,   Ì · ±É¥·¨§Ê¥É¸Ö ¸·¥¤´¥°
Ô´¥·£¨¥° ε̄ ¢¨¤  (64) ¨ ¥¥ Ë²Ê±ÉÊ Í¨¥° ∆ε ¢¨¤  (65), ³µ¦´µ ¨¸Éµ²±µ¢ ÉÓ ± ±
´ ²¨Î¨¥ ¸² ¡µ£µ § ÉÊÌ ´¨Ö,¶·¨¢µ¤ÖÐ¥£µ ± ÊÏ¨·¥´¨Õ ¥£µ Î ¸ÉµÉ´µ£µ ¸¶¥±É· .

…¸É¥¸É¢¥´´µ ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ ±¢ ´Éµ¢Ò° £ ·³µ´¨Î¥¸±¨° µ¸Í¨²²ÖÉµ· ¢
±µ£¥·¥´É´µ³ ¸µ¸ÉµÖ´¨¨ Ô±¢¨¢ ²¥´É¥´ § ÉÊÌ ÕÐ¥³Ê ±² ¸¸¨Î¥¸±µ³Ê µ¸Í¨²²Ö-
Éµ·Ê. …£µ Î ¸ÉµÉ  ω µÉ²¨Î ¥É¸Ö µÉ ¸·¥¤´¥£µ §´ Î¥´¨Ö Î ¸ÉµÉÒ ω̄ ≡ ω0, ¦¥¸É±µ
Ë¨±¸¨·µ¢ ´´µ£µ ¢´¥Ï´¨³¨ ³ ±·µÊ¸²µ¢¨Ö³¨, É ± ÎÉµ

ω0 − ∆ω � ω � ω0 + ∆ω, (119)

£¤¥ ∆ω � ω0 Å ³¥·  Ë²Ê±ÉÊ Í¨¨ Î ¸ÉµÉÒ ω µÉ´µ¸¨É¥²Ó´µ ¥¥ ¸·¥¤´¥£µ §´ -
Î¥´¨Ö ω0.

—Éµ¡Ò ¶·¥¤¸É ¢¨ÉÓ ¸¥¡¥ ¤ ²Ó´¥°ÏÊÕ ²µ£¨±Ê · ¸¸Ê¦¤¥´¨°, § ¶¨Ï¥³, ¶·¥-
¦¤¥ ¢¸¥£µ, ¢Ò· ¦¥´¨Ö ¤²Ö ¸·¥¤´¥° Ô´¥·£¨¨ ε̄ µ¸Í¨²²ÖÉµ·  ¨ ¸µ¢µ±Ê¶´µ¸É¨
¢¥²¨Î¨´ ∆εµ = (1/

√
µ)∆ε, Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì Ê¸²µ¢¨Õ (116) ¸ ∆ε, µ¶·¥¤¥²Ö-

¥³µ° Ëµ·³Ê²µ° (65):

ε̄ ≈ �ω0

2
NÔËË; ∆εµ =

1
√

µ

�ω0√
2

√
NÔËË, (120)

£¤¥ NÔËË = 2n̄ � 1. „ ²¥¥, ¢ ± Î¥¸É¢¥ Ê¸²µ¢¨Ö, ¶µ§¢µ²ÖÕÐ¥£µ Ë¨±¸¨·µ¢ ÉÓ
¶ · ³¥É· ³¨±·µ¸µ¸ÉµÖ´¨Ö µ, ¶µÉ·¥¡Ê¥³  ´ ²µ£¨¨ ³¥¦¤Ê Ë²Ê±ÉÊ Í¨¥° Î ¸ÉµÉÒ
ω ¤ ´´µ° ³¨±·µ¸¨¸É¥³Ò ¨ Ë²Ê±ÉÊ Í¨¥° É¥³¶¥· ÉÊ·Ò T ³µ¤¥²Ó´µ° ³ ±·µ¸¨-
¸É¥³Ò ¢ ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥. ‚ ± Î¥¸É¢¥ É ±µ¢µ° · ¸¸³µÉ·¨³ µ¤-
´µ³¥·´ÊÕ Í¥¶µÎ±Ê Ê¶·Ê£µ ¸¢Ö§ ´´ÒÌ ±² ¸¸¨Î¥¸±¨Ì µ¸Í¨²²ÖÉµ·µ¢. „²Ö ´¥¥ [41]

ε̄ = (kBT0)N ; ∆ε = (kBT0)
√

N, (121)

£¤¥ N Å Î¨¸²µ µ¸Í¨²²ÖÉµ·µ¢ ¢ Í¥¶µÎ±¥.
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‘· ¢´¨¢ Ö Ëµ·³Ê²Ò (120) ¨ (121), ´¥É·Ê¤´µ Ê¡¥¤¨ÉÓ¸Ö ¢ Éµ³, ÎÉµ ¢Ò-
· ¦¥´¨Ö ¤²Ö ¸·¥¤´¥° Ô´¥·£¨¨ ¨ ³¥·Ò ¥¥ Ë²Ê±ÉÊ Í¨¨ ¢ ÔÉ¨Ì ¤¢ÊÌ ³µ¤¥²ÖÌ
¸µ¢¶ ¤ ÕÉ, ¥¸²¨ Éµ²Ó±µ ¢ ± Î¥¸É¢¥ ¥¤¨´¸É¢¥´´µ£µ ³¨±·µ¸µ¸ÉµÖ´¨Ö ¢Ò¡· ÉÓ

±µ£¥·¥´É´µ¥ ¸µ¸ÉµÖ´¨¥ ¸ µ = 2 ¨ § ³¥´¨ÉÓ kBT0 ´ 
�ω0

2
,   N Å ´  NÔËË.

�µ¤µ¡´µ¥ ³¨±·µ¸µ¸ÉµÖ´¨¥ ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¸¨³³¥É·¨Î´Ò³ ±µ£¥·¥´É´Ò³
³¨±·µ¸µ¸ÉµÖ´¨¥³. ‚ ´¥³ Ì · ±É¥·¨¸É¨±¨ µ¸Í¨²²ÖÉµ·  ¨³¥ÕÉ ³ ±·µ¸±µ¶¨Î¥-
¸±¨° ¸³Ò¸², ¨¡µ Ê¸²µ¢¨¥ NÔËË � 1 ¸µµÉ¢¥É¸É¢Ê¥É ±¢ §¨±² ¸¸¨Î¥¸±µ³Ê ¶·¥-
¤¥²Ê.

‚ ¤ ´´µ³ ³¨±·µ¸µ¸ÉµÖ´¨¨ (¶·¨ µ = 2) ¢¥²¨Î¨´  ∆t∗2 ³µ¦¥É ¡ÒÉÓ ¨¸-
Éµ²±µ¢ ´  ± ± ³¥·  Ë²Ê±ÉÊ Í¨¨ µ¡· É´µ° ÔËË¥±É¨¢´µ° Î ¸ÉµÉÒ ∆(1/ωÔËË)
µÉ´µ¸¨É¥²Ó´µ ¥¥ ¸·¥¤´¥£µ §´ Î¥´¨Ö (ω−1) = ω−1

0 :

∆t∗2 ≡ ∆
(

1
ωÔËË

)
≈ ∆ω

ω2
0

. (122)

‘· ¢´¨¢ Ö ÔÉµ µ¶·¥¤¥²¥´¨¥ ¸ ¢Ò· ¦¥´¨¥³ ∆t∗2 = 1/(ω0

√
NÔËË), ¶µ²ÊÎ¥´-

´Ò³ ¨§ ¢Ò· ¦¥´¨Ö ¤²Ö ∆t∗µ ¶·¨ µ = 2 ¨ Ëµ·³Ê²Ò (77), ¨³¥¥³

∆ω

ω2
0

=
1

ω0

√
NÔËË

, (123)

µÉ±Ê¤  ¸²¥¤Ê¥É, ÎÉµ

∆ω = ω0/
√

NÔËË. (124)

‡ ³¥É¨³, ÎÉµ ¢Ò· ¦¥´¨¥ (124) ¶µ²´µ¸ÉÓÕ  ´ ²µ£¨Î´µ ¢Ò· ¦¥´¨Õ ¤²Ö ³¥·Ò
Ë²Ê±ÉÊ Í¨¨ É¥³¶¥· ÉÊ·Ò ¢ µ¤´µ³¥·´µ° Í¥¶µÎ±¥ Ê¶·Ê£µ ¸¢Ö§ ´´ÒÌ ±² ¸¸¨Î¥-
¸±¨Ì µ¸Í¨²²ÖÉµ·µ¢ ¢ ¸µ¸ÉµÖ´¨¨ É¥¶²µ¢µ£µ · ¢´µ¢¥¸¨Ö, ±µ£¤ 

∆T = T0/
√

N. (125)

…¸²¨ ¸· ¢´¨ÉÓ Ëµ·³Ê²Ê (124) ¤²Ö Ë²Ê±ÉÊ Í¨¨ Î ¸ÉµÉÒ ∆ω ¸  ´ ²µ£¨Î´µ°
Ëµ·³Ê²µ° ¤²Ö § ÉÊÌ ÕÐ¥£µ ±² ¸¸¨Î¥¸±µ£µ µ¸Í¨²²ÖÉµ·  [47]

∆ω±² = ω0/(2Q±²) (126)

¸ É¥³¨ ¦¥ ¶ · ³¥É· ³¨ κ ¨ m ¨ ¤µ¡·µÉ´µ¸ÉÓÕ Q±², Éµ ¸É ´¥É µÎ¥¢¨¤´µ,
ÎÉµ ¶·¨ NÔËË � 1  ´ ²µ£¨Ö ¸ É ±¨³ ±² ¸¸¨Î¥¸±¨³ µ¸Í¨²²ÖÉµ·µ³ ¢¶µ²´¥
µ¶· ¢¤ ´´ .

ˆ§ ¶·µ¢¥¤¥´´µ£µ  ´ ²¨§  ¸²¥¤Ê¥É, ÎÉµ ¤²Ö ±¢ ´Éµ¢µ£µ µ¸Í¨²²ÖÉµ·  ¢ ±µ-
£¥·¥´É´µ³ ¸µ¸ÉµÖ´¨¨ ¢¥²¨Î¨´  ∆t∗µ ¨³¥¥É Ö¸´Ò° Ë¨§¨Î¥¸±¨° ¸³Ò¸² Éµ²Ó±µ
¢ ¸¨³³¥É·¨Î´µ³ ±µ£¥·¥´É´µ³ ¸µ¸ÉµÖ´¨¨ (¸ µ = 2). ‚ ÔÉµ³ ¸²ÊÎ ¥ µ¡µ¡Ð¥´-
´µ¥ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö (62) ¶¥·¥Ìµ¤¨É ¢ ‘� Ô´¥·£¨ÖÄµ¡· É´ Ö ÔËË¥±É¨¢´ Ö
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Î ¸ÉµÉ 

∆ε∆
(

1
ωÔËË

)
= ∆ε

∆ω

ω2
0

� �

2
, (127)

 ´ ²µ£¨Î´µ¥ ‘� Ô´¥·£¨ÖÄµ¡· É´ Ö É¥³¶¥· ÉÊ·  (118) ¢ ¸É É¨¸É¨Î¥¸±µ° É¥·-
³µ¤¨´ ³¨±¥. ‚Ìµ¤ÖÐ¨¥ ¢ ‘� (127) ¢¥²¨Î¨´Ò ∆ε ¨ ∆ω, µ¶·¥¤¥²Ö¥³Ò¥ Ëµ·-
³Ê² ³¨ (65) ¨ (124) ¸µµÉ¢¥É¸É¢¥´´µ, § ¢¨¸ÖÉ µÉ ¸µ¸ÉµÖ´¨Ö ³¨±·µ¸¨¸É¥³Ò,  
¸·¥¤´¥¥ §´ Î¥´¨¥ ÔËË¥±É¨¢´µ° Î ¸ÉµÉÒ ω̄ = ω0, ¶µ¤µ¡´µ ¸·¥¤´¥° É¥³¶¥· -
ÉÊ·¥ T̄ = T0, § ¤ ¥É¸Ö Éµ²Ó±µ µ±·Ê¦ ÕÐ¥° ³ ±·µµ¡¸É ´µ¢±µ°.

ˆ´Ò³¨ ¸²µ¢ ³¨, ¢ ÔÉµ³ Ë¨±¸¨·µ¢ ´´µ³ ³¨±·µ¸µ¸ÉµÖ´¨¨ ‘� Ô´¥·-
£¨ÖÄ¢·¥³Ö ¶·¨´¨³ ¥É Ëµ·³Ê, ¢ ±µÉµ·µ° ¢¥²¨Î¨´Ò ∆ε ¨ ∆(1/ωÔËË) ¨³¥ÕÉ
Ö¸´Ò° ³ É¥³ É¨Î¥¸±¨° ¨ Ë¨§¨Î¥¸±¨° ¸³Ò¸². ‘É ÉÊ¸ ¢¥²¨Î¨´ ε̄ ¨ ω̄ ± ± ³ -
±·µ¶ · ³¥É·µ¢ ³¨±·µ¸¨¸É¥³Ò · ¢´µ¶· ¢¥´,   É· ±Éµ¢±  ‘� Ô´¥·£¨ÖÄµ¡· É´ Ö
ÔËË¥±É¨¢´ Ö Î ¸ÉµÉ  (127) ¸µ¢¶ ¤ ¥É ¸ É· ±Éµ¢±µ° ‘� �°´ÏÉ¥°´  (118) ¨²¨
(33) ¢ ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥, ´µ ¶·¨´Í¨¶¨ ²Ó´µ µÉ²¨Î ¥É¸Ö µÉ É· ±-
Éµ¢±¨ ‘� ƒ¥°§¥´¡¥·£  (22) ¨²¨ (21) ¢ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¥.

3.3. ‘µµÉ´µÏ¥´¨¥ ´¥µ¶·¥¤¥²¥´´µ¸É¥° Ô´¥·£¨ÖÄµ¡· É´ Ö ÔËË¥±É¨¢´ Ö
Î ¸ÉµÉ  ¤²Ö µÉ±·ÒÉµ° ³¨±·µ¸¨¸É¥³Ò. � ¸¶·µ¸É· ´¨³ É¥¶¥·Ó ¶µ²ÊÎ¥´´Ò¥ ·¥-
§Ê²ÓÉ ÉÒ ´  ¡µ²¥¥ Ï¨·µ±¨° ±² ¸¸ ³¨±·µ¸¨¸É¥³. �£· ´¨Î¨³¸Ö · ¸¸³µÉ·¥´¨¥³
³¨±·µ¸¨¸É¥³, ±µÉµ·Ò¥ ¢ ±¢ §¨±² ¸¸¨Î¥¸±µ³ ¶·¥¤¥²¥ ³µ£ÊÉ ¡ÒÉÓ  ¶¶·µ±¸¨-
³¨·µ¢ ´Ò ±¢ ´Éµ¢Ò³ µ¸Í¨²²ÖÉµ·µ³. „²Ö ´¨Ì µ¡µ¡Ð¥´´µ¥ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö
(62) ¢ ¸¨³³¥É·¨Î´µ³ ±µ£¥·¥´É´µ³ ³¨±·µ¸µ¸ÉµÖ´¨¨ ³µ¦´µ É· ±Éµ¢ ÉÓ  ´ ²µ-
£¨Î´µ ¶. 3.2. �Éµ µ§´ Î ¥É, ÎÉµ ¤²Ö ¢¸¥Ì ¶µ¤µ¡´ÒÌ ³¨±·µ¸¨¸É¥³ ¸¶· ¢¥¤²¨¢µ
‘� Ô´¥·£¨ÖÄµ¡· É´ Ö ÔËË¥±É¨¢´ Ö Î ¸ÉµÉ  (127). �´µ ¢ ¸±·ÒÉµ° Ëµ·³¥
ÊÎ¨ÉÒ¢ ¥É ±µ··¥²ÖÍ¨Õ ®¢ Ë §¥¯ ³¥¦¤Ê Ô´¥·£¨¥° ¨ ÔËË¥±É¨¢´µ° Î ¸ÉµÉµ°
³¨±·µ¸¨¸É¥³Ò ¶µ¤µ¡´µ Éµ³Ê, ± ± ‘� (118) ÊÎ¨ÉÒ¢ ¥É ±µ··¥²ÖÍ¨Õ ®¢ Ë §¥¯
³¥¦¤Ê Ô´¥·£¨¥° ¨ É¥³¶¥· ÉÊ·µ° ¢ ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥.

“± § ´´ÊÕ ±µ··¥²ÖÍ¨Õ ³µ¦´µ ¸¤¥² ÉÓ Ö¢´µ°, ¥¸²¨ µÉ ‘� (127) ¶¥·¥°É¨
± ‘� Ô´¥·£¨ÖÄÔËË¥±É¨¢´ Ö Î ¸ÉµÉ , ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É ¶¥·¥Ìµ¤Ê µÉ ‘� (118)
± ‘� (117) ¢ ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥. ‚ ± Î¥¸É¢¥ ¶¥·¢µ£µ Ï £  ¤²Ö
ÔÉµ£µ ¤µ¸É ÉµÎ´µ ¤µ³´µ¦¨ÉÓ µ¡¥ Î ¸É¨ Ëµ·³Ê²Ò (127) ´  ω2

ÔËË ≈ ω2
0:

∆ε∆ω � �

2
ω2

ÔËË, (128)

¶µ¸²¥ Î¥£µ µ¸É ¥É¸Ö ²¨ÏÓ ¨¸Éµ²±µ¢ ÉÓ ¶· ¢ÊÕ Î ¸ÉÓ ÔÉµ£µ ‘�.
‘ ÔÉµ° Í¥²ÓÕ ¶µ  ´ ²µ£¨¨ ¸µ ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±µ° ¡Ê¤¥³ ¨¸-

Ìµ¤¨ÉÓ ¨§ ´ ¨¡µ²¥¥ µ¡Ð¥° § ¢¨¸¨³µ¸É¨ ε̄ = ε̄(ωÔËË) ¸·¥¤´¥° Ô´¥·£¨¨ ³¨±·µ-
¸¨¸É¥³Ò µÉ ÔËË¥±É¨¢´µ° Î ¸ÉµÉÒ. ’µ£¤  ¥¥ ¶·¨· Ð¥´¨¥ ³µ¦´µ § ¶¨¸ ÉÓ ¢
¢¨¤¥

δε =
∂ε̄

∂ωÔËË
δω ≡ ρωδω. (129)
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‡¤¥¸Ó ρω Å ¸¶¥±É· ²Ó´ Ö ¶²µÉ´µ¸ÉÓ Ô´¥·£¨¨, ¸²Ê¦ Ð Ö ±¢ ´Éµ¢µ-¤¨´ ³¨-

Î¥¸±¨³  ´ ²µ£µ³ É¥¶²µ¥³±µ¸É¨ CV =
∂E
∂T

∣∣∣
V

¢ ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ -

³¨±¥. ’µ£¤  ¶µ  ´ ²µ£¨¨ ¸ ¢Ò¢µ¤µ³ Ëµ·³Ê² (34) ¨ (35) ´¥É·Ê¤´µ ¶µ²ÊÎ¨ÉÓ
¤¨¸¶¥·¸¨Õ Ô´¥·£¨¨ ¨ ±µ··¥²ÖÉµ· Ë²Ê±ÉÊ Í¨° Ô´¥·£¨¨ ¨ ÔËË¥±É¨¢´µ° Î ¸ÉµÉÒ

(∆ε)2 = ρ2
ω(∆ω)2; (130)

(∆ε∆ω) = ρω(∆ω)2, (131)

£¤¥ (∆ε)2 ≡ (δε)2, (∆ω)2 ≡ (δω)2. ‘¤¥² ¥³ ¤µ¶ÊÐ¥´¨¥, ÎÉµ ¢ ¤µ¸É ÉµÎ´µ
µ¡Ð¥³ ¸²ÊÎ ¥ ¤¨¸¶¥·¸¨Ö ÔËË¥±É¨¢´µ° Î ¸ÉµÉÒ ¨³¥¥É ¢¨¤

(∆ω)2 =
�/2
ρω

ω2
ÔËË. (132)

’µ£¤  ¨§ Ëµ·³Ê² (130) ¨ (131) ¶µ²ÊÎ¨³

(∆ε)2 =
�

2
ρωω2

ÔËË; (133)

(∆ε∆ω) =
�

2
ω2

ÔËË, (134)

ÎÉµ ¢¶µ²´¥  ´ ²µ£¨Î´µ Ëµ·³Ê² ³ (34) ¨ (35) ¢ ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ -
³¨±¥. � §Ê³¥¥É¸Ö, ¢ · ¸¸³ É·¨¢ ¥³ÒÌ ³µ¤¥²ÖÌ, ¤²Ö ±µÉµ·ÒÌ

ρω =
�

2
NÔËË, (135)

¢Ò· ¦¥´¨¥ (132) ¤²Ö ¤¨¸¶¥·¸¨¨ ÔËË¥±É¨¢´µ° Î ¸ÉµÉÒ µ± §Ò¢ ¥É¸Ö ¸¶· ¢¥¤-
²¨¢Ò³. ‚ ¨Éµ£¥ ‘� (128) ¸ ÊÎ¥Éµ³ ¢Ò· ¦¥´¨° (130)Ä(132) ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ
¢ ¢¨¤¥

∆ε∆ω � �

2
ω2

ÔËË = ρω

(
�/2
ρω

ω2
ÔËË

)
= (ρω/∆ω)2 = (∆ε∆ω), (136)

 ´ ²µ£¨Î´µ³ ‘� (116) Ô´¥·£¨ÖÄÉ¥³¶¥· ÉÊ· , ¢ ±µÉµ·µ³ ±µ··¥²ÖÍ¨Ö ³¥¦¤Ê
Ë²Ê±ÉÊ Í¨Ö³¨ Ô´¥·£¨¨ ¨ ÔËË¥±É¨¢´µ° Î ¸ÉµÉÒ ³¨±·µ¸¨¸É¥³Ò Ö¢²Ö¥É¸Ö Ö¢´µ°
¨ µÉ¢¥Î ¥É É· ±Éµ¢±¥ ±µ··¥²ÖÍ¨° ¢ ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥.

‘²¥¤Ê¥É É ±¦¥ § ³¥É¨ÉÓ, ÎÉµ ¢ ¶µ²ÊÎ¥´´ÒÌ Ëµ·³Ê² Ì ´ ·Ö¤Ê ¸ ¸ ³µ° ÔË-
Ë¥±É¨¢´µ° Î ¸ÉµÉµ° ωÔËË (100) ¸ÊÐ¥¸É¢¥´´ Ö ·µ²Ó ¶·¨´ ¤²¥¦¨É ¥¥ ¤¨¸¶¥·¸¨¨
∆ω, ±µÉµ·ÊÕ ¢¶·¥¤Ó Ê¤µ¡´¥¥ § ¶¨¸Ò¢ ÉÓ ¢ ¢¨¤¥

∆ω =
√

ωÔËËω̃, (137)
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£¤¥, ¢ Î ¸É´µ¸É¨, ¢ · ¸¸³ É·¨¢ ¥³ÒÌ ³µ¤¥²ÖÌ

ω̃ =
�

IÔËË
=

JÔËË

IÔËËNÔËË
=

ωÔËË

NÔËË
. (138)

‚ ± ±µ³-Éµ ¸³Ò¸²¥ ³µ¦´µ ¸Î¨É ÉÓ, ÎÉµ ω̃ Ö¢²Ö¥É¸Ö ¸¢µ¥µ¡· §´Ò³ ®±¢ ´Éµ³¯
ÔËË¥±É¨¢´µ° Î ¸ÉµÉÒ, ¨¡µ

ωÔËË = NÔËËω̃, (139)

  NÔËË ¨³¥¥É ¸³Ò¸² Î¨¸²  É ±¨Ì ®±¢ ´Éµ¢¯. ‚ Î ¸É´µ¸É¨, ¤²Ö É ±¨Ì ³¨±·µ-
¸¨¸É¥³, ± ± ³¨±·µÎ ¸É¨Í  ¢ ¡¥¸±µ´¥Î´µ £²Ê¡µ±µ° ¶·Ö³µÊ£µ²Ó´µ° Ö³¥ ¨²¨
Ô²¥±É·µ´ ¢  Éµ³¥ ¢µ¤µ·µ¤ , ®±¢ ´É¯ Î ¸ÉµÉÒ ω̃ ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ³´µ¦¨É¥²Ö
¶µ·Ö¤±  ¥¤¨´¨ÍÒ ¸µ¢¶ ¤ ¥É ¸ Î ¸ÉµÉµ° ω1 ¢µ²´Ò ¤¥ �·µ°²Ö ¤²Ö µ¸´µ¢´µ£µ
³¨±·µ¸µ¸ÉµÖ´¨Ö.

�¥É·Ê¤´µ ¢¨¤¥ÉÓ, ÎÉµ ¢ ¶·µ¢¥¤¥´´µ³  ´ ²¨§¥ Ë²Ê±ÉÊ Í¨Ö ÔËË¥±É¨¢´µ°
Î ¸ÉµÉÒ ω ¨£· ¥É ËÊ´¤ ³¥´É ²Ó´ÊÕ ·µ²Ó. Š ± ¨ Ë²Ê±ÉÊ Í¨Ö É¥³¶¥· ÉÊ·Ò ¢
¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥, µ´  µ¶·¥¤¥²Ö¥É Ê¸²µ¢¨Ö ¤¨´ ³¨Î¥¸±µ£µ · ¢-
´µ¢¥¸¨Ö µÉ±·ÒÉµ° ³¨±·µ¸¨¸É¥³Ò ¸ ¥¥ µ±·Ê¦¥´¨¥³. �É ´¥¥ § ¢¨¸¨É ± ± Ë²Ê±-
ÉÊ Í¨Ö Ô´¥·£¨¨ ∆ε, É ± ¨ ±µ··¥²ÖÉµ· ³¥¦¤Ê Ë²Ê±ÉÊ Í¨Ö³¨ Ô´¥·£¨¨ ¨ ÔËË¥±-
É¨¢´µ° Î ¸ÉµÉÒ (∆ε∆ω). �·¨ ÔÉµ³ ¥¸²¨ ∆ω → 0, µ¡¥ ¶µ¸²¥¤´¨¥ ¢¥²¨Î¨´Ò
É ±¦¥ ¸É·¥³ÖÉ¸Ö ± ´Ê²Õ. Š ± ¨ ¢ ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥, ¢ ‘�
(136) ¨³¥¥É ³¥¸Éµ ´¥· ¢¥´¸É¢µ, ¥¸²¨ ¸·¥¤´ÖÖ Ô´¥·£¨Ö § ¢¨¸¨É ´¥ Éµ²Ó±µ µÉ
ÔËË¥±É¨¢´µ° Î ¸ÉµÉÒ, ´µ ¨ µÉ ¤·Ê£¨Ì Ì · ±É¥·¨¸É¨±. ‚ ¶·µÉ¨¢´µ³ ¸²ÊÎ ¥
‘� (136) ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° · ¢¥´¸É¢µ, ± ± ÔÉµ ³µ¦´µ ¡Ò²µ ¶·¥¤¢¨¤¥ÉÓ ¤²Ö
¸¨³³¥É·¨Î´ÒÌ ±µ£¥·¥´É´ÒÌ ³¨±·µ¸µ¸ÉµÖ´¨°.

’ ±¨³ µ¡· §µ³,  ¤¥±¢ É´ Ö Ëµ·³  ‘� Ô´¥·£¨ÖÄ¢·¥³Ö ¤²Ö ¸¨³³¥É·¨Î´ÒÌ
±µ£¥·¥´É´ÒÌ ³¨±·µ¸µ¸ÉµÖ´¨° ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´  ¢ ¤¢ÊÌ ¢ ·¨ ´É Ì. �Éµ
³µ¦¥É ¡ÒÉÓ ²¨¡µ ‘� Ô´¥·£¨ÖÄµ¡· É´ Ö ÔËË¥±É¨¢´ Ö Î ¸ÉµÉ  (127), £¤¥ ±µ·-
·¥²ÖÍ¨Ö ®¢ Ë §¥¯ Ö¢²Ö¥É¸Ö ¸±·ÒÉµ°, ²¨¡µ ‘� Ô´¥·£¨ÖÄÔËË¥±É¨¢´ Ö Î ¸ÉµÉ 
(136), £¤¥ Éµ£µ ¦¥ É¨¶  ±µ··¥²ÖÍ¨Ö Ö¢²Ö¥É¸Ö Ö¢´µ°. �Î¥¢¨¤´µ, ÎÉµ ¢ ·¨ ´É ¸
Ö¢´µ° ±µ··¥²ÖÍ¨¥° Ê¤µ¡´¥¥ ¤²Ö Ë¨§¨Î¥¸±µ° ¨´É¥·¶·¥É Í¨¨. ‚ Éµ ¦¥ ¢·¥³Ö
¢ ·¨ ´É ¸µ ¸±·ÒÉµ° ±µ··¥²ÖÍ¨¥° Ê¤µ¡´¥¥ ¤²Ö Ëµ·³ ²Ó´µ£µ ¸µ¶µ¸É ¢²¥´¨Ö ¸
‘� ƒ¥°§¥´¡¥·£a (22) ¨ Ê¸É ´µ¢²¥´¨Ö ¢§ ¨³µ¸¢Ö§¨ ³¥¦¤Ê ±¢ ´Éµ¢µ° ¤¨´ ³¨±µ°
¨ ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±µ°.

‘· ¢´¥´¨¥ Ëµ·³Ê² (127) ¨ (136) ¸ Ëµ·³Ê² ³¨ (118) ¨ (117) ¶µ± §Ò¢ ¥É,
ÎÉµ  ´ ²µ£¨Ö ³¥¦¤Ê ‘� Ô´¥·£¨ÖÄ¢·¥³Ö ¨ ‘� Ô´¥·£¨ÖÄÉ¥³¶¥· ÉÊ·  ¢ ¤ ´´µ³
¸²ÊÎ ¥ Ö¢²Ö¥É¸Ö ¶µ²´µ°. �Éµ ¶µ¤É¢¥·¦¤ ¥É ¶·¥¤¶µ²µ¦¥´¨¥ µ Éµ³, ÎÉµ µ¡µ¡-
Ð¥´´µ¥ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö (62), ¢ ¸ÊÐ´µ¸É¨, ´ Ìµ¤¨É¸Ö §  · ³± ³¨ É· ¤¨Í¨-
µ´´µ° É· ±Éµ¢±¨ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¨, ´¥¸³µÉ·Ö ´  ´ ²¨Î¨¥ ¢ ´¥³ ¶µ¸ÉµÖ´-
´µ° �² ´± . …£µ ¸²¥¤Ê¥É · ¸¸³ É·¨¢ ÉÓ ¢ ± Î¥¸É¢¥ ¸ÊÐ¥¸É¢¥´´µ£µ Ô²¥³¥´É 
³ ±·µµ¶¨¸ ´¨Ö ³¨±·µ¸¨¸É¥³Ò,  ´ ²µ£¨Î´µ£µ µ¶¨¸ ´¨Õ, ¶·¨´ÖÉµ³Ê ¢ ¸É É¨-
¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥ ¤²Ö ³ ±·µ¸¨¸É¥³Ò ¢ É¥¶²µ¢µ³ · ¢´µ¢¥¸¨¨.
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�·µ¢¥¤¥´´µ¥ ¨¸¸²¥¤µ¢ ´¨¥ ¶µ± § ²µ, ÎÉµ ±µ´Í¥¶Í¨Ö Ê´¨¢¥·¸ ²Ó´µ¸É¨ ¸µ-
µÉ´µÏ¥´¨° ´¥µ¶·¥¤¥²¥´´µ¸É¥° ¶µ§¢µ²Ö¥É µ¡µ¡Ð¨ÉÓ ¶µ´ÖÉ¨¥ ´¥µ¶·¥¤¥²¥´´µ-
¸É¨ ¢·¥³¥´¨ Œ ´¤¥²ÓÏÉ ³ Ä’ ³³  ¨ ¶µ²ÊÎ¨ÉÓ Ë¨§¨Î¥¸±¨ µ¸³Ò¸²¥´´µ¥ ¨ ³ -
É¥³ É¨Î¥¸±¨ ±µ··¥±É´µ¥ µ¡µ¡Ð¥´´µ¥ ‘� Ô´¥·£¨ÖÄ¢·¥³Ö. �·¨ ¤µ²¦´µ³ ¢Ò-
¡µ·¥ ¸µ¸ÉµÖ´¨Ö µÉ±·ÒÉµ° ³¨±·µ¸¨¸É¥³Ò µ´µ  ¤¥±¢ É´µ ‘� Ô´¥·£¨ÖÄµ¡· É´ Ö
ÔËË¥±É¨¢´ Ö Î ¸ÉµÉ , Ë¨§¨Î¥¸± Ö ¨´É¥·¶·¥É Í¨Ö ±µÉµ·µ£µ ´ ¨¡µ²¥¥ ¶·µ¸É .
‚Ìµ¤ÖÐ¨¥ ¢ ´¥£µ ¢¥²¨Î¨´Ò Å Ô´¥·£¨Õ ¨ µ¡· É´ÊÕ ÔËË¥±É¨¢´ÊÕ Î ¸ÉµÉÊ Å
³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± c-Î¨¸² , ¨³¥ÕÐ¨¥ ³ ±·µ¸±µ¶¨Î¥¸±¨° ¸³Ò¸² ¨  ´ -
²µ£¨Î´Ò¥ Ô´¥·£¨¨ ¨ µ¡· É´µ° É¥³¶¥· ÉÊ·¥ ¢ ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¥.

�É³¥Î¥´´ Ö  ´ ²µ£¨Ö, ¶µ-¢¨¤¨³µ³Ê, ´¥¸²ÊÎ °´ . �´  ¸µµÉ¢¥É¸É¢Ê¥É ³´¥-
´¨Õ, ¶µ²ÊÎ¨¢Ï¥³Ê · ¸¶·µ¸É· ´¥´¨¥ ¢ ¶µ¸²¥¤´¨¥ £µ¤Ò [20, 21, 26, 28, 48], µ
´¥µ¡Ìµ¤¨³µ¸É¨ µ¡µ¡Ð¥´¨Ö ¶µ´ÖÉ¨Ö É¥¶²µÉÒ ´  ³¨±·µ¸¨¸É¥³Ò, ´ Ìµ¤ÖÐ¨¥¸Ö
¶·¨ T = 0. ‚ Î ¸É´µ¸É¨, ¨§ ´ Ï¥£µ  ´ ²¨§  ¸²¥¤Ê¥É, ÎÉµ ¤²Ö µÉ±·ÒÉÒÌ ³¨±·µ-
¸¨¸É¥³ ¢ ¸¨³³¥É·¨Î´µ³ ±µ£¥·¥´É´µ³ ¸µ¸ÉµÖ´¨¨ ¢¶µ²´¥ ¢µ§³µ¦´µ ¢¢¥¤¥´¨¥
³ ±·µµ¶¨¸ ´¨Ö, ¥¸²¨ ¢ ¸É ´¤ ·É´ÒÌ Ëµ·³Ê² Ì É¥·³µ¤¨´ ³¨±¨ µ¤´µ¢·¥³¥´´µ
¶·µ¨§¢¥¸É¨ § ³¥´Ò N → NÔËË ¨

kBT → �ωÔËË

2
≡ kBTÔËË, (140)

£¤¥ TÔËË Å ÔËË¥±É¨¢´ Ö É¥³¶¥· ÉÊ· , ¢¶¥·¢Ò¥ ¢¢¥¤¥´´ Ö  ´ ²µ£¨Î´µ° Ëµ·-
³Ê²µ° ¢ É¥·³µ¤¨´ ³¨±¥ Î¥·´ÒÌ ¤Ò· [14].

Šµ´¥Î´µ, ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ‘� Ô´¥·£¨ÖÄµ¡· É´ Ö ÔËË¥±É¨¢´ Ö Î -
¸ÉµÉ  ¨ ‘� Ô´¥·£¨ÖÄµ¡· É´ Ö É¥³¶¥· ÉÊ·  ± ± ¸µ¢¥·Ï¥´´µ ´¥§ ¢¨¸¨³Ò¥ ´¥-
· ¢¥´¸É¢ , µ¡² ¤ ÕÐ¨¥ ²¨ÏÓ ¢´¥Ï´¥°  ´ ²µ£¨¥°. ‚³¥¸É¥ ¸ É¥³ µ¡  Ê± § ´´Òx
¸µµÉ´µÏ¥´¨Ö Ö¢²ÖÕÉ¸Ö ¸²¥¤¸É¢¨Ö³¨ Ê´¨¢¥·¸ ²Ó´ÒÌ ‘� ˜·¥¤¨´£¥·  (30), ¶µ-
²ÊÎ¥´´ÒÌ ¢ ±¢ ´Éµ¢µ° ¤¨´ ³¨±¥, ´µ ¸¶· ¢¥¤²¨¢ÒÌ ¨ ¢ ¶·¥¤¥²¥ � → 0, É.¥.,
¶µ-¢¨¤¨³µ³Ê ¤²Ö ¢¸¥° ´¥±² ¸¸¨Î¥¸±µ° Ë¨§¨±¨. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ³µ¦´µ ¢Ò-
¸± § ÉÓ Ô¢·¨¸É¨Î¥¸±ÊÕ £¨¶µÉ¥§Ê µ £²µ¡ ²Ó´µ° ¢§ ¨³µ¸¢Ö§¨ ³¥¦¤Ê ±¢ ´Éµ¢µ°
¤¨´ ³¨±µ° ¨ · ¢´µ¢¥¸´µ° ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±µ° [26] ´  µ¸´µ¢¥
É¥µ·¨¨ Ë²Ê±ÉÊ Í¨°.

‘µ£² ¸´µ ÔÉµ° £¨¶µÉ¥§¥, ¢ ¡Ê¤ÊÐ¥° Í¥²µ¸É´µ° É¥µ·¨¨ ´¥±² ¸¸¨Î¥¸±µ°
Ë¨§¨±¨ ·µ²Ó µ¡µ¡Ð¥´´µ° É¥³¶¥· ÉÊ·Ò T µ¡ ¤µ²¦´  ¨£· ÉÓ ¢¥²¨Î¨´ 

T µ¡ ≡ 1
kB

Θ(TÔËË, T ) =
1
kB

[
�ωÔËË

2
cth

�ωÔËË

2kBT

]
= TÔËË cth

(
TÔËË

T

)
, (141)

£¤¥ ÔËË¥±É¨¢´ Ö Î ¸ÉµÉ  ωÔËË ¨ ÔËË¥±É¨¢´ Ö É¥³¶¥· ÉÊ·  TÔËË ¸¢Ö§ ´Ò Ëµ·-
³Ê²µ° (140). Š ± ¸²¥¤Ê¥É ¨§ µ¶·¥¤¥²¥´¨Ö µ¡µ¡Ð¥´´µ° É¥³¶¥· ÉÊ·Ò (141),
¶·¨ ´¨§±¨Ì É¥³¶¥· ÉÊ· Ì T µ¡ ¶¥·¥Ìµ¤¨É ¢ TÔËË,   ¶·¨ ¢Ò¸µ±¨Ì Å ¢ T .
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�Î¥¢¨¤´µ É ±¦¥, ÎÉµ ¶·¨ T → 0 µ¡µ¡Ð¥´´ Ö É¥³¶¥· ÉÊ·  T µ¡ ¸É·¥³¨É¸Ö
± ´¥´Ê²¥¢µ³Ê ¶·¥¤¥²Ó´µ³Ê §´ Î¥´¨Õ Å ÔËË¥±É¨¢´µ° É¥³¶¥· ÉÊ·¥ TÔËË:

T µ¡ → TÔËË =
�ωÔËË

2kBT
�= 0. (142)

�µ¸±µ²Ó±Ê ¶·¥¤¥²Ó´µ¥ §´ Î¥´¨¥ TÔËË ¸¢Ö§ ´µ ¸ Ô´¥·£¨¥° ´Ê²¥¢ÒÌ ±µ²¥¡ ´¨°,
¨³¥ÕÐ¨Ì ÔËË¥±É¨¢´ÊÕ Î ¸ÉµÉÊ ωÔËË, µ´µ ´¨±µ£¤  ´¥ µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó.
’ ±µ° ¢Ò¢µ¤ ¨§ ¸Ëµ·³Ê²¨·µ¢ ´´µ° £¨¶µÉ¥§Ò ³µ¦¥É ¶·¨¤ ÉÓ ´µ¢Ò° ¸³Ò¸²
É¥·³µ¤¨´ ³¨Î¥¸±µ³Ê ¶µ¸ÉÊ² ÉÊ µ ®´¥¤µ¸É¨¦¨³µ¸É¨¯  ¡¸µ²ÕÉ´µ£µ ´Ê²Ö É¥³-
¶¥· ÉÊ·Ò (É¥µ·¥³¥ �¥·´¸É ) [50], ±µÉµ·Ò° ´Ò´¥  ±É¨¢´µ µ¡¸Ê¦¤ ¥É¸Ö ¢ ¸¢Ö§¨
¸ É¥·³µ¤¨´ ³¨±µ° Î¥·´ÒÌ ¤Ò· [51].

‚Ìµ¤ÖÐ Ö ¢ µ¶·¥¤¥²¥´¨¥ (141) ¢¥²¨Î¨´  Θ(TÔËË, T ) ¸µ¢¶ ¤ ¥É ¸µ ¸·¥¤´¥°
Ô´¥·£¨¥° ±¢ ´Éµ¢µ£µ µ¸Í¨²²ÖÉµ· , µ¡² ¤ ÕÐ¥£µ ÔËË¥±É¨¢´µ° Î ¸ÉµÉµ° ωÔËË.
…¥ ¥¸É¥¸É¢¥´´µ ´ §¢ ÉÓ ËÊ´±Í¨¥° �² ´± . �´  ¢ ±µ´Í¥´É·¨·µ¢ ´´µ³ ¢¨¤¥ µÉ-
· ¦ ¥É µ¤´µ¢·¥³¥´´µ¥ ¸ÊÐ¥¸É¢µ¢ ´¨¥ ±¢ ´Éµ¢µ£µ ¨ É¥¶²µ¢µ£µ ¢µ§¤¥°¸É¢¨° ¨
¨³¥¥É ¸³Ò¸² Í¥²µ¸É´µ° Ô´¥·£¥É¨Î¥¸±µ° Ì · ±É¥·¨¸É¨±¨ ´¥±µ´É·µ²¨·Ê¥³µ£µ
¢µ§¤¥°¸É¢¨Ö µ±·Ê¦¥´¨Ö ´  ¸¨¸É¥³Ê, ± ±µÉµ·µ° ¶·¨³¥´¨³  ³µ¤¥²Ó µ¸Í¨²²Ö-
Éµ· . �¥¤ ·µ³ ÔÉ  ËÊ´±Í¨Ö ¶µÖ¢¨² ¸Ó ¥Ð¥ ¢ ¶¥·¢µ° ËÊ´¤ ³¥´É ²Ó´µ° · ¡µÉ¥
�² ´±  [51] µ · ¢´µ¢¥¸´µ³ É¥¶²µ¢µ³ ¨§²ÊÎ¥´¨¨, ¢ ±µÉµ·µ³ É ±µ¥ Í¥²µ¸É´µ¥
´¥±µ´É·µ²¨·Ê¥³µ¥ ¢µ§¤¥°¸É¢¨¥ ¤¥°¸É¢¨É¥²Ó´µ ¨³¥¥É ³¥¸Éµ. ‡  ¶·µÏ¥¤Ï¨¥
¸Éµ ²¥É ËÊ´±Í¨Ö Θ(TÔËË, T ) ¢µÏ²  ¢µ ³´µ£¨¥ Ëµ·³Ê²Ò, ¢¥¸Ó³  ¤ ²¥±¨¥ µÉ
¶·µ¡²¥³ É¥¶²µ¢µ£µ ¨§²ÊÎ¥´¨Ö. �¤´ ±µ ¥¥ ·µ²Ó ± ± Ê´¨¢¥·¸ ²Ó´µ° Í¥²µ¸É´µ°
Ì · ±É¥·¨¸É¨±¨ ´¥±µ´É·µ²¨·Ê¥³µ£µ ¢µ§¤¥°¸É¢¨Ö ¶µ¤Î¥·±¨¢ ² ¸Ó ¤µ ¸¨Ì ¶µ·
´¥¤µ¸É ÉµÎ´µ.

ˆ¸Ìµ¤Ö ¨§ ¸Ëµ·³Ê²¨·µ¢ ´´µ° £¨¶µÉ¥§Ò ¨ ¶·µ¢¥¤¥´´µ£µ ¢ÒÏ¥  ´ ²¨§ ,
³µ¦´µ ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ ¤²Ö · §¢¨É¨Ö ¡Ê¤ÊÐ¥° Í¥²µ¸É´µ° É¥µ·¨¨ µ± ¦¥É¸Ö
¸ÊÐ¥¸É¢¥´´Ò³ ‘� Ô´¥·£¨ÖÄµ¡· É´ Ö µ¡µ¡Ð¥´´ Ö É¥³¶¥· ÉÊ·  ¢¨¤ 

∆E∆
(

1
T µ¡

)
� kB, (143)

µÌ¢ ÉÒ¢ ÕÐ¥¥ ± ± ±¢ ´Éµ¢ÊÕ ¤¨´ ³¨±Ê, É ± ¨ ¸É É¨¸É¨Î¥¸±ÊÕ É¥·³µ¤¨´ -
³¨±Ê. Š ± ´¥É·Ê¤´µ ¢¨¤¥ÉÓ, µ´µ ¶¥·¥Ìµ¤¨É ¶·¨ TÔËË � T ¢ É¥·³µ¤¨´ -
³¨Î¥¸±ÊÕ Ëµ·³Ê²Ê (118),   ¶·¨ TÔËË � T Å ¢ ±¢ ´Éµ¢µ-¤¨´ ³¨Î¥¸±ÊÕ
Ëµ·³Ê²Ê (127).

� §Ê³¥¥É¸Ö, ¶µ¸É·µ¥´¨¥ ¶µ²´µ° É¥µ·¨¨, µ¡Ñ¥¤¨´ÖÕÐ¥° ±¢ ´Éµ¢ÊÕ ¤¨´ -
³¨±Ê ¨ · ¢´µ¢¥¸´ÊÕ ¸É É¨¸É¨Î¥¸±ÊÕ É¥·³µ¤¨´ ³¨±Ê, ¥Ð¥ ¢¶¥·¥¤¨. ‚³¥¸É¥ ¸
É¥³ ¶µÉ·¥¡´µ¸ÉÓ ¢ ´¥° ¢µ§· ¸É ¥É ¸ ± ¦¤Ò³ ¤´¥³, µ¸µ¡¥´´µ ¢ ¸¢Ö§¨ ¸  ±-
É¨¢´Ò³ ¨§ÊÎ¥´¨¥³ ³¥§µ¸±µ¶¨Î¥¸±¨Ì ¨ ´¨§±µ· §³¥·´ÒÌ µ¡Ñ¥±Éµ¢, ¢ ±µÉµ·ÒÌ
±¢ ´Éµ¢Ò¥ ¨ É¥¶²µ¢Ò¥ Ë²Ê±ÉÊ Í¨¨ ³µ£ÊÉ ¶·µÖ¢²ÖÉÓ¸Ö µ¤´µ¢·¥³¥´´µ [52]. ‚¸¥
ÔÉµ ¤¥² ¥É  ±ÉÊ ²Ó´Ò³ ¸µ§¤ ´¨¥ ¥¤¨´µ° É¥µ·¨¨ Ë²Ê±ÉÊ Í¨°, ¤ ²Ó´¥°Ï¥¥ · §-
¢¨É¨¥ ³ ±·µµ¶¨¸ ´¨Ö µÉ±·ÒÉÒÌ ³¨±·µ¸¨¸É¥³ ¨ ¥£µ µ¡Ñ¥¤¨´¥´¨¥ ¸ É· ¤¨Í¨µ´-
´µ° É¥·³µ¤¨´ ³¨±µ° ¢ · ³± Ì µ¡µ¡Ð¥´´µ° ¸É É¨¸É¨Î¥¸±µ° É¥·³µ¤¨´ ³¨±¨.
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�µ ´ Ï¥³Ê ³´¥´¨Õ, ´  ÔÉµ³ ¶ÊÉ¨ ¸ÊÐ¥¸É¢¥´´ÊÕ ·µ²Ó ³µ£ÊÉ ¸Ò£· ÉÓ ¤ ²Ó´¥°-
Ï¨¥ ¶·¨³¥´¥´¨Ö Ê´¨¢¥·¸ ²Ó´ÒÌ ‘� ˜·¥¤¨´£¥· , ±µÉµ·Ò¥ ¶µ§¢µ²ÖÕÉ µ·£ -
´¨Î¥¸±¨ ÊÎ¥¸ÉÓ ´ ²¨Î¨¥ ¢ ¶·¨·µ¤¥ · §²¨Î´ÒÌ É¨¶µ¢ ±µ··¥²ÖÍ¨¨ Ë¨§¨Î¥¸±¨Ì
¢¥²¨Î¨´.

�¢Éµ· ¢Ò· ¦ ¥É £²Ê¡µ±ÊÕ ¡² £µ¤ ·´µ¸ÉÓ ·Ê±µ¢µ¤¸É¢Ê �ˆŸˆ ¨ ‹ ¡µ· -
Éµ·¨¨ É¥µ·¥É¨Î¥¸±µ° Ë¨§¨±¨ §  ³´µ£µ±· É´µ ¶·¥¤µ¸É ¢²¥´´ÊÕ ¢µ§³µ¦´µ¸ÉÓ
µ¡¸Ê¦¤¥´¨Ö ¶µ²ÊÎ¥´´ÒÌ ¢ ¤ ´´µ° · ¡µÉ¥ ·¥§Ê²ÓÉ Éµ¢, ¨ µ¸µ¡ÊÕ ¶·¨§´ É¥²Ó-
´µ¸ÉÓ Å Œ.ˆ. ˜¨·µ±µ¢Ê §  ÉÐ É¥²Ó´µ¥ ·¥Í¥´§¨·µ¢ ´¨¥ ¸É ÉÓ¨ ¨ ±µ´¸É·Ê±-
É¨¢´ÊÕ ±·¨É¨±Ê.
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