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�¡§µ· ¶µ¸¢ÖÐ¥´ µ¤´µ³Ê ¨§ ´ ¨¡µ²¥¥ Ö·±¨Ì ¤µ¸É¨¦¥´¨° ËÊ´¤ ³¥´É ²Ó´µ° Ë¨§¨±¨ ¶·¥¤Ò-
¤ÊÐ¥£µ ¤¥¸ÖÉ¨²¥É¨Ö Å ´¥¶¥·ÉÊ·¡ É¨¢´µ³Ê ·¥Ï¥´¨Õ É¥µ·¨¨ ´¥±·¨É¨Î¥¸±¨Ì ¸É·Ê´ Å ¤¢Ê³¥·´µ°
£· ¢¨É Í¨¨. �Éµ ·¥Ï¥´¨¥ Ê¤ ¥É¸Ö ¶µ¸É·µ¨ÉÓ ¢ É¥·³¨´ Ì ´¥±µÉµ·ÒÌ ³ É·¨Î´ÒÌ ³µ¤¥²¥°. ‘²¥¤Ê¥É
µÉ³¥É¨ÉÓ, ÎÉµ ³ É·¨Î´Ò¥ ³µ¤¥²¨ ¶·¨³¥´ÖÕÉ¸Ö ¤²Ö µ¶¨¸ ´¨Ö ¸ ³ÒÌ · §´ÒÌ Ë¨§¨Î¥¸±¨Ì ¸¨¸É¥³.
�¡ÒÎ´µ ÔÉ¨ ¸¨¸É¥³Ò ¶·¨´ ¤²¥¦ É ± ±² ¸¸Ê Ê´¨¢¥·¸ ²Ó´µ¸É¨ µ¶·¥¤¥²¥´´ÒÌ ³ É·¨Î´ÒÌ ³µ¤¥²¥°.
�µ³¨³µ Éµ£µ, ÎÉµ ´ °¤¥´´µ¥ ·¥Ï¥´¨¥ ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨ µ± § ²µ¸Ó ¥¤¢  ²¨ ´¥ ¶¥·¢Ò³ ´¥¶¥·-
ÉÊ·¡ É¨¢´Ò³ ·¥Ï¥´¨¥³ ´¥É·¨¢¨ ²Ó´µ° ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö, ¨³¥ÕÐ¥° ¢ ¦´Ò¥ ¶·¨³¥´¥´¨Ö,
´ °¤¥´´Ò¥ µ¡Ð¨¥ ¸¢µ°¸É¢  ·¥Ï¥´¨Ö µ± § ²¨¸Ó ¥¤¢  ²¨ ´¥ ¢ ¦´¥¥ ¸ ³µ£µ ·¥Ï¥´¨Ö ¨ ¢ ´ ¸Éµ-
ÖÐ¨° ³µ³¥´É ´ Ìµ¤ÖÉ ¶·¨³¥´¥´¨¥ ¢ · §²¨Î´ÒÌ µ¡² ¸ÉÖÌ É¥µ·¥É¨Î¥¸±µ° Ë¨§¨±¨. �É¨ µ¡Ð¨¥
¸¢µ°¸É¢  Å ¨´É¥£·¨·Ê¥³µ¸ÉÓ ¨ ´ ²¨Î¨¥ ¡¥¸±µ´¥Î´µ£µ ±µ²¨Î¥¸É¢  Éµ¦¤¥¸É¢ “µ·¤ , ¶µ²´µ¸ÉÓÕ
µ¶·¥¤¥²ÖÕÐ¨Ì É¥µ·¨Õ. ‚ ´ ¸ÉµÖÐ¥³ µ¡§µ·¥ ³Ò ¢ µ¸´µ¢´µ³ ±µ´Í¥´É·¨·Ê¥³¸Ö ¨³¥´´µ ´  µ¡Ð¨Ì
¸¢µ°¸É¢ Ì ³ É·¨Î´ÒÌ ³µ¤¥²¥°.

The review is devoted to one of the most brilliant achievements in fundamental physics of the
previous decade, to nonperturbative solution of the theory of noncritical strings Å two-dimensional
gravity. This solution can be constructed in terms of some matrix models. In fact, matrix models are
applied to describing different physical systems. These physical systems typically lie in universality
classes of certain matrix models. Besides the solution to two-dimensional gravity constructed is
likely the ˇrst nonperturbative solution to a nontrivial quatum ˇeld theory with important physical
applications, the general properties of the solution are likely more important than the solution itself,
and are applied at the moment in different ˇelds of theoretical physics. These general properties are
integrability and inˇnitely many Ward identities which deˇne the theory completely. In the review
we mainly concentrate on these general properties of matrix models.
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1.1. 	¡Ð¨¥ § ³¥Î ´¨Ö. ƒ² ¢´Ò³ ¤µ¸É¨¦¥´¨¥³ ¸µ¢·¥³¥´´µ° É¥µ·¨¨ ¸É·Ê´
Ö¢¨²µ¸Ó ¥¥ ¶¥·ÉÊ·¡ É¨¢´µ¥ µ¶¨¸ ´¨¥ ¢¡²¨§¨ ±² ¸¸¨Î¥¸±¨Ì ·¥Ï¥´¨° ¸É·Ê´´ÒÌ
Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö Å ¢ ±ÊÊ³µ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨. ’ ±¨¥ ¢ ±ÊÊ³Ò µ¶¨¸Ò¢ -
ÕÉ¸Ö ¤¢Ê³¥·´Ò³¨ ±µ´Ëµ·³´Ò³¨ É¥µ·¨Ö³¨, ¨ ¶¥·¢µ° µ¸´µ¢´µ° § ¤ Î¥° ¡Ò²µ
µ¶¨¸ ´¨¥ ±¢ ´Éµ¢ÒÌ ¶µ¶· ¢µ±, ¸¢Ö§ ´´ÒÌ ¸ Ë²Ê±ÉÊ Í¨Ö³¨ ¸É·Ê´´ÒÌ ¶µ²¥°,
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µÉ¢¥Î ÕÐ¨Ì Ê± § ´´Ò³ ±µ´Ëµ·³´Ò³ É¥µ·¨Ö³. �É  § ¤ Î  ± ´ ¸ÉµÖÐ¥³Ê ³µ-
³¥´ÉÊ ¢ µ¸´µ¢´µ³ ·¥Ï¥´  (¸³., ´ ¶·¨³¥·, µ¡§µ·Ò [1,2] ¨ ¸¸Ò²±¨ ¢ ´¨Ì). ˆ³¥-
¥É¸Ö, ±µ´¥Î´µ, ¨ ¤·Ê£ Ö § ¤ Î  Å µ¶¨¸ ´¨¥ ¤¥Ëµ·³ Í¨° ¸ ³¨Ì ±µ´Ëµ·³´ÒÌ
³µ¤¥²¥°, É. ¥. ¸¤¢¨£ ¢ ±µ´Ë¨£Ê· Í¨µ´´µ³ ¶·µ¸É· ´¸É¢¥. �Éµ É¨¶¨Î´Ò° ´¥¶¥·-
ÉÊ·¡ É¨¢´Ò° ÔËË¥±É. Š ¸µ¦ ²¥´¨Õ, ¸ÊÐ¥¸É¢ÊÕÐ Ö Ëµ·³Ê²¨·µ¢±  É¥µ·¨¨
¸É·Ê´ ´  Ö§Ò±¥ ¶¥·¢¨Î´µ£µ ±¢ ´Éµ¢ ´¨Ö ´¥ ¶µ§¢µ²Ö¥É µ¶¨¸Ò¢ ÉÓ ´¥¶¥·ÉÊ·¡ -
É¨¢´Ò¥ ÔËË¥±ÉÒ, É. ¥. ®¸¢Ö§Ò¢ ÉÓ¯ ¢ ±ÊÊ³Ò É¥µ·¨¨ ´¥¶·¥·Ò¢´Ò³¨ É· ¥±Éµ·¨-
Ö³¨. ‚ Éµ ¦¥ ¢·¥³Ö ¢¸¥ ¶µ¶ÒÉ±¨ ¸µ§¤ ÉÓ Ê¤µ¢²¥É¢µ·¨É¥²Ó´ÊÕ ¶µ²¥¢ÊÕ É¥µ·¨Õ
¸É·Ê´, É. ¥. ¢Éµ·¨Î´µ ¶·µ±¢ ´Éµ¢ ÉÓ ¥¥, µ± § ²¨¸Ó ´¥Ê¤ Î´Ò³¨.

�¥·¢Ò³ Ï £µ³ ¢ ´Ê¦´µ³ ´ ¶· ¢²¥´¨¨ Ö¢¨²¨¸Ó ¶µ¶ÒÉ±¨ ¶¥·ÉÊ·¡ É¨¢-
´ÒÌ ¤¥Ëµ·³ Í¨° ±µ´Ëµ·³´ÒÌ É¥µ·¨° [3Ä5]. Šµ´¥Î´µ, ÔÉµ ¤ ²µ Éµ²Ó±µ µ¶¨-
¸ ´¨¥ µ±·¥¸É´µ¸É¨ ±·¨É¨Î¥¸±¨Ì ÉµÎ¥±, ´µ ´¥ ¶·µÖ¸´¨²µ £²µ¡ ²Ó´µ° ¸É·Ê±-
ÉÊ·Ò ±µ´Ë¨£Ê· Í¨µ´´µ£µ ¶·µ¸É· ´¸É¢ . ‚ Éµ ¦¥ ¢·¥³Ö Ê¦¥ ¢ · ¡µÉ Ì [3, 4]
(¸³. É ±¦¥ [6,7]) µÉ³¥Î ² ¸Ó ¢ ¦´µ¸ÉÓ ¨´É¥£·¨·Ê¥³ÒÌ ¤¥Ëµ·³ Í¨° ±µ´Ëµ·³-
´ÒÌ É¥µ·¨°. �¤´ ±µ ¤¥°¸É¢¨É¥²Ó´µ ¸¥·Ó¥§´Ò° ¶·µ£·¥¸¸ ¢ ¶µ´¨³ ´¨¨ ¡Ò²
¤µ¸É¨£´ÊÉ ¢ ¶·µÍ¥¸¸¥ ¨¸¸²¥¤µ¢ ´¨Ö É¥µ·¨° ¸É·Ê´ ¸ ³ ²Ò³ Î¨¸²µ³ ¸É¥¶¥´¥°
¸¢µ¡µ¤Ò Å ´¥±·¨É¨Î¥¸±¨Ì ¸É·Ê´ ¢ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ · §³¥·´µ¸ÉÓÕ ´¥
¡µ²ÓÏ¥ 2 (¸³. µ¡§µ·Ò [8,10]).

�µ¸É·µ¥´¨¥ É¥µ·¨¨ ´¥±·¨É¨Î¥¸±¨Ì ¸É·Ê´ ´ Î ²µ¸Ó ¸ µ¶·¥¤¥²ÖÕÐ¥° ¸É -
ÉÓ¨ �.�µ²Ö±µ¢  [11,12] (¸³. É ±¦¥ [13]), £¤¥  ¢Éµ· ¶·¥¤²µ¦¨² § ³¥´¨ÉÓ ËÊ´±-
Í¨µ´ ²Ó´Ò° ¨´É¥£· ² ¸ ¸ÊÐ¥¸É¢¥´´µ ´¥²¨´¥°´Ò³ ¤¥°¸É¢¨¥³ 
 ³¡ÊÄƒµÉµ,
¶·¨³¥´Ö¢Ï¨°¸Ö ¤µ Éµ£µ ¢ É¥µ·¨¨ ¸É·Ê´, ´  ¨´É¥£· ² ¸ ¤µ¶µ²´¨É¥²Ó´Ò³ Ê¸·¥¤-
´¥´¨¥³ ¶µ ¤¢Ê³¥·´Ò³ ³¥É·¨± ³ ¨ ¸ µ¡Ð¥±µµ·¤¨´ É´µ-¨´¢ ·¨ ´É´Ò³ ±¢ ¤· -
É¨Î´Ò³ ¤¥°¸É¢¨¥³, É. ¥. ´  ËÊ´±Í¨µ´ ²Ó´Ò° ¨´É¥£· ² ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨.
ˆ´É¥£· ²Ò 
 ³¡ÊÄƒµÉµ ¨ �µ²Ö±µ¢  ¸µ¢¶ ¤ ÕÉ ´  ±² ¸¸¨Î¥¸±¨Ì Ê· ¢´¥´¨ÖÌ
¤¢¨¦¥´¨Ö (¶·¨ ÔÉµ³ ¶µ¸²¥¤µ¢ É¥²Ó´µ¥ ±¢ ´Éµ¢ ´¨¥ ¤¥°¸É¢¨Ö 
 ³¡ÊÄƒµÉµ § -
É·Ê¤´¥´µ ¨§-§  ¸¨²Ó´µ° ´¥²¨´¥°´µ¸É¨ ¤¥°¸É¢¨Ö). �¤´ ±µ ¶·¨´Í¨¶¨ ²Ó´Ò³
µÉ²¨Î¨¥³ ¶µ²Ö±µ¢¸±µ£µ ¶µ¤Ìµ¤  Ö¢²Ö¥É¸Ö Éµ, ÎÉµ µ´ ¨´É¥·¶·¥É¨·Ê¥É ¸É·Ê´-
´Ò¥ ¶¥·¥³¥´´Ò¥ ± ± ¶µ²Ö ´  ¤¢Ê³¥·´µ° ¶µ¢¥·Ì´µ¸É¨. �ÉµÉ Ö§Ò± ¶µ§¢µ²Ö¥É
· ¸¸³ É·¨¢ ÉÓ ±µµ·¤¨´ ÉÒ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ± ± ¶µ²¥¢Ò¥ ¶¥·¥³¥´´Ò¥ ¨
¤µ²¦¥´, ¢ ¶·¨´Í¨¶¥, ¶µ§¢µ²¨ÉÓ µ¶¨¸ ÉÓ ¤¨´ ³¨Î¥¸±¨° ³¥Ì ´¨§³ ¢µ§´¨±´µ¢¥-
´¨Ö ´ Ï¥£µ ¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´µ£µ ³´µ£µµ¡· §¨Ö.

l² £µ¤ ·Ö ¡µ²ÓÏµ° ± ²¨¡·µ¢µÎ´µ° ¨´¢ ·¨ ´É´µ¸É¨ ¨ ¸¶¥Í¨Ë¨±¥ ¤¢ÊÌ ¨§-
³¥·¥´¨° ¤¥°¸É¢¨¥ �µ²Ö±µ¢  ³µ¦¥É ¡ÒÉÓ ¸¤¥² ´µ ´¥ § ¢¨¸ÖÐ¨³ µÉ ³¥É·¨±¨.
�Éµ Ö¢²¥´¨¥, µ¤´ ±µ, · §·ÊÏ ¥É¸Ö ´  ±¢ ´Éµ¢µ³ Ê·µ¢´¥ ±µ´Ëµ·³´µ°  ´µ³ -
²¨¥°, ¢ ·¥§Ê²ÓÉ É¥ Î¥£µ £· ¢¨É Í¨µ´´Ò¥ ³µ¤Ò ´¥±·¨É¨Î¥¸±µ° ¸É·Ê´Ò µ¶¨¸Ò-
¢ ÕÉ¸Ö (¤¢Ê³¥·´Ò³) ¤¥°¸É¢¨¥³ ‹¨Ê¢¨²²Ö. Šµ´¥Î´µ, ¢ ±·¨É¨Î¥¸±¨Ì · §³¥·´µ-
¸ÉÖÌ (26 ¤²Ö ¡µ§µ´´µ° ¸É·Ê´Ò ¨ 10 ¤²Ö Ë¥·³¨µ´´µ°) ±µ´Ëµ·³´ Ö  ´µ³ ²¨Ö
¨¸Î¥§ ¥É ¨ ¤¥°¸É¢¨¥ ¸É·Ê´Ò ¸É ´µ¢¨É¸Ö ¸¢µ¡µ¤´Ò³. ‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ
É¥µ·¨Ö ¸É·Ê´ µ¡ÒÎ´µ ¶·¥¤¶µ² £ ¥É¸Ö § ¤ ´´µ° ¢ ¥¢±²¨¤µ¢µ³ ¶·µ¸É· ´¸É¢¥-
¢·¥³¥´¨. ’¥µ·¨Ö ´¥±·¨É¨Î¥¸±¨Ì ¸É·Ê´ µ¤´µ¢·¥³¥´´µ ¶µ¤· §Ê³¥¢ ¥É ³¥Ì ´¨§³
¢µ§´¨±´µ¢¥´¨Ö ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ ¨ ¨´É¥·¶·¥É¨·Ê¥É ²¨Ê¢¨²²¥¢¸±µ¥
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¶µ²¥ ± ± ¢·¥³¥´´ÊÕ ¶¥·¥³¥´´ÊÕ ¢ ´ Ï¥³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ [14]. „¥°-
¸É¢¨É¥²Ó´µ, ¥¸²¨ · ¸¸³ É·¨¢ ÉÓ ¸É·Ê´Ê ¢ · §³¥·´µ¸É¨ 25 Å ´  ¥¤¨´¨ÍÊ ³¥´Ó-
Ï¥° ±·¨É¨Î¥¸±µ°, £· ¢¨É Í¨µ´´µ¥ ²¨Ê¢¨²²¥¢¸±µ¥ ¤¥°¸É¢¨¥ ¸É ´µ¢¨É¸Ö ¸¢µ-
¡µ¤´Ò³, ´µ ¸ ¶·µÉ¨¢µ¶µ²µ¦´Ò³ §´ ±µ³ ¶¥·¥¤ ±¨´¥É¨Î¥¸±¨³ Î²¥´µ³. ’ ±¨³
µ¡· §µ³, ¸ ÉµÎ±¨ §·¥´¨Ö ¤¢Ê³¥·´µ° ¶µ¢¥·Ì´µ¸É¨ ¨³¥¥É¸Ö 25 ¸¢µ¡µ¤´ÒÌ (¸± -
²Ö·´ÒÌ) ¶µ²¥° ¨ µ¤´µ ¸¢µ¡µ¤´µ¥ ¶µ²¥ ‹¨Ê¢¨²²Ö ¸ ´¥¶· ¢¨²Ó´Ò³ §´ ±µ³ ¶¥·¥¤
¤¥°¸É¢¨¥³. �É  É¥µ·¨Ö ³µ¦¥É ¨´É¥·¶·¥É¨·µ¢ ÉÓ¸Ö ± ± É¥µ·¨Ö 26 ¸¢µ¡µ¤´ÒÌ
¶µ²¥° ¸ ¸¨£´ ÉÊ·µ° (−,+ . . .+).


¥¸³µÉ·Ö ´  ¢¸Õ ¸¢µÕ ¶·¨¢²¥± É¥²Ó´µ¸ÉÓ (§¤¥¸Ó µÉ³¥É¨³, ÎÉµ É¥µ·¨Ö ´¥-
±·¨É¨Î¥¸±¨Ì ¸É·Ê´ ¶µ²¥§´  É ±¦¥ ¨ ¤²Ö µ¶¨¸ ´¨Ö (¨ ·¥Ï¥´¨Ö) É·¥Ì³¥·´µ°
³µ¤¥²¨ ˆ§¨´£  [15] (¸³. É ±¦¥ µ¡§µ· [16]), É¥µ·¨¨ ¸¨²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°,
É¥µ·¨¨ ¶µ²¨³¥·µ¢, § ¤ Î µ ¸²ÊÎ °´µ³ ¡²Ê¦¤ ´¨¨ ¨ É. ¤.), É¥µ·¨Ö ´¥±·¨É¨-
Î¥¸±¨Ì ¸É·Ê´ Ö¢²Ö¥É¸Ö ¸²µ¦´µ° ´¥²¨´¥°´µ° ±¢ ´Éµ¢µ° § ¤ Î¥°, É·Ê¤´µ° ¤²Ö
·¥Ï¥´¨Ö. �µÔÉµ³Ê µ´  ´ Î ²   ±É¨¢´µ · §¢¨¢ ÉÓ¸Ö Éµ²Ó±µ ¶µ¸²¥ 1987 £.,
±µ£¤  ¢ [17, 18] ¡Ò²¨ ´ °¤¥´Ò ¥¥ ±·¨É¨Î¥¸±¨¥ ¶µ± § É¥²¨. ‚ ÔÉ¨Ì · ¡µÉ Ì
· ¸¸³ É·¨¢ ² ¸Ó ¤¢Ê³¥·´ Ö ±µ´Ëµ·³´ Ö É¥µ·¨Ö ¶µ²Ö (µ¶¨¸Ò¢ ÕÐ Ö ´¥±µÉµ-
·Ò° ¢ ±ÊÊ³ É¥µ·¨¨ ¸É·Ê´), ¢§ ¨³µ¤¥°¸É¢ÊÕÐ Ö ¸ £· ¢¨É Í¨¥°. �·¨ ÔÉµ³ ¸Ê-
Ð¥¸É¢¥´´µ° Ì · ±É¥·¨¸É¨±µ° ±µ´Ëµ·³´µ° É¥µ·¨¨ Ö¢²Ö¥É¸Ö ¥¥ Í¥´É· ²Ó´Ò°
§ ·Ö¤ Å Î¨¸²µ ¸É·Ê´´ÒÌ ¶µ²¥° ¢ ¶µ²Ö±µ¢¸±µ³ ¨´É¥£· ²¥. …¸²¨ · §³¥·´µ¸ÉÓ
¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ¢Ò¡· ´  ³¥´ÓÏ¥ 26, ´µ ¡µ²ÓÏ¥ 2 (É. ¥. ¸É·Ê´  · ¸¸³ -
É·¨¢ ¥É¸Ö ¢ · §³¥·´µ¸É¨ ¡µ²ÓÏ¥ 1, ´µ ³¥´ÓÏ¥ 25), ¤¥°¸É¢¨¥ ¸µµÉ¢¥É¸É¢ÊÕ-
Ð¥° ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨ ¸É ´µ¢¨É¸Ö ±µ³¶²¥±¸´Ò³,   ¸ ³  É¥µ·¨Ö ¸µ¤¥·¦¨É
±µ³¶²¥±¸´Ò¥  ´µ³ ²Ó´Ò¥ · §³¥·´µ¸É¨ [17,18]. ’ ±¨³ µ¡· §µ³, É¥µ·¨Ö ¸ Í¥´-
É· ²Ó´Ò³ § ·Ö¤µ³ 1 < c < 25 µÉ¢¥Î ¥É ¸É·Ê´¥ ¸ ´¥¸É ¡¨²Ó´Ò³ ¢ ±ÊÊ³µ³,  
¸É ¡¨²Ó´ Ö ±µ´Ë¨£Ê· Í¨Ö É¥µ·¨¨ µ¶¨¸Ò¢ ¥É¸Ö ¸¨²Ó´µ ¨§²µ³ ´´µ° ¤¢Ê³¥·´µ°
¶µ¢¥·Ì´µ¸ÉÓÕ Å ÔÉµ É ± ´ §Ò¢ ¥³ Ö ¶µ²¨³¥·´ Ö Ë §  [19], ¢ ±µÉµ·µ° ¸É·Ê´ 
¸¨²Ó´µ ®³´¥É¸Ö¯ [20].

‘²¥¤µ¢ É¥²Ó´µ, ¦¥² Ö · ¸¸³µÉ·¥ÉÓ ´¥±·¨É¨Î¥¸±ÊÕ ¸É·Ê´Ê ´¥¸±µ²Ó±µ ¡µ-
²¥¥ ¶·µ¸ÉÊÕ, Î¥³ ¢ · §³¥·´µ¸É¨ 25, ¶·¨Ìµ¤¨É¸Ö ¢Ò¡¨· ÉÓ ¸É·Ê´Ê ¢ · §³¥·-
´µ¸É¨ ´¥ ¡µ²ÓÏ¥ 1. 
¥±·¨É¨Î¥¸± Ö ¸É·Ê´  ¢ É ±µ° · §³¥·´µ¸É¨ ¨³¥¥É ³ ²µ¥
(  ¢ · §³¥·´µ¸É¨ ¸É·µ£µ ³¥´ÓÏ¥ 1 Å ±µ´¥Î´µ¥) Î¨¸²µ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò.
�Éµ ¶·µÐ¥ ¢¸¥£µ ¶µ´ÖÉÓ ¨§ ¸²¥¤ÊÕÐ¥£µ · ¸¸Ê¦¤¥´¨Ö. Š ± ¨§¢¥¸É´µ, ¸É·Ê´ 
³µ¦¥É ¡ÒÉÓ ¸Ëµ·³Ê²¨·µ¢ ´  (¶µ ±· °´¥° ³¥·¥, ´  ¤·¥¢¥¸´µ³ Ê·µ¢´¥, ÎÉµ
Ê¦¥ ¤µ¸É ÉµÎ´µ ¤²Ö ¸Î¥É  ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò) ¢ ¶¥·¥³¥´´ÒÌ ¸¢¥Éµ¢µ£µ ±µ-
´Ê¸  [21,22], É. ¥. ¤¢¥ ±µµ·¤¨´ ÉÒ ³µ£ÊÉ ¡ÒÉÓ Ê¡· ´Ò ± ²¨¡·µ¢µÎ´Ò³ (µ¡Ð¥-
±µµ·¤¨´ É´Ò³) ¶·¥µ¡· §µ¢ ´¨¥³. ’ ±¨³ µ¡· §µ³, ± ± ¢ ²Õ¡µ° ± ²¨¡·µ¢µÎ-
´µ° É¥µ·¨¨, Î¨¸²µ Ë¨§¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ ¢ ¸É·Ê´¥ ´  ¤¢¥ ³¥´ÓÏ¥. �µÔÉµ³Ê
¢ ´¥±·¨É¨Î¥¸±µ° ¸É·Ê´¥ ¸ Í¥´É· ²Ó´Ò³ § ·Ö¤µ³ c ≤ 1 (É. ¥. ¢ · §³¥·´µ¸É¨
¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ d ≤ 2), ¶µ²¥¢ÒÌ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò ´¥ µ¸É ¥É¸Ö Å ¢
É¥µ·¨¨ ¨³¥¥É¸Ö ¢ ±ÊÊ³´µ¥ ¸µ¸ÉµÖ´¨¥ (É Ì¨µ´) ¨, ¢µ§³µ¦´µ, ´¥±µÉµ·µ¥ ±µ²¨-
Î¥¸É¢µ ®¤¨¸±·¥É´ÒÌ¯ ¸µ¸ÉµÖ´¨° (É. ¥. µÉ¤¥²Ó´ÒÌ ³µ¤). —¨¸²µ ÔÉ¨Ì ¤¨¸±·¥É´ÒÌ
¸µ¸ÉµÖ´¨° ±µ´¥Î´µ ¶·¨ c < 1,   ¶·¨ c = 1 ¸É ´µ¢¨É¸Ö ¡¥¸±µ´¥Î´Ò³. ’¥µ·¨Ö,
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µ¶¨¸Ò¢ ÕÐ Ö ÔÉ¨ ¤¨¸±·¥É´Ò¥ ¸µ¸ÉµÖ´¨Ö, µ± §Ò¢ ¥É¸Ö ¤µ¸ÉÊ¶´µ° ¤²Ö ¨¸¸²¥¤µ-
¢ ´¨Ö, ¨ ¨³¥´´µ ¸ · §¢¨É¨¥³ ÔÉµ° É¥µ·¨¨ ¸¢Ö§ ´ µ¸´µ¢´µ° ¶·µ£·¥¸¸ ¢ É¥µ·¨¨
´¥±·¨É¨Î¥¸±¨Ì ¸É·Ê´ ¢ ¶µ¸²¥¤´¨¥ £µ¤Ò.

‘ÊÐ¥¸É¢Ê¥É ´¥¸±µ²Ó±µ · §²¨Î´ÒÌ Ëµ·³Ê²¨·µ¢µ± É¥µ·¨¨ ´¥±·¨É¨Î¥¸±¨Ì
¸É·Ê´ ¸ c ≤ 1. �µ¸±µ²Ó±Ê ¸É·Ê´  ¢ ¸Éµ²Ó ´¨§±µ° · §³¥·´µ¸É¨ Ö¢²Ö¥É¸Ö Ê¶·µ-
Ð¥´´µ° ³µ¤¥²ÓÕ, § ¤ Î¥° ± ¦¤µ£µ ¨§ ¶µ¤Ìµ¤µ¢ Ö¢²Ö¥É¸Ö ¢ÒÖ¢²¥´¨¥ ´¥±µÉµ·ÒÌ
É¨¶¨Î´ÒÌ ¸¢µ°¸É¢ É¥µ·¨¨, ±µÉµ·Ò¥ ³µ£ÊÉ µ¦¨¤ ÉÓ¸Ö ¢ ¸É ·Ï¨Ì · §³¥·´µ¸ÉÖÌ.
�·¥¦¤¥ Î¥³ ¶¥·¥Ìµ¤¨ÉÓ ± µ¡¸Ê¦¤¥´¨Õ µ¤´µ£µ ¨§ ´ ¨¡µ²¥¥ ¶¥·¸¶¥±É¨¢´ÒÌ ¸
ÔÉµ° ÉµÎ±¨ §·¥´¨Ö ¶µ¤Ìµ¤µ¢ Å ³ É·¨Î´Ò³ ³µ¤¥²Ö³, ±· É±µ µ¶¨Ï¥³ ¤·Ê£¨¥
¢µ§³µ¦´µ¸É¨.


 ¨¡µ²¥¥ ¶·Ö³Ò³ Ö¢²Ö¥É¸Ö ¨§ÊÎ¥´¨¥ ´¥±·¨É¨Î¥¸±¨Ì ¸É·Ê´ ¢ · ³± Ì ®Ë¨-
§¨Î¥¸±µ°¯ £· ¢¨É Í¨¨, É. ¥. ¢ É¥·³¨´ Ì ´¥¶µ¸·¥¤¸É¢¥´´µ ¤¢Ê³¥·´µ° ³ É¥·¨¨,
¢§ ¨³µ¤¥°¸É¢ÊÕÐ¥° ¸ £· ¢¨É Í¨¥°. 
¥±µÉµ·Ò° ¶·µ£·¥¸¸ §¤¥¸Ó ¡Ò² ¤µ¸É¨£´ÊÉ
¶·¨ µ¶¨¸ ´¨¨ ±·¨É¨Î¥¸±¨Ì ÉµÎ¥±, £¤¥ ³ É¥·¨Ö µ¶¨¸Ò¢ ¥É¸Ö ¤¢Ê³¥·´µ° ±µ´-
Ëµ·³´µ° É¥µ·¨¥° [17,18]: ¡Ò²¨ ¢ÒÎ¨¸²¥´Ò ±·¨É¨Î¥¸±¨¥ ¶µ± § É¥²¨ É¥µ·¨¨.
�¤´ ±µ Ê¦¥ ¶µ²ÊÎ¥´¨¥ ±µ··¥²ÖÉµ·µ¢ ¸É ²±¨¢ ¥É¸Ö ¸ ·Ö¤µ³ ¸¥·Ó¥§´ÒÌ ¶·µ¡²¥³
¨, Ë ±É¨Î¥¸±¨, µ£· ´¨Î¥´µ ¢ÒÎ¨¸²¥´¨Ö³¨ É·¥ÌÉµÎ¥Î´ÒÌ ±µ··¥²ÖÉµ·µ¢ [23],  
É ±¦¥ ´¥±µÉµ·ÒÌ ±µ··¥²ÖÉµ·µ¢ ¸¶¥Í¨ ²Ó´µ£µ ¢¨¤  [24, 25] ´  ¸Ë¥·¥ ¨ ¸É É¨-
¸É¨Î¥¸±µ° ¸Ê³³Ò ´  Éµ·¥ [26].

Š·µ³¥ µ¶¨¸ ´¨Ö É¥µ·¨¨ ¢¡²¨§¨ ±·¨É¨Î¥¸±¨Ì ÉµÎ¥±, µÉ¢¥Î ÕÐ¨Ì µ¸´µ¢-
´Ò³ ¸µ¸ÉµÖ´¨Ö³ É¥µ·¨¨ ¸É·Ê´, ´¥µ¡Ìµ¤¨³µ ¨§ÊÎ ÉÓ ¨ É· ¥±Éµ·¨¨, ¸¢Ö§Ò¢ Õ-
Ð¨¥ · §²¨Î´Ò¥ ¸É·Ê´´Ò¥ ¢ ±ÊÊ³Ò. Šµ´¥Î´µ, ÔÉ  § ¤ Î  Ö¢²Ö¥É¸Ö ¥Ð¥ ¡µ²¥¥
¸²µ¦´µ° (¸³. [27]). ” ±É¨Î¥¸±¨, ±·µ³¥ É¥Ì´¨Î¥¸±µ° ¶·µ¡²¥³Ò ¢ÒÎ¨¸²¥´¨Ö, ¢
¤¢Ê³¥·´µ° £· ¢¨É Í¨¨ ¨³¥¥É¸Ö ¶·µ¡²¥³  ¶· ¢¨²Ó´µ£µ µ¶·¥¤¥²¥´¨Ö É¥µ·¨¨ ¨,
¢ Î ¸É´µ¸É¨, ±¢ ´Éµ¢µ° ³¥·Ò ¢ ËÊ´±Í¨µ´ ²Ó´µ³ ¨´É¥£· ²¥. ’ ±, ¸ÊÐ¥¸É¢ÊÕÉ
¤¢¥ ¥¸É¥¸É¢¥´´Ò¥ ³¥·Ò Å ¶µ²Ö±µ¢¸± Ö [11] ¨ ¸¢µ¡µ¤´ Ö ³¥·  ¤²Ö ¶µ²Ö ‹¨Ê-
¢¨²²Ö [17,18,22].

Šµ´¥Î´µ, ¢ ¦´Ò³ ¤µ¸Éµ¨´¸É¢µ³ É¥µ·¨¨ ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨ Ö¢²Ö¥É¸Ö
Éµ, ÎÉµ µ´  ¸Ëµ·³Ê²¨·µ¢ ´  ¢ É¥·³¨´ Ì, ´¥¶µ¸·¥¤¸É¢¥´´µ ¶·µ¤µ²¦ ¥³ÒÌ ´ 
¸É ·Ï¨¥ · §³¥·´µ¸É¨. ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¨³¥´´µ ÔÉµ µ¡Ê¸² ¢²¨¢ ¥É ¥¥ ¸²µ¦-
´µ¸ÉÓ, ¶µ¡Ê¦¤ Ö ¨¸± ÉÓ ¤·Ê£¨¥ Ëµ·³Ê²¨·µ¢±¨. �¥ÎÓ ¨¤¥É ¶·µ¸Éµ µ ¶µ¨¸±¥
¤·Ê£¨Ì É¥µ·¨° ¢ Éµ³ ¦¥ ¸ ³µ³ ±² ¸¸¥ Ê´¨¢¥·¸ ²Ó´µ¸É¨. �É¨ É¥µ·¨¨, µ¤´ ±µ,
¤µ²¦´Ò ¨³¥ÉÓ ¸ÊÐ¥¸É¢¥´´Ò¥ Î¥·ÉÒ, É¨¶¨Î´Ò¥ ¨ ¤²Ö ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨.
�¤´µ° ¨§ ´¨Ì Ö¢²Ö¥É¸Ö Éµ¶µ²µ£¨Î¥¸±¨° Ì · ±É¥· É¥µ·¨¨ ¸É·Ê´ [28]. „¥°-
¸É¢¨É¥²Ó´µ, ¥¸²¨ É¥µ·¨Ö ´ Ìµ¤¨É¸Ö ¢ ´¥´ ·ÊÏ¥´´µ° Ë §¥ (É. ¥. ´¥ ¨³¥¥É¸Ö
¢Ò¤¥²¥´´µ° ¢´¥Ï´¥° ³¥É·¨±¨), Éµ ¶µ¸²¥ ¨´É¥£·¨·µ¢ ´¨Ö ¶µ ¤¢Ê³¥·´Ò³ ³¥-
É·¨± ³ ±µ··¥²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨ ³µ£ÊÉ ¡ÒÉÓ Éµ²Ó±µ Î¨¸² ³¨, § ¢¨¸ÖÐ¨³¨,
¡ÒÉÓ ³µ¦¥É, µÉ Éµ¶µ²µ£¨¨ ¶µ¢¥·Ì´µ¸É¨, § ¢¨¸¨³µ¸ÉÓ µÉ ±µµ·¤¨´ É ¶·¨ ÔÉµ³
Ö¢²Ö¥É¸Ö É·¨¢¨ ²Ó´µ° ¢¸²¥¤¸É¢¨¥ µ¡Ð¥±µµ·¤¨´ É´µ° ¨´¢ ·¨ ´É´µ¸É¨.

’ ±¨³ µ¡· §µ³, · §Ê³´o ¨¸± ÉÓ ¶µ¤Ìµ¤ÖÐ¥¥ µ¶¨¸ ´¨¥ ´¥±·¨É¨Î¥¸±¨Ì
¸É·Ê´ ¢ ±² ¸¸¥ ¤¢Ê³¥·´ÒÌ Éµ¶µ²µ£¨Î¥¸±¨Ì É¥µ·¨°. lÒ²¨ ¶·¥¤²µ¦¥´Ò ¤¢  · §-
²¨Î´ÒÌ µ¶¨¸ ´¨Ö É ±µ£µ É¨¶ .
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�¥·¢ Ö ¶µ¶ÒÉ±  ¡Ò²  ¸¤¥² ´  ‚¨ÉÉ¥´µ³ [28,29], ¶·¥¤²µ¦¨¢Ï¨³ Éµ¶µ²µ-
£¨Î¥¸±ÊÕ É¥µ·¨Õ, ¸µÌ· ´ÖÕÐÊÕ ¶ ³ÖÉÓ µ ¶·µ¸É· ´¸É¢¥ ³µ¤Ê²¥° ·¨³ ´µ¢ÒÌ
¶µ¢¥·Ì´µ¸É¥°; ±µ··¥²ÖÉµ·Ò ¢ ÔÉµ° É¥µ·¨¨ Ö¢²ÖÕÉ¸Ö ´¥±µÉµ·Ò³¨ ¨´É¥£· ² ³¨
¶µ ¶·µ¸É· ´¸É¢Ê ³µ¤Ê²¥°. Š ¸µ¦ ²¥´¨Õ, ÔÉ  ±µ´¸É·Ê±Í¨Ö, µÉ¢¥Î ÕÐ Ö ¤¢µ°-
´µ³Ê ¸±e°²¨´£µ¢µ³Ê ¶·¥¤¥²Ê µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨, ´¥ ¨³¥¥É ´¥¶µ¸·¥¤¸É¢¥´-
´µ£µ µ¡µ¡Ð¥´¨Ö ´  ¤·Ê£¨¥ É¥µ·¨¨ (¸± ¦¥³, ³´µ£µ³ É·¨Î´Ò¥ ³µ¤¥²¨) (¸³.,
µ¤´ ±µ, [30]).

„·Ê£ Ö Ê¸¶¥Ï´ Ö ±µ´¸É·Ê±Í¨Ö ¶µ¤Ìµ¤ÖÐ¥° Éµ¶µ²µ£¨Î¥¸±µ° É¥µ·¨¨ µ¸´µ-
¢ ´  ´  ¸²¥¤ÊÕÐ¥° ¨¤¥¥. � ¸¸³µÉ·¨³ É¥µ·¨Õ, £¤¥ É¥´§µ· Ô´¥·£¨¨-¨³¶Ê²Ó¸ 
(¨²¨ ¤¥°¸É¢¨¥) Ö¢²Ö¥É¸Ö  ´É¨±µ³³ÊÉ Éµ·µ³ Î¥£µ-²¨¡µ ¸ BRST-µ¶¥· Éµ·µ³ Q:
T = {∗, Q}, Q2 = 0. ’µ£¤  ÔÉµÉ É¥´§µ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  µ¶¨¸Ò¢ ¥É ´¥-
±µÉµ·ÊÕ Éµ¶µ²µ£¨Î¥¸±ÊÕ É¥µ·¨Õ ´  ¶µ¤¶·µ¸É· ´¸É¢¥ Ë¨§¨Î¥¸±¨Ì ¸µ¸ÉµÖ´¨°
(¸µ¸ÉµÖ´¨°, µ¶·¥¤¥²¥´´ÒÌ Ê¸²µ¢¨¥³ Q|phys〉 = 0):

T |phys〉 = 0. (1)

„¥°¸É¢¨É¥²Ó´µ, ¶µ¸±µ²Ó±Ê ¢ ·¨ Í¨¨ ±µµ·¤¨´ É £¥´¥·¨·ÊÕÉ¸Ö É¥´§µ·µ³
Ô´¥·£¨¨-¨³¶Ê²Ó¸ , ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¢ ·¨ Í¨¨ ±µ··¥²ÖÉµ·µ¢ µÉ¢¥Î ÕÉ ¶·µ¸Éµ
¥£µ ¢¸É ¢±¥ ¢ ±µ··¥²ÖÉµ·Ò. ’µ£¤ , ¨§-§  Ê¸²µ¢¨Ö (1), ±µ··¥²ÖÉµ·Ò Ë¨§¨Î¥¸±¨Ì
¶µ²¥° ´¥ § ¢¨¸ÖÉ µÉ ±µµ·¤¨´ É, É. ¥. Ö¢²ÖÕÉ¸Ö Î¨¸²µ³.

‚ [31] (¸³. É ±¦¥ [32]) ¡Ò²  ¶·¥¤²µ¦¥´  ±µ´±·¥É´ Ö ·¥ ²¨§ Í¨Ö ÔÉµ°
¨¤¥¨, ¨¸¶µ²Ó§ÊÕÐ Ö N = 2 É¢¨¸Éµ¢ ´´Ò¥ ¸Ê¶¥·±µ´Ëµ·³´Ò¥ É¥µ·¨¨. �¤´ ±µ
ÔÉ  Ëµ·³Ê²¨·µ¢±  ¨¸¶µ²Ó§µ¢ ²  Éµ²Ó±µ  ¡¸É· ±É´Ò¥ É¥·³¨´Ò µ¶¥· Éµ·´µ£µ
· §²µ¦¥´¨Ö. ‹ £· ´¦¥¢  ¦¥ Ëµ·³Ê²¨·µ¢± , a ¨³¥´´µ N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î-
´ Ö É¥µ·¨Ö ƒ¨´§¡Ê·£ Ä‹ ´¤ Ê (ÉµÎ´¥¥, ¥¥ ´¥±µÉµ·Ò° ¶µ¤¸¥±Éµ·), ¡Ò²  ¶·¥¤²µ-
¦¥´  ¢ [33,34]. ‚ · ³± Ì ÔÉµ° É¥µ·¨¨ ¡Ò²¨ ¢ÒÎ¨¸²¥´Ò É·¥ÌÉµÎ¥Î´Ò¥ ±µ··¥²Ö-
Í¨µ´´Ò¥ ËÊ´±Í¨¨ ´  ¸Ë¥·¥ [34] (¸³. É ±¦¥ [35] ¨ ¸¸Ò²±¨ É ³). Š ¸µ¦ ²¥´¨Õ,
¤²Ö µ¶¨¸ ´¨Ö ´¥±·¨É¨Î¥¸±¨Ì ¸É·Ê´ ´  ¸É ·Ï¨Ì ·µ¤ Ì ¨²¨ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö
³´µ£µÉµÎ¥Î´ÒÌ ±µ··¥²ÖÍ¨µ´´ÒÌ ËÊ´±Í¨° ´¥µ¡Ìµ¤¨³µ · ¸¸³µÉ·¥ÉÓ ³µ¤¥²Ó
ƒ¨´§¡Ê·£ Ä‹ ´¤ Ê, ¢§ ¨³µ¤¥°¸É¢ÊÕÐÊÕ ¸ £· ¢¨É Í¨¥° (¸³. [35,36]). �Éµ §´ -
Î¨É¥²Ó´µ Ê¸²µ¦´Ö¥É É¥µ·¨Õ. ’¥³ ´¥ ³¥´¥¥ ¨ ¢ ÔÉµ³ ¸²ÊÎ ¥ ¡Ò²¨ ¶µ²ÊÎ¥´Ò
´¥±µÉµ·Ò¥ ·¥§Ê²ÓÉ ÉÒ [37], ±µÉµ·Ò¥ § ³¥Î É¥²Ó´µ ¸µ£² ¸ÊÕÉ¸Ö ¸ ³ É·¨Î´Ò³¨
³µ¤¥²Ö³¨ [38]. „µ¸Éµ¨´¸É¢µ³ Éµ¶µ²µ£¨Î¥¸±¨Ì É¥µ·¨° É¨¶  ƒ¨´§¡Ê·£ Ä‹ ´¤ Ê
Ö¢²Ö¥É¸Ö ¨Ì µ¡µ¡Ð ¥³µ¸ÉÓ ´  ³´µ¦¥¸É¢µ É¥µ·¨° ¤¢Ê³¥·´µ° Ë¨§¨Î¥¸±µ° £· -
¢¨É Í¨¨ [35,37,39].

‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ¢¸¥ ·¥§Ê²ÓÉ ÉÒ, ¶µ²ÊÎ¥´´Ò¥ ¢ Éµ¶µ²µ£¨Î¥¸±¨Ì É¥µ-
·¨ÖÌ ¨²¨ ´¥¶µ¸·¥¤¸É¢¥´´µ ¢ Ë¨§¨Î¥¸±µ° £· ¢¨É Í¨¨ ¶µ²´µ¸ÉÓÕ ¸µ£² ¸ÊÕÉ¸Ö
¸ ·¥§Ê²ÓÉ É ³¨, ¶µ²ÊÎ¥´´Ò³¨ ¢ ³ É·¨Î´ÒÌ ³µ¤¥²ÖÌ. �É¨ ¶µ¸²¥¤´¨¥, µ¤´ ±µ,
¶µ§¢µ²ÖÕÉ ·¥Ï¨ÉÓ É¥µ·¨Õ ÉµÎ´µ, É. ¥. ¸É·µ¨ÉÓ ²Õ¡Ò¥ ±µ··¥²ÖÍ¨µ´´Ò¥ ËÊ´±-
Í¨¨ ´  ¶µ¢¥·Ì´µ¸ÉÖÌ ¶·µ¨§¢µ²Ó´µ£µ ·µ¤ .

Œ É·¨Î´Ò¥ ³µ¤¥²¨, É. ¥. ³µ¤¥²¨, ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  ±µÉµ·ÒÌ Ö¢²Ö¥É¸Ö
¨´É¥£· ²µ³ ¶µ ³ É·¨Í ³, ¢µ§´¨± ÕÉ ± ± ÔËË¥±É¨¢´Ò¥ É¥µ·¨¨, µ¶¨¸Ò¢ ÕÐ¨¥
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¤¨¸±·¥É´Ò¥ ³µ¤Ò ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨ ¸ Í¥´É· ²Ó´Ò³ § ·Ö¤µ³ c ≤ 1. �·¨
ÔÉµ³ É¥µ·¨Ö ³µ¦¥É µ¶¨¸Ò¢ ÉÓ¸Ö ± ± ±µ´¥Î´Ò³ Î¨¸²µ³ ³ É·¨Í (c < 1), É ±
¨ ¡¥¸±µ´¥Î´Ò³ (c = 1) Å ³ É·¨Î´ Ö ±¢ ´Éµ¢ Ö ³¥Ì ´¨± . �¥·¢µ´ Î ²Ó´µ°
³µÉ¨¢ Í¨¥° ¤²Ö ¢¢¥¤¥´¨Ö ³ É·¨Î´ÒÌ ³µ¤¥²¥° ¡Ò²  § ³¥´  ¨´É¥£·¨·µ¢ ´¨Ö
¶µ ³¥É·¨± ³ ¸Ê³³¨·µ¢ ´¨¥³ ¶µ · ¢´µ¸Éµ·µ´´¨³ É·¨ ´£Ê²ÖÍ¨Ö³ [40] Å ¨¤¥Ö,
¢µ¸Ìµ¤ÖÐ Ö ± �¥¤¦¥ [41]∗. ‘É·µ£¨° ¸É ÉÊ¸ ÔÉµ° § ³¥´Ò ¸µ¢¥·Ï¥´´µ ´¥Ö¸¥´,
µ¤´ ±µ ¸²¥¤Ê¥É § ³¥É¨ÉÓ, ÎÉµ · ¢´µ¸Éµ·µ´´¨¥ É·¨ ´£Ê²ÖÍ¨¨ µÉ¢¥Î ÕÉ  ·¨Ë-
³¥É¨Î¥¸±¨³ ·¨³ ´µ¢Ò³ ¶µ¢¥·Ì´µ¸ÉÖ³ ¨ µ¡· §ÊÕÉ ¢¸Õ¤Ê ¶²µÉ´µ¥ ³´µ¦¥¸É¢µ
¢ ¶·µ¸É· ´¸É¢¥ ³µ¤Ê²¥° [42, 43]. Šµ´¥Î´µ, ¶µ¸±µ²Ó±Ê ¡µ²ÓÏ¨´¸É¢µ É·¨-
 ´£Ê²¨·Ê¥³ÒÌ ¶µ¢¥·Ì´µ¸É¥° ¤µ¸É ÉµÎ´µ £² ¤±¨¥, É·¨ ´£Ê²ÖÍ¨Ö ¤µ²¦´  ¡ÒÉÓ
®³¥²±µ°¯, ¢ ¶·¥¤¥²¥ Å ¡¥¸±µ´¥Î´µ ³¥²±µ°. �ÉµÉ ®´¥¶·¥·Ò¢´Ò°¯ ¶·¥¤¥² µÉ-
¢¥Î ¥É ±·¨É¨Î¥¸±µ° ÉµÎ±¥ ³ É·¨Î´µ° ³µ¤¥²¨, ¶·¨Î¥³ · §³¥· ³ É·¨ÍÒ ¤µ²¦¥´
¸É·¥³¨ÉÓ¸Ö ± ¡¥¸±µ´¥Î´µ¸É¨ Å ¢ ¶·µÉ¨¢´µ³ ¸²ÊÎ ¥ ³ É·¨Î´Ò° ¨´É¥£· ² ±µ-
´¥Î¥´ ¨, ¸²¥¤µ¢ É¥²Ó´µ, ´¥ ¸µ¤¥·¦¨É ¸¨´£Ê²Ö·´µ¸É¥°. 
  ¸ ³µ³ ¤¥²¥, ´ ¨¢´Ò°
´¥¶·¥·Ò¢´Ò° ¶·¥¤¥² µÉ¢¥Î ¥É Éµ²Ó±µ ¢±² ¤ ³ ¶µ¢¥·Ì´µ¸É¥° ·µ¤  0 (¸Ë¥· ),
¢ Éµ ¢·¥³Ö ± ± ¢±² ¤Ò ¶µ¢¥·Ì´µ¸É¥° ¸É ·Ï¥£µ ·µ¤  ¶µ¤ ¢²¥´Ò (¸É¥¶¥´Ö³¨
· §³¥·  ³ É·¨ÍÒ). �µÔÉµ³Ê ¤²Ö ¶µ²ÊÎ¥´¨Ö ¶µ²´µ£µ µÉ¢¥É , ÊÎ¨ÉÒ¢ ÕÐ¥£µ
¢±² ¤Ò ¶µ¢¥·Ì´µ¸É¥° ¢¸¥Ì ·µ¤µ¢, ´¥µ¡Ìµ¤¨³µ ¡· ÉÓ ¡µ²¥¥ ¸²µ¦´Ò° ¤¢µ°´µ°
¸±e°²¨´£µ¢Ò° ¶·¥¤¥² [44], µ§´ Î ÕÐ¨° ¶µ¤¸É·µ°±Ê · §³¥·  ³ É·¨ÍÒ ¨ ±µ´-
¸É ´É ¸¢Ö§¨.

’ ±¨³ µ¡· §µ³, µ¶¨¸ ´¨¥ ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨ ¶·¨ ¶µ³µÐ¨ ³ É·¨Î-
´ÒÌ ³µ¤¥²¥° ¶µ¤· §Ê³¥¢ ¥É, ¢µ-¶¥·¢ÒÌ, § ¤ ´´ÊÕ ®¤¨¸±·¥É´ÊÕ¯ ³ É·¨Î´ÊÕ
³µ¤¥²Ó, ¢µ-¢Éµ·ÒÌ, ¢§ÖÉ¨¥ ¤¢µ°´µ£µ ¸±e°²¨´£µ¢µ£µ ¶·¥¤¥²  ¨, ¢-É·¥ÉÓ¨Ì, ¶µ-
²ÊÎ¥´¨¥ ¢ ·¥§Ê²ÓÉ É¥ ®´¥¶·¥·Ò¢´µ°¯ ³ É·¨Î´µ° ³µ¤¥²¨, É ±¦¥ µ¡ÒÎ´µ ¶·¥¤-
¸É ¢²Ö¥³µ° ¢ ¢¨¤¥ ³ É·¨Î´µ£µ ¨´É¥£· ²  (Ê¦¥ ¤·Ê£µ£µ É¨¶ ). 
  ¤¥²¥, ± ¦¥É¸Ö,
´¥É ¸¥·Ó¥§´ÒÌ µ¸´µ¢ ´¨° ´ ¤¥ÖÉÓ¸Ö, ÎÉµ ¶µ²ÊÎ¥´´ Ö ¶µ¸²¥ É ±µ° ¶·µÍ¥¤Ê·Ò
É¥µ·¨Ö ¨³¥¥É ± ±µ¥-²¨¡µ µÉ´µÏ¥´¨¥ ± ¸Ê³³ ³ ¶µ É·¨ ´£Ê²ÖÍ¨Ö³. lµ²¥¥ Éµ£µ,
¢ · ³± Ì É ±µ£µ ·µ¤  Ë¨§¨Î¥¸±µ°  ·£Ê³¥´É Í¨¨ ´¥¢µ§³µ¦´µ ¨´É¥·¶·¥É¨·µ-
¢ ÉÓ ¢µ§´¨±´µ¢¥´¨¥ ³Ê²ÓÉ¨±·¨É¨Î¥¸±¨Ì ÉµÎ¥±. —Éµ ± ¸ ¥É¸Ö ¸· ¢´¥´¨Ö ·¥§Ê²Ó-
É Éµ¢ ¸ µÉ¢¥É ³¨, ¶µ²ÊÎ¥´´Ò³¨ ¢ · ³± Ì ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨ (¸³. ¢ÒÏ¥), Éµ
µ´¨ ¨¸Î¥·¶Ò¢ ÕÉ¸Ö (Ê¸¶¥Ï´Ò³) ¸· ¢´¥´¨¥³ ´  Ê·µ¢´¥ ¸¶¥±É·  É¥µ·¨°. �Éµ
´¥Ê¤¨¢¨É¥²Ó´µ, ¢¢¨¤Ê Ê¦¥ Ê¶µ³¨´ ¢Ï¥°¸Ö ¶·µ¡²¥³Ò ´¥¨§¢¥¸É´µ° ±¢ ´Éµ¢µ°
³¥·Ò ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨.

‚ ÔÉµÉ ³µ³¥´É, µ¤´ ±µ, ³Ò ³µ¦¥³ µ¡· É¨ÉÓ  ·£Ê³¥´É Í¨Õ ¨ · ¸¸³ É·¨-
¢ ÉÓ ³ É·¨Î´Ò¥ ³µ¤¥²¨ ± ± µ¶·¥¤¥²¥´¨¥ ¶· ¢¨²Ó´µ° ±¢ ´Éµ¢µ° ³¥·Ò ¢ É¥µ·¨¨
¤¢Ê³¥·´µ° Ë¨§¨Î¥¸±µ° £· ¢¨É Í¨¨. �Éµ µ¶·¥¤¥²¥´¨¥ Ìµ·µÏ¥¥, ¥¸²¨ É¥µ·¨Ö
µ¡² ¤ ¥É ®¶· ¢¨²Ó´Ò³¨¯ ¸¢µ°¸É¢ ³¨. „¥°¸É¢¨É¥²Ó´µ, µ¤´  ¨§ § ¤ Î ´ ¸Éµ-
ÖÐe£µ µ¡§µ·  Å ¶µ± § ÉÓ, ± ±¨¥ ÔÉµ ¸¢µ°¸É¢ , ¨ ¶·µ¤¥³µ´¸É·¨·µ¢ ÉÓ, ÎÉµ

∗‚ µÉ²¨Î¨¥ µÉ ³ É·¨Î´ÒÌ ³µ¤¥²¥°, ¢ ·¥¤¦¥¢¸±µ³ ¨¸Î¨¸²¥´¨¨ ¤²¨´Ò ¸Éµ·µ´ Ö¢²ÖÕÉ¸Ö ¤¨-
´ ³¨Î¥¸±¨³¨ ¸É¥¶¥´Ö³¨ ¸¢µ¡µ¤Ò.
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µ´¨ ¢Ò¶µ²´ÖÕÉ¸Ö ¢ ³ É·¨Î´ÒÌ ³µ¤¥²ÖÌ. ’µ²Ó±µ § ³¥É¨³, ÎÉµ ®¶· ¢¨²Ó´ Ö¯
É¥µ·¨Ö ¤µ²¦´  ¡ÒÉÓ ¥¸É¥¸É¢¥´´µ µ¶·¥¤¥²¥´  ´ ¤ ¶µ¢¥·Ì´µ¸ÉÖ³¨ ¢¸¥Ì ·µ¤µ¢
µ¤´µ¢·¥³¥´´µ [45Ä50]. Š ± ¡Ê¤¥É ¶µ± § ´µ ¢ ¶µ¸²¥¤ÊÕÐ¥³, ³ É·¨Î´Ò¥ ³µ-
¤¥²¨, ¤¥°¸É¢¨É¥²Ó´µ, ¨³¥ÕÉ £²Ê¡µ±ÊÕ ¸¢Ö§Ó ¸ Ê´¨¢¥·¸ ²Ó´Ò³ ¶·µ¸É· ´¸É¢µ³
³µ¤Ê²¥° (¶·µ¸É· ´¸É¢µ³ ³µ¤Ê²¥° ·¨³ ´µ¢ÒÌ ¶µ¢¥·Ì´µ¸É¥° ¢¸¥Ì ·µ¤µ¢).

�¥·¥¤ É¥³ ± ± ¶¥·¥Ìµ¤¨ÉÓ ± µ¶¨¸ ´¨Õ ¸¶¥Í¨Ë¨Î¥¸±¨Ì ¸¢µ°¸É¢ ³ É·¨Î-
´ÒÌ ³µ¤¥²¥°, § ³¥É¨³, ÎÉµ ¶µ¤Ìµ¤ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ É·¨ ´£Ê²ÖÍ¨° ¶µ²´µ-
¸ÉÓÕ ¨£´µ·¨·Ê¥É ±µ³¶²¥±¸´ÊÕ ¸É·Ê±ÉÊ·Ê ·¨³ ´µ¢ÒÌ ¶µ¢¥·Ì´µ¸É¥° ¨ ¶µÉµ³Ê
´¥ ³µ¦¥É ¡ÒÉÓ ¸¶¥Í¨Ë¨Î¥´ Éµ²Ó±µ ¤²Ö É¥µ·¨¨ ¸É·Ê´. „¥°¸É¢¨É¥²Ó´µ, ³ É·¨Î-
´Ò¥ ³µ¤¥²¨ µ± §Ò¢ ÕÉ¸Ö ¶·¨£µ¤´Ò³¨ ¤²Ö µ¶¨¸ ´¨Ö ± ²¨¡·µ¢µÎ´ÒÌ É¥µ·¨°
Ÿ´£ ÄŒ¨²²¸  ¢ ¶·µ¨§¢µ²Ó´µ³ Î¨¸²¥ ¨§³¥·¥´¨°, ¶·¨Î¥³ ¸Ê³³¨·µ¢ ´¨¥ ¶µ
É·¨ ´£Ê²ÖÍ¨Ö³ § ³¥´Ö¥É¸Ö ¸Ê³³¨·µ¢ ´¨¥³ Ë¥°´³ ´µ¢¸±¨Ì ¤¨ £· ³³. lµ²¥¥
Éµ£µ, ¸ÊÐ¥¸É¢ÊÕÉ  ·£Ê³¥´ÉÒ ¢ ¶µ²Ó§Ê Éµ£µ, ÎÉµ ¨ £¨¶µÉ¥É¨Î¥¸± Ö 11-³¥·´ Ö
M -É¥µ·¨Ö, ¶·¨§¢ ´´ Ö µ¡Ñ¥¤¨´¨ÉÓ ¢ ¸¥¡¥ ¢¸¥ ¨§¢¥¸É´Ò¥ É¥µ·¨¨ ¸É·Ê´ [51],
É ±¦¥ ³µ¦¥É ¡ÒÉÓ µ¶¨¸ ´  ¢ É¥·³¨´ Ì ³ É·¨Î´µ° ³µ¤¥²¨ [52].

’ ±¨³ µ¡· §µ³, Ì · ±É¥·´Ò¥ Î¥·ÉÒ ³ É·¨Î´ÒÌ ³µ¤¥²¥° µ± §Ò¢ ÕÉ¸Ö µ¡-
Ð¨³¨ ¤²Ö É¥µ·¨¨ ´¥±·¨É¨Î¥¸±¨Ì ¸É·Ê´, ± ²¨¡·µ¢µÎ´ÒÌ É¥µ·¨° ¨ É. ¤. ‡¤¥¸Ó,
¢µ§³µ¦´µ, ¸²¥¤Ê¥É ¸· §Ê µÉ³¥É¨ÉÓ, ÎÉµ ÌµÉÖ § ¤ Î  ¢ÒÎ¨¸²¥´¨Ö  ³¶²¨ÉÊ¤ (¢
Éµ³ Î¨¸²¥ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ) ¢ · §²¨Î´ÒÌ Ë¨§¨Î¥¸±¨Ì É¥µ·¨ÖÌ, ¡¥§Ê¸²µ¢´µ,
Ö¢²Ö¥É¸Ö µÎ¥´Ó ¢ ¦´Ò³ ¶·¨³¥´¥´¨¥³ ³ É·¨Î´ÒÌ ³µ¤¥²¥°, ´  ´ Ï ¢§£²Ö¤, ¤ ¦¥
¡µ²¥¥ ¢ ¦´Ò³¨ (¨ ¡µ²¥¥ ¸²µ¦´Ò³¨) Ö¢²ÖÕÉ¸Ö § ¤ Î¨ ¢ÒÖ¸´¥´¨Ö µ¡Ð¥° ¸É·Ê±-
ÉÊ·Ò É¥µ·¨°, µ¶¨¸Ò¢ ¥³ÒÌ ³ É·¨Î´Ò³¨ ³µ¤¥²Ö³¨,   É ±¦¥ ¨¸¶µ²Ó§µ¢ ´¨Ö
³ É·¨Î´ÒÌ ³µ¤¥²¥° ¤²Ö µ¡Ñ¥¤¨´¥´¨Ö ¢ µ¤´µ ±µ´Ë¨£Ê· Í¨µ´´µ¥ ¶·µ¸É· ´¸É¢µ
¸µ¢¥·Ï¥´´µ · §²¨Î´ÒÌ Ë¨§¨Î¥¸±¨Ì É¥µ·¨°. ˆ³¥´´µ ´  ¤¢¥ ¶µ¸²¥¤´¨¥ § ¤ Î¨
¸¤¥² ´ µ¸´µ¢´µ°  ±Í¥´É ¢ ´ ¸ÉµÖÐ¥³ µ¡§µ·¥ (¨ ¢ µ¡§µ·¥ [53]), É¥³ ¡µ²¥¥ ÎÉµ
§ ¤ Î  ¢ÒÎ¨¸²¥´¨Ö  ³¶²¨ÉÊ¤ ¨¸¸²¥¤µ¢ ´  ¤·Ê£¨³¨  ¢Éµ· ³¨ ¤µ¸É ÉµÎ´µ ¶µ²´µ
(¸³. [54] ¨ ¸¸Ò²±¨ ¢ ´¨Ì).

…¸²¨ £µ¢µ·¨ÉÓ µ¡ µ¡Ð¥° ¸É·Ê±ÉÊ·¥ ³ É·¨Î´ÒÌ ³µ¤¥²¥°, Éµ µ´  ³µ¦¥É
¡ÒÉÓ µ¶¨¸ ´  ¤¢Ê³Ö ¸¢µ°¸É¢ ³¨ Å ÔÉµ ¨´É¥£·¨·Ê¥³µ¸ÉÓ ¨  ²£¥¡·  ¸¢Ö§¥°. �É¨
¸¢µ°¸É¢  µ± §Ò¢ ÕÉ¸Ö µ¶·¥¤¥²ÖÕÐ¨³¨ Ì · ±É¥·¨¸É¨± ³¨ É¥µ·¨°, µ¶¨¸Ò¢ ¥-
³ÒÌ ³ É·¨Î´Ò³¨ ³µ¤¥²Ö³¨ (¡µ²¥¥ Éµ£µ, ¨Ì, ¶µ-¢¨¤¨³µ³Ê, ¸²¥¤Ê¥É ¢Ò¡¨· ÉÓ
± ± µ¶·¥¤¥²¥´¨¥ ³ É·¨Î´ÒÌ ³µ¤¥²¥°, ¢ Éµ ¢·¥³Ö ± ± ³ É·¨Î´Ò° ¨´É¥£· ² Å
¶·µ¸Éµ ´¥±µÉµ·µ¥, Î ¸Éµ ´¥µ¤´µ§´ Î´µ¥, ¨Ì ¶·¥¤¸É ¢²¥´¨¥). �·¨Î¥³ ¥¸²¨ ÉµÉ
Ë ±É, ÎÉµ ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  É¥µ·¨¨ Ê¤µ¢²¥É¢µ·Ö¥É ¡¥¸±µ´¥Î´µ°  ²£¥¡·¥
¸¢Ö§¥°, µÎ¥¢¨¤´µ, ¸¢Ö§ ´ ¸ Éµ¶µ²µ£¨Î´µ¸ÉÓÕ É¥µ·¨¨, Éµ ¨´É¥£·¨·Ê¥³µ¸ÉÓ ¶·¥¤-
¸É ¢²Ö¥É¸Ö £µ· §¤µ ¡µ²¥¥ Éµ´±¨³ ¨ ¢ ¦´Ò³ ¸¢µ°¸É¢µ³.

ˆ³¥´´µ ¢ ´ ¸ÉµÖÐ¥³ µ¡§µ·¥ ¡Ê¤¥É ¶·µ¤¥³µ´¸É·¨·µ¢ ´µ, ÎÉµ ¸É É¨¸É¨Î¥-
¸± Ö ¸Ê³³  ³ É·¨Î´µ° ³µ¤¥²¨ Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° ´¥±µÉµ·µ° ¨´É¥£·¨·Ê¥³µ°
¨¥· ·Ì¨¨, É. ¥. Ê¤µ¢²¥É¢µ·Ö¥É ¡¥¸±µ´¥Î´µ° ¸¨¸É¥³¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢-
´¥´¨°. �É¨ Ê· ¢´¥´¨Ö ³µ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ¢ Ô¢µ²ÕÍ¨µ´´µ° Ëµ·³¥, ¸ ±µ³-
³ÊÉ¨·ÊÕÐ¨³¨ £ ³¨²ÓÉµ´¨ ´ ³¨. �·¨ ÔÉµ³ ·µ²Ó ¢·¥³¥´ ¨£· ÕÉ ±µ´¸É ´ÉÒ
¸¢Ö§¨ ¢ ³ É·¨Î´µ° ³µ¤¥²¨. 
 ¨¡µ²¥¥ ¶µ²´µ ¸É·Ê±ÉÊ·  É¥µ·¨¨ ¢¨¤´ , ¥¸²¨
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ÊÎ¨ÉÒ¢ ÉÓ ¢¥¸Ó ¡¥¸±µ´¥Î´Ò° ´ ¡µ· ±µ´¸É ´É ¸¢Ö§¨, É. ¥. ¶µ²´µ¥ ÔËË¥±É¨¢´µ¥
¤¥°¸É¢¨¥.

‚ÒÏ¥ Ê¦¥ Ê¶µ³¨´ ²µ¸Ó, ÎÉµ ¢ ¦´ Ö ·µ²Ó ¨´É¥£·¨·Ê¥³ÒÌ ¤¥Ëµ·³ Í¨°
±µ´Ëµ·³´ÒÌ É¥µ·¨° ¡Ò²  µ¸µ§´ ´  ¤µ¢µ²Ó´µ ¤ ¢´µ [3]. lµ²¥¥ Éµ£µ, É ±¦¥
¨ ¢ ´¥¶µ¸·¥¤¸É¢¥´´µ³ ±µ´É¥±¸É¥ É¥µ·¨¨ ¸É·Ê´ µ¦¨¤ ²µ¸Ó, ÎÉµ ¸Ê³³  ¢¸¥£µ
¶¥·ÉÊ·¡ É¨¢´µ£µ ·Ö¤  ¤²Ö  ³¶²¨ÉÊ¤ (¨²¨ ¸É É¨¸É¨Î¥¸±µ° ¸Ê³³Ò) µ¶¨¸Ò¢ -
¥É¸Ö ´¥±µÉµ·µ° ±¢ ´Éµ¢µ° ¨´É¥£·¨·Ê¥³µ° ¸¨¸É¥³µ° [2, 50]. ‡¤¥¸Ó ¢ ¦´µ,
ÎÉµ ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ ¤²Ö ±¢ ´Éµ¢µ° ¨´É¥£·¨·Ê¥³µ° ¸¨¸É¥³Ò Ö¢²Ö¥É¸Ö
τ -ËÊ´±Í¨¥° ±² ¸¸¨Î¥¸±µ° ¨´É¥£·¨·Ê¥³µ° ¸¨¸É¥³Ò∗. �Éµ Ê¤¨¢¨É¥²Ó´µ¥ Ö¢²¥-
´¨¥ Ê¦¥ ¢¸É·¥Î ²µ¸Ó ¢ ·Ö¤¥ ¶·µ¸ÉÒÌ ¶·¨³¥·µ¢ [56Ä60], ÌµÉÖ ´¨±µ£¤  ´¥ ¡Ò²µ
µ¡ÑÖ¸´¥´µ. ˆ´É¥·¥¸´µ, ÎÉµ ¨³¥ÕÐ¨¥¸Ö ¶·¨³¥·Ò ³µ£ÊÉ ¡ÒÉÓ · §¤¥²¥´Ò ´ 
¤¢  ±² ¸¸  Å ±µ£¤  ±² ¸¸¨Î¥¸± Ö ¨´É¥£·¨·Ê¥³ Ö ¸¨¸É¥³  ¥¸É¥¸É¢¥´´µ § ¢¨-
¸¨É µÉ ¢·¥³¥´ (±µ´¸É ´É ¸¢Ö§¨) ¨ µÉ É ± ´ §Ò¢ ¥³ÒÌ ¶¥·¥³¥´´ÒÌ Œ¨¢Ò Å
¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ´¥±µÉµ·µ° ¡¥¸±µ´¥Î´µ° ¢´¥Ï´¥° ³ É·¨ÍÒ. �·¨³¥·µ³
¶¥·¢µ£µ É¨¶  Ö¢²Ö¥É¸Ö ´¥±µÉµ·Ò° ËÊ´±Í¨µ´ ² ±µ··¥²ÖÉµ·µ¢ ±¢ ´Éµ¢µ£µ Ê· ¢-
´¥´¨Ö ˜·¥¤¨´£¥· , ±µÉµ·Ò° µ± §Ò¢ ¥É¸Ö τ -ËÊ´±Í¨¥° ±² ¸¸¨Î¥¸±µ£µ ¨´É¥£·¨-
·Ê¥³µ£µ ´¥²¨´¥°´µ£µ Ê· ¢´¥´¨Ö Éµ£µ ¦¥ É¨¶  [57]. ’¨¶¨Î´Ò° ¶·¨³¥· ¢Éµ·µ£µ
É¨¶  Å ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  Ï¥¸É¨¢¥·Ï¨´´µ° ³µ¤¥²¨ ¸ ´¥É·¨¢¨ ²Ó´Ò³¨
£· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨, ±µÉµ· Ö µ± §Ò¢ ¥É¸Ö τ -ËÊ´±Í¨¥° ¤¢Ê³¥·¨§µ¢ ´´µ°
Í¥¶µÎ±¨ ’µ¤Ò ¢ ¶¥·¥³¥´´ÒÌ Œ¨¢Ò (±µÉµ·Ò¥ ¸ÊÉÓ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö) [60].

‚ ³ É·¨Î´ÒÌ ³µ¤¥²ÖÌ ·¥ ²¨§ÊÕÉ¸Ö µ¡  ÔÉ¨ ¸²ÊÎ Ö Å ¨³¥´´µ ¸É É¨¸É¨-
Î¥¸± Ö ¸Ê³³  ¤¨¸±·¥É´ÒÌ ³ É·¨Î´ÒÌ ³µ¤¥²¥° Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° ¸ ¢·¥-
³¥´ ³¨, Ö¢²ÖÕÐ¨³¨¸Ö ±µ´¸É ´É ³¨ ¸¢Ö§¨,   ´¥¶·¥·Ò¢´ÒÌ Å τ -ËÊ´±Í¨¥°,
§ ¢¨¸ÖÐ¥° µÉ ¢´¥Ï´¥° ³ É·¨ÍÒ, § ¤ ÕÐ¥° ¶¥·¥³¥´´Ò¥ Œ¨¢Ò.

„¥°¸É¢¨É¥²Ó´µ, Ö¢²¥´¨¥ ±² ¸¸¨Î¥¸±µ° ¨´É¥£·¨·Ê¥³µ¸É¨ ÔËË¥±É¨¢´µ° É¥-
µ·¨¨ µ± §Ò¢ ¥É¸Ö ¢¥¸Ó³  µ¡Ð¨³ ¨ ´¥ ¸¶¥Í¨Ë¨Î´Ò³, ¸± ¦¥³, ¤²Ö ¤¢ÊÌ ¨§³¥-
·¥´¨°. ’ ±, Ö·±¨³ ¶·¨³¥·µ³ Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥ Î¥ÉÒ·¥Ì³¥·´µ° N = 2 ¸Ê¶¥·-
¸¨³³¥É·¨Î´µ° É¥µ·¨¨ Ÿ´£ ÄŒ¨²²¸ , ´ °¤¥´´µ¥ ´¥¤ ¢´µ ‚¨ÉÉ¥´µ³ ¨ ‡ °¡¥·-
£µ³ [61], ±² ¸¸¨Î¥¸±¨¥ ¨´É¥£·¨·Ê¥³Ò¥ ¸É·Ê±ÉÊ·Ò ±µÉµ·µ£µ ¡Ò²¨ ¢ÒÖ¢²¥´Ò ¢
· ¡µÉ¥ [62] (¸³. É ±¦¥ [63] ¨ ¸¸Ò²±¨ É ³). ‚¸²¥¤¸É¢¨¥ É ±µ° µ¡Ð´µ¸É¨ ÔÉµ£µ
Ö¢²¥´¨Ö ³µ¦´µ ¡Ò²µ ¡Ò µ¦¨¤ ÉÓ, ÎÉµ ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ ¢ É¨¶¨Î´ÒÌ
É¥µ·¨ÖÌ ¶µ²Ö ¡Ò¢ ¥É ¨´É¥£·¨·Ê¥³Ò³ ¶·¨ ¶· ¢¨²Ó´µ³ ¢Ò¡µ·¥ ¶¥·¥³¥´´ÒÌ ¨,
±µ´¥Î´µ, ÊÎ¥É¥ ¢¸¥Ì ¢µ§³µ¦´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. Š ¸µ¦ ²¥´¨Õ, ´ ¡µ· ÔÉ¨Ì
¶µ¸²¥¤´¨Ì µ¡ÒÎ´µ µ£· ´¨Î¥´ ´¥±µÉµ·Ò³¨ ¤µ¶µ²´¨É¥²Ó´Ò³¨ ¸µµ¡· ¦¥´¨Ö³¨
(¶¥·¥´µ·³¨·Ê¥³µ¸ÉÓ ¨ É. ¤.).

ˆÉ ±, ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  ³ É·¨Î´µ° ³µ¤¥²¨ Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° ´¥-
±µÉµ·µ° ¨´É¥£·¨·Ê¥³µ° ¨¥· ·Ì¨¨ Ê· ¢´¥´¨°. �¤´ ±µ ÔÉ  ¨¥· ·Ì¨Ö ¨³¥¥É

∗„µ¸É ÉµÎ´µ ¨´É¥·¥¸´µ, ÎÉµ ¨´É¥£·¨·µ¢ ´¨¥ ´¥±µÉµ·ÒÌ µ¡Ñ¥±Éµ¢ É¨¶  τ -ËÊ´±Í¨¨ [55] ¶µ
Ê´¨¢¥·¸ ²Ó´µ³Ê ¶·µ¸É· ´¸É¢Ê ³µ¤Ê²¥° ¢ É¥µ·¨¨ ¸É·Ê´ [49] ¶·¨¢µ¤¨É µ¶ÖÉÓ ± τ -ËÊ´±Í¨¨, § ¤ ´´µ°
´  Éµ³ ¦¥ Ê´¨¢¥·¸ ²Ó´µ³ ¶·µ¸É· ´¸É¢¥ ³µ¤Ê²¥°.
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³´µ¦¥¸É¢µ ·¥Ï¥´¨°. ˆ´¢ ·¨ ´É´µ¥ Ê¸²µ¢¨¥, ¢Ò¤¥²ÖÕÐ¥¥ ¨§ ¢¸¥Ì ·¥Ï¥´¨°
Éµ, ±µÉµ·µ¥ µÉ¢¥Î ¥É ³ É·¨Î´Ò³ ³µ¤¥²Ö³, ´ §Ò¢ ¥É¸Ö ¸É·Ê´´Ò³ Ê· ¢´¥´¨¥³.
�± §Ò¢ ¥É¸Ö, ¸É·Ê´´µ£µ Ê· ¢´¥´¨Ö ¨ Ê· ¢´¥´¨° ¨¥· ·Ì¨¨ ¤µ¸É ÉµÎ´µ, ÎÉµ¡Ò
¶µ± § ÉÓ, ÎÉµ ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  ³ É·¨Î´µ° ³µ¤¥²¨ Ê¤µ¢²¥É¢µ·Ö¥É ¡¥¸±µ-
´¥Î´µ°  ²£¥¡·¥ ¸¢Ö§¥° É¨¶  ‚¨· ¸µ·µ ¨²¨ W - ²£¥¡·Ò [64] (¶·¨´ÖÉµ ¤Ê³ ÉÓ,
ÎÉµ µ¡· É´µ¥ É ±¦¥ ¢¥·´µ, É. ¥.  ²£¥¡·Ò ¸¢Ö§¥° ¤µ¸É ÉµÎ´µ ¤²Ö ¨´É¥£·¨·Ê¥-
³µ¸É¨, µ¤´ ±µ ¤µ± § É¥²Ó¸É¢µ ÔÉµ£µ ÊÉ¢¥·¦¤¥´¨Ö ¤µ ¸¨Ì ¶µ· ´¥ ´ °¤¥´µ). 
 
¸ ³µ³ ¤¥²¥, ÔÉ   ²£¥¡·  ¸¢Ö§¥° Ö¢²Ö¥É¸Ö ´¥ Î¥³ ¨´Ò³, ± ± Éµ¦¤¥¸É¢ ³¨ “µ·¤ 
(’“)∗ ¢ ³ É·¨Î´ÒÌ ³µ¤¥²ÖÌ. �µ¸±µ²Ó±Ê ¨Ì ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  ¶µ´¨³ ¥É¸Ö
± ± ËÊ´±Í¨Ö (ËÊ´±Í¨µ´ ²) ±µ´¸É ´É ¸¢Ö§¨, ’“ ¶·¥¢· Ð ÕÉ¸Ö ¢ ´ ¡µ· ¤¨ËË¥-
·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¨ µÉ¢¥Î ÕÉ ¶·µ¸Éµ § ³¥´¥ ¶¥·¥³¥´´ÒÌ ¢ ³ É·¨Î´µ³
¨´É¥£· ²¥.

‚ ¸É ´¤ ·É´µ° É¥µ·¨¨ ¶µ²Ö ³Ò ¶·¨¢Ò±²¨, ÎÉµ ´ ¡µ· ’“ ±µ´¥Î¥´ ¨ ´¥
µ¶·¥¤¥²Ö¥É ¶µ²´µ¸ÉÓÕ ¤¨´ ³¨±Ê ¸¨¸É¥³Ò. ‚ ³ É·¨Î´ÒÌ ³µ¤¥²ÖÌ ’“ Ô±¢¨-
¢ ²¥´É´Ò Ê· ¢´¥´¨Ö³ ¤¢¨¦¥´¨Ö, ÎÉµ ¸¢Ö§ ´µ ¸ Éµ¶µ²µ£¨Î´µ¸ÉÓÕ É¥µ·¨¨. ‘
¤·Ê£µ° ¸Éµ·µ´Ò, ´ ¡µ· ’“ ¨ ¢ ¸É ´¤ ·É´µ° É¥µ·¨¨ ¶µ²Ö ³µ£ ¡Ò ¡ÒÉÓ ¡¥¸-
±µ´¥Î´Ò³ ¨ ¤µ¸É ÉµÎ´Ò³ ¤²Ö µ¶·¥¤¥²¥´¨Ö ¤¨´ ³¨±¨ ¸¨¸É¥³Ò, ¥¸²¨ ¡Ò ¡Ò²¨
¢±²ÕÎ¥´Ò ¢¸¥ ¢µ§³µ¦´Ò¥ ±µ´¸É ´ÉÒ ¸¢Ö§¨ (¢§ ¨³µ¤¥°¸É¢¨Ö), É. ¥. ¢µ¸¸É ´µ-
¢²¥´  ¶µ²´ Ö ¸¨³³¥É·¨Ö É¥µ·¨¨∗∗. �Éµ, ± ± Ê¦¥ µÉ³¥Î ²µ¸Ó, µ¡ÒÎ´µ ´¥ ¤¥² -
¥É¸Ö ¶µ ¶µ¸Éµ·µ´´¨³ (´¥ ¸¨³³¥É·¨°´Ò³) ¸µµ¡· ¦¥´¨Ö³.

�·¨¢¥¤¥´´Ò¥ ¢ÒÏ¥ ¸µµ¡· ¦¥´¨Ö µ§´ Î ÕÉ, ÎÉµ ¢ ¡µ²ÓÏ¨´¸É¢¥ É¥µ·¨°
¶µ²Ö Ê± § ´´Ò¥ ¸¢µ°¸É¢  ¨´É¥£·¨·Ê¥³µ¸É¨ ¨ Éµ¶µ²µ£¨Î´µ¸É¨ (¡¥¸±µ´¥Î´µ°
 ²£¥¡·Ò ¸¢Ö§¥°) ¶·¨¸ÊÉ¸É¢ÊÕÉ µ¤´µ¢·¥³¥´´µ. •µ·µÏ¨³ ¶·¨³¥·µ³ ³µ¦¥É ¸²Ê-
¦¨ÉÓ Ê¦¥ Ê¶µ³¨´ ¢Ï¥¥¸Ö ·¥Ï¥´¨¥ ‚¨ÉÉ¥´ Ä‡ °¡¥·£ , ±µÉµ·µ¥, ±·µ³¥ ¸¢µ¨Ì
¨´É¥£·¨·Ê¥³ÒÌ ¸¢µ°¸É¢,  ¸¸µÍ¨¨·Ê¥É¸Ö ¸ Ö¢´Ò³¨ Éµ¶µ²µ£¨Î¥¸±¨³¨ ¸É·Ê±ÉÊ-
· ³¨ [65].

1.2. ”¨§¨Î¥¸± Ö £· ¢¨É Í¨Ö. „ ²¥¥ ³Ò ¸¤¥² ¥³ ±· É±¨° µ¡§µ· Ê¶µ³Ö´Ê-
ÉÒÌ ¢ÒÏ¥ ·¥§Ê²ÓÉ Éµ¢ [10] (¸³. É ±¦¥ [66]), ¶µ²ÊÎ¥´´ÒÌ ¢ É¥µ·¨¨ ¤¢Ê³¥·´µ°
Ë¨§¨Î¥¸±µ° £· ¢¨É Í¨¨, ÎÉµ¡Ò ¥¥ ¶·¨¢Ö§±  ± ¨¸¸²¥¤Ê¥³Ò³ ¤ ²¥¥ ³ É·¨Î´Ò³
³µ¤¥²Ö³ ¡Ò²  ¡µ²¥¥ Ö¢´µ°.

1.2.1. ’¥µ·¨Ö ‹¨Ê¢¨²²Ö. Š² ¸¸¨Î¥¸± Ö É¥µ·¨Ö ‹¨Ê¢¨²²Ö. ŒÒ ´ Î´¥³ ¸
µ¡ÒÎ´µ° É¥µ·¨¨ ‹¨Ê¢¨²²Ö, µ¶¨¸Ò¢ ¥³µ° ¤¥°¸É¢¨¥³

SL =
1
4π

∫
d2z

[
1
2
∂φ∂̄φ− 1

β2
e
√

2βφ

]
, (2)

∗‘¶¨¸µ± ¸µ±· Ð¥´¨°, ¶·¨´ÖÉÒÌ ¢ É¥±¸É¥: ¶µ¤Ìµ¤ ± ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨: Š�‡ Å
Š´¨¦´¨± Ä�µ²Ö±µ¢ Ä‡ ³µ²µ¤Î¨±µ¢ ; „„Š Å „ ¢¨¤ Ä„¨¸É²¥· ÄŠ ¢ ¨; ’“ Å Éµ¦¤¥¸É¢  “µ·¤ ;
”l� Å ËÊ´±Í¨Ö l¥°±¥· Ä�Ì¨¥§¥· ; l’ Å ¡¨²¨´¥°´Ò¥ Éµ¦¤¥¸É¢ ; ‘‡ Å ¸µ¡¸É¢¥´´Ò¥ §´ Î¥-
´¨Ö. ˆ´É¥£·¨·Ê¥³Ò¥ ¨¥· ·Ì¨¨: Š� Å Š ¤µ³Í¥¢ Ä�¥É¢¨ Ï¢¨²¨; 2�’ Å ¤¢Ê³¥·¨§µ¢ ´´µ° ·¥-
Ï¥É±¨ ’µ¤Ò; Š¤‚ Å Šµ·É¥¢¥£ Ä¤¥ ‚·¨§ ; ³Š¤‚ Å ³µ¤¨Ë¨Í¨·µ¢ ´´ Ö ¨¥· ·Ì¨Ö Š¤‚; �Š
‘ Å
¨¥· ·Ì¨Ö, ¶·¥¤²µ¦¥´´ Ö �¡²µ¢¨ÉÍ¥³, Š Ê¶µ³, 
ÓÕÔ²²µ³ ¨ ‘¥£Õ·µ³ (AKNS).

∗∗‘²¥¤Ê¥É £µ¢µ·¨ÉÓ ¸±µ·¥¥ ´¥ µ ¸¨³³¥É·¨¨,   µ ±µ¢ ·¨ ´É´µ¸É¨.
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£¤¥ ¶µ²Ö § ¢¨¸ÖÉ µÉ ¸É ´¤ ·É´ÒÌ ±µ³¶²¥±¸´ÒÌ ¶¥·¥³¥´´ÒÌ ¢ e¢±²¨¤µ¢µ³

¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ z, z̄ ¨ ∂ ≡ ∂

∂z
, ∂̄ ≡ ∂

∂z̄
. �É  É¥µ·¨Ö Ì · ±É¥·¨§Ê¥É¸Ö

¤¢Ê³Ö µÉ²¨Î¨É¥²Ó´Ò³¨ Î¥·É ³¨ Å µ´  µ¡² ¤ ¥É ±µ´Ëµ·³´µ° ¨´¢ ·¨ ´É´µ-
¸ÉÓÕ ´  ±² ¸¸¨Î¥¸±µ³ Ê·µ¢´¥ ¨ ´¥ ¨³¥¥É ¶µ¸ÉµÖ´´µ£µ ¢ ±ÊÊ³´µ£µ ·¥Ï¥´¨Ö,
ÎÉµ ¶·¨¢µ¤¨É ± ¸¨²Ó´Ò³ ¨´Ë· ±· ¸´Ò³ · ¸Ìµ¤¨³µ¸ÉÖ³.


  ¶¥·¢Ò° ¢§£²Ö¤, É¥µ·¨Ö ´¥ Ö¢²Ö¥É¸Ö ±µ´Ëµ·³´µ°, ¶µ¸±µ²Ó±Ê ¸²¥¤ É¥´-

§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  · ¢¥´ Tzz̄ =
1
β2
e
√

2βφ. Š¨· ²Ó´ Ö ±µ³¶µ´¥´É  É¥´§µ· 

Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¤²Ö ¤¥°¸É¢¨Ö (2) ¶·¨ ÔÉµ³ · ¢´ 

Tzz = −1
2
(∂φ)2, (3)

¨  ´ ²µ£¨Î´µ ¤²Ö Tz̄z̄ . �¤´ ±µ ±¨· ²Ó´ Ö ±µ³¶µ´¥´É  ´¥ Ö¢²Ö¥É¸Ö £µ²µ³µ·Ë-
´µ° ¤ ¦¥ ´  Ê· ¢´¥´¨ÖÌ ¤¢¨¦¥´¨Ö, ¶µ¸±µ²Ó±Ê

∂̄Tzz =
√
2
β
e
√

2βφ∂φ. (4)

�ÉµÉ ¸É ´¤ ·É´Ò° É¥´§µ· Ô´¥·£¨¨-¨³¶Ê²Ó¸ , µ¤´ ±µ, ³µ¦¥É ¡ÒÉÓ ®Ê²ÊÎÏ¥´¯
¤µ¡ ¢²¥´¨¥³ Î²¥´ , ´¥ ¢²¨ÖÕÐ¥£µ ´  § ±µ´ ¸µÌ· ´¥´¨Ö:

Tµν → Tµν − (∂2δµν − ∂µ∂ν)Σ, T = Tzz + ∂2Σ. (5)

‚Ò¡¨· Ö É¥¶¥·Ó Σ =
1√
2β

φ, ¶µ²ÊÎ ¥³

T = −1
2
(∂φ)2 +

1√
2β

∂2φ (6)

¨

∂̄T =
√
2
β
e
√

2βφ∂φ+
1√
2β

∂2∂̄φ = 0 (7)

¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö.

  ¸ ³µ³ ¤¥²¥, Σ ¤µ¡ ¢²Ö¥É ± ¤¥°¸É¢¨Õ ¶·µ¸Éµ ¶µ²´ÊÕ ¶·µ¨§¢µ¤´ÊÕ,

¶·µ¶µ·Í¨µ´ ²Ó´ÊÕ ∂∂̄φ, ±µÉµ· Ö ³µ¦¥É ¸É ÉÓ ¸ÊÐ¥¸É¢¥´´µ° Éµ²Ó±µ ¶·¨ ´¥-
É·¨¢¨ ²Ó´ÒÌ £· ´¨Î´ÒÌ Ê¸²µ¢¨ÖÌ, ¶µ¤µ¡´ÒÌ ¶·¨¸ÊÉ¸É¢¨Õ ¢ É¥µ·¨¨ ¢ ±ÊÊ³-
´µ£µ § ·Ö¤  [67Ä69]. ’ ±µ£µ ·µ¤  Î²¥´ ¢ ¤¥°¸É¢¨¨ ³µ¦¥É ¡ÒÉÓ ¨´¢ ·¨ ´É´µ
§ ¶¨¸ ´ ± ±

√
2
β
Rφ, (8)
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£¤¥ R = ∂∂̄ log ρ ¨ ρ = gzz̄ Å ¤¢Ê³¥·´Ò¥ ±·¨¢¨§´  ¨ ³¥É·¨±  ¸µµÉ¢¥É¸É¢¥´´µ.
‘±µ¡±¨ �Ê ¸¸µ´  É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  (6) µ¡· §ÊÕÉ  ²£¥¡·Ê ‚¨· ¸µ·µ∗,
¶·¨Î¥³ ±µ´Ëµ·³´ Ö  ´µ³ ²¨Ö ¶·¨¸ÊÉ¸É¢Ê¥É Ê¦¥ ´  ±² ¸¸¨Î¥¸±µ³ Ê·µ¢´¥:

ccl =
6
β2

. (9)

Š¢ ´Éµ¢ Ö É¥µ·¨Ö ‹¨Ê¢¨²²Ö. ’¥¶¥·Ó ¶¥·¥°¤¥³ ± ¢ÒÎ¨¸²¥´¨Õ ±¢ ´Éµ¢ÒÌ
¶µ¶· ¢µ±. •µÉÖ É¥µ·¨Ö ¶²µÌµ µ¶·¥¤¥²¥´  ¨§-§  ¨´Ë· ±· ¸´ÒÌ · ¸Ìµ¤¨³µ¸É¥°,
¢ ´¥° ³µ¦´µ ¢ÒÎ¨¸²ÖÉÓ · §²¨Î´Ò¥ ¢¥²¨Î¨´Ò, ± ´¨³ ´¥ÎÊ¢¸É¢¨É¥²Ó´Ò¥ Å ¶µ-
¤µ¡´µ Éµ³Ê, ± ± ÔÉµ ¤¥² ¥É¸Ö ¢ Š•„. ‘± ¦¥³, ³µ¦´µ ¨¸¸²¥¤µ¢ ÉÓ Ê²ÓÉ· Ë¨-
µ²¥Éµ¢Ò¥ ¶¥·¥´µ·³¨·µ¢±¨ ¤¥°¸É¢¨Ö (2), ¸µ¤¥·¦ Ð¥£µ Î²¥´ ¸ ±·¨¢¨§´µ° (8).


  ¸ ³µ³ ¤¥²¥, ´¥ ¸²¨Ï±µ³ É·Ê¤´µ ÊÎ¥¸ÉÓ ¢¸¥ Ê²ÓÉ· Ë¨µ²¥Éµ¢µ-· ¸Ìµ¤Ö-
Ð¨¥¸Ö ¤¨ £· ³³Ò, ¶µ¸±µ²Ó±Ê ¢ ¤¢Ê³¥·¨¨ µ´¨ ¨¸Î¥·¶Ò¢ ÕÉ¸Ö £µ²µ¢ ¸É¨± ³¨.
�¥§Ê²ÓÉ Éµ³ µ± §Ò¢ ¥É¸Ö ³Ê²ÓÉ¨¶²¨± É¨¢´ Ö ¶¥·¥´µ·³¨·µ¢±  ±µ´¸É ´ÉÒ ¸¢Ö-

§¨
1
β2

²¨Ê¢¨²²¥¢¸±µ° Ô±¸¶µ´¥´ÉÒ ¢ ¤¥°¸É¢¨¨ (2) Ë ±Éµ·µ³ Λ−2β2
. ’µÉ ¦¥

Î²¥´ ³µ¦´µ ¢µ¸¶·µ¨§¢¥¸É¨ ¸¤¢¨¦±µ° ¢ ±ÊÊ³´µ£µ ¸·¥¤´¥£µ ¶µ²Ö φ ´  ¢¥²¨-
Î¨´Ê δ = −

√
2β log Λ. ‡ ³¥É¨³, ÎÉµ ÔÉµÉ ¸¤¢¨£ § ¢¨¸¨É µÉ Ê²ÓÉ· Ë¨µ²¥Éµ¢µ£µ

¶ · ³¥É·  µ¡·¥§ ´¨Ö Λ, ±µÉµ·Ò° ¤µ²¦¥´ µ¡¥§· §³¥·¨¢ ÉÓ¸Ö ´¥±µÉµ·Ò³ ¨´-
Ë· ±· ¸´Ò³ ¶ · ³¥É·µ³ µ¡·¥§ ´¨Ö. …¸É¥¸É¢¥´´µ ¢Ò¡· ÉÓ ÔÉµÉ ¶ · ³¥É· ´ 
³ ¸ÏÉ ¡¥ ³¥É·¨±¨ ρ, ¶µ¸±µ²Ó±Ê ¨³¥´´µ ³¥É·¨±  µ¡·¥§ ¥É É¥µ·¨Õ ´  ¡µ²ÓÏ¨Ì
· ¸¸ÉµÖ´¨ÖÌ∗∗. ’ ±¨³ µ¡· §µ³, ´Ê¦´µ ¸¤¢¨´ÊÉÓ ¶µ²¥ φ −→ φ −

√
2β log Λρ.

�Éµ ¶·¨¢µ¤¨É ± ¶¥·¥´µ·³¨·µ¢±¥ ±µÔËË¨Í¨¥´É  ¶¥·¥¤ Î²¥´µ³ ¸ ±·¨¢¨§´µ° (8):

1
2
∂φ∂̄φ → −1

2
(φ+ δ)∂∂̄(φ+ δ) =

=
1
2
∂φ∂̄φ− φ∂∂̄δ =

1
2
∂φ∂̄φ+

√
2βRφ. (10)

–¥´É· ²Ó´Ò° § ·Ö¤ ¸É ´µ¢¨É¸Ö · ¢´Ò³

c = 1+ 6
(
β +

1
β

)2

. (11)

T¥¶¥·Ó ´¥³´µ£µ µ¡¸Ê¤¨³ ¨ µ¡µ¸´Ê¥³ ÔÉµÉ ·¥§Ê²ÓÉ É. �·¥¤¶µ²µ¦¨³, ÎÉµ
±µ´Ëµ·³´ Ö ¨´¢ ·¨ ´É´µ¸ÉÓ ¸µÌ· ´Ö¥É¸Ö ´  ±¢ ´Éµ¢µ³ Ê·µ¢´¥. �Éµ µ§´ Î ¥É,
ÎÉµ Ô±¸¶µ´¥´Í¨ ²Ó´Ò° Î²¥´ ¢ ¤¥°¸É¢¨¨ ¨³¥¥É ± ´µ´¨Î¥¸±ÊÕ · §³¥·´µ¸ÉÓ Å
(1,1). ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ±µ´Ëµ·³´ Ö É¥µ·¨Ö ¸ ¤¥°¸É¢¨¥³ (2) ¨ ¤µ¡ ¢µÎ´Ò³

∗�Éµ ¸ µÎ¥¢¨¤´µ¸ÉÓÕ ¸²¥¤Ê¥É ¨§ § ´Ê²¥´¨Ö ¸²¥¤  ®Ê²ÊÎÏ¥´´µ£µ¯ É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ 
´  Ê· ¢´¥´¨ÖÌ ¤¢¨¦¥´¨Ö.

∗∗�Éµ Ê¸²µ¢¨¥ ³µ¦¥É ¡ÒÉÓ ¸´µ¢  ¶·¥¢· Ð¥´µ ¢ ¸¶¥Í¨ ²Ó´Ò¥ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ¶µ²Ö
³ É¥·¨¨.
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Î²¥´µ³ αRφ ¨³¥¥É Í¥´É· ²Ó´Ò° § ·Ö¤ [68,69] c = 1 + 3α2, ¨ ®´ ¨¢´ Ö¯ · §-

³¥·´µ¸ÉÓ ∆γ =
γ2

2
µ¶¥· Éµ·  :exp{γφ}:∗, ±µÉµ·ÊÕ µ´ ¨³¥² ¡Ò ¢ µÉ¸ÊÉ¸É¢¨¥

Î²¥´  ¸ ±·¨¢¨§´µ°, ³¥´Ö¥É¸Ö ´  ∆γ =
1
2
γ(α − γ). ’ ± ± ± ÔÉ  · §³¥·´µ¸ÉÓ

¤µ²¦´  ¡ÒÉÓ ¥¤¨´¨Î´µ°, ±µÔËË¨Í¨¥´É

α =
√
2
(
β +

1
β

)
, β =

α√
8
±

√
α2

8
− 1, (12)

ÎÉµ ¸µ¢¶ ¤ ¥É ¸ Ëµ·³Ê²µ° (10) ¨ ¶·¨¢µ¤¨É ± Éµ³Ê ¦¥ §´ Î¥´¨Õ Í¥´É· ²Ó´µ£µ
§ ·Ö¤  (11).

Šµ´¥Î´µ, ÔÉµ · ¸¸³µÉ·¥´¨¥ Ö¢²Ö¥É¸Ö ¸±µ·¥¥ ³µÉ¨¢ Í¨¥°, Î¥³ ¸É·µ£¨³
·¥§Ê²ÓÉ Éµ³. ‘± ¦¥³, ¶µ¸²¥¤´¥¥ · ¸¸Ê¦¤¥´¨¥ ¨³¥¥É ¤¥²µ ¸ ±¨· ²Ó´Ò³¨ µ¡Ñ-
¥±É ³¨. ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¶µ²Ö · ¸¶ ¤ ÕÉ¸Ö ¢ ¸Ê³³Ê ±¨· ²Ó´µ° ¨  ´É¨±¨-
· ²Ó´µ° Î ¸É¥° Éµ²Ó±µ ´  Ê· ¢´¥´¨ÖÌ ¤¢¨¦¥´¨Ö, ¨, ¸²¥¤µ¢ É¥²Ó´µ, ±¨· ²Ó-
´µ¸ÉÓ ´¥ ¤µ²¦´  ¨¸¶µ²Ó§µ¢ ÉÓ¸Ö ¶·¨ µ¡¸Ê¦¤¥´¨¨ ²¨Ê¢¨²²¥¢¸±µ° Ô±¸¶µ´¥´ÉÒ
¢ ËÊ´±Í¨µ´ ²Ó´µ³ ¨´É¥£· ²¥. ’ ±µ° ¶µ¤Ìµ¤, µ¤´ ±µ, ¸É ´µ¢¨É¸Ö ¸µ¢¥·Ï¥´´µ
±µ··¥±É´Ò³ ¢ ¸²ÊÎ ¥ N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° É¥µ·¨¨ ‹¨Ê¢¨²²Ö [66].

‚§£²Ö¤ ¸ ÉµÎ±¨ §·¥´¨Ö É¥µ·¨¨ ¸¨´Ê¸-ƒµ·¤µ´ . �¡¸Ê¤¨³ É¥¶¥·Ó, ± ± ´Ê¦´µ
¡µ²¥¥ ±µ··¥±É´µ · ¸¸³ É·¨¢ ÉÓ É¥µ·¨Õ ‹¨Ê¢¨²²Ö. “¦¥ Ê¶µ³¨´ ²µ¸Ó, ÎÉµ
¥¥ ¶²µÌµ¥ ¨´Ë· ±· ¸´µ¥ ¶µ¢¥¤¥´¨¥ µ¡Ê¸²µ¢²¥´µ µÉ¸ÊÉ¸É¢¨¥³ ±µ´¥Î´µ£µ ¶µ-
¸ÉµÖ´´µ£µ ±² ¸¸¨Î¥¸±µ£µ ·¥Ï¥´¨Ö. ‚ ¶·¨´Í¨¶¥, É ±µ¥ ¶²µÌµ¥ ¶µ¢¥¤¥´¨¥
¨ ¤µ²¦´µ µ¦¨¤ ÉÓ¸Ö, ¶µ¸±µ²Ó±Ê É¥µ·¨Ö Ö¢²Ö¥É¸Ö ±µ´Ëµ·³´µ-¨´¢ ·¨ ´É´µ°
¨, ¸²¥¤µ¢ É¥²Ó´µ, ´¥ ¨³¥¥É Ìµ·µÏµ µ¶·¥¤¥²¥´´ÒÌ Î ¸É¨Í¥¶µ¤µ¡´ÒÌ ¢µ§¡Ê-
¦¤¥´¨°, S-³ É·¨ÍÒ ¨ É. ¤. � §Ê³´Ò° ¸¶µ¸µ¡ ¨§¡¥¦ ÉÓ ¢¸¥Ì ÔÉ¨Ì ¶·µ¡²¥³ Å
· ¸¸³ É·¨¢ ÉÓ É¥µ·¨Õ ‹¨Ê¢¨²²Ö ± ± ±·¨É¨Î¥¸±ÊÕ ÉµÎ±Ê ´¥±µÉµ·µ° ¡µ²ÓÏ¥°
É¥µ·¨¨. …¸É¥¸É¢¥´´Ò° ¢Ò¡µ· É ±µ° É¥µ·¨¨ Å É¥µ·¨¨ ¸¨´Ê¸-ƒµ·¤µ´  ¨²¨ £¨-
¶¥·¡µ²¨Î¥¸±µ£µ ¸¨´Ê¸-ƒµ·¤µ´ , ¢ § ¢¨¸¨³µ¸É¨ µÉ Éµ£µ, Ö¢²Ö¥É¸Ö ²¨ β ¢¥Ð¥-
¸É¢¥´´µ° ¨²¨ Î¨¸Éµ ³´¨³µ°, ¶µ¸±µ²Ó±Ê ¢¸¥ ¢ÒÏ¥¶·¨¢¥¤¥´´µ¥ · ¸¸³µÉ·¥´¨¥
¸¶· ¢¥¤²¨¢µ ¤²Ö ²Õ¡µ£µ β. �É  É¥µ·¨Ö ¨¸¸²¥¤µ¢ ² ¸Ó ¢ [70], £¤¥  ¢Éµ·Ò · ¡µ-
É ²¨ ¸ É¥µ·¨¥° ¸¨´Ê¸-ƒµ·¤µ´ , É. ¥. ¸ Î¨¸Éµ ³´¨³µ° β ≡ iβ̃, É ± ÎÉµ ¤¥°¸É¢¨¥
¨³¥²µ ¢¨¤∗∗:

SSG =
1
4π

∫
d2z

[
∂φ∂̄φ+ γ+ ei

√
2β̃φ + γ− e−i

√
2β̃φ + iα̃Rφ

]
. (13)

„²Ö Ê¤µ¡¸É¢  ³Ò É ±¦¥ § ³¥´¨²¨ ¢ ¤¥°¸É¢¨¨ α → α̃ ≡ −iα, É. ¥. c = 1− 3α̃2.
�¢Éµ·Ò [70] µ¡µ¡Ð¨²¨ ¢ÒÏ¥¶·¨¢¥¤¥´´µ¥ É¥µ·¥É¨±µ-¶µ²¥¢µ¥ ¢ÒÎ¨¸²¥´¨¥ ¨

∗ŒÒ µ¶Ê¸± ¥³ §´ ± ´µ·³ ²Ó´µ£µ Ê¶µ·Ö¤µÎ¨¢ ´¨Ö É ³, £¤¥ ÔÉµ ´¥ ³µ¦¥É ¶·¨¢¥¸É¨ ±
´¥¤µ· §Ê³¥´¨Õ.

∗∗�µ ¶·¨Î¨´ ³ ¢ÒÎ¨¸²¨É¥²Ó´µ£µ Ì · ±É¥·  Ê¤µ¡´µ ¨³¥ÉÓ ¢ ¤¥°¸É¢¨¨ ¤¢¥ · §²¨Î´Ò¥ ±µ´-
¸É ´ÉÒ ¸¢Ö§¨ γ+, γ−, ÌµÉÖ µ¤´  ¨§ ´¨Ì ³µ¦¥É ¡ÒÉÓ Ê¡· ´  ¸¤¢¨£µ³ ¶µ²Ö. „¥²µ ¢ Éµ³, ÎÉµ ÔÉµÉ
¸¤¢¨£ Î ¸Éµ ¡¥¸±µ´¥Î¥´ ¢ · ¸¸³ É·¨¢ ¥³ÒÌ ¸²ÊÎ ÖÌ.
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¶µ²ÊÎ¨²¨ β-ËÊ´±Í¨¨ ¶¥·ÉÊ·¡ É¨¢´µ ¶µ γ± ¨ β̃2 − 1. �´¨ É ±¦¥ § ³¥É¨²¨,
ÎÉµ α̃/β̃ Ö¢²Ö¥É¸Ö ·¥´µ·³¨´¢ ·¨ ´Éµ³. �¥§Ê²ÓÉ ÉÒ ¢ÒÎ¨¸²¥´¨Ö ¨³¥ÕÉ ¢¨¤

dλ

dt
≡ ββ̃ = 2β̃

4γ+γ− ,
dq2

dt
≡ βα̃ =

1
16
α̃2β̃2γ+γ− ,

dγ±
dt

≡ β± = γ±

(
β̃2 − 1∓ 1√

2
α̃β̃

)
.

(14)

�± §Ò¢ ¥É¸Ö, ÎÉµ É¥µ·¨Ö ¨³¥¥É ± ± ¨´Ë· ±· ¸´ÊÕ, É ± ¨ Ê²ÓÉ· Ë¨µ²¥Éµ¢ÊÕ
Ë¨±¸¨·µ¢ ´´Ò¥ ÉµÎ±¨ ¢ µ¡² ¸É¨ ¸¤¥² ´´µ£µ ¶·¨¡²¨¦¥´¨Ö. �·¨ ÔÉµ³ ¸Ê-
Ð¥¸É¢ÊÕÉ ¤¢  · §²¨Î´ÒÌ ·¥¦¨³ . �¤¨´ ¨§ ´¨Ì µÉ¢¥Î ¥É �ƒ-¶µÉµ±Ê ¨§ ÉµÎ±¨,
µ¶¨¸Ò¢ ¥³µ° ¸¢µ¡µ¤´Ò³ ¶µ²¥³ ¸ ¢´¥Ï´¨³ § ·Ö¤µ³ α̃+, ¢ ÉµÎ±Ê, µ¶¨¸Ò¢ ¥³ÊÕ
Éµ° ¦¥ É¥µ·¨¥°, ´µ ¸ ´¥±µÉµ·Ò³ ¡µ²ÓÏ¨³ ¢´¥Ï´¨³ § ·Ö¤µ³ α̃− (¢ ¶µ²´µ³
¸µ£² ¸¨¨ ¸ c-É¥µ·¥³µ° ‡ ³µ²µ¤Î¨±µ¢  [71]). ‚ ¤·Ê£µ³ ·¥¦¨³¥ �ƒ-¶µÉµ± É¥Î¥É
¨§ Ê²ÓÉ· Ë¨µ²¥Éµ¢µ-¸É ¡¨²Ó´µ° ÉµÎ±¨, µ¶¨¸Ò¢ ¥³µ° É¥µ·¨¥° ¸ γ+ = γ− = 0,
¢ ¨´Ë· ±· ¸´µ-¸É ¡¨²Ó´ÊÕ ÉµÎ±Ê ¸ γ− = 0, ´µ γ+ = 0. ’ ±¨³ µ¡· §µ³, µ¤´ 
¨§ Ô±¸¶µ´¥´É (³ ·£¨´ ²Ó´Ò° µ¶¥· Éµ·) ¢Ò¦¨¢ ¥É ¢ ¨´Ë· ±· ¸´µ³ ¶·¥¤¥²¥,
¶·¨¢µ¤Ö ± ¤¥°¸É¢¨Õ ‹¨Ê¢¨²²Ö.

ˆ§ Ê· ¢´¥´¨Ö (14) ³µ¦´µ µ¶·¥¤¥²¨ÉÓ §´ Î¥´¨Ö ¶ · ³¥É·µ¢, µÉ¢¥Î ÕÐ¨Ì
ÔÉµ° ±·¨É¨Î¥¸±µ° ÉµÎ±¥:

β̃ =
α̃√
8
±

√
α̃2

8
+ 1. (15)

�Éµ ¸µ£² ¸Ê¥É¸Ö ¸ ¸µµÉ´µÏ¥´¨¥³ (12), µ¶· ¢¤Ò¢ Ö ´ Ï¨ ¢ÒÎ¨¸²¥´¨Ö.
Ÿ¢´µ¥ ¢ÒÎ¨¸²¥´¨¥ [70] É ±¦¥ ¢µ¸¶·µ¨§¢µ¤¨É ¶µ²ÊÎ¥´´Ò¥ ¢ÒÏ¥ §´ Î¥´¨Ö

· §³¥·´µ¸É¥°,   ®µ¡µ¡Ð¥´´Ò°¯ Í¥´É· ²Ó´Ò° § ·Ö¤, ±µÉµ·Ò° ´  �ƒ-É· ¥±Éµ·¨¨
¤ ¥É¸Ö ³µ´µÉµ´´µ-Ê¡Ò¢ ÕÐ¥° ËÊ´±Í¨¥° [71], ¢ Ë¨±¸¨·µ¢ ´´µ° ÉµÎ±¥, µ¶¨-
¸Ò¢ ÕÐ¥° É¥µ·¨Õ ‹¨Ê¢¨²²Ö, ¨³¥¥É §´ Î¥´¨¥ (11).

1.2.2. ‹¨Ê¢¨²²¥¢¸± Ö £· ¢¨É Í¨Ö. "µ¤Ìµ¤ "µ²Ö±µ¢ ÄŠ"‡Ä„„Š. �µ¸²¥
· ¸¸³µÉ·¥´¨Ö µ¡Ð¥° É¥µ·¨¨ ‹¨Ê¢¨²²Ö µ¡¸Ê¤¨³ ¥¥ ¶·¨³¥´¥´¨¥ ± É¥µ·¨¨ ¤¢Ê-
³¥·´µ° Ë¨§¨Î¥¸±µ° £· ¢¨É Í¨¨. ŒÒ ´ Î¨´ ¥³ ¸ ±µ¢ ·¨ ´É´µ£µ ¶µ²Ö±µ¢¸±µ£µ
¤¥°¸É¢¨Ö ¤²Ö ¸É·Ê´Ò, · ¸¶·µ¸É· ´ÖÕÐ¥°¸Ö ¢ ¶²µ¸±µ³ D-³¥·´µ³ ¥¢±²¨¤µ¢µ³
¶·µ¸É· ´¸É¢¥:

S =
1
4π

∫
d2ξ

√
ggµν∂µX

i∂νX
i, i = 1, ..., D. (16)

�¸´µ¢´µ° § ¤ Î¥° Ö¢²Ö¥É¸Ö ¢ÒÎ¨¸²¥´¨¥ ±µ··¥²ÖÍ¨µ´´ÒÌ ËÊ´±Í¨° ¶·¨ ¶µ-
³µÐ¨ ¨´É¥£· ²  ¶µ É· ¥±Éµ·¨Ö³:

〈V1V2...Vn〉 ≡
∫

DXDgµνe−S−µ
∫
d2ξ

√
g (17)

¸ ¤¥°¸É¢¨¥³ (16), £¤¥ µ Å ±µ¸³µ²µ£¨Î¥¸± Ö ¶µ¸ÉµÖ´´ Ö.
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ŒÒ ¡Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ ±¢ ´Éµ¢ ´¨¥ ÔÉµ° ¸¨¸É¥³Ò ¢ ±µ´Ëµ·³´µ° ± -
²¨¡·µ¢±¥, ÌµÉÖ ¸ÊÐ¥¸É¢Ê¥É ¨ Ô±¢¨¢ ²¥´É´Ò° ¶µ¤Ìµ¤ ¢ ± ²¨¡·µ¢±¥ ¸¢¥Éµ¢µ£µ
±µ´Ê¸  [17]. Šµ¢ ·¨ ´É´Ò° ¶µ¤Ìµ¤ ¢ ±µ´Ëµ·³´µ° ± ²¨¡·µ¢±¥ ¡Ò² ¶·¥¤²µ¦¥´
¢ ¶¥·¢µ° · ¡µÉ¥ �µ²Ö±µ¢  [11] ¨ · §¢¨É ¢ [18], £¤¥ ¡Ò²¨ ¢ÒÎ¨¸²¥´Ò Í¥´É· ²Ó-
´Ò° § ·Ö¤ ¨ ¢¥¸  µ¶¥· Éµ·µ¢. Šµ´Ëµ·³´ Ö ± ²¨¡·µ¢±  Ë¨±¸¨·Ê¥É¸Ö Ê¸²µ¢¨¥³
gµν = eφĝµν , £¤¥ ĝµν Å ´¥±µÉµ· Ö ¢´¥Ï´ÖÖ ³¥É·¨± . �·µÍ¥¤Ê·  Ë¨±¸ Í¨¨
± ²¨¡·µ¢±¨ É ±¦¥ ¢¢µ¤¨É ·¥¶ · ³¥É·¨§ Í¨µ´´Ò¥ ¤ÊÌ¨ ” ¤¤¥¥¢ Ä�µ¶µ¢  b,
c, ±µÉµ·Ò¥ ¶µÎÉ¨ ´¥ ¸ÊÐ¥¸É¢¥´´Ò ¢ ´ Ï¥³ · ¸¸³µÉ·¥´¨¨. Š·µ³¥ Éµ£µ, ¶µ-
¸±µ²Ó±Ê ¨§-§  ±µ´Ëµ·³´µ°  ´µ³ ²¨¨ ´¨ ³¥·  ¶µ²¥° ³ É¥·¨¨, ´¨ ¶µ²¥° ¤ÊÌµ¢
´¥ Ö¢²Ö¥É¸Ö ±µ´Ëµ·³´µ-¨´¢ ·¨ ´É´µ°, ±µ´Ëµ·³´Ò° Ë ±Éµ· ¶µ²ÊÎ ¥É ±¨´¥-
É¨Î¥¸±¨° Î²¥´ ¨ µ¶¨¸Ò¢ ¥É¸Ö ¤¥°¸É¢¨¥³ ‹¨Ê¢¨²²Ö. ’ ±¨³ µ¡· §µ³, ¶µ²´µ¥
¤¥°¸É¢¨¥ ¸µ¸Éµ¨É ¨§ É·¥Ì Î ¸É¥°: ¤¥°¸É¢¨¥ ¤ÊÌµ¢, ²¨Ê¢¨²²¥¢¸±µ¥ ¤¥°¸É¢¨¥ (2)
¸ Î²¥´µ³, ¸µ¤¥·¦ Ð¨³ ±·¨¢¨§´Ê, ¨ ¤¥°¸É¢¨¥ ¶µ²¥° ³ É¥·¨¨. ’ ± ± ± ¶µ²´µ¥
¤¥°¸É¢¨¥ ¤µ²¦´µ ¡ÒÉÓ ±µ´Ëµ·³´µ-¨´¢ ·¨ ´É´Ò³ ¨ ´¥ § ¢¨¸ÖÐ¨³ µÉ ¢´¥Ï´¥°
³¥É·¨±¨ gµν , ¶µ²´Ò° Í¥´É· ²Ó´Ò° § ·Ö¤ É¥µ·¨¨ ¤µ²¦¥´ ¡ÒÉÓ · ¢¥´ ´Ê²Õ. �Éµ
µ§´ Î ¥É, ÎÉµ É¥µ·¨Ö Ö¢²Ö¥É¸Ö Éµ¶µ²µ£¨Î¥¸±µ° (± ± Ê¦¥ µ¡¸Ê¦¤ ²µ¸Ó ¢ÒÏ¥).

’¥´§µ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¤ÊÌµ¢ ¤ ¥É ¢±² ¤ ¢ Í¥´É· ²Ó´Ò° § ·Ö¤ Å 26,
  ³ É¥·¨¨ Å D. � §Ê³´µ µ¡µ¡Ð¨ÉÓ (16) ¨ · ¸¸³ É·¨¢ ÉÓ ±µ´Ëµ·³´ÊÕ É¥µ-
·¨Õ ¸ ¶·µ¨§¢µ²Ó´Ò³ (´¥ µ¡Ö§ É¥²Ó´µ Í¥²Ò³) Í¥´É· ²Ó´Ò³ § ·Ö¤µ³ cm ¢³¥¸Éµ
D. ’¥¶¥·Ó, ¨¸¶µ²Ó§ÊÖ Ö¢´µ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ²¨Ê¢¨²²¥¢¸±µ£µ Í¥´É· ²Ó´µ£µ § -
·Ö¤  (11), ³Ò ³µ¦¥³ ¶µ²ÊÎ¨ÉÓ µ£· ´¨Î¥´¨¥, ¢ÒÉ¥± ÕÐ¥¥ ¨§ Ê¸²µ¢¨Ö ´Ê²¥¢µ£µ
¶µ²´µ£µ Í¥´É· ²Ó´µ£µ § ·Ö¤ :

cm + cgh + cL = 0 → cm + (−26) + (1 + 3α2) = 0, (18)

É. ¥.

α =

√
25− cm
3

. (19)

ˆ§ ¢Ò· ¦¥´¨Ö (12) Ö¸´µ, ÎÉµ §´ Î¥´¨Ö α2 < 8 ¢¥¤ÊÉ ± ±µ³¶²¥±¸´Ò³ §´ -
Î¥´¨Ö³ β ¨ ²¨Ê¢¨²²¥¢¸±µ£µ Í¥´É· ²Ó´µ£µ § ·Ö¤  cL (11), É. ¥. ± ´¥Ê´¨É ·´µ°
É¥µ·¨¨. �Éµ Éµ ¸ ³µ¥ µ£· ´¨Î¥´¨¥ ´  · §³¥·´µ¸ÉÓ ´¥±·¨É¨Î¥¸±µ° ¸É·Ê´Ò,
±µÉµ·µ¥ ³Ò Ê¶µ³¨´ ²¨ ¢ ´ Î ²¥ · §¤¥² :

cm ≤ 1. (20)

Šµ´¥Î´µ, ±µ³¶²¥±¸´Ò¥ §´ Î¥´¨Ö β ¶·µ¸Éµ µ§´ Î ÕÉ, ÎÉµ ¢Ò¡· ´´Ò° ¢ ±ÊÊ³
¸É·Ê´Ò ´¥¸É ¡¨²¥´ ¨ ¤µ²¦¥´ · ¸¶ ¸ÉÓ¸Ö ¢ ¤·Ê£µ¥, ¸É ¡¨²Ó´µ¥ µ¸´µ¢´µ¥ ¸µ-
¸ÉµÖ´¨¥. �É· ¦¥´¨¥³ Éµ£µ ¦¥ Ë ±É  Ö¢²Ö¥É¸Ö ´ ²¨Î¨¥ É Ì¨µ´  ¢ É¥µ·¨¨ ¸

cm > 1, É. ±. ³ ¸¸  µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö · ¢´ 
1− cm
12

.

‘ÊÐ¥¸É¢Ê¥É, µ¤´ ±µ, ¨ ¤·Ê£ Ö µ¡² ¸ÉÓ, £¤¥ cL ¢¥Ð¥¸É¢¥´´ . �´  µ¶·¥¤¥-
²Ö¥É¸Ö α2 < 0, É. ¥. c ≥ 25 ¨ µ§´ Î ¥É Î¨¸Éµ ³´¨³Ò¥ β ¨²¨, ÎÉµ Éµ ¦¥ ¸ -
³µ¥, ¥¸²¨ ¶¥·¥µ¶·¥¤¥²¨ÉÓ φ → iφ, ®´¥¶· ¢¨²Ó´Ò°¯ §´ ± ¶¥·¥¤ ±¨´¥É¨Î¥¸±¨³
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Î²¥´µ³ ²¨Ê¢¨²²¥¢¸±µ£µ ¤¥°¸É¢¨Ö. 
 ¨¢´µ ÔÉµ ¤µ²¦´µ ¶·¨¢µ¤¨ÉÓ ± ´¥Ê´¨É ·-
´µ° É¥µ·¨¨. ‚ÒÏ¥, µ¤´ ±µ, Ê¦¥ µ¡¸Ê¦¤ ² ¸Ó ¢µ§³µ¦´µ¸ÉÓ ¨´É¥·¶·¥É¨·µ¢ ÉÓ
¸¶¥Í¨ ²Ó´Ò° ¸²ÊÎ ° ²¨Ê¢¨²²¥¢¸±µ£µ ¤¥°¸É¢¨Ö ¸ cm = 25 ± ± µ¶¨¸Ò¢ ÕÐ¨°
¢·¥³¥´´ÊÕ ±µµ·¤¨´ ÉÊ ¢ ³¥É·¨±¥ Œ¨´±µ¢¸±µ£µ.

%¤¥¢ ´¨¥ µ¶¥· Éµ·µ¢. ‡ ³¥É¨³, ÎÉµ ËÊ´±Í¨µ´ ²Ó´Ò° ¨´É¥£· ² ¢ É¥µ·¨¨
¤¢Ê³¥·´µ° £· ¢¨É Í¨¨ ´¥ ¤µ²¦¥´ § ¢¨¸¥ÉÓ ± ± µÉ ¢´¥Ï´¥° ³¥É·¨±¨ ĝµν , É ± ¨

µÉ Ë¨§¨Î¥¸±µ° gµν = ĝµν e
√

2βφ∗. �¥·¢µ¥ ¸¢µ°¸É¢µ µ§´ Î ¥É ´Ê²¥¢µ° ¶µ²´Ò°
Í¥´É· ²Ó´Ò° § ·Ö¤ É¥µ·¨¨, ¨ µ´µ ¡Ò²µ ¨¸¶µ²Ó§µ¢ ´µ, ÎÉµ¡Ò ¸¢Ö§ ÉÓ ¶µ± § -
É¥²Ó ²¨Ê¢¨²²¥¢¸±µ° Ô±¸¶µ´¥´ÉÒ ¸ Í¥´É· ²Ó´Ò³ § ·Ö¤µ³ ¶µ²¥° ³ É¥·¨¨ cm,
¢ Éµ ¢·¥³Ö ± ± ¢Éµ·µ¥ ¸¢µ°¸É¢µ ¶µ§¢µ²¨²µ ´ ³ ¢ÒÎ¨¸²¨ÉÓ Í¥´É· ²Ó´Ò° § -
·Ö¤ É¥µ·¨¨ ‹¨Ê¢¨²²Ö (11). ‚ Éµ³ ¦¥ ±µ´É¥±¸É¥ ³µ¦´µ · ¸¸³µÉ·¥ÉÓ ¨ ¶µ²Ö
³ É¥·¨¨, ±µÉµ·Ò¥ ¤µ²¦´Ò É ±¦¥ ¶¥·¥´µ·³¨·µ¢Ò¢ ÉÓ¸Ö (®µ¤¥¢ ÉÓ¸Ö¯) ¶µ²¥³
‹¨Ê¢¨²²Ö ¨§-§  £· ¢¨É Í¨µ´´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö. ‚³¥¸Éµ Éµ£µ ÎÉµ¡Ò ¤¥² ÉÓ
É·Ê¤´µ¥ ¶¥·ÉÊ·¡ É¨¢´µ¥ ¢ÒÎ¨¸²¥´¨¥, ³µ¦´µ µ¶ÖÉÓ ¶·µ¸Éµ ¶µÉ·¥¡µ¢ ÉÓ, ÎÉµ¡Ò
±µ··¥²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨ ®µ¤¥ÉÒÌ¯ µ¶¥· Éµ·µ¢ ´¥ § ¢¨¸¥²¨ µÉ ³¥É·¨±¨.

� ¸¸³µÉ·¨³ ´¥±µÉµ·Ò° ¢¥·Ï¨´´Ò° µ¶¥· Éµ· ¶µ²¥° ³ É¥·¨¨ V , ±µÉµ-
·Ò° ¨³¥¥É ±µ´Ëµ·³´ÊÕ · §³¥·´µ¸ÉÓ ∆. �·¨´ÖÉµ ¤Ê³ ÉÓ, ÎÉµ ¢ ·¥§Ê²ÓÉ É¥
£· ¢¨É Í¨µ´´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ÔÉµ ¶µ²¥ µ¤¥¢ ¥É¸Ö ´¥±µÉµ·µ° Ô±¸¶µ´¥´Éµ°
²¨Ê¢¨²²¥¢¸±µ£µ ¶µ²Ö:

Vdr = eγφV. (21)

‚ ¶·¨´Í¨¶¥, ¶· ¢¨²Ó´µ ¡Ò²µ ¡Ò · ¸¸³ É·¨¢ ÉÓ ¡µ²¥¥ µ¡Ð¨¥ ¢Ò· ¦¥´¨Ö ¸
¶·¥¤Ô±¸¶µ´¥´Í¨ ²Ó´Ò³ ³´µ¦¨É¥²¥³, ¸µ¤¥·¦ Ð¨³ ¶·µ¨§¢µ¤´Ò¥ ²¨Ê¢¨²²¥¢-
¸±µ£µ ¶µ²Ö (É. ¥. ¶µÉµ³±¨ ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ±µ´Ëµ·³´µ° É¥µ·¨¨) ¨ ¶µ²Ö
¤ÊÌµ¢. Š ¸Î ¸ÉÓÕ, ÔÉµ ´¥ Ö¢²Ö¥É¸Ö ´¥µ¡Ìµ¤¨³Ò³ ¢ ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨ ¨§-
§  µ£·µ³´µ° £·Ê¶¶Ò ¨´¢ ·¨ ´É´µ¸É¨.

’ ±µ¥ ¸¨²Ó´µ¥ ¸Ê¦¥´¨¥ ¶·µ¸É· ´¸É¢  ¢¥·Ï¨´´ÒÌ µ¶¥· Éµ·µ¢ Å µ¡Ð Ö
Î¥·É  ¸É·Ê´´ÒÌ ³µ¤¥²¥°, ¶µ¸É·µ¥´´ÒÌ ¨§ ±µ´Ëµ·³´µ° ³ É¥·¨¨. 
 ¶·¨³¥·,
¢ ¶·µ¸É¥°Ï¥³ ¶·¨³¥·¥ ±·¨É¨Î¥¸±µ° ¸É·Ê´Ò ³µ¦´µ ¶·µ¸Éµ ¢Ò±¨´ÊÉÓ £· ¢¨-
É Í¨µ´´Ò¥ ¢±² ¤Ò ¨§ ¢¥·Ï¨´´ÒÌ µ¶¥· Éµ·µ¢. �Éµ, µ¤´ ±µ, ´¥ ¥¤¨´¸É¢¥´´µ¥
¤µ¶µ²´¨É¥²Ó´µ¥ µ£· ´¨Î¥´¨¥ ´  ¢¥·Ï¨´´Ò¥ µ¶¥· Éµ·Ò ±·¨É¨Î¥¸±¨Ì ¸É·Ê´,
¤·Ê£¨¥ É ±µ¢Ò:

(a) �´¨ É ±¦¥ ´¥ ¤µ²¦´Ò ¸µ¤¥·¦ ÉÓ ¢±² ¤µ¢ ¤ÊÌµ¢ (¢ µ¶·¥¤¥²¥´´µ° ¨
¥¸É¥¸É¢¥´´µ° £· ¤Ê¨·µ¢±¥)∗∗.

(¡) �´¨ ¤µ²¦´Ò ¡ÒÉÓ ¶¥·¢¨Î´Ò³¨ ¶µ²Ö³¨ ¶µ µÉ´µÏ¥´¨Õ ± ¶µ²´µ°  ²£¥-
¡·¥ ‚¨· ¸µ·µ.

∗’ ± Ö ³Ê²ÓÉ¨¶²¨± É¨¢´ Ö ¶¥·¥´µ·³¨·µ¢±  ²¨Ê¢¨²²¥¢¸±µ° Ô±¸¶µ´¥´ÉÒ, ¨²¨  ¤¤¨É¨¢´ Ö Å
²¨Ê¢¨²²¥¢¸±µ£µ ¶µ²Ö, Ö¢²Ö¥É¸Ö ¶·Ö³Ò³ ¸²¥¤¸É¢¨¥³ ´ Ï¥£µ É·¥¡µ¢ ´¨Ö, ÎÉµ¡Ò µ´  ¨³¥²  · §³¥·-
´µ¸ÉÓ (1,1). ’µ ¦¥ ¸ ³µ¥ ³µ¦¥É ¡ÒÉÓ ¶¥·¥Ë· §¨·µ¢ ´µ ¢ ÊÉ¢¥·¦¤¥´¨¥, ÎÉµ ¸± ²Ö·´µ¥ ²¨Ê¢¨²²¥¢-
¸±µ¥ ¶µ²¥ ³¥´Ö¥É ¸¢µ° § ±µ´ ¶·¥µ¡· §µ¢ ´¨Ö ¨ ¶¥·¥¸É ¥É ¡ÒÉÓ ¸± ²Ö·´Ò³ ¶·¨ ÊÎ¥É¥ ±µ´Ëµ·³´µ°
 ´µ³ ²¨¨ (¸³. ¡µ²¥¥ ¶µ¤·µ¡´µ¥ µ¡¸Ê¦¤¥´¨¥ ¢ [66]).

∗∗ˆ¸±²ÕÎ Ö µ¤¨´ Éµ´±¨° ³µ³¥´É ¸ ¤¨² É Í¨µ´´Ò³ µ¶¥· Éµ·µ³.
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‚¸¥ ¢Éµ·¨Î´Ò¥ ¶µ²Ö ¢Ò±¨¤Ò¢ ÕÉ¸Ö, ¶µ¸±µ²Ó±Ê ¸¢Ö§Ó ¸ £· ¢¨É Í¨¥° µ§´ -
Î ¥É ± ²¨¡·µ¢ ´¨¥  ²£¥¡·Ò ‚¨· ¸µ·µ, ¶µ¸²¥ Î¥£µ ¶µÉµ³±¨ µÉ± ²¨¡·µ¢Ò¢ -
ÕÉ¸Ö ± ± ± ²¨¡·µ¢µÎ´µ-´¥¨´¢ ·¨ ´É´Ò¥ µ¶¥· Éµ·Ò. ‚ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ µ´¨
µÉÐ¥¶²ÖÕÉ¸Ö ´  Ê·µ¢´¥ ±µ··¥²ÖÍ¨µ´´ÒÌ ËÊ´±Í¨° Å ÔÉµ §´ ³¥´¨É Ö É¥µ·¥³ 
µ¡ µÉ¸ÊÉ¸É¢¨¨ ¤ÊÌµ¢ ¢ ¸É·Ê´¥.

(¢) �´¨ ¤µ²¦´Ò ¡ÒÉÓ ¨´É¥£· ² ³¨ (¢ £· ¤Ê¨·µ¢±¥, ¸µ£² ¸µ¢ ´´µ° ¸ (a))
µ¶¥· Éµ·µ¢ ±µ´Ëµ·³´µ° · §³¥·´µ¸É¨ 1.

�¶¥· Éµ·Ò ¢ ¤·Ê£¨Ì Å Ô±¢¨¢ ²¥´É´ÒÌ Å £· ¤Ê¨·µ¢± Ì ³µ£ÊÉ ¡ÒÉÓ ¶µ-
²ÊÎ¥´Ò Ê³´µ¦¥´¨¥³ ®¶µ¤Ò´É¥£· ²Ó´ÒÌ¯ µ¶¥· Éµ·µ¢ · §³¥·´µ¸É¨ 1 (µ£· ´¨-
Î¥´´ÒÌ Ê¸²µ¢¨Ö³¨ (a) ¨ (¡)) ´  ¶µ²¥ ¤ÊÌµ¢ ¢³¥¸Éµ ¨´É¥£·¨·µ¢ ´¨Ö.


 ¨¢´µ¥ µ¡µ¡Ð¥´¨¥ ÔÉ¨Ì É·¥Ì ¶·¨´Í¨¶µ¢ ´  ¸²ÊÎ ° ´¥±·¨É¨Î¥¸±¨Ì ¸É·Ê´
¡Ò²µ ¶·¥¤²µ¦¥´µ ¢ [18], Éµ²Ó±µ ¸ ´¥¡µ²ÓÏ¨³ ¨§³¥´¥´¨¥³ ¢ ¶Ê´±É¥ (¡), ¶·¥¤-
¶µ² £ ¢Ï¨³, ÎÉµ ¶µ²Ö ¤µ²¦´Ò ¡ÒÉÓ ¶¥·¢¨Î´Ò³¨ ¶µ µÉ´µÏ¥´¨Õ ± ¶µ²´µ° (£· -
¢¨É Í¨Ö + ³ É¥·¨Ö)  ²£¥¡·¥ ‚¨· ¸µ·µ ¨ ¨³¥ÉÓ ¢¨¤ (¶¥·¢¨Î´µ¥ ¶µ²¥ ³ É¥·¨¨)×
(¶¥·¢¨Î´µ¥ £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ = Î¨¸É Ö Ô±¸¶µ´¥´É ). ’ ±µ¥ ¶·µ¸Éµ¥ µ¡µ¡-
Ð¥´¨¥, µ¤´ ±µ, µ± §Ò¢ ¥É¸Ö ´¥ ¢¶µ²´¥ ¶· ¢¨²Ó´Ò³. �·µ¡²¥³  ¢µ§´¨± ¥É ¢
¸ ³µ³ ´ Î ²¥ Å ¢ ¶Ê´±É¥ (a). „²Ö Éµ£µ ÎÉµ¡Ò Î¥¸É´µ ¢Ò¢¥¸É¨ ÔÉµ É·¥-
¡µ¢ ´¨¥, ´Ê¦´µ ¤µ± § ÉÓ, ÎÉµ ¢ ± ¦¤µ³ ±² ¸¸¥ l�‘’-±µ£µ³µ²µ£¨¨ (É. ¥. ¤²Ö
± ¦¤µ£µ Ë¨§¨Î¥¸±µ£µ ¸µ¸ÉµÖ´¨Ö) ¸ÊÐ¥¸É¢Ê¥É ·µ¢´µ µ¤¨´ ¶·¥¤¸É ¢¨É¥²Ó, ´¥
¸µ¤¥·¦ Ð¨° ¤ÊÌµ¢. �Éµ µ± §Ò¢ ¥É¸Ö ´¥¶· ¢¨²Ó´Ò³ ¢ ¸²ÊÎ ¥ ´¥±·¨É¨Î¥¸±µ°
¸É·Ê´Ò [72] Å ¸ÊÐ¥¸É¢ÊÕÉ ¤¢  ¤µ¶µ²´¨É¥²Ó´ÒÌ ¶·¥¤¸É ¢¨É¥²Ö ¢ ±² ¸¸ Ì ±µ-
£µ³µ²µ£¨°, ±µÉµ·Ò¥ µ¡Ö§ É¥²Ó´µ (¨ ´¥É·¨¢¨ ²Ó´µ) ¸µ¤¥·¦ É ¢±² ¤Ò ¶µ²¥°
¤ÊÌµ¢. ‚ Î ¸É´µ³ ¸²ÊÎ ¥ ¸É·Ê´ ¸ c = 1 µ¤¨´ ¨§ ÔÉ¨Ì ¶·¥¤¸É ¢¨É¥²¥° ¨´-
É¥·¶·¥É¨·Ê¥É¸Ö ± ± ®µ¸´µ¢´µ¥¯ ±µ²ÓÍµ [73], ¢ Éµ ¢·¥³Ö ± ± ¤²Ö ¤·Ê£µ£µ,
¨³¥ÕÐ¥£µ ¤ÊÌµ¢µ¥ Î¨¸²µ ´µ²Ó, Ìµ·µÏ Ö ¨´É¥·¶·¥É Í¨Ö ´¥¨§¢¥¸É´ . �¤´ ±µ,
¸Ê¤Ö ¶µ ¢¸¥³Ê, ¶µ¤¸¥±Éµ· É¥µ·¨¨, µ¶¨¸ ´´Ò° ¶·¨´Í¨¶ ³¨ (a), (¡), (¢), § ³±´ÊÉ
µÉ´µ¸¨É¥²Ó´µ µ¶¥· Éµ·´µ£µ · §²µ¦¥´¨Ö ¶µ ³µ¤Ê²Õ ¶µÉµ³±µ¢, É. ¥. ¶µ²¥°, ¨¸-
Î¥§ ÕÐ¨Ì ´  Ê·µ¢´¥ ±µ··¥²ÖÍ¨µ´´ÒÌ ËÊ´±Í¨°.

„·Ê£µ° ¤¥²¨± É´Ò° ³µ³¥´É ¸¢Ö§ ´ ¸ µ£· ´¨Î¥´¨¥³ (¢), ¶µ¸±µ²Ó±Ê É·¥¡µ-
¢ ´¨¥ ¥¤¨´¨Î´µ° ¶µ²´µ° · §³¥·´µ¸É¨ ¤µ¶Ê¸± ¥É ¤¢  · §²¨Î´ÒÌ ¶¥·¢¨Î´ÒÌ
£· ¢¨É Í¨µ´´ÒÌ ¶µ²Ö ¤²Ö Éµ£µ ¦¥ ¶µ²Ö ³ É¥·¨¨. ‚ ¤ ²Ó´¥°Ï¥³ ³Ò ¢¸¥£¤ 
¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¶µ¤¸¥±Éµ· Éµ²Ó±µ ¸ µ¤´¨³ ¨§ ÔÉ¨Ì ¤¢ÊÌ ¢µ§³µ¦´ÒÌ £· -
¢¨É Í¨µ´´ÒÌ µ¤¥¢ ´¨°. �ÉµÉ ¶µ¤¸¥±Éµ· ¤µ²¦¥´ ¡ÒÉÓ § ³±´ÊÉ µÉ´µ¸¨É¥²Ó´µ
µ¶¥· Éµ·´µ£µ · §²µ¦¥´¨Ö ¢ Éµ³ ¦¥ ¸³Ò¸²¥. ’ ±¨³ µ¡· §µ³, ³Ò · ¸¸³ É·¨¢ ¥³
Éµ²Ó±µ µ¶¥· Éµ·Ò, ¨³¥ÕÐ¨¥ ¢¨¤ (21), ¢ Éµ ¢·¥³Ö ± ± ¡µ²¥¥ µ¡Ð¥¥ µ¡¸Ê¦¤¥´¨¥
³µ¦¥É ¡ÒÉÓ ´ °¤¥´µ ¢ [74].

ˆÉ ±, ¢ÒÎ¨¸²¨³ §´ Î¥´¨¥ ¶µ± § É¥²Ö γ ¢ (21), ¶µÉ·¥¡µ¢ ¢, ÎÉµ¡Ò µ¤¥ÉÒ°
µ¶¥· Éµ· ¨³¥² · §³¥·´µ¸ÉÓ (1,1)∗. ŒÒ ¶µ²ÊÎ¨³

∗Š ± Ê¦¥ µ¡ÑÖ¸´Ö²µ¸Ó ¢ ¤·Ê£¨Ì É¥·³¨´ Ì, ÔÉµ É·¥¡µ¢ ´¨¥ ¶·µ¸Éµ ¢Ò· ¦ ¥É ¢µ§³µ¦´µ¸ÉÓ
¨´É¥£·¨·µ¢ ÉÓ ¶µ ¤¢Ê³¥·´µ° ¶µ¢¥·Ì´µ¸É¨ ¡¥§ ´ ·ÊÏ¥´¨Ö ±µ´Ëµ·³´µ° ¨´¢ ·¨ ´É´µ¸É¨.
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∆+
1
2
γ[α− γ] = 1, (22)

É. ¥.

γ =
1
2
(α±

√
α2 − 8 + 8∆). (23)

‘± ¦¥³ ´¥¸±µ²Ó±µ ¸²µ¢ µ ¢Ò¡µ·¥ §´ ±  ¢ ÔÉµ³ ¢Ò· ¦¥´¨¨ ¨ ¢ ¶µ± § É¥²¥
²¨Ê¢¨²²¥¢¸±µ° Ô±¸¶µ´¥´ÉÒ (12). ‡¤¥¸Ó ¨ ¤ ²¥¥ ³Ò ¢¸¥£¤  ¡Ê¤¥³ ¢Ò¡¨· ÉÓ
®³¨´Ê¸¯ ¨§-§   ·£Ê³¥´Éµ¢, ¶·¥¤¸É ¢²¥´´ÒÌ ¢ [75], £¤¥ ¤µ± §Ò¢ ²µ¸Ó, ÎÉµ ÔÉµÉ
¢Ò¡µ· µÉ¢¥Î ¥É ¸µ¸ÉµÖ´¨Ö³ ¸ ¶·µ¨§¢µ²Ó´µ° Ô´¥·£¨¥°. 
¥¸±µ²Ó±µ ¶µ§¦¥ ³Ò
¢¥·´¥³¸Ö ± µ¡¸Ê¦¤¥´¨Õ ÔÉµ£µ ³µ³¥´É .

‘É·Ê´´ Ö ¢µ¸¶·¨¨³Î¨¢µ¸ÉÓ. ‚ÒÏ¥ Ê¦¥ µ¡¸Ê¦¤ ²µ¸Ó, ÎÉµ É ± ± ± ±µ·-
·¥²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨ Ë¨§¨Î¥¸±¨Ì µ¶¥· Éµ·µ¢ ¢ ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨ ´¥
§ ¢¨¸ÖÉ µÉ ³¥É·¨±¨ ¨ µÉ ¶·µ¸É· ´¸É¢¥´´ÒÌ ±µµ·¤¨´ É (¶µ¸±µ²Ó±Ê ± ¦¤Ò° ¢¥·-
Ï¨´´Ò° µ¶¥· Éµ· Ö¢²Ö¥É¸Ö ¨´É¥£· ²µ³ µÉ µ¶¥· Éµ·  ¥¤¨´¨Î´µ° · §³¥·´µ¸É¨,
É. ¥. ¢ ±µ··¥²ÖÉµ·¥ ¨³¥¥É¸Ö ¨´É¥£· ² ¶µ ¶µ²µ¦¥´¨Õ ¢¸¥Ì ÉµÎ¥±), µ´¨ Ö¢²ÖÕÉ¸Ö
¶·µ¸Éµ Î¨¸² ³¨. ’¥³ ´¥ ³¥´¥¥ ´Ê¦´  ± ± Ö-´¨¡Ê¤Ó Ì · ±É¥·¨¸É¨± , ±µÉµ· Ö
· §²¨Î ¥É · §´Ò¥ µ¶¥· Éµ·Ò ¨ ±µ··¥²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨. ’ ±µ° Ì · ±É¥·¨-
¸É¨±µ°,  ´ ²µ£¨Î´µ° ±µ´Ëµ·³´µ° · §³¥·´µ¸É¨, Ö¢²Ö¥É¸Ö ¸±e°²¨´£µ¢ Ö · §-
³¥·´µ¸ÉÓ (¨²¨ ¢¥¸). �·µÐ¥ ¢¸¥£µ ¥¥ ¢¢¥¸É¨, Ë¨±¸¨·ÊÖ ¶²µÐ ¤Ó ¶µ¢¥·Ì´µ¸É¨
A ¨ ¨§ÊÎ Ö § ¢¨¸¨³µ¸ÉÓ µÉ A ±µ··¥²ÖÍ¨µ´´ÒÌ ËÊ´±Í¨°. �É  § ¢¨¸¨³µ¸ÉÓ Å
µÎ¥´Ó ¢ ¦´ Ö Ì · ±É¥·¨¸É¨± , ¶µ¸±µ²Ó±Ê ±µ´É·µ²¨·Ê¥É ·µ¸É ¨²¨ Ê³¥´ÓÏ¥-
´¨¥ ¸É·Ê´´ÒÌ ¶µ¢¥·Ì´µ¸É¥° ¨ ¨Ì ¸É ¡¨²Ó´µ¸ÉÓ. ‚ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ µ¡Ð¥°
Î¥·Éµ° ¢¸¥Ì ¸É·Ê´´ÒÌ ³µ¤¥²¥° Ö¢²Ö¥É¸Ö Ô±¸¶µ´¥´Í¨ ²Ó´µ¥ Ê³¥´ÓÏ¥´¨¥ ¨Ì
¸É É¨¸É¨Î¥¸±¨Ì ¸Ê³³ ¸ ·µ¸Éµ³ A. ˆ´¤¥±¸, ±µÉµ·Ò° ·¥ ²Ó´µ · §²¨Î ¥É · §-
´Ò¥ É¥µ·¨¨ ¸É·Ê´ ¨ ¸¢Ö§ ´ ¸µ ¸É ¡¨²Ó´µ¸ÉÓÕ ¨Ì µ¸´µ¢´ÒÌ ¸µ¸ÉµÖ´¨°, ¸¢Ö§ ´
¸ ¶·¥¤Ô±¸¶µ´¥´Í¨ ²Ó´Ò³ ³´µ¦¨É¥²¥³.

„²Ö ¥£µ ¢ÒÎ¨¸²¥´¨Ö · ¸¸³µÉ·¨³ ËÊ´±Í¨µ´ ²Ó´Ò° ¨´É¥£· ² ¤¢Ê³¥·´µ°
£· ¢¨É Í¨¨ (´¥±·¨É¨Î¥¸±µ° ¸É·Ê´Ò) ¸ Ë¨±¸¨·µ¢ ´´µ° ¶²µÐ ¤ÓÕ ¶µ¢¥·Ì´µ-
¸É¨ A:

Z(A) ≡
∫

DφD(matter)D(ghosts) e−SLδ

(∫
d2ξ

√
ĝ e

√
2βφ − A

)
, (24)

£¤¥ ³Ò ¢±²ÕÎ¨²¨ ¤¥°¸É¢¨¥ ¤ÊÌµ¢ ¨ ¶µ²¥° ³ É¥·¨¨ ¢ ³¥·Ê ¨ ÊÎ²¨, ÎÉµ ¶²µÐ ¤Ó
¶µ¢¥·Ì´µ¸É¨ Å ÔÉµ ¶·µ¸Éµ ¨´É¥£· ² µÉ Ë¨§¨Î¥¸±µ° ³¥É·¨±¨ gµν = ĝµνe

√
2βφ

¶µ ¶µ¢¥·Ì´µ¸É¨.
•µÉÖ ¨´É¥£· ² (24) µÎ¥´Ó ¸²µ¦´Ò°, ¥£µ § ¢¨¸¨³µ¸ÉÓ µÉ A ³µ¦¥É ¡ÒÉÓ

²¥£±µ µ¶·¥¤¥²¥´ . „¥°¸É¢¨É¥²Ó´µ, ¸¤¥² ¥³ § ³¥´Ê φ → φ+
1√
2
β logA. ’µ£¤ 

Ô±¸¶µ´¥´É  ¢ ²¨Ê¢¨²²¥¢¸±µ³ ¤¥°¸É¢¨¨ ¶·¥¢· É¨É¸Ö ¢ Ô±¸¶µ´¥´ÉÊ e−const×A ¢
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ËÊ´±Í¨µ´ ²Ó´µ³ ¨´É¥£· ²¥ (¨§-§  δ-ËÊ´±Í¨¨ ¢ (24)). ’ ±¨³ µ¡· §µ³, ¥¤¨´-
¸É¢¥´´Ò° ¢±² ¤ ¨§ ¤¥°¸É¢¨Ö ¢ ¶·¥¤Ô±¸¶µ´¥´ÉÊ ¶·¨Ìµ¤¨É ¨§ Î²¥´  ¸ ±·¨¢¨§´µ°

1
4π

∫
d2ξ

√
ĝαR̂φ → 1

4π

∫
d2ξ

√
ĝαR̂φ+

+
α√
2β
logA

(
1
4π

∫
d2ξ

√
ĝR̂

)
. (25)

Œ¥·  ¢ ËÊ´±Í¨µ´ ²Ó´µ³ ¨´É¥£· ²¥ (24), µÎ¥¢¨¤´µ, ¨´¢ ·¨ ´É´  ¶µ µÉ´µÏ¥-
´¨Õ ± ¸¤¢¨£ ³ ´  ±µ´¸É ´ÉÊ, ¶µÔÉµ³Ê, ¨¸¶µ²Ó§ÊÖ Éµ¦¤¥¸É¢µ δ(Ax) = A−1δ(x)

¨ É¥µ·¥³Ê ƒ Ê¸¸ Älµ´´Ô
1
4π

∫
d2ξ

√
ĝR = 1 − g, £¤¥ g Å ·µ¤ ¶µ¢¥·Ì´µ¸É¨,

³µ¦´µ ¶µ²ÊÎ¨ÉÓ µ±µ´Î É¥²Ó´µ

Z(A) ∼ A
− α√

2β
(1−g)−1e−const×A ≡ A(γstr−2)(1−g)−1e−const×A, (26)

É. ¥.

γstr = 2−
α√
2β

=
1
12

(
cm − 1−

√
(cm − 25)(cm − 1)

)
. (27)

ˆ´¤¥±¸ γstr ´ §Ò¢ ¥É¸Ö ¸É·Ê´´µ° ¢µ¸¶·¨¨³Î¨¢µ¸ÉÓÕ. �´ ¨³¥¥É ±µ³¶²¥±¸´Ò¥
§´ Î¥´¨Ö, ±µ£¤  ¢ ±ÊÊ³ É¥µ·¨¨ ´¥¸É ¡¨²¥´, É. ¥. ¢ ¨´É¥·¢ ²¥ 1 < cm < 25. ‡ -
³¥É¨³, ÎÉµ, ¢ µÉ²¨Î¨¥ µÉ ¨´¤¥±¸  γstr, ±µ´¸É ´É  ¢ Ô±¸¶µ´¥´Í¨ ²Ó´µ° Î ¸É¨
§ ¢¨¸¨³µ¸É¨ µÉ A ´¥ Ö¢²Ö¥É¸Ö Ê´¨¢¥·¸ ²Ó´µ° ¨ ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¶¥·¥´µ·-
³¨·µ¢ ´´ÊÕ ±µ¸³µ²µ£¨Î¥¸±ÊÕ ¶µ¸ÉµÖ´´ÊÕ.

‚¥¸  µ¶¥· Éµ·µ¢. �µ¤µ¡´µ ¢ÒÎ¨¸²¥´¨Õ ¨´¤¥±¸ , µ¶¨¸Ò¢ ÕÐ¥£µ § ¢¨¸¨-
³µ¸ÉÓ ¸É É¨¸É¨Î¥¸±µ° ¸Ê³³Ò µÉ ¶²µÐ ¤¨ A, ³µ¦´µ ¢ÒÎ¨¸²ÖÉÓ ¨´¤¥±¸Ò ±µ·-
·¥²ÖÍ¨µ´´ÒÌ ËÊ´±Í¨°. � ¸¸³µÉ·¨³ ¨´¤¥±¸, ±µÉµ·Ò° ´ §Ò¢ ¥É¸Ö ¢¥¸µ³ (¨²¨
¸±¥°²¨´£µ¢µ° · §³¥·´µ¸ÉÓÕ) µ¶¥· Éµ·  ¨ µ¶·¥¤¥²¥´ ± ± ´µ·³¨·µ¢ ´´ Ö µ¤-
´µÉµÎ¥Î´ Ö ±µ··¥²ÖÍ¨µ´´ Ö ËÊ´±Í¨Ö:

〈V 〉A ≡ 1
Z(A)

∫
DφD(matter)D(ghosts) e−SLδ ×

×
(∫

d2ξ
√
ĝ e

√
2βφ −A

)∫
d2ξ

√
ĝVdr ∼ A1−h. (28)

”¨§¨Î¥¸±¨ ÔÉµÉ ¨´¤¥±¸ ±µ´É·µ²¨·Ê¥É ¶µ¢¥¤¥´¨¥ (·µ¸É) ¸É·Ê´´ÒÌ ¶µ¢¥·Ì´µ-
¸É¥° ¶·¨ ¢¸É ¢±¥ ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ µ¶¥· Éµ· . �µÔÉµ³Ê ¸É ´¤ ·É´Ò¥ ¶µ´ÖÉ¨Ö
·¥²¥¢ ´É´ÒÌ, ³ ·£¨´ ²Ó´ÒÌ ¨ ¨··¥²¥¢ ´É´ÒÌ µ¶¥· Éµ·µ¢ [76] ¨³¥ÕÉ ¸³Ò¸².

 ¶·¨³¥·, µ¶¥· Éµ· ¸ ¨´¤¥±¸µ³ h < 1 ·¥²¥¢ ´É¥´ ¨ ¤µ³¨´¨·Ê¥É ¢ ¨´Ë· -
±· ¸´µ³ ¶·¥¤¥²¥ (É. ¥. ¶·¨ ¡µ²ÓÏ¨Ì A).
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„²Ö ¢ÒÎ¨¸²¥´¨Ö h ´Ê¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ ÉÊ ¦¥ ¶·µÍ¥¤Ê·Ê, ÎÉµ ¨ ¤²Ö ¢ÒÎ¨-
¸²¥´¨Ö ¸É·Ê´´µ° ¢µ¸¶·¨¨³Î¨¢µ¸É¨, ¨ ÊÎ¥¸ÉÓ Ö¢´µ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¶µ± § É¥²Ö
µ¤¥¢ ÕÐ¥° Ô±¸¶µ´¥´ÉÒ (23):

〈V 〉A ∼ A
−α(1−g)√

2β
− 1+ γ√

2β

A
−α(1−g)√

2β
−1

= A
γ√
2β , (29)

É. ¥.

h = 1− γ√
2β

=
√
1− cm + 24∆V −

√
1− cm√

25− cm −
√
1− cm

. (30)

‹¥£±µ § ³¥É¨ÉÓ, ÎÉµ ±² ¸¸¨Ë¨± Í¨Ö ´  ·¥²¥¢ ´É´Ò¥, ³ ·£¨´ ²Ó´Ò¥ ¨ ¨··¥-
²¥¢ ´É´Ò¥ µ¶¥· Éµ·Ò ´¥ ³¥´Ö¥É¸Ö ¶·¨ µ¤¥¢ ´¨¨, ¶µ¸±µ²Ó±Ê Ê¸²µ¢¨Ö ∆ = 1,
∆ > 1 ¨ ∆ < 1 µ§´ Î ÕÉ É ±¨¥ ¦¥ Ê¸²µ¢¨Ö ´  ¢¥¸  h µ¤¥ÉÒÌ µ¶¥· Éµ·µ¢ ¢
(30).

‡ ³¥É¨³, ÎÉµ (30) Å ¢¥Ð¥¸É¢¥´´µ ¨ ¶µ²µ¦¨É¥²Ó´µ ¶·¨ cm ≤ 1 ¨ ¢Ò¡µ·¥
§´ ±  ®³¨´Ê¸¯ ¢ ¢Ò· ¦¥´¨ÖÌ (23) ¨ (12). �Éµ ¤ ¥É ¥Ð¥ µ¤¨´  ·£Ê³¥´É ¢ ¶µ²Ó§Ê
É ±µ£µ ¢Ò¡µ·  §´ ± .

� ¸¸³µÉ·¨³ É¥¶¥·Ó Ö¢´Ò° ¶·¨³¥· §´ Î¥´¨° γstr ¨ h ¤²Ö µ¶¥· Éµ·µ¢ ¢
³¨´¨³ ²Ó´ÒÌ ³µ¤¥²ÖÌ [68,69,77], ±µÉµ·Ò° ¨£· ¥É ¸ÊÐ¥¸É¢¥´´ÊÕ ·µ²Ó ¢ µÉµ¦-
¤¥¸É¢²¥´¨¨ ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨ ¨ ³ É·¨Î´ÒÌ ³µ¤¥²¥°. –¥´É· ²Ó´Ò° § ·Ö¤
(p, q)-³¨´¨³ ²Ó´µ° ³µ¤¥²¨ · ¢¥´

c = 1− 6(p− q)2

pq
, (31)

É. ¥.

γstr = − 2|p− q|
p+ q − |p− q| . (32)

‘¶¥±É· (Š Í ) · §³¥·´µ¸É¥° µ¶¥· Éµ·µ¢ ¤ ¥É¸Ö Ëµ·³Ê² ³¨

∆m,n =
(pm− qn)2 − (p− q)2

4pq
, 1 ≤ m ≤ q − 1, 1 ≤ n ≤ p− 1, (33)

É. ¥.

hm,n =
|pm− qn| − |p− q|
p+ q − |p− q| . (34)

�É¨ ¨´¤¥±¸Ò h ¨ γstr Å ± ± · § É¥ Î¨¸² , ±µÉµ·Ò¥ ¢µ¸¶·µ¨§¢µ¤ÖÉ¸Ö ¢ ³ É·¨Î-
´ÒÌ ³µ¤¥²ÖÌ (¸ ¶· ¢¨²Ó´µ° § ¢¨¸¨³µ¸ÉÓÕ µÉ ·µ¤  ¶µ¢¥·Ì´µ¸É¨).



1070 Œˆ��
�‚ �.„.

1.3. ‘µ¤¥·¦ ´¨¥ ¨ ³µÉ¨¢ Í¨Ö · ¡µÉÒ. Š ± Ê¦¥ £µ¢µ·¨²µ¸Ó ¢ÒÏ¥, Í¥²Ó
´ ¸ÉµÖÐ¥£µ µ¡§µ·  Å ¨¸¶µ²Ó§ÊÖ ³ É·¨Î´Ò¥ ³µ¤¥²¨ · §²¨Î´ÒÌ Ë¨§¨Î¥¸±¨Ì
É¥µ·¨°, ¢ µ¸´µ¢´µ³ ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨, ¶µ± § ÉÓ, ÎÉµ ¨Ì É¨¶¨Î´Ò³¨ Î¥·-
É ³¨ Ö¢²ÖÕÉ¸Ö ¨´É¥£·¨·Ê¥³µ¸ÉÓ ¨ ¡µ²ÓÏ Ö ¸±·ÒÉ Ö ¸¨³³¥É·¨Ö Å ¡¥¸±µ´¥Î-
´µ³¥·´ Ö  ²£¥¡·  ¸¢Ö§¥°, ±µÉµ·Ò³ Ê¤µ¢²¥É¢µ·Ö¥É ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³ . �É¨
¸¢µ°¸É¢  ³µ£ÊÉ ¡ÒÉÓ ¶·µ¤¥³µ´¸É·¨·µ¢ ´Ò ± ± ¢ ¤¨¸±·¥É´ÒÌ, É ± ¨ ¢ ´¥-
¶·¥·Ò¢´ÒÌ ³ É·¨Î´ÒÌ ³µ¤¥²ÖÌ, ¶µ¸±µ²Ó±Ê ´¥¶·¥·Ò¢´Ò° ¶·¥¤¥² ´¥ ³¥´Ö¥É
¸¶¥Í¨Ë¨Î¥¸±¨Ì Î¥·É ³µ¤¥²¥°. 
 ¸ÉµÖÐ¨° µ¡§µ·, µ¤´ ±µ, ¶µ¸¢ÖÐ¥´ Éµ²Ó±µ
¤¨¸±·¥É´Ò³ ³µ¤¥²Ö³, ¢ Éµ ¢·¥³Ö ± ± ´¥¶·¥·Ò¢´Ò¥ ³ É·¨Î´Ò¥ ³µ¤¥²¨ µ¡¸Ê-
¦¤ ÕÉ¸Ö ¢ µÉ¤¥²Ó´µ° · ¡µÉ¥ [53].

1.3.1. „¨¸±·¥É´Ò¥ ³ É·¨Î´Ò¥ ³µ¤¥²¨. ‚ · §¤. 2 · ¸¸³ É·¨¢ ÕÉ¸Ö ¤¨¸-
±·¥É´Ò¥ ³ É·¨Î´Ò¥ ³µ¤¥²¨. �´¨ ¡Ò²¨ ¢¶¥·¢Ò¥ ¢¢¥¤¥´Ò ¢ · ¸¸³µÉ·¥´¨¥ ¢
1985 £. ¢ · ¡µÉ Ì [40] ¤²Ö µ¶¨¸ ´¨Ö É·¨ ´£Ê²¨·µ¢ ´´ÒÌ ¶µ¢¥·Ì´µ¸É¥°. P ¸-
¸³µÉ·¨³ ¸²ÊÎ ° Î¨¸Éµ° ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨ (¡¥§ ³ É¥·¨¨), É. ¥. ËÊ´±Í¨µ-
´ ²Ó´Ò° ¨´É¥£· ² (17) ¡¥§ ¶µ²¥° ³ É¥·¨¨. ‘Ê³³  ¶µ ³¥É·¨± ³ ¢ ´¥³ ³µ¦¥É
¡ÒÉÓ § ³¥´¥´  ¸Ê³³µ° ¶µ É·¨ ´£Ê²ÖÍ¨Ö³. � ¸¸³µÉ·¨³ É·¨ ´£Ê²ÖÍ¨Õ · ¢´µ-
¸Éµ·µ´´¨³¨ É·¥Ê£µ²Ó´¨± ³¨ (¸³. ·¨¸Ê´µ±).

�µ¢¥·Ì´µ¸ÉÓ ¢ ¤ ´´µ° ÉµÎ±¥ ¨³¥¥É
¶µ²µ¦¨É¥²Ó´ÊÕ, ´Ê²¥¢ÊÕ ¨²¨ µÉ·¨Í É¥²Ó-
´ÊÕ ±·¨¢¨§´Ê ¢ § ¢¨¸¨³µ¸É¨ µÉ Éµ£µ,
¸±µ²Ó±µ É·¥Ê£µ²Ó´¨±µ¢ ¢ ´¥° ¨³¥ÕÉ ¢¥·-
Ï¨´Ê Å ³¥´ÓÏ¥ 6, 6 ¨²¨ ¡µ²ÓÏ¥ 6
¸µµÉ¢¥É¸É¢¥´´µ. ‡ ³¥É¨³, ÎÉµ, ¶µ¸±µ²Ó±Ê
¥¤¨´¸É¢¥´´µ° ¶¥·¥³¥´´µ° Ö¢²Ö¥É¸Ö ±·¨-
¢¨§´ , · ¢´µ¸Éµ·µ´´¨¥ É·¨ ´£Ê²ÖÍ¨¨ µÉ-
¢¥Î ÕÉ ´¥±µÉµ·µ° ±µµ·¤¨´ É´µ° ± ²¨-
¡·µ¢±¥. �µ¤ ¶µ¢¥·Ì´µ¸É¨ µ¶·¥¤¥²Ö¥É¸Ö ¶µ
É·¨ ´£Ê²ÖÍ¨¨ ¶·¨ ¶µ³µÐ¨ É¥µ·¥³Ò �°-
²¥·  [78]: (Î¨¸²µ ¢¥·Ï¨´) Ä (Î¨¸²µ ·¥-
¡¥·) + (Î¨¸²µ £· ´¥°) = 2 (1 Å ·µ¤ ¶µ-

¢¥·Ì´µ¸É¨). �µ¸±µ²Ó±Ê ¸ ÉµÎ±¨ §·¥´¨Ö ¸Ê³³Ò ¶µ É·¨ ´£Ê²ÖÍ¨Ö³ É ±µ£µ É¨¶ 
µ£· ´¨Î¥´¨¥ ´  ·µ¤ ¶µ¢¥·Ì´µ¸É¨ ¢Ò£²Ö¤¨É ±· °´¥ ´¥¥¸É¥¸É¢¥´´Ò³, Ê¤µ¡´µ
¸Ê³³¨·µ¢ ÉÓ ¶µ ¶µ¢¥·Ì´µ¸ÉÖ³ ¢¸¥Ì ·µ¤µ¢ ¸· §Ê:∑

·µ¤ g

∫
Dg −→

∑
É·¨ ´£Ê²ÖÍ¨¨

, (35)

¨ ¢³¥¸Éµ ¨´É¥£· ²  (17) ´Ê¦´µ · ¸¸³ É·¨¢ ÉÓ ¶µ²´Ò° ËÊ´±Í¨µ´ ²Ó´Ò° ¨´É¥-
£· ², ¶·µ¸Ê³³¨·µ¢ ´´Ò° ¶µ ¢¸¥³ ·µ¤ ³:∑

·µ¤ g

Gg
str〈V1V2...Vn〉g, (36)
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£¤¥ Gstr Å ¸É·Ê´´ Ö ±µ´¸É ´É  ¸¢Ö§¨ (¶µ¸±µ²Ó±Ê ·µ¤ ¶µ¢¥·Ì´µ¸É¨ ± ± · §
µÉ¢¥Î ¥É ¶µ·Ö¤±Ê É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¢ ¸É·Ê´¥).

�¸´µ¢´ Ö ¨¤¥Ö [40] Å ¨¸¶µ²Ó§µ¢ ÉÓ ³ É·¨Î´Ò° ¨´É¥£· ² ± ± ¶·µ¨§¢µ-
¤ÖÐ¨° ËÊ´±Í¨µ´ ² ¢¸¥Ì É·¨ ´£Ê²ÖÍ¨° (¸³. É ±¦¥ [79, 80]). „²Ö ¶µ²ÊÎ¥´¨Ö
¸É É¨¸É¨Î¥¸±µ° ¸Ê³³Ò Î¨¸Éµ° £· ¢¨É Í¨¨ · ¸¸³µÉ·¨³ ¨´É¥£· ² ¶µ Ô·³¨Éµ-
¢µ° ³ É·¨Í¥ · §³¥·µ³ N ×N :

ZN = eZ(ξ,N) =
∫

DM exp
{
−1
2
trM2 +

ξ√
N
trM3

}
. (37)

�ÉµÉ ¨´É¥£· ² ³µ¦¥É ¢ÒÎ¨¸²ÖÉÓ¸Ö ¢ ¢¨¤¥ ·Ö¤  ¶µ ±µ´¸É ´É¥ ¸¢Ö§¨ ξ, ¨ ³µ¦´µ
¶µ¸É·µ¨ÉÓ ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ ¤¨ £· ³³´ÊÕ É¥Ì´¨±Ê. �·¨ ÔÉµ³ Î²¥´ ¶µ·Ö¤± 
ξn ¸Î¨É ¥É Î¨¸²µ ¤¨ £· ³³, ¨³¥ÕÐ¨Ì n É·¥ÌÉµÎ¥Î´ÒÌ ¢¥·Ï¨´,   ¸ ³¨ ¤¨ -
£· ³³Ò µ¡· §ÊÕÉ ¤Ê ²Ó´ÊÕ ·¥Ï¥É±Ê ¶µ µÉ´µÏ¥´¨Õ ± É·¨ ´£Ê²ÖÍ¨Ö³ ¸ n É·¥-
Ê£µ²Ó´¨± ³¨ (Éµ´±¨¥ ²¨´¨¨ ´  ·¨¸Ê´±¥). …¸²¨ ¢Ò¡· ÉÓ ¶²µÐ ¤Ó É·¥Ê£µ²Ó´¨-
±µ¢ ¥¤¨´¨Î´µ°, ¶²µÐ ¤Ó ¶µ¢¥·Ì´µ¸É¨ ¡Ê¤¥É ¶·µ¸Éµ n, ¨ ³µ¦´µ µÉµ¦¤¥¸É¢¨ÉÓ
ξ ¸ e−µ ¢ (17).

„ ²¥¥, ³Ò ³µ¦¥³ µÉµ¦¤¥¸É¢¨ÉÓ · §³¥· ³ É·¨ÍÒ N ¨ ¸É·Ê´´ÊÕ ±µ´¸É ´ÉÊ

¸¢Ö§¨
√
G−1

str . „¥°¸É¢¨É¥²Ó´µ, ¶µ¸²¥ § ³¥´Ò M →
√
NM ¢ (37) ± ¦¤ Ö ¢¥·-

Ï¨´  ¤ ¥É Ë ±Éµ· N , ± ¦¤µ¥ ·¥¡·µ Å N−1 ¨ ± ¦¤ Ö £· ´Ó Å µ¶ÖÉÓ N .
’ ±¨³ µ¡· §µ³, ¶µ¸²¥ ¶·¨³¥´¥´¨Ö É¥µ·¥³Ò �°²¥·  ± ¦¤ Ö ¤¨ £· ³³  ¶·µ-
¶µ·Í¨µ´ ²Ó´  N2−2g. ˆÉ ±, ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  · ¸±² ¤Ò¢ ¥É¸Ö ¢ ·Ö¤

Z(ξ,N) =
∑
g≥0

N2−2gZg(ξ). (38)

“¸É·¥³¨³ N ± ¡¥¸±µ´¥Î´µ¸É¨, ÎÉµ¡Ò ¨§ÊÎ¨ÉÓ ´¥¶·¥·Ò¢´Ò° ¶·¥¤¥² ³ É·¨Î-
´µ° ³µ¤¥²¨. �·¨ ÔÉµ³ µ¸É ¥É¸Ö Éµ²Ó±µ ¢±² ¤ ¸Ë¥·Ò Z0(ξ), É. ¥. ¶² ´ ·´ÒÌ
¶µ¢¥·Ì´µ¸É¥°.

—Éµ¡Ò ¨§ÊÎ ÉÓ ´¥¶·¥·Ò¢´Ò° ¶·¥¤¥² É·¨ ´£Ê²ÖÍ¨°, É. ¥. É·¨ ´£Ê²ÖÍ¨Õ
£² ¤±¨Ì ¶µ¢¥·Ì´µ¸É¥°, ´Ê¦´µ ¡· ÉÓ ¸É É¨¸É¨Î¥¸±ÊÕ ¸Ê³³Ê ¢¡²¨§¨ ¸¨´£Ê²Ö·-
´ÒÌ ÉµÎ¥±. ‚ ¸ ³µ³ ¤¥²¥, ¸¨´£Ê²Ö·´µ¸ÉÓ µÉ¢¥Î ¥É Éµ³Ê, ÎÉµ µ¸´µ¢´µ° ¢±² ¤
¤ ÕÉ ¤¨ £· ³³Ò ¸ ¡µ²ÓÏ¨³ Î¨¸²µ³ ¢¥·Ï¨´ (É·¥Ê£µ²Ó´¨±µ¢) n (¢ ¶·µÉ¨¢´µ³
¸²ÊÎ ¥ ·Ö¤ ¶µ ξn ¸Ìµ¤¨É¸Ö). …¸²¨ Ë¨±¸¨·µ¢ ÉÓ ¶²µÐ ¤Ó ¶µ¢¥·Ì´µ¸É¨, Éµ
· §³¥· ± ¦¤µ£µ É·¥Ê£µ²Ó´¨±  ¢ É ±µ° É·¨ ´£Ê²ÖÍ¨¨ ¸É·¥³¨É¸Ö ± ´Ê²Õ, ÎÉµ
¨´ÉÊ¨É¨¢´µ ¨ µÉ¢¥Î ¥É ´¥¶·¥·Ò¢´µ³Ê ¶·¥¤¥²Ê. lµ²¥¥ Ëµ·³ ²Ó´µ ¸·¥¤´¥¥
Î¨¸²µ ¢¥·Ï¨´ · ¢´µ

〈n〉 ∼ ∂ logZ0(ξ)
∂ξ

∼ 1
ξ − ξc

, (39)

¥¸²¨ ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  ¨³¥¥É ¸É¥¶¥´´µ¥ ¶µ¢¥¤¥´¨¥
¢¡²¨§¨ ¸¨´£Ê²Ö·´µ¸É¨:
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Z0(ξ) ∼ (ξ − ξc)2−γ ∼
∑
n

nγ−3

(
ξ

ξc

)n
. (40)

’ ±¨³ µ¡· §µ³, ¤¥°¸É¢¨É¥²Ó´µ, ¸·¥¤´¥¥ Î¨¸²µ ¢¥·Ï¨´ ¸É·¥³¨É¸Ö ± ¡¥¸±µ´¥Î-
´µ¸É¨ ¢ ¸¨´£Ê²Ö·´µ° ÉµÎ±¥ ¨ µÉ¢¥Î ¥É ´¥¶·¥·Ò¢´µ³Ê ¶·¥¤¥²Ê. lµ²¥¥ Éµ£µ,
¶µ¸±µ²Ó±Ê n ∼ A, § ¢¨¸¨³µ¸ÉÓ ¸É É¨¸É¨Î¥¸±µ° ¸Ê³³Ò µÉ A ¨³¥¥É ¢¨¤

Z0(ξ) ∼ Aγ−3, (41)

¨ ¨§ ¸· ¢´¥´¨Ö ¸ (26) γ ¤µ²¦´µ ¡ÒÉÓ µÉµ¦¤¥¸É¢²¥´µ ¸ γstr. ‡´ Î¥´¨¥ γ ¡Ò²µ
¢ÒÎ¨¸²¥´µ (µ¡§µ· ¢¸¥Ì ¶µ¤µ¡´ÒÌ ¢ÒÎ¨¸²¥´¨° ³µ¦´µ ´ °É¨ ¢ [81]) ¨ µ± § ²µ¸Ó

· ¢´Ò³ −1
2
, ÎÉµ, ¤¥°¸É¢¨É¥²Ó´µ, µÉ¢¥Î ¥É ¸²ÊÎ Õ Î¨¸Éµ° £· ¢¨É Í¨¨ (´Ê²¥¢µ°

Í¥´É· ²Ó´Ò° § ·Ö¤ ¢ (27)). lÒ²¨ É ±¦¥ ¢ÒÎ¨¸²¥´Ò ¢±² ¤Ò ¶µ¢¥·Ì´µ¸É¥°
¸É ·Ï¥£µ ·µ¤  ¢ · §²µ¦¥´¨¨ (38). �¥§Ê²ÓÉ É ¨³¥¥É ¢¨¤

Zg(ξ) ∼ (ξ − ξc)(2−γ)(1−g). (42)

�É  Ëµ·³Ê²  ¸µ£² ¸Ê¥É¸Ö ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ ·¥§Ê²ÓÉ Éµ³ ¤¢Ê³¥·´µ° £· ¢¨É -
Í¨¨ (26), ¶·¨Î¥³ ¶µ²µ¦¥´¨¥ ±·¨É¨Î¥¸±µ° ÉµÎ±¨ ξc µ± §Ò¢ ¥É¸Ö ´¥ § ¢¨¸ÖÐ¨³
µÉ ·µ¤  ¶µ¢¥·Ì´µ¸É¨ g.

Œµ¦´µ É ±¦¥ ¨§ÊÎ¨ÉÓ ¶µ¢¥¤¥´¨¥ Z0(ξ) (¨²¨ Zg(ξ)) ¶·¨ Ë¨±¸¨·µ¢ ´´µ°
¶²µÐ ¤¨. „²Ö ÔÉµ£µ ´Ê¦´µ ¸· ¢´¨ÉÓ Ëµ·³Ê²Ê (40) ¸ (26). ’µ£¤  ¸É ´µ¢¨É¸Ö

Ö¸´µ, ÎÉµ
ξ

ξc
¤µ²¦´µ ¡ÒÉÓ µÉµ¦¤¥¸É¢²¥´µ ¸ e(µc−µ)/ε2 , £¤¥ ε2 Å ¶²µÐ ¤Ó

É·¥Ê£µ²Ó´¨±  ¢ É·¨ ´£Ê²ÖÍ¨¨, ¸É·¥³ÖÐ Ö¸Ö ± ´Ê²Õ ¢ ´¥¶·¥·Ò¢´µ³ ¶·¥¤¥²¥.
’ ±¨³ µ¡· §µ³, (µ−µc)/ε2 ≡ µR ³µ¦¥É ¡ÒÉÓ µÉµ¦¤¥¸É¢²¥´µ ¸ ¶¥·¥´µ·³¨·µ-
¢ ´´µ° ¸É·Ê´´µ° ±µ´¸É ´Éµ° ¸¢Ö§¨, µ¸É ÕÐ¥°¸Ö ±µ´¥Î´µ° ¢ ¶·¥¤¥²¥ ε→ 0.

‡ ³¥É¨³, ÎÉµ ¢¸¥ ¢ÒÏ¥¶·¨¢¥¤¥´´µ¥ · ¸¸³µÉ·¥´¨¥ ³µ¦¥É ¡ÒÉÓ ¶·µ¢¥¤¥´µ
¤²Ö É·¨ ´£Ê²ÖÍ¨° ²Õ¡Ò³¨ ¶· ¢¨²Ó´Ò³¨ ³´µ£µÊ£µ²Ó´¨± ³¨ ¨²¨ ¤ ¦¥ ¨Ì ±µ³-
¡¨´ Í¨Ö³¨. �Éµ µ§´ Î ¥É, ÎÉµ ± ¤¥°¸É¢¨Õ µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨ (37) ³µ¦´µ
¤µ¡ ¢¨ÉÓ ¢¸¥ ¸É¥¶¥´¨ ³ É·¨ÍÒ M Å ¶·µ¨§¢µ²Ó´Ò° ¶µÉ¥´Í¨ ²

Z({tk}) =
∫
DM exp

{
−1
2
trM2 +

∑
k=3

tk trMk

}
. (43)

�·¨ ÔÉµ³ §´ Î¥´¨¥ γstr ´¥ ³¥´Ö¥É¸Ö,   ¨§³¥´Ö¥É¸Ö Éµ²Ó±µ ¶µ²µ¦¥´¨¥ ¸¨´£Ê²Ö·-
´µ¸É¨ (¨, ¸²¥¤µ¢ É¥²Ó´µ, ±µ´¸É ´É  ¢ Ô±¸¶µ´¥´É¥ ¢ Ëµ·³Ê²¥ (26), ¸·. ¸ (40)).
’ ±¨³ µ¡· §µ³, ¢¸¥ É ±¨¥ ³µ¤¥²¨ µ¶¨¸Ò¢ ÕÉ µ¤¨´ ±² ¸¸ Ê´¨¢¥·¸ ²Ó´µ¸É¨.

’¥³ ´¥ ³¥´¥¥ ¶·¨ · ¸¸³µÉ·¥´¨¨ ¤¥°¸É¢¨Ö ¸µ ¸É ·Ï¨³¨ Î²¥´ ³¨ ¢µ§´¨-
± ¥É ´µ¢Ò° ÔËË¥±É Å ³Ê²ÓÉ¨±·¨É¨Î¥¸±µ¥ ¶µ¢¥¤¥´¨¥. „¥°¸É¢¨É¥²Ó´µ, ¸¶¥-
Í¨ ²Ó´Ò³ ¶µ¤¡µ·µ³ §´ Î¥´¨° tk ³µ¦´µ § ´Ê²¨ÉÓ ±µÔËË¨Í¨¥´É ¶¥·¥¤ ²¨¤¨-
·ÊÕÐ¥° ¸¨´£Ê²Ö·´µ¸ÉÓÕ. ’µ£¤  ±·¨É¨Î¥¸±µ¥ ¶µ¢¥¤¥´¨¥ ¡Ê¤¥É µ¶·¥¤¥²ÖÉÓ¸Ö
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¸²¥¤ÊÕÐ¥° ¸¨´£Ê²Ö·´µ¸ÉÓÕ ¨ É. ¤. �Éµ ¤ ¥É ¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓ ³Ê²ÓÉ¨±·¨-
É¨Î¥¸±¨Ì ÉµÎ¥±, ¤²Ö ±µÉµ·ÒÌ ¡Ò²¨ ¢ÒÎ¨¸²¥´Ò ±·¨É¨Î¥¸±¨¥ ¨´¤¥±¸Ò [44, 82]
(µ¤´µ° ¸É·Ê´´µ° ¢µ¸¶·¨¨³Î¨¢µ¸É¨ µ± § ²µ¸Ó ´¥¤µ¸É ÉµÎ´µ, ÎÉµ¡Ò ¨¤¥´É¨Ë¨-
Í¨·µ¢ ÉÓ ÔÉÊ ¸¥·¨Õ ³µ¤¥²¥° [83]). �± § ²µ¸Ó [83], ÎÉµ k-³Ê²ÓÉ¨±·¨É¨Î¥¸± Ö
ÉµÎ±  µ¶¨¸Ò¢ ¥É¸Ö (2, 2k − 1)-³¨´¨³ ²Ó´µ° ³µ¤¥²ÓÕ (k = 2, . . . ) ¨ ¸É·Ê´´ Ö
¢µ¸¶·¨¨³Î¨¢µ¸ÉÓ ¤²Ö ´¥¥ · ¢´ 

γ = −1
k
. (44)

Œµ¦¥É ¡ÒÉÓ, ¤ ¦¥ ¡µ²¥¥ ¢ ¦´ Ö ·µ²Ó ¤µ¡ ¢²¥´¨Ö ¢ ¤¥°¸É¢¨¥ ¸É ·Ï¨Ì
Î²¥´µ¢ ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ¶·¨ ÔÉµ³ ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  ¸É ´µ¢¨É¸Ö ¶·µ-
¨§¢µ¤ÖÐ¥° ËÊ´±Í¨¥° ±µ··¥²ÖÉµ·µ¢. �µ ÔÉµ° ¶·¨Î¨´¥ ³Ò ¡Ê¤¥³ ¤µ¡ ¢²ÖÉÓ ¢
¤¥°¸É¢¨¥ ¢¸¥ ¸É ·Ï¨¥ Î²¥´Ò ¸µ ¸¢µ¨³¨ ±µ´¸É ´É ³¨ ¸¢Ö§¨ É ±, ÎÉµ¡Ò, ¤¨ËË¥-
·¥´Í¨·ÊÖ ¶µ ¶µ¸²¥¤´¨³, ³µ¦´µ ¡Ò²µ ¶µ²ÊÎ ÉÓ ²Õ¡Ò¥ ±µ··¥²ÖÍ¨µ´´Ò¥ ËÊ´±-
Í¨¨. „¥°¸É¢¨É¥²Ó´µ, É¨¶¨Î´Ò³ ±µ··¥²ÖÉµ·µ³ ¢ ³ É·¨Î´µ° ³µ¤¥²¨ Ö¢²Ö¥É¸Ö
¢¥²¨Î¨´  É¨¶  ∫

DM
∏
i

trMki (45)

¸ ´¥±µÉµ·Ò³¨ ¶·µ¨§¢µ²Ó´Ò³¨ ¶µ± § É¥²Ö³¨ ki. ‚¸É ¢±  ± ¦¤µ£µ trMk, ± ±
²¥£±µ ¶µ´ÖÉÓ ¨§ ·¨¸Ê´± , µÉ¢¥Î ¥É ´  ¤Ê ²Ó´µ° ·¥Ï¥É±¥ (É. ¥. É·¨ ´£Ê²¨·µ-
¢ ´´µ° ¶µ¢¥·Ì´µ¸É¨) ¤Ò·±¥ ¤²¨´µ° ¢ k ·¥¡¥· (¢ ¤ ´´µ³ ¸²ÊÎ ¥ k = 6). �µ-
¸±µ²Ó±Ê ¢ Î¨¸Éµ° £· ¢¨É Í¨¨, ±µÉµ· Ö µ¶¨¸Ò¢ ¥É¸Ö µ¤´µ³ É·¨Î´µ° ³µ¤¥²ÓÕ,
´¥É ³ É¥·¨¨, ´  £· ´¨ÍÊ ¤Ò·±¨ ¤µ¡ ¢¨ÉÓ ´¥Î¥£µ, ¸²¥¤µ¢ É¥²Ó´µ, Éµ²Ó±µ É ±¨¥
±µ··¥²ÖÉµ·Ò ¨ ¶·¥¤¸É ¢²¥´Ò ¢ ³µ¤¥²¨.

’ ±¨³ µ¡· §µ³, ´ ¨¡µ²ÓÏ¨° ¨´É¥·¥¸ ¶·¥¤¸É ¢²ÖÕÉ ³ É·¨Î´Ò¥ ³µ¤¥²¨,
¢±²ÕÎ ÕÐ¨¥ ¢¸¥ ¢µ§³µ¦´Ò¥ Î²¥´Ò ¸ ¢§ ¨³µ¤¥°¸É¢¨¥³. ‚ ¶. 2.1 ¤¨¸±·¥É´ Ö
³ É·¨Î´ Ö ³µ¤¥²Ó É¨¶  (43) ¨¸¸²¥¤µ¢ ´  ¢ ¤¥É ²ÖÌ,   ¨³¥´´µ ¨§ÊÎ¥´  ¸É·Ê±-
ÉÊ·  É¥µ·¨¨ ¶·¨ ´ ²¨Î¨¨ ¢¸¥Ì ±µ´¸É ´É ¸¢Ö§¨ tk; ¶µ± § ´µ, ÎÉµ ¸É É¨¸É¨-
Î¥¸± Ö ¸Ê³³  ÔÉµ° ³µ¤¥²¨ Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° Í¥¶µÎ±¨ ’µ¤Ò (¨²¨ Í¥¶µÎ±¨
‚µ²ÓÉ¥··  Å ¥¸²¨ ¶µÉ¥´Í¨ ² Î¥É´Ò°), ¶·¨Î¥³ ·µ²Ó ¢·¥³¥´ ¨£· ÕÉ ±µ´¸É ´ÉÒ
¸¢Ö§¨ tk. ’ ±¦¥ ¶µ± § ´µ, ÎÉµ ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  § ´Ê²Ö¥É¸Ö ¶·¨ ¤¥°¸É¢¨¨
´  ´¥¥ ¡¥¸±µ´¥Î´µ³¥·´µ°  ²£¥¡·Ò Å ¡µ·¥²¥¢¸±µ° ¶µ¤ ²£¥¡·Ò  ²£¥¡·Ò ‚¨· -
¸µ·µ. �Éµ ¶µ¸²¥¤´¥¥ ¸¢µ°¸É¢µ Ö¢²Ö¥É¸Ö ¶·µ¸ÉÒ³ ¸²¥¤¸É¢¨¥³ ±µ¢ ·¨ ´É´µ¸É¨
¤¥°¸É¢¨Ö µÉ´µ¸¨É¥²Ó´µ ¶·µ¨§¢µ²Ó´ÒÌ § ³¥´ ¶¥·¥³¥´´µ° M ³ É·¨Î´µ£µ ¨´-
É¥£· ² , · §² £ ÕÐ¨Ì¸Ö ¢ ´Ê²¥ ¢ ·Ö¤ ’Ô°²µ· . �É³¥Î Ö ¤ ²¥¥ É ±µ£µ ·µ¤ 
Ë ±É ±µ¢ ·¨ ´É´µ¸É¨ ³ É·¨Î´ÒÌ ³µ¤¥²¥°, ³Ò ¡Ê¤¥³ £µ¢µ·¨ÉÓ, ÎÉµ µ´  ¨³¥¥É
¸µµÉ¢¥É¸É¢ÊÕÐÊÕ ¸¨³³¥É·¨Õ (´¥ ´¥É¥·µ¢¸±µ£µ É¨¶ !).

„ ²¥¥ ¥¸É¥¸É¢¥´´µ ¸¶·µ¸¨ÉÓ, ± ±¨¥ ³ É·¨Î´Ò¥ ³µ¤¥²¨ µÉ¢¥Î ÕÉ ¤µ¡ ¢²¥-
´¨Õ ³ É¥·¨¨. �± §Ò¢ ¥É¸Ö, ³µ¦´µ · ¸¸³µÉ·¥ÉÓ Ô·³¨Éµ¢Ò ³´µ£µ³ É·¨Î´Ò¥
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³µ¤¥²¨, § ¤ ´´Ò¥ ¸É É¨¸É¨Î¥¸±µ° ¸Ê³³µ°

Zp−1 =
∫ ∏

i

DMi exp

{
c

p−2∑
i=1

trMiMi+1 +
p−1∑
i=1

∞∑
k=2

t
(i)
k trMk

i

}
, (46)

¨ ¨¸¸²¥¤µ¢ ÉÓ ¨Ì  ´ ²µ£¨Î´µ ¸²ÊÎ Õ µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨. ‚ Î ¸É´µ¸É¨,
³µ¦´µ ¢ÒÎ¨¸²¨ÉÓ ¨Ì ±·¨É¨Î¥¸±¨¥ ¨´¤¥±¸Ò (¢ ¢µµ¡Ð¥ £µ¢µ·Ö ³Ê²ÓÉ¨±·¨É¨Î¥-
¸±¨Ì ÉµÎ± Ì) [84,85]. �¥§Ê²ÓÉ É ¶µ§¢µ²Ö¥É µÉµ¦¤¥¸É¢¨ÉÓ q-³Ê²ÓÉ¨±·¨É¨Î¥¸±ÊÕ
ÉµÎ±Ê (q = p + 1, . . . , 2p − 1, 2p+ 1, . . . , É. ¥., ¨¸±²ÕÎ Ö Î¨¸² , · ¢´Ò¥ ´Ê²Õ
¶µ ³µ¤Ê²Õ p) p − 1-³ É·¨Î´µ° ³µ¤¥²¨ ¨ (p, q)-³¨´¨³ ²Ó´ÊÕ ³µ¤¥²Ó, ¢§ -
¨³µ¤¥°¸É¢ÊÕÐÊÕ ¸ ¤¢Ê³¥·´µ° £· ¢¨É Í¨¥°. ‡ ³¥É¨³, ÎÉµ Ê´¨É ·´ Ö ¸¥·¨Ö
³¨´¨³ ²Ó´ÒÌ ³µ¤¥²¥° ¸µµÉ¢¥É¸É¢Ê¥É ¶¥·¢Ò³ ±·¨É¨Î¥¸±¨³ ÉµÎ± ³ ³´µ£µ³ É-
·¨Î´ÒÌ ³µ¤¥²¥°.

�·µ¸É¥°Ï¨° ¶·¨³¥· ³´µ£µ³ É·¨Î´µ° ³µ¤¥²¨ Å ÔÉµ ¤¢ÊÌ³ É·¨Î´ Ö ³µ-
¤¥²Ó. „µ¢µ²Ó´µ ¶·µ¸Éµ ¶µ´ÖÉÓ, ¶µÎ¥³Ê ÔÉ  ³µ¤¥²Ó µÉ¢¥Î ¥É ³µ¤¥²¨ ˆ§¨´£ 
´  ¸²ÊÎ °´µ° ¶µ¢¥·Ì´µ¸É¨ [86,87]. „µ¸É ÉµÎ´µ µ¶ÖÉÓ ¶µ¸É·µ¨ÉÓ É¥µ·¨Õ ¢µ§-
³ÊÐ¥´¨° ¤²Ö ³ É·¨Î´µ£µ ¨´É¥£· ²  (46) µÉ´µ¸¨É¥²Ó´µ ±¢ ¤· É¨Î´µ£µ Î²¥´ .

�µ²µ¦¨³ ¤²Ö ¶·µ¸ÉµÉÒ t
(1)
2 = t

(2)
2 = −1, t(1)4 = − ξ

N
eH , t(2)4 = − ξ

N
e−H

¨ t
(1)
k = t

(2)
k = 0 ¶·¨ ²Õ¡ÒÌ k > 4 ¨ k = 3. ’µ£¤  ¶·µ¶ £ Éµ· (³ É·¨Í ,

µ¡· É´ Ö ¸ÉµÖÐ¥° ¶·¨ ±¢ ¤· É¨Î´µ³ Î²¥´¥) ¨³¥¥É ¢¨¤
1

1− c2

(
1 c
c 1

)
,  

¤¨ £· ³³´µ¥ · §²µ¦¥´¨¥, ¸ ÉµÎ´µ¸ÉÓÕ ¤µ É·¨¢¨ ²Ó´µ° ¶µ¸ÉµÖ´´µ°, Ô±¢¨¢ -
²¥´É´µ ¸É É¨¸É¨Î¥¸±µ° ¸Ê³³¥

Z =
∑

¸²ÊÎ °´ Ö ·¥Ï¥É± 

∑
¸¶¨´Ò

exp

β
∑

¶ ·Ò ¡²¨¦ °Ï¨Ì ij

σiσj +H
∑
i

σi

 , c = e−2β ,

(47)

³µ¤¥²¨ ˆ§¨´£  ¢µ ¢´¥Ï´¥³ ³ £´¨É´µ³ ¶µ²¥ ´  ¸²ÊÎ °´ÒÌ (Ë²Ê±ÉÊ¨·ÊÕÐ¨Ì)
·¥Ï¥É± Ì (É·¨ ´£Ê²ÖÍ¨ÖÌ). ‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ É ± Ö ³µ¤¥²Ó £µ· §¤µ ¶·µÐ¥
³µ¤¥²¨ ˆ§¨´£  ´  ·¥£Ê²Ö·´µ° ·¥Ï¥É±¥, É ± ± ± £· ¢¨É Í¨µ´´µ¥ ¢§ ¨³µ¤¥°-
¸É¢¨¥ ÔËË¥±É¨¢´µ ¶·µ¨´É¥£·¨·Ê¥É ³´µ£µ Ê¸²µ¦´ÖÕÐ¨Ì ¤¥É ²¥°.

‚ ¶. 2.2 ¨¸¸²¥¤µ¢ ´Ò ³´µ£µ³ É·¨Î´Ò¥ ³µ¤¥²¨ µ¡Ð¥£µ ¢¨¤  (46). �µ-
± § ´µ, ÎÉµ ¨Ì ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° ¤¢Ê³¥·¨§µ¢ ´´µ°
Í¥¶µÎ±¨ ’µ¤Ò. �µ± § ´µ É ±¦¥, ÎÉµ ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  ¤¢ÊÌ³ É·¨Î´µ°
³µ¤¥²¨ ¸ µ¡Ð¨³ ¶µÉ¥´Í¨ ²µ³ ¶µ µ¤´µ° ¨§ ³ É·¨Í ¨ ¶µ²¨´µ³µ³ ´¥±µÉµ·µ°
Ë¨±¸¨·µ¢ ´´µ° ¸É¥¶¥´¨ K ¶µ ¤·Ê£µ° § ´Ê²Ö¥É¸Ö ¶·¨ ¤¥°¸É¢¨¨ ´  ´¥¥ ´¥±µÉµ-
·µ° ¡¥¸±µ´¥Î´µ³¥·´µ°  ²£¥¡·Ò, ¶µÌµ¦¥° ´  ¡µ·¥²¥¢¸±ÊÕ ¶µ¤ ²£¥¡·Ê  ²£¥¡·Ò
W (K). ’¥³ ´¥ ³¥´¥¥ ÔÉµ µ± §Ò¢ ¥É¸Ö ´µ¢µ°  ²£¥¡·µ°, ¶µ¸²¥ ´¥¶·¥·Ò¢´µ£µ
¶·¥¤¥²  ¶¥·¥Ìµ¤ÖÐ¥° ¢ ¸É ´¤ ·É´ÊÕ W (K)- ²£¥¡·Ê.
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‡ ³¥É¨³, ÎÉµ ¢µ§´¨±´µ¢¥´¨¥  ²£¥¡·Ò ‚¨· ¸µ·µ ¢ µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨
¤µ²¦´µ ¶µ¤· §Ê³¥¢ ÉÓ ¢µ§³µ¦´µ¸ÉÓ ¶¥·¥Ëµ·³Ê²¨·µ¢±¨ É¥µ·¨¨ ¢ É¥·³¨´ Ì
¤¢Ê³¥·´µ° ±µ´Ëµ·³´µ° É¥µ·¨¨ ¶µ²Ö. ‚ ¶. 2.3 É ± Ö Ëµ·³Ê²¨·µ¢±  ¶·¥¤¸É -
¢²¥´  ¨ ¶µ± § ´µ, ± ± µ´  ³µ¦¥É ¡ÒÉÓ µ¡µ¡Ð¥´  ´  ³´µ£µ³ É·¨Î´Ò¥ ³µ¤¥²¨.
lµ²¥¥ Éµ£µ, ¶·¥¤²µ¦¥´´ Ö É¥Ì´¨±  ¶µ§¢µ²Ö¥É ¸É·µ¨ÉÓ ³ É·¨Î´Ò¥ ³µ¤¥²¨ ¸
²Õ¡µ° ¡¥¸±µ´¥Î´µ³¥·´µ° (¸Ê¶¥·) ²£¥¡·µ°. ‚ Î ¸É´µ¸É¨, ³Ò ´ Ìµ¤¨³ ´µ¢Ò°
±² ¸¸ ³´µ£µ³ É·¨Î´ÒÌ ³µ¤¥²¥° Å ±µ´Ëµ·³´Ò¥ ³´µ£µ³ É·¨Î´Ò¥ ³µ¤¥²¨, ¸É -
É¨¸É¨Î¥¸± Ö ¸Ê³³  ±µÉµ·ÒÌ µ± §Ò¢ ¥É¸Ö τ -ËÊ´±Í¨¥° sl(p) ¨¥· ·Ì¨¨ �Š
‘.
�É¨ ³´µ£µ³ É·¨Î´Ò¥ ³µ¤¥²¨ µ¡² ¤ ÕÉ ´ ¸ÉµÖÐ¥° W -¸¨³³¥É·¨¥° ¥Ð¥ ¤µ ¶¥-
·¥Ìµ¤  ± ´¥¶·¥·Ò¢´µ³Ê ¶·¥¤¥²Ê, ÎÉµ, ± ± ¡Ê¤¥É ¶µ± § ´µ ´¨¦¥, Ê¶·µÐ ¥É ÔÉµÉ
¶µ¸²¥¤´¨°.

…Ð¥ µ¤¨´ ¢ ¦´Ò° ±² ¸¸ ¤¨¸±·¥É´ÒÌ ³ É·¨Î´ÒÌ ³µ¤¥²¥° Å µ¤´µ³ É·¨Î-
´ Ö ³µ¤¥²Ó Ê´¨É ·´ÒÌ ³ É·¨Í, ´¥¶·¥·Ò¢´Ò° ¶·¥¤¥² ±µÉµ·ÒÌ ¨³¥¥É µÉ´µÏ¥-
´¨¥ ± Š•„ [79, 88], ¨§ÊÎ¥´  ¢ ¶. 2.4. �µ± § ´µ, ÎÉµ ¥¥ ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³ 
Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° ¨¥· ·Ì¨¨ ·¥²ÖÉ¨¢¨¸É¸±µ° Í¥¶µÎ±¨ ’µ¤Ò, ¶·¨Î¥³, ± ± ¨
¢ ¸²ÊÎ ¥ Ô·³¨Éµ¢µ° ³µ¤¥²¨, ¸¨¸É¥³  µ¡² ¤ ¥É ¢¨· ¸µ·µ¢¸±µ° ¸¨³³¥É·¨¥°.

’ ±¨³ µ¡· §µ³, ³Ò ¢¨¤¨³, ÎÉµ ¸É É¨¸É¨Î¥¸±¨¥ ¸Ê³³Ò ¢¸¥Ì ³´µ£µµ¡· §-
´ÒÌ ¤¨¸±·¥É´ÒÌ ³ É·¨Î´ÒÌ ³µ¤¥²¥° Ö¢²ÖÕÉ¸Ö τ -ËÊ´±Í¨Ö³¨ ¨´É¥£·¨·Ê¥³ÒÌ
¨¥· ·Ì¨°. ‚ ¶. 2.5 µ¡¸Ê¦¤ ¥É¸Ö µ¡Ð Ö ¸É·Ê±ÉÊ·  ¨¥· ·Ì¨° É ±µ£µ É¨¶  (¶µ²Ê-
¡¥¸±µ´¥Î´Ò¥ ¨¥· ·Ì¨¨) ¨ ¶µ± §Ò¢ ¥É¸Ö, ± ± µ¶¨¸ ´´Ò¥ ³ É·¨Î´Ò¥ ³µ¤¥²¨ ¢
´¥¥ ¶µ£·Ê¦ ÕÉ¸Ö.

1.3.2. �¥·¥Ìµ¤ ± ´¥¶·¥·Ò¢´µ³Ê ¶·¥¤¥²Ê ¢ ³ É·¨Î´ÒÌ ³µ¤¥²ÖÌ. ˆÉ ±,
³Ò ¢¨¤¥²¨, ÎÉµ ¢ ¶·¥¤¥²¥ ¡µ²ÓÏ¨Ì N ¢¡²¨§¨ ±·¨É¨Î¥¸±¨Ì ÉµÎ¥± ¤¨¸±·¥É´Ò¥
³ É·¨Î´Ò¥ ³µ¤¥²¨ ¢µ¸¶·µ¨§¢µ¤ÖÉ ¤¢Ê³¥·´Ò¥ ±µ´Ëµ·³´Ò¥ É¥µ·¨¨ ´  ¸Ë¥·¥,
¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨¥ ¸ £· ¢¨É Í¨¥°. �± §Ò¢ ¥É¸Ö, µ¤´ ±µ, ÎÉµ ¸ÊÐ¥¸É¢Ê¥É ¡µ-
²¥¥ ¸²µ¦´Ò° ¤¢µ°´µ° ¸±¥°²¨´£µ¢Ò° ¶·¥¤¥², ±µ£¤  µ± §Ò¢ ¥É¸Ö ¢µ§³µ¦´Ò³
¶µ²ÊÎ¨ÉÓ ¸É É¨¸É¨Î¥¸±ÊÕ ¸Ê³³Ê É¥µ·¨¨ ¸· §Ê ´  ¢¸¥Ì ·µ¤ Ì. ’¥³ ¸ ³Ò³
¨³¥´´µ ÔÉµÉ ¶·¥¤¥² ¶µ§¢µ²Ö¥É ¨§ÊÎ ÉÓ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ÔËË¥±ÉÒ ¨ ¨³¥´´µ
¢ ÔÉµ³ ¶·¥¤¥²¥ ’“ ¸É ´µ¢ÖÉ¸Ö ´¥É·¨¢¨ ²Ó´Ò³¨ ¨ ¢¥¤ÊÉ ± ¸µ¤¥·¦ É¥²Ó´Ò³
Ê· ¢´¥´¨Ö³.

ŒÒ Ê¦¥ µ¡¸Ê¦¤ ²¨ ¢ÒÏ¥, ÎÉµ ±·¨É¨Î¥¸± Ö ÉµÎ±  ³ É·¨Î´µ° ³µ¤¥²¨ ´¥
§ ¢¨¸¨É µÉ ·µ¤  ¶µ¢¥·Ì´µ¸É¨ (É. ¥. ¸É¥¶¥´¨ N ). �Éµ, ¢ Î ¸É´µ¸É¨, µ§´ Î ¥É, ÎÉµ
¢¡²¨§¨ ±·¨É¨Î¥¸±µ° ÉµÎ±¨ · §²µ¦¥´¨¥ (38) ³µ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´µ ¸ ¨¸¶µ²Ó-
§µ¢ ´¨¥³ (42) ± ± · §²µ¦¥´¨¥ ¶µ ¶ · ³¥É·Ê κ ≡ N−2(ξ − ξc)γ−2, ±µÉµ·Ò°
³µ¦¥É ¡ÒÉÓ µÉµ¦¤¥¸É¢²¥´ ¸µ ¸É·Ê´´µ° ±µ´¸É ´Éµ° ¸¢Ö§¨. ’µ£¤ , Ê¸É·¥³²ÖÖ
N → ∞ ¨ ξ → ξc, É ± ÎÉµ κ µ¸É ¥É¸Ö ±µ´¥Î´Ò³, ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¸É É¨¸É¨Î¥-
¸±ÊÕ ¸Ê³³Ê ¢ ´¥¶·¥·Ò¢´µ³ ¶·¥¤¥²¥, ¸µ¤¥·¦ ÐÊÕ ¢±² ¤Ò ¢¸¥Ì ·µ¤µ¢ [89Ä91]:

Z(Gstr) =
∑
·µ¤ g

κg−1Z(¶¥·¥´µ·³)
g + ¸¨´£Ê²Ö·´Ò¥ Î²¥´Ò, (48)

¶·¨Î¥³ ´¥Ê´¨¢¥·¸ ²Ó´Ò¥ ¸¨´£Ê²Ö·´Ò¥ Î²¥´Ò ²¥£±µ ±µ´É·µ²¨·ÊÕÉ¸Ö ¨ ¤µ²¦´Ò
µÉ¡· ¸Ò¢ ÉÓ¸Ö ¶·¨ ¶¥·¥´µ·³¨·µ¢±¥. Œµ¦´µ § ³¥É¨ÉÓ, ÎÉµ ¸É·Ê´´ Ö ±µ´¸É ´É 
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¸¢Ö§¨ ¢ ·¥§Ê²ÓÉ É¥ · §³¥·´µ° É· ´¸³ÊÉ Í¨¨ ¸É ´µ¢¨É¸Ö · §³¥·´µ° ¢¥²¨Î¨´µ°,
¶·¨Î¥³ ÔÉ  · §³¥·´µ¸ÉÓ § ¢¨¸¨É µÉ ±·¨É¨Î¥¸±µ° ÉµÎ±¨. ˆ¸¶µ²Ó§ÊÖ ¸¢Ö§Ó ξ ¸
±µ¸³µ²µ£¨Î¥¸±µ° ¶µ¸ÉµÖ´´µ° ¢ ·¥¦¨³¥ ¶µ¸ÉµÖ´´µ° ±µ¸³µ²µ£¨Î¥¸±µ° ¶µ¸Éµ-
Ö´´µ°, ¢¥²¨Î¨´Ê κ ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥

κ = N−2(µ− µc)γ−2 =
ε2γ−4N−2

µ2−γ
R

=
Gstr

µ2−γ
R

, (49)

£¤¥ ´ ¸ÉµÖÐ Ö ¶¥·¥´µ·³¨·µ¢ ´´ Ö ±µ´¸É ´É  ¸¢Ö§¨

GRstr ≡ ε2γ−4N−2 (50)

µ¸É ¥É¸Ö ±µ´¥Î´µ°, ± ± ¨ µR, ¶·¨ N → ∞ ¨ ε → 0.
�¶¨¸ ´´ Ö ¶·µÍ¥¤Ê·  ¤¢µ°´µ£µ ¸±¥°²¨´£µ¢µ£µ ¶·¥¤¥²  ²¥£±µ ³µ¦¥É ¡ÒÉÓ

¶·µ¢¥¤¥´  ¢¡²¨§¨ ± ¦¤µ° ±·¨É¨Î¥¸±µ° ÉµÎ±¨. ‚ Î ¸É´µ¸É¨, Ê¦¥ ¶·¨  ´ -
²¨§¥ ¢¡²¨§¨ ±µ´±·¥É´ÒÌ ±·¨É¨Î¥¸±¨Ì ÉµÎ¥± ¡Ò²µ µ¡´ ·Ê¦¥´µ, ÎÉµ É¥µ·¨Ö
µ¡² ¤ ¥É ¨´É¥£·¨·Ê¥³Ò³¨ ¸¢µ°¸É¢ ³¨: ¢µ-¶¥·¢ÒÌ, ¡Ò²µ § ³¥Î¥´µ [91], ÎÉµ
Ê· ¢´¥´¨¥, ±µÉµ·µ³Ê Ê¤µ¢²¥É¢µ·Ö¥É ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  µ¤´µ³ É·¨Î´µ° ³µ-
¤¥²¨ ¢ ´¥¶·¥·Ò¢´µ³ ¶·¥¤¥²¥, ¸¢Ö§ ´µ ¸ £ ³¨²ÓÉµ´¨ ´ ³¨ Š¤‚ (¶µ²¨´µ³ ³¨
ƒ¥²ÓË ´¤ Ä„¨±µ£µ). lµ²¥¥ Ö¢´µ ¨´É¥£·¨·Ê¥³µ¸ÉÓ ¡Ò²  ¶·¥¤¸É ¢²¥´  Œ. „ £² -
¸µ³ [92], ±µÉµ·Ò° ¶·¥¤¶µ²µ¦¨² ¸²¥¤ÊÕÐÊÕ Ö¢´ÊÕ Ëµ·³Ê § ¶¨¸¨ ¸É·Ê´´µ£µ
Ê· ¢´¥´¨Ö (É. ¥. Ê· ¢´¥´¨Ö, ±µÉµ·µ³Ê Ê¤µ¢²¥É¢µ·Ö¥É ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³ )
¢¡²¨§¨ ²Õ¡µ° ±·¨É¨Î¥¸±µ° ÉµÎ±¨ (É ± ´ §Ò¢ ¥³µ¥ Ê· ¢´¥´¨¥ „ £² ¸ ):

[L,A] = 1, (51)

£¤¥ L Å µ¶¥· Éµ· ‹ ±¸ ; A Å £ ³¨²ÓÉµ´¨ ´ ´¥±µÉµ·µ° ¨´É¥£·¨·Ê¥³µ° ¸¨-
¸É¥³Ò. 
  ¸ ³µ³ ¤¥²¥, q-° ±·¨É¨Î¥¸±µ° ÉµÎ±¥ (p− 1)-³ É·¨Î´µ° ³µ¤¥²¨ µÉ-
¢¥Î ¥É µ¶¥· Éµ· ‹ ±¸ , µ¶¨¸Ò¢ ÕÐ¨° (p−1)-·¥¤Ê±Í¨Õ ¨¥· ·Ì¨¨ Š ¤µ³Í¥¢ Ä
�¥É¢¨ Ï¢¨²¨, ¨ µ¶¥· Éµ· A, Ö¢²ÖÕÐ¨°¸Ö ¥¥ q-³ £ ³¨²ÓÉµ´¨ ´µ³.

“· ¢´¥´¨¥ „ £² ¸  ¨¸¸²¥¤µ¢ ²µ¸Ó ¢ · §´ÒÌ ³µ¤¥²ÖÌ (¸³., ´ ¶·¨³¥·, [93]),
µ¤´ ±µ ¡µ²ÓÏ¨° ¨´É¥·¥¸ ¶·¥¤¸É ¢²ÖÕÉ Ëµ·³Ê²Ò, ¨´É¥·¶µ²¨·ÊÕÐ¨¥ ³¥¦¤Ê
· §´Ò³¨ ±·¨É¨Î¥¸±¨³¨ ÉµÎ± ³¨. 
  µ¸´µ¢¥ ·¥§Ê²ÓÉ Éµ¢ „ £² ¸  ¢ [64,94] É -
±¨¥ Ëµ·³Ê²Ò ¡Ò²¨ ¶·¥¤²µ¦¥´Ò. ’µÎ´¥¥, ¡Ò²µ ¸¤¥² ´µ ¶·¥¤¶µ²µ¦¥´¨¥, ÎÉµ
¨´É¥·¶µ²¨·ÊÕÐ Ö ³¥¦¤Ê · §²¨Î´Ò³¨ ±·¨É¨Î¥¸±¨³¨ ÉµÎ± ³¨ ¸É É¨¸É¨Î¥¸± Ö
¸Ê³³  (p−1)-³ É·¨Î´µ° ³µ¤¥²¨ ¢ ´¥¶·¥·Ò¢´µ³ ¶·¥¤¥²¥ Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥°
(p−1)-·¥¤Ê±Í¨¨ ¨¥· ·Ì¨¨ Š ¤µ³Í¥¢ Ä�¥É¢¨ Ï¢¨²¨, ¶·¨Î¥³ ¢·¥³¥´ ³¨ Ö¢²Ö-
ÕÉ¸Ö ¶¥·¥´µ·³¨·µ¢ ´´Ò¥ ±µ´¸É ´ÉÒ ¸¢Ö§¨. lµ²¥¥ Éµ£µ, ¢ É¥Ì ¦¥ · ¡µÉ Ì
¶·¥¤¶µ² £ ²µ¸Ó, ÎÉµ ÔÉ  τ -ËÊ´±Í¨Ö Ê¤µ¢²¥É¢µ·Ö¥É ·Ö¤Ê Ê¸²µ¢¨°, § ¤ ´´ÒÌ
W (p)- ²£¥¡·µ°.

’¥³ ´¥ ³¥´¥¥ ¶µ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ µ¡² ¤ ²¨ ·Ö¤µ³ ´¥¤µ¸É É±µ¢. ‚µ-
¶¥·¢ÒÌ, ¶µ¸±µ²Ó±Ê µ´¨ ¡Ò²¨ ¶µ²ÊÎ¥´Ò ´  µ¸´µ¢¥  ´ ²¨§  ¶µ¢¥¤¥´¨Ö ³ É·¨Î-
´ÒÌ ³µ¤¥²¥° ¢¡²¨§¨ ¶¥·¢ÒÌ ±·¨É¨Î¥¸±¨Ì ÉµÎ¥±, µ´¨ Ö¢²Ö²¨¸Ó ¶·µ¸Éµ ´ ¡µ·µ³
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´¥±µÉµ·ÒÌ £¨¶µÉ¥§. ’¥³ ¡µ²¥¥ ÎÉµ ·¥ÎÓ ´¥ Ï²  µ¡ ¨Ì ¶µ²ÊÎ¥´¨¨ ¢ ·¥§Ê²ÓÉ É¥
Ö¸´µ° ¶·µÍ¥¤Ê·Ò ¢§ÖÉ¨Ö ´¥¶·¥·Ò¢´µ£µ ¶·¥¤¥² . �·¨ ÔÉµ³ ¢¸¥ ¢µ¶·µ¸Ò ¶¥·¥-
´µ·³¨·µ¢±¨ µ¶¥· Éµ·µ¢ ¨ ±µ´¸É ´É ¸¢Ö§¨ µ¸É ¢ ²¨¸Ó ¢´¥ · ¸¸³µÉ·¥´¨Ö∗.

‚µ-¢Éµ·ÒÌ, ¢¸¥ µ¡¸Ê¦¤¥´¨¥ ¸É·µ¨²µ¸Ó ¢µ±·Ê£ Ê· ¢´¥´¨°, ±µÉµ·Ò³ Ê¤µ-
¢²¥É¢µ·Ö¥É ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  ³ É·¨Î´µ° ³µ¤¥²¨, ¶µÔÉµ³Ê ¨ ´¥¶·¥·Ò¢´Ò°
¶·¥¤¥² ¡Ò² ¶µ²ÊÎ¥´ ´¥Ö¢´µ Å ¢ Ëµ·³¥ ·Ö¤  Ê· ¢´¥´¨° ´  ÔÉÊ ¸É É¨¸É¨Î¥¸±ÊÕ
¸Ê³³Ê. �¤´ ±µ ¨³¥¥É¸Ö ¥Ð¥ ¶·µ¡²¥³  ·¥Ï¥´¨Ö ÔÉ¨Ì Ê· ¢´¥´¨°.

Š ± µ¡¥ ÔÉ¨ ¶·µ¡²¥³Ò ·¥Ï ÕÉ¸Ö, µ¡ÑÖ¸´¥´µ ¢ ´ ¸ÉµÖÐ¥³ µ¡§µ·¥ ¨ ¢
µ¡§µ·¥ [53], ¶µ¸¢ÖÐ¥´´µ³ ´¥¶·¥·Ò¢´Ò³ ³ É·¨Î´Ò³ ³µ¤¥²Ö³. ‚ ¤ ´´µ° · -
¡µÉ¥ Ê¸²µ¢¨Ö ¨´É¥£·¨·Ê¥³µ¸É¨ ¨ W (p)-Ê¸²µ¢¨Ö ¶µ²ÊÎ ÕÉ¸Ö ¢ ·¥§Ê²ÓÉ É¥ ¢§Ö-
É¨Ö ´¥¶·¥·Ò¢´µ£µ ¶·¥¤¥²  ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¤¨¸±·¥É´ÒÌ Ê¸²µ¢¨ÖÌ. �µÔÉµ³Ê
¨´É¥£·¨·Ê¥³µ¸ÉÓ ¨ W (p)- ²£¥¡·Ò, µ¡´ ·Ê¦¥´´Ò¥ ¢ ¤¨¸±·¥É´ÒÌ ³µ¤¥²ÖÌ, µ± -
§Ò¢ ÕÉ¸Ö ±²ÕÎ¥¢Ò³¨ ¢ ±µ´¸É·Ê±Í¨¨.

„²Ö ¶µ¸É·µ¥´¨Ö ´¥¶·¥·Ò¢´µ£µ ¶·¥¤¥²  ³µ¦´µ ¨¸¸²¥¤µ¢ ÉÓ ¶µ¤Ìµ¤ÖÐ¨°
¶·¥¤¥² ¨´É¥£·¨·Ê¥³ÒÌ ¨¥· ·Ì¨°, µ¶¨¸Ò¢ ÕÐ¨Ì ¤¨¸±·¥É´Ò¥ ³ É·¨Î´Ò¥ ³µ-
¤¥²¨. ‚ [53] ÔÉµ c¤¥² ´µ ¤²Ö ¸²ÊÎ Ö µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨, ¶·¨Î¥³ µÉ¢¥Î Õ-
Ð Ö ¥° ¨¥· ·Ì¨Ö Í¥¶µÎ±¨ ’µ¤Ò ¶¥·¥Ìµ¤¨É ¢ ¶·¥¤¥²¥ ¢ ¨¥· ·Ì¨Õ Š¤‚.

�· ¢¨²Ó´µ£µ ¶·¥¤¥²  ¨´É¥£·¨·Ê¥³µ° ¨¥· ·Ì¨¨, µ¤´ ±µ, ¥Ð¥ ´¥ ¤µ¸É -
ÉµÎ´µ Å ´¥µ¡Ìµ¤¨³µ ´ °É¨ É ±¦¥ ¶·¥¤¥² ¸É·Ê´´µ£µ Ê· ¢´¥´¨Ö. Œµ¦´µ ¨
¸· §Ê ¨¸± ÉÓ ¤¢µ°´µ° ¸±¥°²¨´£µ¢Ò° ¶·¥¤¥²  ²£¥¡·Ò ‚¨· ¸µ·µ, ¶µ¸±µ²Ó±Ê µ´ 
¸µ¤¥·¦¨É ¢ ¸¥¡¥ ¨ ¨´É¥£·¨·Ê¥³ÊÕ ¨¥· ·Ì¨Õ, ¨ ¸É·Ê´´µ¥ Ê· ¢´¥´¨¥ (¸³. ¢ÒÏ¥).
�Éµ c¤¥² ´µ ¢ [53], ¶·¨Î¥³ ¶µ²ÊÎ ÕÐ Ö¸Ö ¢ ¶·¥¤¥²¥  ²£¥¡·  É ±¦¥ Ö¢²Ö¥É¸Ö
 ²£¥¡·µ° ‚¨· ¸µ·µ.

Š ¸µ¦ ²¥´¨Õ, É ± Ö ¶·µÍ¥¤Ê·  ´¥ µ¡µ¡Ð ¥É¸Ö ´¥¶µ¸·¥¤¸É¢¥´´µ ´  ¸É ´-
¤ ·É´Ò¥ ³´µ£µ³ É·¨Î´Ò¥ ³µ¤¥²¨ (46) (¸³., µ¤´ ±µ, [95]). �± §Ò¢ ¥É¸Ö,  ¤¥-
±¢ É´Ò° ¤¨¸±·¥É´Ò°  ´ ²µ£, ± ± ¶µ± § ´µ ¢ [53], ¤ ÕÉ ±µ´Ëµ·³´Ò¥ ³´µ£µ³ É-
·¨Î´Ò¥ ³µ¤¥²¨, ¢ ±µÉµ·ÒÌ ¤¢µ°´µ° ¸±¥°²¨´£µ¢Ò° ¶·¥¤¥² ¡¥·¥É¸Ö ¢ ÉµÎ´µ¸É¨
± ± ¢ µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨.

‚ § ±²ÕÎ¥´¨¨ µ¡§µ·  ¸µ¤¥·¦¨É¸Ö ¸¦ Éµ¥ ¶¥·¥Î¨¸²¥´¨¥ µ¡¸Ê¦¤ ¢Ï¨Ì¸Ö
¢ ´¥³ ·¥§Ê²ÓÉ Éµ¢. lµ²¥¥ · §¢¥·´ÊÉ Ö ¢¥·¸¨Ö µ¡§µ·  µ¶Ê¡²¨±µ¢ ´  ¢ [53].
Š·µ³¥ Éµ£µ, Î ¸ÉÓ ³ É¥·¨ ² , ´µ¸ÖÐ¥£µ ¡µ²¥¥ É¥Ì´¨Î¥¸±¨° Ì · ±É¥·, ¤ ´  ¢
¶·¨²µ¦¥´¨¨ ± ´ ¸ÉµÖÐ¥° · ¡µÉ¥,   É ±¦¥ ¢ ¶·¨²µ¦¥´¨ÖÌ ± [53].

2. „ˆ‘Š
…’�›… Œ�’
ˆ—�›… Œ	„…‹ˆ

‚ ÔÉµ³ · §¤¥²¥ ³Ò µ¡¸Ê¦¤ ¥³ ¤¨¸±·¥É´Ò¥ ³ É·¨Î´Ò¥ ³µ¤¥²¨ ¨ ¤µ± §Ò-
¢ ¥³, ÎÉµ ¨Ì ¸É É¨¸É¨Î¥¸±¨¥ ¸Ê³³Ò Ö¢²ÖÕÉ¸Ö τ -ËÊ´±Í¨Ö³¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì

∗lµ²¥¥ Éµ£µ, ¶·¨¢¥¤¥´´Ò¥ ¢ [64,94]  ·£Ê³¥´ÉÒ ¢ ¶µ²Ó§Ê ¶·¥¤²µ¦¥´´ÒÌ ÊÉ¢¥·¦¤¥´¨° ¸µ¤¥·-
¦ ²¨ ¤¢¥ ¢§ ¨³´µ ±µ³¶¥´¸¨·ÊÕÐ¨¥¸Ö, ´µ ¸ÊÐ¥¸É¢¥´´Ò¥ µÏ¨¡±¨.
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¨´É¥£·¨·Ê¥³ÒÌ ¨¥· ·Ì¨° ¨ Ê¤µ¢²¥É¢µ·ÖÕÉ Ê¸²µ¢¨Ö³ ‚¨· ¸µ·µ (µ¤´µ³ É·¨Î-
´Ò¥ ³µ¤¥²¨) ¨²¨ W - ²£¥¡· (³´µ£µ³ É·¨Î´Ò¥ ³µ¤¥²¨). •µÉÖ ÔÉ¨ ¸¢µ°¸É¢  Ë¨-
§¨Î¥¸±¨ ¸ÊÐ¥¸É¢¥´´Ò Éµ²Ó±µ ¢ ´¥¶·¥·Ò¢´µ³ ¶·¥¤¥²¥, ¤²Ö ¨Ì ²ÊÎÏ¥£µ ¶µ´¨³ -
´¨Ö ¢ ¦´Ò É¥µ·¨¨, ²¥¦ Ð¨¥ ¢ ´Ê¦´µ³ ±² ¸¸¥ Ê´¨¢¥·¸ ²Ó´µ¸É¨ ¨ µ¡² ¤ ÕÐ¨¥
ÔÉ¨³¨ ¸¢µ°¸É¢ ³¨ É ±¦¥ ¨ ¢´¥ ±·¨É¨Î¥¸±µ° ÉµÎ±¨. �¸´µ¢´µ° ·¥§Ê²ÓÉ É ¤ ´-
´µ° £² ¢Ò Ê± §Ò¢ ¥É, ÎÉµ É ±¨¥ É¥µ·¨¨ Å ÔÉµ ¤¨¸±·¥É´Ò¥ ³ É·¨Î´Ò¥ ³µ¤¥²¨.

2.1. .·³¨Éµ¢  µ¤´µ³ É·¨Î´ Ö ³µ¤¥²Ó. ‡¤¥¸Ó ³Ò ¤µ± ¦¥³, ÎÉµ ¸É É¨-
¸É¨Î¥¸± Ö ¸Ê³³  Ô·³¨Éµ¢µ° µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨ Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° Í¥-
¶µÎ±¨ ’µ¤Ò ¨ Ê¤µ¢²¥É¢µ·Ö¥É Ê¸²µ¢¨Ö³ ‚¨· ¸µ·µ. �µ µ¶·¥¤¥²¥´¨Õ µ´  Ö¢²Ö-
¥É¸Ö ¨´É¥£· ²µ³ ¶µ Ô·³¨Éµ¢µ° ³ É·¨Í¥ n × n ¸ ¶·µ¨§¢µ²Ó´Ò³ ¶µÉ¥´Í¨ ²µ³
¢¨¤  (43):

Zn(tk) ≡{VolU(n)n!}−1

∫
DH exp {trV (H)},

V (H) ≡ −
∑
k=0

tkH
k,

(52)

£¤¥ DH Å ¸µµÉ¢¥É¸É¢ÊÕÐ Ö ³¥·  •  · ; VolU(n) µ¡µ§´ Î ¥É µ¡Ñ¥³ Ê´¨É ·-
´µ° £·Ê¶¶Ò,   ¸³Ò¸² ´µ·³¨·µ¢µÎ´µ£µ ³´µ¦¨É¥²Ö ¸É ´¥É Ö¸¥´ ¶µ§¤´¥¥. ŒÒ
· ¸¸³ É·¨¢ ¥³ ¸É É¨¸É¨Î¥¸±ÊÕ ¸Ê³³Ê ± ± ËÊ´±Í¨Õ ¢¸¥Ì ¢·¥³¥´ (±µ´¸É ´É
¸¢Ö§¨).

‘É ´¤ ·É´Ò° ¸¶µ¸µ¡ · ¡µÉÒ ¸ ¨´É¥£· ² ³¨ (52) Å ¶·µ¨´É¥£·¨·µ¢ ÉÓ ¶µ
Ê£²µ¢Ò³ ¶¥·¥³¥´´Ò³ ³ É·¨ÍÒ H . �µ¸±µ²Ó±Ê ¶µÉ¥´Í¨ ² § ¢¨¸¨É Éµ²Ó±µ µÉ
¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨°, ÔÉµ ¨´É¥£·¨·µ¢ ´¨¥ É·¨¢¨ ²Ó´µ ¨ ¤ ¥É µ¡Ñ¥³ Ê´¨-
É ·´µ° £·Ê¶¶Ò. �µ¸²¥ ÊÎ¥É  Ö±µ¡¨ ´  ¶¥·¥Ìµ¤  ± · §¡¨¥´¨Õ ´  Ê£²µ¢Ò¥ ¨
· ¤¨ ²Ó´Ò¥ ¶¥·¥³¥´´Ò¥ ³Ò µ±µ´Î É¥²Ó´µ ¶µ²ÊÎ ¥³ [96]:

Zn(tk) = (n!)−1

∫ ∏
i

dhi∆2(h) exp

−
∑
i,k

t
k
hk

i

 , (53)

£¤¥ ∆(h) ≡ dethj−1
i =

∏
i>j

(hi − hj) Å µ¶·¥¤¥²¨É¥²Ó ‚ ´-¤¥·-Œµ´¤ . ˆ³¥´´µ

¥£µ ¶·¨¸ÊÉ¸É¢¨¥ ¤¥² ¥É ¨´É¥£· ² ´¥É·¨¢¨ ²Ó´Ò³. T ± Ö ¸É·Ê±ÉÊ·  ¸ µ¶·¥-
¤¥²¨É¥²¥³ ‚ ´-¤¥·-Œµ´¤  É ±¦¥ ¶µ¤· §Ê³¥¢ ¥É ¥¸É¥¸É¢¥´´µ¥ ¶·¥¤¸É ¢²¥´¨¥
¶µ¤Ò´É¥£· ²Ó´µ£µ ¢Ò· ¦¥´¨Ö ¢ ¢¨¤¥ ´¥±µÉµ·µ£µ Ë¥·³¨µ´´µ£µ ±µ··¥²ÖÉµ·  ¨
µÉ¢¥Î ¥É §  ¨´É¥£·¨·Ê¥³Ò¥ ¸¢µ°¸É¢  ¸¨¸É¥³Ò.

�¤¨´ ¨§ ¸É ´¤ ·É´ÒÌ ¸¶µ¸µ¡µ¢ · ¡µÉÒ ¸ ¨´É¥£· ² ³¨ ¢¨¤  (53) ¡Ò² ¶·¥¤-
²µ¦¥´ ¢ [81], µ´ ¸µ¸Éµ¨É ¢µ ¢¢¥¤¥´¨¨ ¸¨¸É¥³Ò µ·Éµ£µ´ ²Ó´ÒÌ ¶µ²¨´µ³µ¢ ¸µ
¸²¥¤ÊÕÐ¨³ Ê¸²µ¢¨¥³ µ·Éµ£µ´ ²Ó´µ¸É¨:

〈i|j〉 ≡ 〈Pi, Pj〉 =
∫

Pi(h)Pj(h) e−V (h)dh = δij eϕi(t), (54)
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£¤¥ eϕi(t) Å ´¥±µÉµ·Ò¥ ´µ·³Ò, ±µÉµ·Ò¥ ¤µ²¦´Ò µ¶·¥¤¥²ÖÉÓ¸Ö ¨§ ¨´É¥£· ² 
(54) ¨ Ê¸²µ¢¨Ö ´µ·³¨·µ¢±¨ ¶µ²¨´µ³µ¢:

Pi(h) =
∑
j≤i

γijh
j, γii = 1, (55)

É. ¥. ±µÔËË¨Í¨¥´É ¶·¨ ²¨¤¨·ÊÕÐ¥° ¸É¥¶¥´¨ ¶µ² £ ¥É¸Ö · ¢´Ò³ 1. ˆ´µ£¤ 
³Ò ¡Ê¤¥³ · ¡µÉ ÉÓ ¢ µ·Éµ´µ·³¨·µ¢ ´´µ³ ¡ §¨¸¥, ±µÉµ·Ò° Î Ð¥ ¢¸É·¥Î ¥É¸Ö
¢ ²¨É¥· ÉÊ·¥ ¨ µÉ¢¥Î ¥É ¶¥·¥´µ·³¨·µ¢±¥ ¶µ²¨´µ³µ¢ Pn Ë ±Éµ·µ³ e−1/2ϕn .

�·¨ ¶µ³µÐ¨ ¶µ²¨´µ³µ¢ (54), (55) ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ (53) ¢ ¢¨¤¥

Zn = (n!)−1

∫ ∏
i

dhi detPk−1(hj) detPl−1(hm)×

× exp

−
∑
i,k

t
k
hk
i

 =
n−1∏
i=0

eϕi(t), (56)

£¤¥ ³Ò ¨¸¶µ²Ó§µ¢ ²¨ Ê¸²µ¢¨¥ µ·Éµ£µ´ ²Ó´µ¸É¨.
2.1.1. “· ¢´¥´¨¥ Í¥¶µÎ±¨ ’µ¤Ò. �µ²ÊÎ¨³ É¥¶¥·Ó Ê· ¢´¥´¨¥ Í¥¶µÎ±¨

’µ¤Ò ´  τ -ËÊ´±Í¨Õ Zn [10, 97]. „²Ö ÔÉµ£µ · ¸¸³µÉ·¨³ ¸± ²Ö·´µ¥ ¶·µ¨§¢¥-
¤¥´¨¥ 〈n|h|m〉 ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ m. �´µ, µÎ¥¢¨¤´µ, · ¢´µ ´Ê²Õ ¶·¨
m − n = 0,±1 (´ ¶·¨³¥·, 〈n|h|n − 2〉 = 〈n|n − 1〉 +

∑
k>1

ck〈n|n − k〉 = 0

¡² £µ¤ ·Ö Ê¸²µ¢¨Ö³ (54) ¨ (55)). �µÔÉµ³Ê

hPn(h) = Pn+1(h)− pnPn(h) +RnPn−1(h), (57)

£¤¥ pn ¨ Rn Å ´¥±µÉµ·Ò¥, ¶µ±  ´¥ µ¶·¥¤¥²¥´´Ò¥ ±µÔËË¨Í¨¥´ÉÒ. ‚Éµ·µ°
¨§ ´¨Ì ³µ¦¥É ¡ÒÉÓ ²¥£±µ µ¶·¥¤¥²¥´ ¶ÊÉ¥³ ¤¢Ê±· É´µ£µ ¶·¨³¥´¥´¨Ö (57):
〈n − 1|h|n〉 = 〈hPn−1, Pn〉 = 〈n|n〉 +

∑
k>0

〈n|n − k〉 = 〈n|n〉 = 〈Pn−1, hPn〉 =

Rn〈n− 1|n− 1〉, É. ¥.

Rn(t) = eϕn−ϕn−1. (58)


  ¸ ³µ³ ¤¥²¥, ¸µµÉ´µÏ¥´¨¥ (57) Ê¦¥ ´¥±µÉµ·Ò³ µ¡· §µ³ Ê± §Ò¢ ¥É ´ 
Í¥¶µÎ±Ê ’µ¤Ò. „¥°¸É¢¨É¥²Ó´µ, ¢¢¥¤¥³ · §´µ¸É´Ò° L-µ¶¥· Éµ· ¸ ³ É·¨Î´Ò³¨
Ô²¥³¥´É ³¨

(L)mn = δm,n−1 − pnδm,n +Rn+1δm,n+1. (59)

’µ£¤  ¢ ¸µµÉ´µÏ¥´¨¨ (57) ²¥£±µ Ê§´ ÉÓ ¤¥°¸É¢¨¥ µ¶¥· Éµ·  ‹ ±¸  Í¥¶µÎ±¨
’µ¤Ò [97, 98] ´  ËÊ´±Í¨Õ l¥°±¥· Ä�Ì¨¥§¥·  (”l�, ¸µ¡¸É¢¥´´ÊÕ ËÊ´±Í¨Õ

µ¶¥· Éµ·  ‹ ±¸ ) Ψn(h) = exp
{
−1
2
V (h)

}
PN (h):

LΨn(h) = hΨn(h), (60)
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£¤¥ h ¨£· ¥É ·µ²Ó ¸¶¥±É· ²Ó´µ£µ ¶ · ³¥É· . ’¥¶¥·Ó ¤²Ö Éµ£µ, ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ
Ê· ¢´¥´¨¥ Í¥¶µÎ±¨ ’µ¤Ò, ¤µ¸É ÉµÎ´µ ¶·µ¢¥·¨ÉÓ, ÎÉµ ¶·µ¨§¢µ¤´ Ö ¶µ ¶¥·¢µ³Ê
¢·¥³¥´¨ ”l� § ¤ ¥É¸Ö ¤¥°¸É¢¨¥³ ¶· ¢¨²Ó´µ£µ M-µ¶¥· Éµ·  (¸³. ¸²¥¤ÊÕÐ¨°
¶Ê´±É).

�¤´ ±µ ³Ò ¢Ò¢¥¤¥³ ÔÉµ Ê· ¢´¥´¨¥ ¤·Ê£¨³ ¶ÊÉ¥³ [97]. �·µ¤¨ËË¥·¥´Í¨-
·Ê¥³ 〈n|n〉 ¶µ ¶¥·¢µ³Ê ¢·¥³¥´¨, ¨¸¶µ²Ó§ÊÖ (54), (55) ¨ (57):

ϕ̇neϕn =
∂

∂t1
〈n|n〉 = 2

〈
∂Pn
∂t1

, Pn

〉
−

− 〈n|h|n〉 = pneϕn , É. ¥. pn = ϕ̇n, (61)

£¤¥ ÉµÎ±  µ§´ Î ¥É ¶·µ¨§¢µ¤´ÊÕ ¶µ ¶¥·¢µ³Ê ¢·¥³¥´¨. ’¥¶¥·Ó ¶·µ¤¨ËË¥·¥´-
Í¨·Ê¥³ (61) ¥Ð¥ · §. ’µ£¤ , ¨¸¶µ²Ó§ÊÖ (54), (55), (57), (58) ¨ (61) ¨ ¨´É¥£·¨·ÊÖ
¶µ Î ¸ÉÖ³, ³Ò ¶·¨Ìµ¤¨³ µ±µ´Î É¥²Ó´µ ± Ê· ¢´¥´¨Õ Í¥¶µÎ±¨ ’µ¤Ò [99]:

ϕ̈neϕn + (ϕ̇n)2eϕn =
∂2

∂t21
〈n|n〉 = 〈n|h2|n〉 − 2

〈
∂Pn
∂t1

, hPn

〉
=

=
(
p2
n +Rn+1 +Rn

)
eϕn − 2Rneϕn , (62)

É. ¥.

ϕ̈n = Rn+1 −Rn = eϕn+1−ϕn − eϕn−ϕn−1 . (63)

’¥¶¥·Ó ¢¢¥¤¥³ ±²ÕÎ¥¢µ° µ¡Ñ¥±É É¥µ·¨¨ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ Å τ -ËÊ´±Í¨Õ:

eϕn(t) ≡ τn+1(t)
τn(t)

. (64)

’µ£¤  ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ (63) ¢ Ëµ·³¥ ¡¨²¨´¥°´µ£µ Ê· ¢´¥´¨Ö •¨·µÉÒ [100]:

τn(t)
∂2

∂t21
τn(t)−

(
∂τn(t)
∂t1

)2

= τn+1(t)τn−1(t). (65)

�¸´µ¢´µ° ¸³Ò¸² ¶µ´ÖÉ¨Ö τ -ËÊ´±Í¨¨ Å ¢ ¸ÊÐ¥¸É¢µ¢ ´¨¨ ¥¤¨´¸É¢¥´´µ°
ËÊ´±Í¨¨, § ¢¨¸ÖÐ¥° µÉ ¡¥¸±µ´¥Î´µ£µ ´ ¡µ·  ¢·¥³¥´ ¨ Ê¤µ¢²¥É¢µ·ÖÕÐ¥° ¡¥¸-
±µ´¥Î´µ° ¨¥· ·Ì¨¨ Ê· ¢´¥´¨°. �µÔÉµ³Ê ´¨¦¥ ³Ò ¢Ò¢¥¤¥³ ¢¸Õ ¨¥· ·Ì¨Õ Ê· ¢-
´¥´¨° Í¥¶µÎ±¨ ’µ¤Ò [101].

‡ ³¥É¨³, ÎÉµ, ¨¸¶µ²Ó§ÊÖ (64), (56) ¨ ¶µ² £ Ö

τ0 = 1, (66)

³Ò ¶µ²ÊÎ ¥³, ÎÉµ ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨ (52) ¤¥°¸É¢¨-
É¥²Ó´µ Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° Í¥¶µÎ±¨ ’µ¤Ò

Zn =
τn
τ0
= τn. (67)
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‡¤¥¸Ó ¢¨¤´  ¢ ¦´µ¸ÉÓ ¶· ¢¨²Ó´µ ¢Ò¡· ´´µ° ´µ·³¨·µ¢±¨ ¢ (52). „¥°¸É¢¨-
É¥²Ó´µ, τ -ËÊ´±Í¨Ö ´¥ ³µ¦¥É ¶·µ¨§¢µ²Ó´µ Ê³´µ¦ ÉÓ¸Ö ´  Ë ±Éµ·Ò, § ¢¨¸Ö-
Ð¨¥ µÉ n, ¶µ¸±µ²Ó±Ê n Å ®´Ê²¥¢µ¥¯ ¢·¥³Ö Å ¢Ìµ¤¨É ¢ Ê· ¢´¥´¨Ö ¨¥· ·Ì¨¨
(¸± ¦¥³, ¢ (65)).

�´ ²µ£¨Î´µ Ê· ¢´¥´¨Õ (63) ³µ¦´µ ¢Ò¢¥¸É¨ ¨ ¢Éµ·µ° Î²¥´ ¨¥· ·Ì¨¨ Ê· ¢-
´¥´¨° Í¥¶µÎ±¨ ’µ¤Ò:

∂ϕn
∂t2

= −(Rn+1 + p2
n +Rn),

∂pn
∂t2

= −(pn+1 + pn)Rn+1 + (pn + pn−1)Rn,
(68)

¶·¨Î¥³ ¶¥·¢µ¥ ¨§ ÔÉ¨Ì Ê· ¢´¥´¨° ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¢ Ëµ·³¥

∂Rn
∂t2

= Rn(Rn−1 −Rn+1)−Rn(p2
n − p2

n−1). (69)

’¥¶¥·Ó § ³¥É¨³, ÎÉµ ¥¸²¨ · ¸¸³ É·¨¢ ÉÓ Éµ²Ó±µ Î¥É´Ò° ¶µÉ¥´Í¨ ² ¢ (52), Éµ
¢µ§´¨±´¥É ³¥´ÓÏ Ö ¨¥· ·Ì¨Ö Ê· ¢´¥´¨°, µ£· ´¨Î¥´´ Ö Ê¸²µ¢¨¥³ pn = 0 ¨
¸ Ô¢µ²ÕÍ¨¥° Éµ²Ó±µ ¶µ Î¥É´Ò³ ¶µÉµ± ³. �É  ¨¥· ·Ì¨Ö ´ §Ò¢ ¥É¸Ö Í¥¶µÎ±µ°
‚µ²ÓÉ¥··  [102]. �´  ¢±² ¤Ò¢ ¥É¸Ö ¢ ¨¥· ·Ì¨Õ Í¥¶µÎ±¨ ’µ¤Ò, ´µ ´¥ Ö¢²Ö¥É¸Ö
¥¥ ·¥¤Ê±Í¨¥°, ¶µ¸±µ²Ó±Ê Ê¸²µ¢¨¥ pn = 0 · §·ÊÏ ¥É¸Ö ¶µÉµ± ³¨ ¶µ ´¥Î¥É´Ò³
¢·¥³¥´ ³. �¥·¢µ¥ Ê· ¢´¥´¨¥ ¨¥· ·Ì¨¨ ‚µ²ÓÉ¥··  ²¥£±µ ¸Î¨ÉÒ¢ ¥É¸Ö ¸µ ¢Éµ-
·µ£µ Ê· ¢´¥´¨Ö ¨¥· ·Ì¨¨ ’µ¤Ò (69) ¸ ´ ²µ¦¥´´Ò³ Ê¸²µ¢¨¥³ pn = 0 ¨ ¨³¥¥É
¢¨¤

∂Rn
∂t2

= Rn(Rn−1 −Rn+1). (70)

‡ ³¥É¨³, ÎÉµ ¢ Ë¨§¨Î¥¸±¨Ì ¶·¨³¥´¥´¨ÖÌ µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨ µ¡ÒÎ´µ ¨¸-
¶µ²Ó§ÊÕÉ ± ± · § Î¥É´Ò° ¶µÉ¥´Í¨ ² ¨ Í¥¶µÎ±Ê ‚µ²ÓÉ¥··  [103]. �Éµ, µ¤´ ±µ,
± ± ³µ¦´µ Ê¡¥¤¨ÉÓ¸Ö [53], ¢¥¤¥É ± ´¥¶· ¢¨²Ó´µ³Ê ´¥¶·¥·Ò¢´µ³Ê ¶·¥¤¥²Ê.
’¥³ ´¥ ³¥´¥¥  ¢Éµ·Ò Ê± § ´´ÒÌ · ¡µÉ ¶µ²ÊÎ ²¨ ¶· ¢¨²Ó´Ò° ´¥¶·¥·Ò¢´Ò°
¶·¥¤¥² ¡² £µ¤ ·Ö ¥Ð¥ µ¤´µ°, ±µ³¶¥´¸¨·ÊÕÐ¥° µÏ¨¡±¥ (¸³. [53]).

2.1.2. ˆ¥· ·Ì¨Ö Í¥¶µÎ±¨ ’µ¤Ò. „²Ö ¨§ÊÎ¥´¨Ö ¢¸¥Ì Ê· ¢´¥´¨° ¨¥· ·Ì¨¨

Í¥¶µÎ±¨ ’µ¤Ò ¢¢¥¤¥³ µ¡µ§´ Î¥´¨¥ γ(k)
mn ≡ 〈n|hk|m〉

〈m|m〉 ¤²Ö ³ É·¨Î´µ£µ Ô²¥³¥´É 

k-° ¸É¥¶¥´¨ µ¶¥· Éµ·  ‹ ±¸  (¢ Î ¸É´µ¸É¨, γ(0)
mn = γmn ¢ ¸µµÉ´µÏ¥´¨¨ (55)).

�´ µ¡² ¤ ¥É ·Ö¤µ³ µÎ¥¢¨¤´ÒÌ ¸¢µ°¸É¢:

γ(k)
mn = γ(k)

nm, γ(k)
mn = 0 ¶·¨ m+ p < n,

hkPn =
n+k∑
m=0

〈n|hk|m〉
〈m|m〉 Pm =

n+k∑
m=0

γ(k)
nmPm.

(71)
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�µ¸²¥¤´¥¥ ¸µµÉ´µÏ¥´¨¥ ¸²¥¤Ê¥É ¨§ µ·Éµ£µ´ ²Ó´µ¸É¨ ¨ ¶µ²´µÉÒ ¡ §¨¸  ¶µ²¨-
´µ³µ¢ Pn. �·µ¤¨ËË¥·¥´Í¨·Ê¥³ É¥¶¥·Ó ¸µµÉ´µÏ¥´¨Ö µ·Éµ£µ´ ²Ó´µ¸É¨ (54)
¶µ ¢·¥³¥´¨ tk:

eϕn

(
∂ϕn
∂tk

)
δmn = −

〈
n
∣∣hk∣∣m〉

+
〈
∂Pn
∂tk

, Pm

〉
+

〈
Pn,

∂Pm
∂tk

〉
. (72)

’µ£¤  ¶·¨ m = n

∂ϕn
∂tk

= −γ(k)
nn , (73)

  ¶·¨ m < n

∂Pn
∂tk

=
n−1∑
m=0

γ(k)
nmPm. (74)

„¨ËË¥·¥´Í¨·ÊÖ (71) ¶µ tq ¸µ£² ¸´µ (74), ³µ¦´µ ¶µ²ÊÎ¨ÉÓ § ³±´ÊÉÊÕ ¸¨¸É¥³Ê

Ê· ¢´¥´¨° ´  ¡¥¸±µ´¥Î´Ò° ´ ¡µ· ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ γ(k)
nm:

∂γ
(k)
nm

∂tq
=

n−1∑
l=m−k

γ
(q)
nl γ

(k)
lm −

n+k∑
l=m+1

γ
(k)
nl γ

(q)
lm . (75)

ˆ§ ¸µµÉ´µÏ¥´¨Ö (74) ³µ¦´µ É ±¦¥ ¸Î¨É ÉÓ M-µ¶¥· Éµ· ¤²Ö Í¥¶µÎ±¨ ’µ¤Ò,
±µÉµ·Ò° µÉ¢¥Î ¥É ¶·µ¨§¢µ¤´µ° ”l�, ¨ Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ µ´ ¨³¥¥É ¶· ¢¨²Ó´Ò°
¢¨¤∗ [97,98,102]:

MΨn(h) ≡
∂Ψn
∂tk

= RnΨn−1 −
1
2
hΨn =

= −1
2

(
Ψn+1 −

1
2
pnΨn −RnΨn−1

)
. (77)

�µ²ÊÎ¥´´ Ö ´ ³¨ ¸¨¸É¥³  Ê· ¢´¥´¨° (75) ¥¸ÉÓ ´¥ ÎÉµ ¨´µ¥, ± ± ¸¨¸É¥³ 
Ê· ¢´¥´¨° ‡ Ì ·µ¢ Ä˜ ¡ É  ¤²Ö ¨¥· ·Ì¨¨ Í¥¶µÎ±¨ ’µ¤Ò. —Éµ¡Ò Ê¢¨¤¥ÉÓ

∗…¸²¨ ¢³¥¸Éµ Ψn ¢¢¥¸É¨ µ·Éµ´µ·³¨·µ¢ ´´Ò° ¡ §¨¸ ψn ≡ e−1/2ϕnΨn, Éµ ¤¥°¸É¢¨¥ L- ¨
M-µ¶¥· Éµ·µ¢ ´  ´¥£µ ³µ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´µ ¢ ¡µ²¥¥ ¸¨³³¥É·¨Î´µ³ ¢¨¤¥

hψn = Lψn = cn+1ψn+1 − pnψn + cnψn−1,

∂ψn

∂t1
= Mψn = −1

2
(cn+1ψn+1 − cnψn−1) ,

(76)

£¤¥ cn ≡
√
Rn. �É  Ëµ·³  ¶·¥¤¸É ¢²¥´¨Ö ‹ ±¸  ¤²Ö Í¥¶µÎ±¨ ’µ¤Ò ¡µ²¥¥ · ¸¶·µ¸É· ´¥´  ¢

²¨É¥· ÉÊ·¥ (¸³. [98]).
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ÔÉµ ¡µ²¥¥ Ö¢´µ, ¶¥·¥¶¨Ï¥³ ¥¥ ¢ R-³ É·¨Î´µ° Ëµ·³¥. ‚´ Î ²¥ ¢µ¸¶µ²Ó§Ê¥³¸Ö
¢Éµ·µ° Ëµ·³Ê²µ° ¨§ (71), ÎÉµ¡Ò ¶¥·¥¶¨¸ ÉÓ (75) ¢ ¢¨¤¥

∂γ
(k)
nm

∂tq
=

n−1∑
l=0

γ
(q)
nl γ

(k)
lm −

∞∑
l=m+1

γ
(k)
nl γ

(q)
lm . (78)

„²Ö µÉµ¦¤¥¸É¢²¥´¨Ö ¸µ ¸É ´¤ ·É´Ò³¨ Ëµ·³Ê² ³¨ ¶¥·¥¸Î¨É ¥³ É¥¶¥·Ó γ
(q)
lm

´  µ·Éµ´µ·³¨·µ¢ ´´Ò° ¡ §¨¸ γ̃
(q)
lm = e(ϕm−ϕn)/2γ

(q)
lm (¤²Ö ÔÉµ£µ ´ ¤µ ¢µ¸-

¶µ²Ó§µ¢ ÉÓ¸Ö Ê¸²µ¢¨Ö³¨ ¶µ²´µÉÒ
∞∑
l=0

γ
(p)
ml γ

(q)
ln = γ

(p+q)
mn ¨ Ëµ·³Ê²µ° (73)) ¨

¢¢¥¤¥³ R-³ É·¨ÍÊ, ¤¥°¸É¢ÊÕÐÊÕ ´  Ëµ·³ ²Ó´Ò° ·Ö¤ f(ξ) =
∞∑
−∞

fnξ
n ¶µ

¸É ´¤ ·É´µ° Ëµ·³Ê²¥ R(l)f(ξ) =
∑
n≥l

fnξ
n −

∑
n<l

fnξ
n, £¤¥ l µÉ¢¥Î ¥É ´¥±µÉµ-

·µ° £· ¤Ê¨·µ¢±¥. ’µ£¤  ¥¸É¥¸É¢¥´´µ ¤²Ö ·Ö¤  γ̃
(k)
n (ξ) ≡

∑
m=0

γ̃
(k)
mnξm ¸Î¨É ÉÓ,

ÎÉµ £· ¤Ê¨·µ¢±  § ¤ ¥É¸Ö §´ Î¥´¨¥³ n. ’ ±¨³ µ¡· §µ³, ¤¥°¸É¢¨¥ R-³ É·¨ÍÒ

´  γ̃
(k)
mn § ¤ ¥É¸Ö Ëµ·³Ê²µ° Rγ̃(k)

mn ≡
{
γ̃

(k)
mn ¶·¨ m ≥ n;−γ̃(k)

mn ¶·¨ m < n
}
,

É. ¥. Rγ(k)
mn ≡

{
γ

(k)
mn ¶·¨ m > n;−γ(k)

mn ¶·¨ m < n
}
. ’µ£¤  (75) ³µ¦¥É ¡ÒÉÓ

µ±µ´Î É¥²Ó´µ ¶¥·¥¶¨¸ ´  ¢ Ëµ·³¥

∂ 'Lk

∂tq
=
1
2

[
R'Lq, 'Lk

]
, (79)

±µÉµ· Ö Ö¢²Ö¥É¸Ö ¸É ´¤ ·É´µ° § ¶¨¸ÓÕ ¨¥· ·Ì¨¨ Í¥¶µÎ±¨ ’µ¤Ò [101]∗. 
 

γ
(k)
nm ³µ¦´µ ´ °É¨ É ±¦¥ ¨ Éµ¦¤¥¸É¢  ¤·Ê£µ£µ ¸µ·É , ±µÉµ·Ò¥ ¢µ§´¨± ÕÉ ¨§

¨§ÊÎ¥´¨Ö ¶·µ¨§¢µ¤´ÒÌ µ·Éµ£µ´ ²Ó´ÒÌ ¶µ²¨´µ³µ¢ ¶µ h. ŒÒ ± ÔÉµ³Ê ¥Ð¥
¢¥·´¥³¸Ö ¢ ¶Ê´±É¥, ¶µ¸¢ÖÐ¥´´µ³  ²£¥¡·¥ ‚¨· ¸µ·µ.

2.1.3. „¥É¥·³¨´ ´É´µ¥ ¶·¥¤¸É ¢²¥´¨¥. Šµ´¥Î´µ, ¸ÊÐ¥¸É¢Ê¥É ¡µ²¥¥ ¶·µ-
¸Éµ° ¨ ´¥¶µ¸·¥¤¸É¢¥´´Ò° ¸¶µ¸µ¡ ¶µ ¢¨¤Ê τ -ËÊ´±Í¨¨ µ¶·¥¤¥²ÖÉÓ, ± ±µ° ¨¥-
· ·Ì¨¨ µ´  µÉ¢¥Î ¥É. �µ¤·µ¡´¥¥ ³Ò µ¡¸Ê¤¨³ ÔÉ¨ ¢µ¶·µ¸Ò ¢ ¶. 2.5. lµ²¥¥
Éµ£µ, µ¤´µ° ¨§ £² ¢´ÒÌ § ¤ Î µ¡§µ·a Ö¢²Ö¥É¸Ö ´ Ìµ¦¤¥´¨¥ · §²¨Î´ÒÌ Ê¤µ¡-
´ÒÌ ¨ ÔËË¥±É¨¢´ÒÌ ¶·¥¤¸É ¢²¥´¨° ¤²Ö τ -ËÊ´±Í¨¨. ‚ Î ¸É´µ¸É¨, §¤¥¸Ó ³Ò
¶µ²ÊÎ¨³ ¤²Ö τ -ËÊ´±Í¨¨ Ô·³¨Éµ¢µ° µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨ ¤¥É¥·³¨´ ´É´µ¥
¶·¥¤¸É ¢²¥´¨¥ ¸¶¥Í¨ ²Ó´µ° Ëµ·³Ò, µÉ¢¥Î ÕÐ¥° ¨³¥´´µ τ -ËÊ´±Í¨¨ ¨¥· ·-
Ì¨¨ Í¥¶µÎ±¨ ’µ¤Ò.

„²Ö ÔÉµ£µ ¶¥·¥¶¨Ï¥³ Ê¸²µ¢¨¥ µ·Éµ£µ´ ²Ó´µ¸É¨ (54) ¢ ®³ É·¨Î´µ°¯ Ëµ·³¥,
  ¨³¥´´µ ¢¢¥¤¥³ ³ É·¨ÍÊ Γ ¸ ³ É·¨Î´Ò³¨ Ô²¥³¥´É ³¨ γmn, µ¶·¥¤¥²¥´´Ò³¨

∗‚ ¶µ¸²¥¤´¥° ¸É ÉÓ¥  ¢Éµ·Ò ¤²Ö µ¡Ñ¥±É  R'L ¨¸¶µ²Ó§ÊÕÉ µ¡µ§´ Î¥´¨¥ ('L)+, ±µÉµ·µ¥ ³Ò
¨¸¶µ²Ó§Ê¥³ ¨ ¶·µÖ¸´¨³ ´¨¦¥.
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¢ (55), É ± ´ §Ò¢ ¥³ÊÕ ³ É·¨ÍÊ ³µ³¥´Éµ¢ C, ÎÓ¨ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ µ¶·¥-
¤¥²¥´Ò Ëµ·³Ê²µ°

Cij =
∫

dhhi+j−2e−V (h), (80)

¨ ¤¨ £µ´ ²Ó´ÊÕ ³ É·¨ÍÊ J , ´  ¤¨ £µ´ ²¨ ±µÉµ·µ° ¸ÉµÖÉ Ô±¸¶µ´¥´ÉÒ eϕn .
’µ£¤  (54) ¶¥·¥¶¨¸Ò¢ ¥É¸Ö ± ± ³ É·¨Î´µ¥ ¸µµÉ´µÏ¥´¨¥∗

ΓCΓT = J, (81)

£¤¥ ΓT µ¡µ§´ Î ¥É É· ´¸¶µ´¨·µ¢ ´´ÊÕ ³ É·¨ÍÊ. ’¥¶¥·Ó, ¡¥·Ö ¤¥É¥·³¨´ ´É
µÉ µ¡µ¨Ì Î ¸É¥° ÔÉµ£µ Ê· ¢´¥´¨Ö ¨ ¨¸¶µ²Ó§ÊÖ (56), ²¥£±µ ¶µ²ÊÎ¨ÉÓ

Zn = det
n×n

Cij , (82)

¶·¨Î¥³ ³ É·¨Í  ³µ³¥´Éµ¢ Ê¤µ¢²¥É¢µ·Ö¥É ·Ö¤Ê Ê¸²µ¢¨°, ±µÉµ·Ò¥ ¸ µÎ¥¢¨¤´µ-
¸ÉÓÕ ¸²¥¤ÊÕÉ ¨§ ¥¥ Ö¢´µ£µ ¢¨¤  (80):

∂C∗(t)
∂tk

≡ ∂kC∗(t) = (−)k+1 ∂
kC∗(t)
∂tk1

≡ (−)k+1∂kC∗(t), (83)

Cij = Ci+j , (84)

Cn = (−)n∂n−2C11 ≡ (−)n∂n−2C. (85)

’ ±¨³ µ¡· §µ³, µ±µ´Î É¥²Ó´µ ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨
· ¢´ 

Zn = (−)n det ∂i+j−2C, (86)

ÎÉµ ¤¥°¸É¢¨É¥²Ó´µ § ¤ ¥É Í¥¶µÎ±Ê ’µ¤Ò [10, 97, 106, 107] (¸³. É ±¦¥ ¶. 2.5).
‡ ³¥É¨³, ÎÉµ Ê¸²µ¢¨Ö (83) ¨ (85) ¢Ò¶µ²´ÖÕÉ¸Ö ¤²Ö ¶µ²´µ° ¨¥· ·Ì¨¨ ¤¢Ê³¥·¨-
§µ¢ ´´µ° Í¥¶µÎ±¨ ’µ¤Ò (¨ Š�), ¢ Éµ ¢·¥³Ö ± ± (84) ¢Ò¤¥²Ö¥É ¨³¥´´µ Í¥¶µÎ±Ê
’µ¤Ò.

∗�Éµ Ê· ¢´¥´¨¥ Å ´¥ ÎÉµ ¨´µ¥, ± ± ¶·µ¡²¥³  �¨³ ´ Äƒ¨²Ó¡¥·É , ¨§¢¥¸É´ Ö É ±¦¥ ± ±
§ ¤ Î  Ë ±Éµ·¨§ Í¨¨ (¸³. ¶µ¤·µ¡´¥¥ ¢ [97, 101, 104, 105]).
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2.1.4. “¸²µ¢¨Ö ‚¨· ¸µ·µ ¨ Éµ¦¤¥¸É¢  “µ·¤ . �¥·¥°¤¥³ É¥¶¥·Ó ±µ ¢Éµ-
·µ³Ê ¨´£·¥¤¨¥´ÉÊ ³ É·¨Î´ÒÌ ³µ¤¥²¥° Å Ê¸²µ¢¨Ö³ ‚¨· ¸µ·µ. 
  ¸ ³µ³ ¤¥²¥,
³Ò ³µ£²¨ ¨¸¶µ²Ó§µ¢ ÉÓ ¶·µ¨§¢µ²Ó´ÊÕ (´¥ µ¡Ö§ É¥²Ó´µ ¶²µ¸±ÊÕ) ³¥·Ê ¢ (54)
¨ ¢¸¥ · ¢´µ ¶µ²ÊÎ¨²¨ ¡Ò Í¥¶µÎ±Ê ’µ¤Ò. �¡ÑÖ¸´Ö¥É¸Ö ÔÉµ É¥³ Ë ±Éµ³, ÎÉµ
±µ´±·¥É´ Ö ¨´É¥£·¨·Ê¥³ Ö ¸É·Ê±ÉÊ·  ¸¶·ÖÉ ´  ¢ µ¡Ð¥° Ëµ·³¥ ¨´É¥£· ²  (53).
‚ Éµ ¦¥ ¢·¥³Ö ¶²µ¸±¨° ¢Ò¡µ· ³¥·Ò ¢ (54) Ë¨±¸¨·Ê¥É ´¥±µÉµ·µ¥ ±µ´±·¥É´µ¥
·¥Ï¥´¨¥ Í¥¶µÎ±¨ ’µ¤Ò, µÉ¢¥Î ÕÐ¥¥ µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨. …¸²¨ £µ¢µ·¨ÉÓ
¢ ¨´¢ ·¨ ´É´ÒÌ É¥·³¨´ Ì, Éµ ±µ´±·¥É´µ¥ ·¥Ï¥´¨¥ µ¤´µ§´ Î´µ Ë¨±¸¨·Ê¥É¸Ö
Ê¸²µ¢¨Ö³¨ ‚¨· ¸µ·µ [97,108], É. ¥. ¶ ·Ò (¨´É¥£·¨·Ê¥³ Ö ¸¨¸É¥³ ,  ²£¥¡·  ’“)
¤µ¸É ÉµÎ´µ, ÎÉµ¡Ò µ¤´µ§´ Î´µ Ë¨±¸¨·µ¢ ÉÓ ¸É É¨¸É¨Î¥¸±ÊÕ ¸Ê³³Ê.

�µ¤µ¡´µ Éµ³Ê ± ± Ê· ¢´¥´¨Ö ¨¥· ·Ì¨¨ ¶µ²ÊÎ ²¨¸Ó ¨§  ´ ²¨§  ¸± ²Ö·´ÒÌ
¶·µ¨§¢¥¤¥´¨° ¸µ ¢¸É ¢²¥´´Ò³¨ hk, Ê¸²µ¢¨Ö ‚¨· ¸µ·µ ¶µ²ÊÎ ÕÉ¸Ö ¨§ ¸± ²Ö·-

´ÒÌ ¶·µ¨§¢¥¤¥´¨° ¸ hk
∂

∂h
, ¶·¨Î¥³ Ê± § ´´µ³Ê µ¶¥· Éµ·Ê µÉ¢¥Î ¥É £¥´¥· Éµ·

Lk−1. �µ§¦¥ ¡Ê¤¥É ¢¨¤´µ, ÎÉµ ÔÉµ ¸µ¢¥·Ï¥´´µ µ¡Ð¥¥ Ö¢²¥´¨¥ Å ´ ²¨Î¨¥
Ê¸²µ¢¨° É¨¶  ‚¨· ¸µ·µ ¸¢Ö§ ´µ ¸ ¸ÊÐ¥¸É¢µ¢ ´¨¥³ ¶ ·Ò µ¶¥· Éµ·µ¢, ±µ³³Ê-
É¨·ÊÕÐ¨Ì ´  ¥¤¨´¨ÍÊ, ±µÉµ·Ò¥ ¢ ¶µ¤Ìµ¤ÖÐ¥³ ¶·µ¸É· ´¸É¢¥ ¸¢µ¤ÖÉ¸Ö ± h ¨
∂

∂h
. ˆ§ É ±¨Ì µ¶¥· Éµ·µ¢, ±µ´¥Î´µ, ´¥É·Ê¤´µ ¶µ¸É·µ¨ÉÓ ²Õ¡ÊÕ W - ²£¥¡·Ê.

ˆÉ ±, ¤²Ö ¢Ò¢µ¤  Ê¸²µ¢¨° ‚¨· ¸µ·µ ¨§ÊÎ¨³ ³ É·¨Î´Ò° Ô²¥³¥´É

0 =
〈
n

∣∣∣∣ ∂∂h
∣∣∣∣n〉 = 〈

n

∣∣∣∣ ∂∂h
∣∣∣∣n〉−

∫
dhP 2

n

∂

∂h
e−V (h), (87)

É. ¥.

0 =
∫

dhP 2
n

∂

∂h
e−V (h) =

=
∑
k

ktk
〈
n
∣∣hk−1

∣∣n〉 =∑
k

ktk
∂

∂tk−1
eϕn . (88)

ˆ§ ÔÉµ£µ Ê· ¢´¥´¨Ö ²¥£±µ ¶µ²ÊÎ ¥É¸Ö, ÎÉµ

∑
k

ktk
∂

∂tk−1

n−1∑
i

ϕi =

=
1
Zn

∑
k

ktk
∂

∂tk−1
Zn ≡ 1

Zn
L−1Zn = 0. (89)

�É³¥É¨³, ÎÉµ ¶·¨ ¢Ò¢µ¤¥ (87) ³Ò ¨´É¥£·¨·µ¢ ²¨ ¶µ Î ¸ÉÖ³ ¨ ¸ÊÐ¥¸É¢¥´´µ
¶µ²Ó§µ¢ ²¨¸Ó É¥³, ÎÉµ ³¥·  ¶²µ¸± Ö.

lµ²¥¥ ¤²¨´¥´ ¨ § ¶ÊÉ ´ ¢Ò¢µ¤ ¸É ·Ï¨Ì ³µ³¥´Éµ¢ µ¶¥· Éµ· 
∂

∂h
, µ¤´ ±µ ¨

¥£µ ³µ¦´µ ¸¤¥² ÉÓ ¢ µ¡Ð¥³ ¢¨¤¥ ¨ ¶µ²ÊÎ¨ÉÓ ¶µ²´Ò° ´ ¡µ· Ê¸²µ¢¨° ‚¨· ¸µ·µ
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(ÉµÎ´¥¥, ¡µ·¥²¥¢¸±µ° ¶µ¤ ²£¥¡·Ò  ²£¥¡·Ò ‚¨· ¸µ·µ) [97]∗

LqZn = 0, q ≥ −1, (90)

£¤¥ µ¶¥· Éµ·Ò (³Ò É ±¦¥ ¨¸¶µ²Ó§µ¢ ²¨ ¸µµÉ´µÏ¥´¨¥
∂

∂t0
Zn = −nZn, ±µÉµ-

·µ¥ ¸²¥¤Ê¥É ¨§ µ¶·¥¤¥²¥´¨Ö (52))

Lq =
∞∑
k=0

ktk
∂

∂tk+q
+

q∑
k=0

∂2

∂tk∂tq−k
(91)

Ê¤µ¢²¥É¢µ·ÖÕÉ ±µ³³ÊÉ Í¨µ´´Ò³ ¸µµÉ´µÏ¥´¨Ö³  ²£¥¡·Ò ‚¨· ¸µ·µ

[Ln, Lm] = (n−m)Ln+m. (92)

�µ¸±µ²Ó±Ê §¤¥¸Ó ¢µ§´¨± ¥É Éµ²Ó±µ ¡µ·¥²¥¢¸± Ö ¶µ¤ ²£¥¡·   ²£¥¡·Ò ‚¨· ¸µ·µ,
Éµ ´¥ ¢¸É ¥É ¢µ¶·µ¸ µ Í¥´É· ²Ó´µ³ § ·Ö¤¥ ¶µ¸²¥¤´¥°.

ŒÒ É¥¶¥·Ó, µ¤´ ±µ, ¶·µ¤¥³µ´¸É·¨·Ê¥³ ¤·Ê£µ°, £µ· §¤µ ¡µ²¥¥ ¶·µ¸Éµ°
¢Ò¢µ¤ Ê¸²µ¢¨° ‚¨· ¸µ·µ [108], ±µÉµ·Ò° µ¡ÑÖ¸´Ö¥É ´ ¸ÉµÖÐÊÕ ¶·¨Î¨´Ê ¨Ì
¢µ§´¨±´µ¢¥´¨Ö ¢ ³ É·¨Î´ÒÌ ³µ¤¥²ÖÌ. �µ± ¦¥³, ÎÉµ µ´¨ Å ´¥ ÎÉµ ¨´µ¥,
± ± ’“ µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨ (52) [108Ä110]. —Éµ¡Ò ÔÉµ Ê¢¨¤¥ÉÓ, ¸¤¢¨´¥³
¶¥·¥³¥´´ÊÕ H ´  ³ ²ÊÕ ¢¥²¨Î¨´Ê εHq+1 ¢ ¨´É¥£· ²¥ (52). �µ¸±µ²Ó±Ê ÔÉµ
¶·µ¸Éµ § ³¥´  ¶¥·¥³¥´´ÒÌ, ¨´É¥£· ² µÉ ÔÉµ£µ ´¥ ¤µ²¦¥´ ¨§³¥´¨ÉÓ¸Ö. ‘ ¤·Ê£µ°
¸Éµ·µ´Ò, ¸¤¢¨£ ¶·¨¢µ¤¨É ± ¨§³¥´¥´¨Õ ¶µÉ¥´Í¨ ² 

∑
tkH

k −→
∑

tk(H +

εHq+1)k =
q∑

k=1

tkH
k +

∑
k>q

(tk + ε(k − q)tk−q)Hk. ’ ±¨³ µ¡· §µ³, É ±¨¥

¸¤¢¨£¨ ¤ ÕÉ¸Ö ¤¥°¸É¢¨¥³ µ¶¥· Éµ·µ¢ Lcl
q ≡

∑
ktk

∂

∂tk+q
, ±µÉµ·Ò¥ µ¡· §ÊÕÉ

 ²£¥¡·Ê ‚¨· ¸µ·µ (92).
�Éµ, µ¤´ ±µ, ¥Ð¥ ´¥ µ¶¥· Éµ·Ò (91),   Éµ²Ó±µ ¨Ì ®±² ¸¸¨Î¥¸± Ö¯ Î ¸ÉÓ.

—Éµ¡Ò ¶µ²ÊÎ¨ÉÓ ¶µ²´Ò¥ µ¶¥· Éµ·Ò ‚¨· ¸µ·µ, ³Ò ¤µ²¦´Ò ÊÎ¥¸ÉÓ ¨§³¥´¥-
´¨¥ ³¥·Ò ¶·¨ µ¡¸Ê¦¤ ¢Ï¨Ì¸Ö ¶·¥µ¡· §µ¢ ´¨ÖÌ. Ÿ±µ¡¨ ´ ¶·¥µ¡· §µ¢ ´¨Ö

∗„¥°¸É¢¨É¥²Ó´µ, Ê¸²µ¢¨Ö ‚¨· ¸µ·µ ¸¢Ö§ ´Ò ¸ ´ ¡µ·µ³ Éµ¦¤¥¸É¢ ´  γ
(k)
mn , ¶µ²ÊÎ ÕÐ¨Ì¸Ö

¨§ ¸µµÉ´µÏ¥´¨Ö
∂Pn

∂h
=
∑

k=0
ktk

n−1∑
m=0

γ
(k−1)
nm Pm. ’ ±, ¤¨ËË¥·¥´Í¨·ÊÖ ¥£µ ¶µ tk ¨ ¶µ²Ó§ÊÖ¸Ó

(74), ³µ¦´µ ¶µ²ÊÎ¨ÉÓ qγ
(q−1)
nm =

∑
k=0

ktk

[
n−1∑

l=m+1

(
γ
(q)
nl γ

(k−1)
lm − γ

(k−1)
nl γ

(q)
lm

)
− ∂γ

(k−1)
nm

∂tq

]

¤²Ö m < n − 1 ¨
∑

k=0
ktk

∂γ
(k−1)
n,n−1

∂tq
= −qγ(q−1)

n,n−1 ¤²Ö m = n − 1. ˆ§ ÔÉ¨Ì ¢Ò· ¦¥´¨° ¨ (75)

¸²¥¤Ê¥É [97] qγ
(q−1)
nm =

∑
k=0

ktk

[
n+k−1∑

l=n
γ
(k−1)
nl γ

(q)
lm −

m∑
m−k+1

γ
(q)
nl γ

(k−1)
lm

]
¨ É. ¤.
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¤²Ö ³¥·Ò •  ·  ´  Ô·³¨Éµ¢ÒÌ ³ É·¨Í Ì · ¢¥´ det
∥∥∥∥∂(H + εHq+1)ij

∂Hkl

∥∥∥∥ ∼

1+ε tr
∂Hq+1

∂H
= 1+

q∑
k=0

TrHk trHq−k. �µ¸±µ²Ó±Ê ²Õ¡ Ö ¸É¥¶¥´Ó k ³ É·¨ÍÒ

H ³µ¦¥É ¡ÒÉÓ ¶µ²ÊÎ¥´  ¤¨ËË¥·¥´Í¨·µ¢ ´¨¥³ Ô±¸¶µ´¥´ÉÒ ¶µÉ¥´Í¨ ²  ¢ (52)
¶µ ¢·¥³¥´¨ tk, Ö±µ¡¨ ´ ³µ¦¥É ¡ÒÉÓ ¢µ¸¶·µ¨§¢¥¤¥´ ¤¥°¸É¢¨¥³ µ¶¥· Éµ·µ¢
q∑

k=0

∂2

∂tk∂tq−k
.

’ ±¨³ µ¡· §µ³, µ±µ´Î É¥²Ó´Ò° ·¥§Ê²ÓÉ É ¤²Ö ¨´É¥£· ²  ¸µ ¸¤¢¨´ÊÉµ° ¶¥-
·¥³¥´´µ° ¨³¥¥É ¢¨¤

Zn(t) = Zn(t) |¸µ ¸¤¢¨´ÊÉÒ³ H = (1 + Lq)Zn(t), (93)

É. ¥.

LqZn = 0, q ≥ −1 (94)

¸ µ¶¥· Éµ· ³¨ Lq, ± ± ¢ (91).
�¶¨¸ ´´Ò° ¢Ò¢µ¤ Ê¸²µ¢¨° ‚¨· ¸µ·µ ± ± ’“ ¶µ± §Ò¢ ¥É, ÎÉµ ’“ ¤µ²¦´Ò

¡ÒÉÓ É¨¶¨Î´µ µ¶·¥¤¥²ÖÕÐ¨³¨ ¸¨¸É¥³Ê (É. ¥. Ô±¢¨¢ ²¥´É´Ò³¨ Ê· ¢´¥´¨Ö³ ¤¢¨-
¦¥´¨Ö) ¶·¨ ´ ²¨Î¨¨ ¢ ¤¥°¸É¢¨¨ ¢§ ¨³µ¤¥°¸É¢¨Ö ¤µ¸É ÉµÎ´µ µ¡Ð¥£µ ¢¨¤ , É. ¥.
¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏµ³ (±µ´Ë¨£Ê· Í¨µ´´µ³) ¶·µ¸É· ´¸É¢¥ ¸¢Ö§¥°.

2.2. .·³¨Éµ¢Ò ³´µ£µ³ É·¨Î´Ò¥ ³µ¤¥²¨. � ¸¸³µÉ·¨³ É¥¶¥·Ó ¡µ²¥¥ ¸²µ¦-
´Ò° ¨ ¸µ¤¥·¦ É¥²Ó´Ò° ¶·¨³¥· ³ É·¨Î´ÒÌ ³µ¤¥²¥° Å ³´µ£µ³ É·¨Î´Ò¥ ³µ-
¤¥²¨ [84, 85]. �É  ³µ¤¥²Ó § ¤ ¥É¸Ö ³ É·¨Î´Ò³ ¨´É¥£· ²µ³ (46)∗ ¶µ n × n
Ô·³¨Éµ¢Ò³ ³ É·¨Í ³:

Z{p}
n ∼

∫ p∏
i=1

[dHi] exp

{
−tr

[
p∑
i=1

Vi(Hi) +
p−1∑
i=1

HiHi−1

]}
. (95)

�ÉµÉ ¨´É¥£· ² µ¶ÖÉÓ ³µ¦´µ ¸¢¥¸É¨ ± ¨´É¥£·¨·µ¢ ´¨Õ ¶µ ¸µ¡¸É¢¥´´Ò³ §´ -
Î¥´¨Ö³ ³ É·¨Í Hi, ¶·µ¨´É¥£·¨·µ¢ ¢ ¶µ Ê£²µ¢Ò³ ¶¥·¥³¥´´Ò³. �¤´ ±µ ¨´É¥-
£·¨·µ¢ ´¨¥ ¶µ Ê£²µ¢Ò³ ¶¥·¥³¥´´Ò³ ¢ ¤ ´´µ³ ¸²ÊÎ ¥ ³¥´¥¥ É·¨¢¨ ²Ó´µ ¶µ
¸· ¢´¥´¨Õ ¸µ ¸²ÊÎ ¥³ µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨ ¨ ´¥ ¸¢µ¤¨É¸Ö ± É·¨¢¨ ²Ó´µ³Ê
¨´É¥£· ²Ê ¨ µ¡Ñ¥³Ê Ê´¨É ·´ÒÌ £·Ê¶¶. ’¥³ ´¥ ³¥´¥¥ ¢µ§´¨± ÕÐ¨° ¨´É¥£· ²
¢ÒÎ¨¸²Ö¥É¸Ö Ö¢´µ [85] ¨ · ¢¥´∫

[dU ]n×n etrXULU
† ∼ detij elixj

∆(L)∆(X)
, (96)

∗„²Ö ¶·µ¸ÉµÉÒ ¢ ÔÉµ³ ¨´É¥£· ²¥ µ¶ÊÐ¥´ ¶µ¸ÉµÖ´´Ò° ³´µ¦¨É¥²Ó (¸³., ´ ¶·¨³¥·, [9]).
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¶µÔÉµ³Ê, ÊÎ¨ÉÒ¢ Ö É ±¦¥ ±¢ ¤· ÉÒ µ¶·¥¤¥²¨É¥²¥° ‚ ´-¤¥·-Œµ´¤ , ¢µ§´¨± -
ÕÐ¨¥ ¨§ Ö±µ¡¨ ´  ¶¥·¥Ìµ¤  ± Ê£²µ¢Ò³ ¶¥·¥³¥´´Ò³ (¶µ¤µ¡´µ Éµ³Ê, ± ± ÔÉµ
¡Ò²µ ¢ ¸²ÊÎ ¥ µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨ (53)), ¶µ²ÊÎ ¥³ µ±µ´Î É¥²Ó´µ [96]:

Z{p}
n ∼

∫ [
n∏
i=1

dh
{1}
i dh

{p}
i

]
∆(h{1})∆(h{p})A(h{1}i , h

{p}
i ) ≡

≡
∫ [

p∏
l=1

n∏
i=1

dh
{l}
i

]
∆(h{1})∆(h{p})×

× exp

−
∑
i,l

Vl(h
{l}
i )−

p−1∑
l=1

∑
i

h
{l}
i h

{l+1}
i

 . (97)

�ÉµÉ ¨´É¥£· ², ± ± ¨ ¢ µ¤´µ³ É·¨Î´µ³ ¸²ÊÎ ¥, ³µ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´ Î¥-
·¥§ ¶·µ¨§¢¥¤¥´¨¥ ´µ·³ ¸¨¸É¥³Ò µ·Éµ£µ´ ²Ó´ÒÌ ¶µ²¨´µ³µ¢ [80]. ‚ ¸ ³µ³
¤¥²¥, ¢ ¤ ´´µ³ ¸²ÊÎ ¥ ´Ê¦´µ ¢Ò¡· ÉÓ ¡¨µ·Éµ£µ´ ²Ó´ÊÕ ¸¨¸É¥³Ê, É. ¥. ¤¢  ´ -
¡µ·  ¶µ²¨´µ³µ¢ Pn(x) ¨ Qm(y), Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì ¸²¥¤ÊÕÐ¥³Ê ¸µµÉ´µÏ¥´¨Õ
(¡¨)µ·Éµ£µ´ ²Ó´µ¸É¨∗:

〈n|m〉 ≡
∫

dxdyPn(x)Qm(y)A(x, y) = δmnhm(tk, t̄k|ck) ≡ δmn eϕn , (98)

£¤¥ ¢·¥³¥´  tk ¨ t̄k ¶ · ³¥É·¨§ÊÕÉ ¶µÉ¥´Í¨ ²Ò V1 ¨ Vp ¸µµÉ¢¥É¸É¢¥´´µ, ¢
Éµ ¢·¥³Ö ± ± µ¸É ²Ó´Ò¥ ¶µÉ¥´Í¨ ²Ò ¶ · ³¥É·¨§ÊÕÉ¸Ö ±µÔËË¨Í¨¥´É ³¨ ck.
’ ±¨³ µ¡· §µ³, · §´Ò¥ ´ ¡µ·Ò ck µ¶¨¸Ò¢ ÕÉ · §´Ò¥ ·¥Ï¥´¨Ö ¨´É¥£·¨·Ê¥³µ°
¨¥· ·Ì¨¨,   ³´µ£µ³ É·¨Î´Ò¥ ³µ¤¥²¨, ¶µ ¸ÊÉ¨, Ô±¢¨¢ ²¥´É´Ò ¤¢ÊÌ³ É·¨Î´µ°,
´µ ¸ ´¥É·¨¢¨ ²Ó´µ° ³¥·µ°.

�·¨ ¶µ³µÐ¨ ¢¢¥¤¥´´ÒÌ ¶µ²¨´µ³µ¢ ¨´É¥£· ² (97) ¶¥·¥¶¨¸Ò¢ ¥É¸Ö ¢ Ëµ·³¥
(56) ¸ ´µ¢Ò³¨ ϕn, ¨ ³µ¦´µ ¢Ò¢¥¸É¨ ¶·¥¤¸É ¢²¥´¨¥ ‹ ±¸  ¤²Ö ¸µµÉ¢¥É¸É¢Ê-
ÕÐ¥° ¨´É¥£·¨·Ê¥³µ° ¸¨¸É¥³Ò, ¶µ¤µ¡´µ ¸²ÊÎ Õ µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨. 
 
¸ ³µ³ ¤¥²¥, É¥¶¥·Ó ³Ò ¶µ± ¦¥³, ÎÉµ ¢¸¥ ³´µ£µ³ É·¨Î´Ò¥ ³µ¤¥²¨ µÉ¢¥Î ÕÉ
¤¢Ê³¥·¨§µ¢ ´´µ° Í¥¶µÎ±¥ ’µ¤Ò [97,106,107], ¨ µ¡¸Ê¤¨³  ²£¥¡·Ê ’“ ¸¨¸É¥³Ò.

2.2.1. ˆ´É¥£·¨·Ê¥³Ò¥ ¸¢µ°¸É¢  ³´µ£µ³ É·¨Î´ÒÌ ³µ¤¥²¥°. 
 Î´¥³ ¸
¢Ò¢µ¤  ¶¥·¢µ£µ Ê· ¢´¥´¨Ö ¨¥· ·Ì¨¨ [97]. Š ± ¨ ¢ µ¤´µ³ É·¨Î´µ³ ¸²ÊÎ ¥,
´µ·³¨·Ê¥³ ¶µ²¨´µ³Ò ´  ¥¤¨´¨Î´Ò° ±µÔËË¨Í¨¥´É ¶·¨ ²¨¤¨·ÊÕÐ¥³ Î²¥´¥:

Pn(x) = xn +O(xn−1), Qm(y) = ym +O(ym−1). (99)

∗‡ ³¥É¨³, ÎÉµ É ± µ¶·¥¤¥²¥´´µ¥ ¸± ²Ö·´µ¥ ¶·µ¨§¢¥¤¥´¨¥ ´¥ Ö¢²Ö¥É¸Ö ¸¨³³¥É·¨Î´Ò³:
〈n| |m〉 	= 〈m| |n〉.
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�¶·¥¤¥²¨³ · §²µ¦¥´¨¥

xPn ≡ Pn+1 +
n∑
k=0

αnkPk, yQn ≡ Qn+1 +
n∑
k=0

βnkQk. (100)

’¥¶¥·Ó, ¤¨ËË¥·¥´Í¨·ÊÖ ¸µµÉ´µÏ¥´¨¥ µ·Éµ£µ´ ²Ó´µ¸É¨ (98) ¶µ ¢·¥³¥´ ³ t1 ¨
t̄1 ¨ ¨¸¶µ²Ó§ÊÖ (99), (100), ¶µ²ÊÎ ¥³ ¶·¨ n = m

∂ϕn
∂t1

= −αnn,
∂ϕn
∂t̄1

= −βnn, (101)

  ¶·¨ n = m

∂Pn
∂t1

=
n−1∑
k=0

αnkPk,
∂Qn
∂t1

=
〈n|n〉

〈n− 1|n− 1〉Qn−1,

∂Pn
∂t̄1

=
〈n|n〉

〈n− 1|n− 1〉Pn−1,
∂Qn
∂t̄1

=
n−1∑
k=0

βnkQk.

(102)

’¥¶¥·Ó ¶·µ¤¨ËË¥·¥´Í¨·Ê¥³ ¶µ ¶¥·¢Ò³ ¢·¥³¥´ ³ ¸ ³¨ ¸µµÉ´µÏ¥´¨Ö (99),
(100) ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¶µ²ÊÎ¥´´ÒÌ Éµ¦¤¥¸É¢. �Éµ ¤ ¸É ´ ¡µ· ¸µµÉ´µÏ¥´¨°

∂αnn
∂t1

= −αn+1,n + αn,n−1,
∂αnn
∂t̄1

= −〈n+ 1|n+ 1〉
〈n|n〉 +

〈n|n〉
〈n− 1|n− 1〉 ,

∂βnn
∂t1

= −〈n+ 1|n+ 1〉
〈n|n〉 +

〈n|n〉
〈n− 1|n− 1〉 , (103)

∂βnn
∂t̄1

= −βn+1,n + βn,n−1.


 ±µ´¥Í, ¨¸¶µ²Ó§ÊÖ (101) ¨ (103), µ±µ´Î É¥²Ó´µ ¶µ²ÊÎ ¥³ ¶¥·¢µ¥ Ê· ¢´¥´¨¥
¨¥· ·Ì¨¨

∂2ϕn
∂t1∂t̄1

=
〈n+ 1|n+ 1〉

〈n|n〉 − 〈n|n〉
〈n− 1|n− 1〉 =

= exp {ϕn+1 − ϕn} − exp {ϕn − ϕn−1} . (104)

�Éµ Ê· ¢´¥´¨¥, ¤¥°¸É¢¨É¥²Ó´µ, µÉ¢¥Î ¥É ¤¢Ê³¥·¨§µ¢ ´´µ° Í¥¶µÎ±¥ ’µ¤Ò [111].
‚ ¦´Ò³ µÉ²¨Î¨¥³ Í¥¶µÎ±¨ ’µ¤Ò µÉ ¥¥ ¤¢Ê³¥·¨§µ¢ ´´µ° ¢¥·¸¨¨ Ö¢²Ö¥É¸Ö Éµ,
ÎÉµ ¢ ÔÉµ° ¶µ¸²¥¤´¥° Ê· ¢´¥´¨Ö (101) ¨ (103) ´¥ µ¡· §ÊÕÉ § ³±´ÊÉÊÕ ¸¨-
¸É¥³Ê, ¶µ¸±µ²Ó±Ê µ´¨ ¸µ¤¥·¦ É É ±¦¥ αn,n+1 ¨ É. ¤., ±µÉµ·Ò¥ ´¥ ¢Ò· ¦ ÕÉ¸Ö
Î¥·¥§ 〈n|n〉, αnn ¨ βnn. ’ ±¨³ µ¡· §µ³, É·¥¡ÊÕÉ¸Ö Ê· ¢´¥´¨Ö ¶µ ¸É ·Ï¨³
(´  ¸ ³µ³ ¤¥²¥, ¶µ ¢¸¥³ ¸É ·Ï¨³) ¢·¥³¥´ ³ [101]. �·¨Î¨´  ¦¥ ¶·µ¸ÉµÉÒ
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Í¥¶µÎ±¨ ’µ¤Ò Å ¢ É·¥Ì¤¨ £µ´ ²Ó´µ¸É¨ ¥¥ ¶·¥¤¸É ¢²¥´¨Ö ‹ ±¸ , ±µÉµ·µ¥ ¤ ¥É

¸µµÉ´µÏ¥´¨¥ αn,n−1 = Rn =
〈n+ 1|n+ 1〉

〈n|n〉 .

Šµ´¥Î´µ, ¤¥°¸É¢ÊÖ  ´ ²µ£¨Î´µ ¸²ÊÎ Õ µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨, ³µ¦´µ ¶µ-
²ÊÎ¨ÉÓ ¨ ¢¸Õ ¨¥· ·Ì¨Õ ¤¢Ê³¥·¨§µ¢ ´´µ° Í¥¶µÎ±¨ ’µ¤Ò, µ¤´ ±µ, ± ± Ê¦¥
¢¨¤´µ ¨§ ¶·¨¢¥¤¥´´µ£µ ¢Ò¢µ¤  ¶¥·¢µ£µ Ê· ¢´¥´¨Ö, ¢ÒÎ¨¸²¥´¨Ö ¸É ´µ¢ÖÉ¸Ö
¢¥¸Ó³  £·µ³µ§¤±¨³¨. �µÔÉµ³Ê ³Ò §¤¥¸Ó ¨¸¶µ²Ó§Ê¥³ ¤·Ê£µ° ³¥Éµ¤, ¶·¨³¥´Ö¢-
Ï¨°¸Ö É ±¦¥ ¢ µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨, Å ¶µ²ÊÎ¨³ ¤¥É¥·³¨´ ´É´µ¥ ¶·¥¤¸É -
¢²¥´¨¥ ¤²Ö ¸É É¨¸É¨Î¥¸±µ° ¸Ê³³Ò É¥µ·¨¨ [106, 107]. ‚ÒÎ¨¸²¥´¨¥ ¶µ¤µ¡´µ
¢Ò¢µ¤Ê Ëµ·³Ê²Ò (82) ¨ ·¥§Ê²ÓÉ É ¨³¥¥É ÉµÉ ¦¥ ¢¨¤:

Zn = det
n×n

C
{p}
ij , (105)

µÉ²¨Î Ö¸Ó ²¨ÏÓ Ö¢´Ò³ ¢Ò· ¦¥´¨¥³ ¤²Ö ³ É·¨ÍÒ ³µ³¥´Éµ¢

C
{p}
ij ≡

∫
dxdyxi−1yj−1A(x, y), C

{p}
11 ≡ C{p}. (106)

�µ¸²¥¤´ÖÖ ³ É·¨Í  ³µ³¥´Éµ¢ ¶µ-¶·¥¦´¥³Ê Ê¤µ¢²¥É¢µ·Ö¥É Ê¸²µ¢¨Ö³ (83) ¨
(84),   ¢Ò· ¦¥´¨¥ (86) É¥¶¥·Ó ¶·¨´¨³ ¥É ¢¨¤

Zn = (−)n det
ij

∂i−1∂̄j−1C{p}. (107)

�Éa Ëµ·³Ê² , ¤¥°¸É¢¨É¥²Ó´µ, µ¶¨¸Ò¢ ¥É τ -ËÊ´±Í¨Õ ¤¢Ê³¥·¨§µ¢ ´´µ° Í¥¶µÎ±¨
’µ¤Ò [106,107,112], ±µÉµ·ÊÕ É ±¦¥ ¨´µ£¤  ´ §Ò¢ ÕÉ [101] ¤¢Ê³¥·´µ° ·¥Ï¥É-
±µ° ’µ¤Ò (2�’).

B ¸ ³µ³ ¤¥²¥, ¢µ§´¨±´µ¢¥´¨¥ ¤¢Ê³¥·´µ° ¸É·Ê±ÉÊ·Ò ¤µ¢µ²Ó´µ ¥¸É¥¸É¢¥´´µ,
¥¸²¨ ¢¸¶µ³´¨ÉÓ, ÎÉµ ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  (107) ³´µ£µ³ É·¨Î´µ° ³µ¤¥²¨ ¸Ê-
Ð¥¸É¢¥´´µ § ¢¨¸¨É µÉ ¤¢ÊÌ · §²¨Î´ÒÌ ´ ¡µ·µ¢ ¢·¥³¥´ (¢ Éµ ¢·¥³Ö ± ± µ¸É ²Ó-
´Ò¥ ¢·¥³¥´  ¶ · ³¥É·¨§ÊÕÉ ·¥Ï¥´¨¥). Šµ´¥Î´µ, ¡µ²¥¥ ¥¸É¥¸É¢¥´´µ° ± ¦¥É¸Ö
± ·É¨´ , ¢ ±µÉµ·µ° Î¨¸²µ ´¥§ ¢¨¸¨³ÒÌ ´ ¡µ·µ¢ ¢·¥³¥´ ¸µ¢¶ ¤ ¥É ¸ Î¨¸²µ³
³ É·¨Í. ŒÒ µ¶¨Ï¥³ É ±¨¥ ³µ¤¥²¨ ¢ ¶. 2.3, ¶·¨Î¥³ µ± §Ò¢ ¥É¸Ö, ÎÉµ µ¤´µ¢·¥-
³¥´´µ ÔÉ¨ ³µ¤¥²¨ ¡Ê¤ÊÉ µ¡² ¤ ÉÓ ¡µ²¥¥ ¥¸É¥¸É¢¥´´µ°  ²£¥¡·µ° ’“.

2.2.2. ’µ¦¤¥¸É¢  “µ·¤  ¢ ³´µ£µ³ É·¨Î´ÒÌ ³µ¤¥²ÖÌ. ’¥¶¥·Ó ¶¥·¥°-
¤¥³ ± µ¡¸Ê¦¤¥´¨Õ ’“ ¢ ³´µ£µ³ É·¨Î´ÒÌ ³µ¤¥²ÖÌ. •µ·µÏµ ¨§¢¥¸É´Ò³ Ë ±-
Éµ³ Ö¢²Ö¥É¸Ö ÊÉ¢¥·¦¤¥´¨¥, ÎÉµ ´¥¶·¥·Ò¢´ Ö n-³ É·¨Î´ Ö ³µ¤¥²Ó µ¶¨¸Ò¢ ¥É¸Ö
W (n+1)- ²£¥¡·µ° ’“ [64,94]. Š ± ¶µ± § ´µ ¢ µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨, ³µ¦´µ
¡Ò²µ ¡Ò µ¦¨¤ ÉÓ  ´ ²µ£¨Î´ÊÕ  ²£¥¡·Ê ¨ ¢ ¤¨¸±·¥É´µ³ ¸²ÊÎ ¥. �± §Ò¢ ¥É¸Ö,
µ¤´ ±µ, ÎÉµ ¤¨¸±·¥É´Ò¥ ³´µ£µ³ É·¨Î´Ò¥ ³µ¤¥²¨ (95) ¨³¥ÕÉ £µ· §¤µ ¡µ²¥¥
§ ¶ÊÉ ´´Ò¥ ’“ [95,108].

Šµ´¥Î´µ, ¥¸²¨ µÉ´¥¸É¨ Î²¥´ ¸ ¢§ ¨³µ¤¥°¸É¢¨¥³ · §´ÒÌ ³ É·¨Í ¢ (95)
¢ ³¥·Ê [108], ³µ¦´µ ¶µ¢Éµ·¨ÉÓ · ¸¸Ê¦¤¥´¨¥, ¶·µ¢¥¤¥´´µ¥ ¢ µ¤´µ³ É·¨Î´µ³



Œ�’�ˆ—
›… Œ�„…‹ˆ „‚“Œ…�
�‰ ƒ��‚ˆ’�–ˆˆ 1091

¸²ÊÎ ¥, ¨ ¶µ²ÊÎ¨ÉÓ n ´¥§ ¢¨¸¨³ÒÌ (¡µ·¥²¥¢¸±¨Ì ¶µ¤ ²£¥¡·)  ²£¥¡· ‚¨· ¸µ·µ∗

L(cl)
q =

∑
k

ktk
∂

∂tk+q
¸ n ≥ −1. (108)

lµ²¥¥ Éµ£µ, ¨§ ± ¦¤µ° É ±µ°  ²£¥¡·Ò ´¥¸²µ¦´µ ¸±µ´¸É·Ê¨·µ¢ ÉÓ W - ²£¥¡·Ê
¶·µ¨§¢µ²Ó´µ£µ ¸¶¨´ :

w(r+1)
q =

∑
k1 . . . kr−1L

(cl)
q+k1+...+kr−1

=

=
∑

k1 . . . kr−1
∂

∂tq+k1+...+kr−1

. (109)

�¤´ ±µ ÊÎ¥É ®±¢ ´Éµ¢ÒÌ¯ ¶µ¶· ¢µ±, É. ¥. ³¥·Ò, ¶µ²´µ¸ÉÓÕ · §·ÊÏ ¥É ÔÉ¨ ’“,
É ± ÎÉµ, ´  ¶¥·¢Ò° ¢§£²Ö¤, ¸¨¸É¥³  ´¥ ¸µ¤¥·¦¨É ¤µ¸É ÉµÎ´µ ³´µ£µ ¢§ ¨³µ¤¥°-
¸É¢¨° ¤²Ö µ¶¨¸ ´¨Ö ¡µ£ Éµ£µ ´ ¡µ·  ’“. ’¥³ ´¥ ³¥´¥¥ ÔÉµ ´¥ É ±, ¨, ÎÉµ¡Ò
Ê¢¨¤¥ÉÓ ¡µ²ÓÏÊÕ  ²£¥¡·Ê ’“, ´Ê¦´µ ¢¸¶µ³´¨ÉÓ, ÎÉµ ¨´É¥£·¨·Ê¥³ Ö ¸É·Ê±ÉÊ· 
³´µ£µ³ É·¨Î´ÒÌ ³µ¤¥²¥° ¸É·Ê±ÉÊ·´µ ¸¢µ¤¨² ¸Ó ± ¤¢ÊÌ³ É·¨Î´µ° ³µ¤¥²¨ (¸
¡µ²¥¥ ¸²µ¦´µ° ³¥·µ°). �µÔÉµ³Ê ¡Ê¤¥³ ¨§ÊÎ ÉÓ ¤¢ÊÌ³ É·¨Î´ÊÕ ³µ¤¥²Ó, ¶·¨-
Î¥³ ¢ ± Î¥¸É¢¥ µ¤´µ£µ ¨§ ¶µÉ¥´Í¨ ²µ¢ ¢Ò¡¥·¥³ ¶µ²¨´µ³ ±µ´¥Î´µ£µ ¶µ·Ö¤± .
�µ¸É·µ¨³ ’“ ¢ ÔÉµ° ³µ¤¥²¨, § ¤ ´´Ò¥ ± ± ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ µ¶¥· Éµ·Ò ´ 
µ¤´µ³ ´ ¡µ·¥ ¢·¥³¥´ tk. ‡ ³¥É¨³, ÎÉµ ÔÉµ ·¥Ï ¥É ¶·µ¡²¥³Ê ¸µ ³´µ£¨³¨
±µ¶¨Ö³¨  ²£¥¡· ’“, ¶µ²ÊÎ¥´´Ò³¨ ¢ ±² ¸¸¨Î¥¸±µ³ ¸²ÊÎ ¥.


¥¶·¥·Ò¢´Ò° ¶·¥¤¥² É ±µ°  ¸¨³³¥É·¨Î´µ° ¤¢ÊÌ³ É·¨Î´µ° ³µ¤¥²¨ ¨§Ê-
Î ²¸Ö ¢ [113], £¤¥ ¡Ò²µ ¶µ± § ´µ, ÎÉµ ¥¥ ´ ¡µ· ’“ Å W (n)- ²£¥¡· , £¤¥ n Å
¸É¥¶¥´Ó ¶µÉ¥´Í¨ ² . ‡¤¥¸Ó ³Ò ¤µ± ¦¥³ [95], ÎÉµ ´  ¤¨¸±·¥É´µ³ Ê·µ¢´¥  ²-
£¥¡·  ’“ Å ´¥±µÉµ· Ö ®¤¥Ëµ·³¨·µ¢ ´´ Ö¯ W (n)- ²£¥¡· . � §²¨Î¨¥ ³¥¦¤Ê
ÔÉ¨³¨  ²£¥¡· ³¨ ¨¸Î¥§ ¥É ¢ ´¥¶·¥·Ò¢´µ³ ¶·¥¤¥²¥. ’ ±¨³ µ¡· §µ³, ¤¢ÊÌ³ É-
·¨Î´ Ö ³µ¤¥²Ó µ¶¨¸Ò¢ ¥É ’“ ³´µ£µ³ É·¨Î´ÒÌ ³µ¤¥²¥° Å Ë ±É ¤µ¸É ÉµÎ´µ
±· ¸¨¢Ò° ¨ ´¥µ¦¨¤ ´´Ò°. Šµ´¥Î´µ, ¥Ð¥ ¡µ²ÓÏ¥¥ ³´µ£µµ¡· §¨¥ ’“ ¤ ¤ÊÉ
³´µ£µ³ É·¨Î´Ò¥  ¸¨³³¥É·¨Î´Ò¥ ³µ¤¥²¨ ¸ Ë¨±¸¨·µ¢ ´´Ò³¨ ¶µÉ¥´Í¨ ² ³¨
³´µ£¨Ì ³ É·¨Í.

ˆÉ ±, ³Ò ¨§ÊÎ ¥³ ¤¢ÊÌ³ É·¨Î´ÊÕ ³µ¤¥²Ó, § ¤ ´´ÊÕ ¤¢µ°´Ò³ ¨´É¥£· ²µ³
¶µ n×n Ô·³¨Éµ¢Ò³ ³ É·¨Í ³, ¢Ìµ¤ÖÐ¨³ ¢ ¨´É¥£· ²  ¸¨³³¥É·¨Î´Ò³ µ¡· §µ³
(ÎÉµ µÉ· ¦¥´µ ¢ ¨Ì µ¡µ§´ Î¥´¨ÖÌ):

ZV,U =
∫

DXDΛ exp (−tr {V [Λ] + U [X ]− ΛX}) ≡

≡
∫

DΛ e−tr V [Λ]FU{Λ}, (110)

∗„²Ö ±· É±µ¸É¨ ³Ò ¨´µ£¤  ¡Ê¤¥³ µ¶Ê¸± ÉÓ § ³¥Î ´¨¥ ¶·µ ¡µ·¥²¥¢¸±ÊÕ Î ¸ÉÓ  ²£¥¡·Ò, ¢¸²¥¤-
¸É¢¨¥ Éµ£µ Ë ±É , ÎÉµ ´¥¶·µÉ¨¢µ·¥Î¨¢µ ´ ²µ¦¥´´Ò¥ ¸¢Ö§¨ ³µ£ÊÉ µ¡· §µ¢Ò¢ ÉÓ Éµ²Ó±µ ¡µ·¥²¥¢-
¸±ÊÕ ¶µ¤ ²£¥¡·Ê, ¶µ¸±µ²Ó±Ê µ´  ´¥ ¨³¥¥É Í¥´É· ²Ó´µ£µ § ·Ö¤ .
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¶·¨Î¥³ ¶µÉ¥´Í¨ ²Ò V ¨ U ¨³¥ÕÉ ¢¨¤

V [Λ] =
∞∑
k≥0

tkΛk, U [X ] =
K∑
k≥0

skX
k. (111)


¨¦¥ ³Ò ¨¸¶µ²Ó§Ê¥³ µÎ¥¢¨¤´µ¥ µ¡µ§´ Î¥´¨¥ ZV,U ≡ ZU{tk}.
’¥¶¥·Ó ³Ò ¶·µ¤¥³µ´¸É·¨·Ê¥³ ´µ¢ÊÕ É¥Ì´¨±Ê ¢Ò¢µ¤  ’“, ±µÉµ·ÊÕ ³Ò

¡Ê¤¥³  ±É¨¢´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¢ ´¥¶·¥·Ò¢´ÒÌ ³ É·¨Î´ÒÌ ³µ¤¥²ÖÌ. „²Ö ÔÉµ£µ
¨§ÊÎ¨³ ¢´ Î ²¥ µ¤´µ³ É·¨Î´Ò° ¶µ¤Ò´É¥£· ² ¢ (110):

FU{Λ} =
∫

DX exp (−tr U [X ] + tr ΛX) , (112)

· ¸¸³ É·¨¢ ¥³Ò° ± ± ËÊ´±Í¨µ´ ² ¢´¥Ï´¥£µ ¶µ²Ö Λ. ’“ ¤²Ö ÔÉµ£µ ¨´É¥£· ² 
¡Ò²¨ ¶µ²ÊÎ¥´Ò ¢ [95, 114, 115, 130] ¨ ¨³¥ÕÉ µÎ¥´Ó ¶·µ¸Éµ° ¢¨¤:(

tr ΛpU ′ [∂/∂Λtr]− tr Λp+1
)
FU{Λ} = 0. (113)

�·µÐ¥ ¢¸¥£µ ¨Ì ¢Ò¢¥¸É¨, ¸¤¢¨£ Ö ¶¥·¥³¥´´ÊÕ

X → X + Λp, (114)

¶µ¤µ¡´µ Éµ³Ê, ± ± ÔÉµ ¤¥² ²µ¸Ó ¶·¨ ¢Ò¢µ¤¥ Ê¸²µ¢¨° ‚¨· ¸µ·µ ¢ µ¤´µ³ -
É·¨Î´µ° ³µ¤¥²¨. �Éµ Éµ ¦¥ ¸ ³µ¥, ÎÉµ ¶·µ¨´É¥£·¨·µ¢ ÉÓ ¶µ²´ÊÕ ¶·µ¨§¢µ¤-

´ÊÕ
∂

∂Xtr
µÉ ¶µ¤Ò´É¥£· ²Ó´µ£µ ¢Ò· ¦¥´¨Ö ¢ (112), ±µÉµ· Ö  ¢Éµ³ É¨Î¥¸±¨

§ ´Ê²Ö¥É¸Ö.
’¥¶¥·Ó ¨§ (110) ¨ (113) ²¥£±µ ¶µ²ÊÎ¨ÉÓ

∂ZU
∂tp+1

=−
∫

DΛ e−trV [Λ] tr Λp+1FU{Λ} =

= −
∫
DΛ e−trV [Λ] tr

(
ΛpU ′

[
∂

∂Λtr

])
FU{Λ}. (115)

�µ¸²¥ ¨´É¥£·¨·µ¢ ´¨Ö ¶µ Î ¸ÉÖ³ ÔÉµ ¢Ò· ¦¥´¨¥ ¶¥·¥Ìµ¤¨É ¢

∫
DΛFU{Λ} tr

(
U ′

[
− ∂

∂Λtr

]
Λp

)
e−tr V [Λ] =

=
K∑
k>0

ksk

∫
DΛFU{Λ} tr

((
− ∂

∂Λtr

)k−1

Λp
)
e−trV [Λ]. (116)
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‹¨¤¨·ÊÕÐ¨° Î²¥´ ¢Ò· ¦¥´¨Ö ¢ ¶· ¢µ° Î ¸É¨, É. ¥.

KsK

∫
DΛFU{Λ}

{
tr Λp(V ′[Λ])K−1 +O(V K−2)

}
=

= KsK
∑

a1,...,aK−1

a1ta1 . . . aK−1taK−1

∂

∂ta1+...+aK−1+p+1−K
ZU{t}, (117)

ÔÉµ ®±² ¸¸¨Î¥¸± Ö¯ Î ¸ÉÓ µ¶¥· Éµ·  W
(K)
p+1−K Å (p + 1 − K)-Ö £ ·³µ´¨± 

£¥´¥· Éµ·  ¸µ ¸¶¨´µ³ K WK - ²£¥¡·Ò, ¤¥°¸É¢ÊÕÐ Ö ´  ZU{t}. (‡ ³¥É¨³
É ±¦¥, ÎÉµ, ¸µ£² ¸´µ (116), p ≥ 0.) ‘µ¢¶ ¤¥´¨¥ ±² ¸¸¨Î¥¸±µ° Î ¸É¨ ’“ ¸ W -
 ²£¥¡·µ°, ¶µ ¸ÊÉ¨, ¨ ¥¸ÉÓ ·¥ ²Ó´ Ö ¶·¨Î¨´  ¤²Ö ¢µ§´¨±´µ¢¥´¨Ö ÔÉµ° ¶µ¸²¥¤´¥°
¢ ´¥¶·¥·Ò¢´µ³ ¶·¥¤¥²¥ [113]. �¤´ ±µ ´  Ê·µ¢´¥ ¤¨¸±·¥É´µ° ³ É·¨Î´µ° ³µ-
¤¥²¨ ³Ò ¶µ²ÊÎ¨²¨ ´µ¢ÊÕ W̃ - ²£¥¡·Ê.

‚ µ¡Ð¥³ ¢¨¤¥ ’“ (115) ³µ£ÊÉ ¡ÒÉÓ ¶¥·¥¶¨¸ ´Ò ± ± ¸²¥¤ÊÕÐ¨° ´ ¡µ·
¸¢Ö§¥°: (

− ∂

∂tp+1
+

K∑
k>0

kskW̃
(k)
p+1−k{t}

)
ZU{t} = 0, (118)

£¤¥ µ¶¥· Éµ·Ò W̃ (k) µ¶·¥¤¥²¥´Ò Ëµ·³Ê²µ°

W̃
(k)
p+1−ke

−trV [Λ] = −tr
((

− ∂

∂Λtr

)k−1

Λp
)
e−trV [Λ]. (119)

�É¨ µ¶¥· Éµ·Ò Ê¤µ¢²¥É¢µ·ÖÕÉ ·¥±Ê··¥´É´Ò³ ¸µµÉ´µÏ¥´¨Ö³

W̃ (k+1)
p =

∑
n

ntnW̃
(k)
n+p +

∑
a+b=p+k−1

∂

∂ta
W̃

(k)
b+1−k, p ≥ −k, (120)

¸ ®´ Î ²Ó´Ò³¨¯

W̃ (2)
p = Lp =

∑
n

ntn
∂

∂tn+p
+

∑
a+b=p

∂2

∂ta∂tb
, p ≥ −1,

W̃ (1)
p = Jp =

∂

∂tp
, p ≥ 0.

(121)

„²Ö ¢Ò¢µ¤  (120) ´Ê¦´µ ¶·µ¸Éµ Ö¢´µ ¢ÒÎ¨¸²¨ÉÓ ¶·µ¨§¢µ¤´ÊÕ ∂/∂Λtr ¢ (119).
“· ¢´¥´¨Ö (121) ¢Ò¢µ¤ÖÉ¸Ö ¸µ¢¸¥³ É·¨¢¨ ²Ó´µ. ‡ ³¥É¨³, ÎÉµ £¥´¥· Éµ·Ò L =
W̃ (2) µ¡· §ÊÕÉ ®´ ¸ÉµÖÐÊÕ¯  ²£¥¡·Ê ‚¨· ¸µ·µ.

‚ ¦´Ò³ µÉ²¨Î¨¥³ ’“ (115) µÉ ®´ ¸ÉµÖÐ¥°¯ W - ²£¥¡·Ò ’“ Ö¢²Ö¥É¸Ö Éµ,
ÎÉµ ¢ (115) ¢Ìµ¤¨É ¸· §Ê ±µ³¡¨´ Í¨Ö ¸¶¨´µ¢, § ¢¨¸ÖÐ Ö µÉ ¶µÉ¥´Í¨ ² , ¢ Éµ
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¢·¥³Ö ± ± W - ²£¥¡·  ’“ ¢±²ÕÎ ¥É ¢ ¸¥¡Ö £¥´¥· Éµ·Ò ¢¸¥Ì ³² ¤Ï¨Ì ¸¶¨´µ¢
± ± µÉ¤¥²Ó´Ò¥ ¸¢Ö§¨. �¤´ ±µ, ¶µ¸±µ²Ó±Ê (120) ¨ (121) ¶µ¤· §Ê³¥¢ ÕÉ, ÎÉµ
¢¸¥ W̃ (k)-µ¶¥· Éµ·Ò ¢ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ ¶·µ¶µ·Í¨µ´ ²Ó´Ò ²¨´¥°´Ò³ ±µ³¡¨-
´ Í¨Ö³ £¥´¥· Éµ·µ¢  ²£¥¡·Ò ‚¨· ¸µ·µ L = W̃ (2), ¢ ´¥¶·¥·Ò¢´µ³ ¶·¥¤¥²¥
¢µ¸¸É ´ ¢²¨¢ ¥É¸Ö ¶· ¢¨²Ó´ Ö ¸É·Ê±ÉÊ·  W - ²£¥¡·Ò.

�·µ±µ³³¥´É¨·Ê¥³ É¥¶¥·Ó ¢±· ÉÍ¥, ± ± É¥Ì´¨±  ¢Ò¢µ¤  ’“, ¶·¥¤²µ¦¥´´ Ö
¢ µ¤´µ³ É·¨Î´µ³ ¸²ÊÎ ¥, ³µ¦¥É ¡ÒÉÓ ¶·¨³¥´¥´  ¨ ± ³µ¤¥²¨ (110). „²Ö ÔÉµ£µ
´Ê¦´µ · ¸¸³µÉ·¥ÉÓ ¸²¥¤ÊÕÐ¨° µ¤´µ¢·¥³¥´´Ò° ¸¤¢¨£ ¶¥·¥³¥´´ÒÌ ¢ ¨´É¥£· ²¥
(110):

δX = Λp, p ≥ 0, δΛ =
(

K∑
m=0

msm

m−2∑
k=0

(−)k+1(V ′)kXm−2−k

)
Λp. (122)

�ÉµÉ ¸¤¢¨£ ¶¥·¥³¥´´ÒÌ ¨´¤ÊÍ¨·Ê¥É ¸²¥¤ÊÕÐÊÕ ¢ ·¨ Í¨Õ ¶µÉ¥´Í¨ ² :

δS =

(
K∑
m=0

msm(−)m(V ′)m−1

)
Λp + Λp+1. (123)

�¥·¢Ò° Î²¥´ ¢ ÔÉµ³ ¢Ò· ¦¥´¨¨ ¤ ¥É ®±² ¸¸¨Î¥¸±ÊÕ¯ Î ¸ÉÓ W̃ - ²£¥¡·Ò,  
¢Éµ·µ° µÉ¢¥Î ¥É ¶·µ¨§¢µ¤´µ° ∂/∂tp+1 ¢ (115).

„²Ö ¢ÒÎ¨¸²¥´¨Ö ±¢ ´Éµ¢ÒÌ ¶µ¶· ¢µ± ´¥µ¡Ìµ¤¨³µ ÊÎ¥¸ÉÓ Ö±µ¡¨ ´ ¶·¥-
µ¡· §µ¢ ´¨Ö (122). ‚ ·¨ Í¨Ö ¶¥·¥³¥´´µ°X (122) (¸µ¢¶ ¤ ÕÐ Ö, ¥¸É¥¸É¢¥´´µ,
¸ (114)) ´¥ ³¥´Ö¥É ³¥·Ò ¨´É¥£·¨·µ¢ ´¨Ö DXDΛ, µ¤´ ±µ ¢ ·¨ Í¨Ö Λ Å ³¥-
´Ö¥É, ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨° Ö±µ¡¨ ´ ¤ ¥É ®±¢ ´Éµ¢Ò¥¯ ¶µ¶· ¢±¨ ¢ (115).

2.2.3. ‘É·Ê±ÉÊ·  ¨ ¸¢µ°¸É¢  W̃ - ²£¥¡·Ò. P ¸¸³µÉ·¨³ ¸¢µ°¸É¢  ´µ¢µ°
 ²£¥¡·Ò W̃ [95]. �·¥¦¤¥ Î¥³ ¶¥·¥Ìµ¤¨ÉÓ ± ±µ´±·¥É´Ò³ Ëµ·³Ê² ³, ¸¤¥² ¥³
´¥¸±µ²Ó±µ µ¡Ð¨Ì § ³¥Î ´¨°.

‚µ-¶¥·¢ÒÌ, ± ± µ¡ÒÎ´µ, ³Ò ¡Ê¤¥³ µ¡¸Ê¦¤ ÉÓ Éµ²Ó±µ ®¶µ²µ¢¨´Ê¯  ²£¥¡·Ò,

ÎÉµ ¢ ¤ ´´µ³ ¸²ÊÎ ¥ µ§´ Î ¥É Éµ²Ó±µ £ ·³µ´¨±¨ W̃
(K)
p ¸ p ≥ 1 −K  ²£¥¡·Ò

W̃ (K) (¸³. (119)).
‚µ-¢Éµ·ÒÌ, µÉ³¥É¨³ ¢ ¦´µ¸ÉÓ ¢µ¶·µ¸  µ Éµ³, Ö¢²Ö¥É¸Ö ²¨ ´ ¡µ· W̃Ä’“

(115) § ³±´ÊÉÒ³. ‚ [53, ¶·¨²µ¦. 1] ¶µ± § ´µ, ÎÉµ µ´ § ³±´ÊÉ,   ¨³¥´´µ

[W̃ (K)
p , W̃ (K)

q ] ∈ Span W̃ (K)
r , (124)

£¤¥ Span µ§´ Î ¥É ¢¸¥ ¢µ§³µ¦´Ò¥ ²¨´¥°´Ò¥ ±µ³¡¨´ Í¨¨ ¸ ±µÔËË¨Í¨¥´É ³¨,
²¨´¥°´µ § ¢¨¸ÖÐ¨³¨ µÉ ¢·¥³¥´ ¨ ¶·µ¨§¢µ¤´ÒÌ ¶µ ´¨³, ¶·¨Î¥³ r ≥ 1 − K
¶µ¤µ¡´µ Éµ³Ê, ± ± p, q ≥ 1 − K . (‘É·µ£µ £µ¢µ·Ö, § ³±´ÊÉµ¸ÉÓ ’“ (115)

¶µ¤· §Ê³¥¢ ¥É É ±¦¥  ´ ²µ£¨Î´ÊÕ Ëµ·³Ê²Ê ¤²Ö ±µ³³ÊÉ Éµ·µ¢ ¸Ê³³ W̃
(K)
p

¸ µ¶¥· Éµ· ³¨ ¡µ²¥¥ ´¨§±µ£µ ¸¶¨´  W̃ (n), n < K , ¢ Éµ³ Î¨¸²¥ ¸ ¶¥·¢µ°
¶·µ¨§¢µ¤´µ°, ± ± ¢ (115) (¸³. [53, ¶·¨²µ¦. 1]).)
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‡ ³¥É¨³, ÎÉµ (124) Ö¢²Ö¥É¸Ö ¸µ¢¥·Ï¥´´µ ´¥É·¨¢¨ ²Ó´Ò³ ¸¢µ°¸É¢µ³

W̃ - ²£¥¡·Ò Å µ´µ ´¨± ± ´¥ ¸²¥¤Ê¥É ¨§ Éµ£µ Ë ±É , ÎÉµ W̃
(K)
p ³µ¦¥É ¡ÒÉÓ

¢Ò· ¦¥´µ Î¥·¥§ Lq ¨²¨ Jq. lµ²¥¥ Éµ£µ, W̃ (K)Z = 0 ´¥ µ§´ Î ¥É, ÎÉµ µ¶¥-

· Éµ·Ò ´¨§Ï¥£µ ¸¶¨´  W̃ (n), n < K , § ´Ê²ÖÕÉ Z . �µÔÉµ³Ê (124) Ö¢²Ö¥É¸Ö
¸µ¢¥·Ï¥´´µ ´¥µ¡Ìµ¤¨³Ò³ ¤²Ö § ³±´ÊÉµ¸É¨ ’“ (115).

‚-É·¥ÉÓ¨Ì, ¶µ¸É·µ¥´´ Ö §¤¥¸Ó W̃ - ²£¥¡·  Ê¤¨¢¨É¥²Ó´Ò³ µ¡· §µ³ ¢µ§´¨-
± ¥É ¢ ¸µ¢¥·Ï¥´´µ µÉ²¨Î´µ³ ±µ´É¥±¸É¥ ´¥¶·¥·Ò¢´ÒÌ ³ É·¨Î´ÒÌ ³µ¤¥²¥°
[53,95,116], ÎÉµ ¤¥³µ´¸É·¨·Ê¥É ¥¥ Ê´¨¢¥·¸ ²Ó´Ò° Ì · ±É¥·, ¶µ ±· °´¥° ³¥·¥,
¢ ³ É·¨Î´ÒÌ ³µ¤¥²ÖÌ.


 ±µ´¥Í, ¢-Î¥É¢¥·ÉÒÌ, ÉµÉ Ë ±É, ÎÉµ ±µ³³ÊÉ Éµ· µ¶¥· Éµ·µ¢ W̃ (K) ¢

(124) ´¥ ¶·µ¶µ·Í¨µ´ ²¥´ ¶·µ¸Éµ W̃
(2K−2)
p+q , ¤¥³µ´¸É·¨·Ê¥É, ÎÉµ ⊕KW̃

(K) Å
´¥  ²£¥¡·  ‹¨ (ÎÉµ¡Ò ¸¤¥² ÉÓ ¥¥ ¶µÌµ¦¥° ´  W∞, ´¥µ¡Ìµ¤¨³µ, ¶µ ±· °-
´¥° ³¥·¥, ¨§³¥´¨ÉÓ ¡ §¨¸). �Éµ ¤¥² ¥É W̃ ¥Ð¥ ¡µ²¥¥ ¶µÌµ¦¥° ´  µ¡ÒÎ´Ò¥
W - ²£¥¡·Ò, ±µÉµ·Ò¥ É ±¦¥ ´¥²¨´¥°´Ò ¨ § ³±´ÊÉÒ, ±µ£¤  · ¸¸³ É·¨¢ ÕÉ¸Ö
Éµ²Ó±µ µ¶¥· Éµ·Ò W̃ (n) ¸µ ¸¶¨´µ³ n ≤ K .

Ÿ¢´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¶¥·¢ÒÌ Î²¥´µ¢ W̃ -¸¥³¥°¸É¢  ¨ ¨Ì ±µ³³ÊÉ Í¨µ´´Ò¥
¸µµÉ´µÏ¥´¨Ö ³µ£ÊÉ ¡ÒÉÓ ´ °¤¥´Ò ¢ [53, ¶·¨²µ¦. 1].

‚¢¥¤¥³ Éµ±¨ (¶µ²µ¦¨É¥²Ó´Ò¥ ³µ¤Ò ±µÉµ·ÒÌ Ê¦¥ ¶µÖ¢²Ö²¨¸Ó ¢ (121))∗

J(z) =
√
2∂φ(z) =

∑
k>0

ktkz
k−1 +

∑
k≥0

1
zk+1

∂

∂tk
=

=
∑
k>0

J−kz
k−1 +

∑
k≥0

Jkz
−k−1. (125)

’µ£¤  µ¡ÒÎ´Ò¥ W -µ¶¥· Éµ·Ò ³µ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ± ±

W (K)
p =: JK :−K−p, (126)

£¤¥ ¸É ´¤ ·É´µ¥ ´µ·³ ²Ó´µ¥ Ê¶µ·Ö¤µÎ¨¢ ´¨¥ :. . . : µ§´ Î ¥É, ÎÉµ ¢¸¥ ¶µ²µ¦¨-
É¥²Ó´Ò¥ ³µ¤Ò Éµ±µ¢ ¤µ²¦´Ò ¡ÒÉÓ ¶·µÉ Ð¥´Ò ´ ¶· ¢µ,   ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥
±µ³³ÊÉ Éµ·Ò Å ¢Ò¡·µÏ¥´Ò.

�´ ²µ£¨Î´Ò³ µ¡· §µ³ ³µ¦´µ ¢¢¥¸É¨ ¤·Ê£µ¥ ´µ·³ ²Ó´µ¥ Ê¶µ·Ö¤µÎ¨¢ ´¨¥,
±µÉµ·µ¥ ¡Ê¤¥³ µ¡µ§´ Î ÉÓ ‡ . . . ‡. �´µ ¶µ§¢µ²Ö¥É § ¶¨¸ ÉÓ W̃ -µ¶¥· Éµ·Ò ¶·¨
¶µ³µÐ¨ É¥Ì ¦¥ Ëµ·³Ê² (126). �Éµ ´µ·³ ²Ó´µ¥ Ê¶µ·Ö¤µÎ¨¢ ´¨¥ µ¶·¥¤¥²¥´µ
É ±, ÎÉµ Î²¥´Ò ¸ ®´¥¶· ¢¨²Ó´Ò³¯ ¶µ·Ö¤±µ³ ³µ¤ Éµ±µ¢ ¤µ²¦´Ò ¡ÒÉÓ ¶·µ¸Éµ
µÉ¡·µÏ¥´Ò. —Éµ¡Ò Ê¢¨¤¥ÉÓ, ± ± ÔÉµ · ¡µÉ ¥É, · ¸¸³µÉ·¨³ ¤¢  ¶·µ¸É¥°Ï¨Ì
¶·¨³¥· .

∗‡ ³¥É¨³, ÎÉµ ¶µ²µ¦¨É¥²Ó´Ò¥ ³µ¤Ò ¸ÉµÖÉ ¶·¨ µÉ·¨Í É¥²Ó´ÒÌ ¸É¥¶¥´ÖÌ z ¨ ´ µ¡µ·µÉ. ’ ± Ö
É¥·³¨´µ²µ£¨Ö ¶µ§¢µ²Ö¥É ¨§¡ ¢¨ÉÓ¸Ö µÉ ¡µ²ÓÏµ£µ ±µ²¨Î¥¸É¢  §´ ±µ¢ ®³¨´Ê¸¯.
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�¥·¢Ò° ¨§ ´¨Ì Å ÔÉµ  ²£¥¡·  ‚¨· ¸µ·µ, ¶µ²µ¦¨É¥²Ó´Ò¥ £¥´¥· Éµ·Ò ±µ-
Éµ·µ° ³µ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ± ± ¸Ê³³  É·¥Ì Î²¥´µ¢:

J−J+ + J+J− + J+J+. (127)

‘É ´¤ ·É´µ¥ ´µ·³ ²Ó´µ¥ Ê¶µ·Ö¤µÎ¨¢ ´¨¥ ÔÉµ£µ ¢Ò· ¦¥´¨Ö ¶·¨¢µ¤¨É ±

L = 2J−J+ + J+J+, (128)

  ´µ¢µ¥ Å ±

L̃ = J−J+ + J+J+. (129)

Šµ´¥Î´µ, ÔÉ¨ ¤¢  ¢Ò· ¦¥´¨Ö ¸¢µ¤ÖÉ¸Ö µ¤´µ ± ¤·Ê£µ³Ê ¶·µ¸ÉÒ³ ¶¥·¥³ ¸ÏÉ -
¡¨·µ¢ ´¨¥³ ¢·¥³¥´. �Éµ, µ¤´ ±µ, Ê¦¥ ´¥ É ± ¢ ¸²ÊÎ ¥ W̃ (3)- ²£¥¡·Ò.

„¥°¸É¢¨É¥²Ó´µ, ¸µµÉ¢¥É¸É¢ÊÕÐ Ö ¸Ê³³  Éµ±µ¢ ¢ ÔÉµ³ ¸²ÊÎ ¥ ¨³¥¥É ¢¨¤

(J−J+J+ + J+J−J+ + J+J+J−) + (J+J−J− +
+ J−J+J− + J−J−J+) + J+J+J+. (130)

�·¨ ¸É ´¤ ·É´µ³ ´µ·³ ²Ó´µ³ Ê¶µ·Ö¤µÎ¨¢ ´¨¨ ¢¸¥ Î²¥´Ò ¢ ¸±µ¡± Ì · ¢´Ò
¤·Ê£ ¤·Ê£Ê, ¨ ³Ò ¶·¨Ìµ¤¨³ ± Ëµ·³Ê²¥ ¤²Ö µ¡ÒÎ´µ£µ W (3)-£¥´¥· Éµ· .

‚ ¸²ÊÎ ¥ ¦¥ W̃ (3)-£¥´¥· Éµ·µ¢ É·¥É¨° Î²¥´ ¢ ¶¥·¢µ° ¸±µ¡±¥ ¨ ¶¥·¢Ò¥
¤¢  ¢µ ¢Éµ·µ° · ¢´Ò ´Ê²Õ,   J+J−J+ ¤ ¥É ´¥´Ê²¥¢µ° ¢±² ¤ Éµ²Ó±µ ¶·¨ Ê¸²µ-
¢¨¨ (J−J+)p c p ≥ −1. ’µ£¤  ÔÉµÉ Î²¥´ µÉ¢¥Î ¥É ¶· ¢¨²Ó´µ³Ê ¶µ·Ö¤±Ê ¨

¶·¨¢µ¤¨É ± ¸µµÉ¢¥É¸É¢ÊÕÐ¥³Ê Î²¥´Ê ¢ W̃ (3)-£¥´¥· Éµ·¥. ’ ±¨³ µ¡· §µ³, ³Ò
¶µ²ÊÎ ¥³ W̃ (3)-£¥´¥· Éµ·, ¶·¨Î¥³ ¢¸¥ Î²¥´Ò, ± ± ¨ ¤µ²¦´µ ¡ÒÉÓ [53], ¢Ìµ¤ÖÉ
¸ ¥¤¨´¨Î´Ò³¨ ±µÔËË¨Í¨¥´É ³¨.

ˆÉ ±, ´µ¢µ¥ ´µ·³ ²Ó´µ¥ Ê¶µ·Ö¤µÎ¨¢ ´¨¥ ³µ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´µ ¢ ¢¨¤¥

W̃ (K)
p = ‡(∂φ)K‡p = ‡JK‡p =

=
∑

p1+...+pK=p
pK≥0

pK−1+pK≥−1
pK−2+pK−1+pK≥−2

. . .

Jp1 . . . JpK ¸ p ≥ 1−K. (131)

…£µ µ¶·¥¤¥²ÖÕÐ¨³ ¸¢µ°¸É¢µ³ Ö¢²Ö¥É¸Ö ‡AB‡ = ‡A(‡B‡)‡, ´µ ‡AB‡ =
‡(‡A‡)B‡.

ŒÒ ´¥ ¡Ê¤¥³ §¤¥¸Ó ¡µ²¥¥ ¶µ¤·µ¡´µ µ¶¨¸Ò¢ ÉÓ ¸¢µ°¸É¢  W̃ - ²£¥¡·, ¸µ-
Ï²¥³¸Ö ´  [53, ¶·¨²µ¦. 1] ¨ [95]. ‡ ³¥É¨³ Éµ²Ó±µ, ÎÉµ µ¡Ð Ö ¤¢ÊÌ³ É·¨Î´ Ö
³µ¤¥²Ó (¸ ¶·µ¨§¢µ²Ó´Ò³ ¶µÉ¥´Í¨ ²µ³) µÉ¢¥Î ¥É ¶·¥¤¥²Ê ¡¥¸±µ´¥Î´µ£µ ¸¶¨´ 
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W̃ - ²£¥¡·Ò. ’ ±¨³ µ¡· §µ³, ¨§¢¥¸É´µ¥ ÊÉ¢¥·¦¤¥´¨¥, ÎÉµ ¤²Ö µ¶¨¸ ´¨Ö ¢¸¥Ì
±·¨É¨Î¥¸±¨Ì ÉµÎ¥± ³´µ£µ³ É·¨Î´ÒÌ ³µ¤¥²¥° (É. ¥. W - ²£¥¡· ¸ ²Õ¡Ò³¨ ¸¶¨-
´ ³¨) ¤µ¸É ÉµÎ´µ ³µ¤¥²¨ µ¡Ð¥£µ ¢¨¤ , ´µ ¸ ³ ²Ò³ Î¨¸²µ³ ³ É·¨Í (´  ¸ ³µ³
¤¥²¥, ¤µ¸É ÉµÎ´µ ¤ ¦¥ µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨, ´µ Éµ£¤  É·¥¡Ê¥É¸Ö ¸²µ¦´Ò°
´¥¶·¥·Ò¢´Ò° ¶·¥¤¥² [117]), ¶µ²ÊÎ ¥É ¸¢µÕ ¨´É¥·¶·¥É Í¨Õ ´  ¤¨¸±·¥É´µ³
Ê·µ¢´¥.

2.3. Šµ´Ëµ·³´Ò¥ ³ É·¨Î´Ò¥ ³µ¤¥²¨. ’¥¶¥·Ó, ¸²¥¤ÊÖ · ¡µÉ ³ [118Ä120],
¶·µ¤¥³µ´¸É·¨·Ê¥³ ¶·¥¤¸É ¢²¥´¨¥ ³ É·¨Î´ÒÌ ¨´É¥£· ²µ¢ ¢ ¢¨¤¥, ¸ ¸ ³µ£µ ´ -
Î ²  ¶µ¤· §Ê³¥¢ ÕÐ¥³ ¨Ì ±µ´Ëµ·³´ÊÕ ¨´¢ ·¨ ´É´µ¸ÉÓ [69] (ÎÉµ, ±µ´¥Î´µ,
µ¡ÑÖ¸´Ö¥É, ¶µÎ¥³Ê ’“ ¢ µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨ µ¡· §ÊÕÉ ¨³¥´´µ  ²£¥¡·Ê ‚¨-
· ¸µ·µ). �Éµ ¶·¥¤¸É ¢²¥´¨¥ ¶µ§¢µ²¨É ´ ³ µ¶·¥¤¥²¨ÉÓ ´µ¢Ò° ±² ¸¸ ³ É·¨Î´ÒÌ
³µ¤¥²¥°, ±µÉµ·Ò¥ ³Ò ´ §Ò¢ ¥³ ®±µ´Ëµ·³´Ò³¨¯ (³µ¤¥²¨ É ±µ£µ É¨¶  · ¸-
¸³ É·¨¢ ²¨¸Ó É ±¦¥ ¢ ¤·Ê£µ³ ±µ´É¥±¸É¥ ¢ [121]). ‡ ³¥Î É¥²Ó´Ò³ ¸¢µ°¸É¢µ³
ÔÉ¨Ì ³µ¤¥²¥° Ö¢²Ö¥É¸Ö Éµ, ÎÉµ µ´¨ Ê¦¥ ´  ¤¨¸±·¥É´µ³ Ê·µ¢´¥ µ¡² ¤ ÕÉ ®¶· -
¢¨²Ó´Ò³¨¯ ’“, µ¡· §ÊÕÐ¨³¨ W - ²£¥¡·Ê, ¨ ¶µÉµ³Ê ¤µ¶Ê¸± ÕÉ ¸µ¢¥·Ï¥´´µ
´¥¶µ¸·¥¤¸É¢¥´´ÊÕ ¶·µÍ¥¤Ê·Ê ¢§ÖÉ¨Ö ´¥¶·¥·Ò¢´µ£µ ¶·¥¤¥²  (¸³. [53]).

2.3.1. Šµ´Ëµ·³´µ¥ ¶·¥¤¸É ¢²¥´¨¥ µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨. 
 Î´¥³ ¸
Éµ£µ, ÎÉµ ¶·µ¤¥³µ´¸É·¨·Ê¥³, ± ± ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  µ¤´µ³ É·¨Î´µ° ³µ-
¤¥²¨ (52) ³µ¦¥É ¡ÒÉÓ ¶¥·¥¢¥¤¥´  ´  Ö§Ò± ±µ··¥²ÖÉµ·µ¢ ¢ £ Ê¸¸µ¢µ° ±µ´Ëµ·³-
´µ° É¥µ·¨¨ ¶µ²Ö ¸ Í¥´É· ²Ó´Ò³ § ·Ö¤µ³ c = 1, ¶·¨Î¥³ ¢¨· ¸µ·µ¢¸±¨¥ ’“ (91)
¶·¨´¨³ ÕÉ ¶·¨ ÔÉµ³ ¸É ´¤ ·É´ÊÕ Ëµ·³Ê £¥´¥· Éµ·µ¢  ²£¥¡·Ò ‚¨· ¸µ·µ [69]
¢ É¥µ·¨¨ µ¤´µ£µ ¸¢µ¡µ¤´µ£µ ¸± ²Ö·´µ£µ ¶µ²Ö [118].

„²Ö ÔÉµ£µ · ¸¸³µÉ·¨³ £µ²µ³µ·Ë´Ò¥ ±µ³¶µ´¥´ÉÒ ¸± ²Ö·´µ£µ ¶µ²Ö

φ(z) = Q̂+ P̂ log z +
∑
k �=0

J−k
k

z−k,

[Jn,Jm] = nδn+m,0, [Q̂, P̂ ] = 1

(132)

¨ µ¶·¥¤¥²¨³ ¢ ±ÊÊ³´Ò¥ ¸µ¸ÉµÖ´¨Ö Ëµ·³Ê² ³¨

Jk|0〉 = 0, 〈n|J−k = 0, k > 0, P̂ |0〉 = 0, 〈N |P̂ = n〈n|. (133)

®�µ²µ¢¨´ ¯ ±µ³¶µ´¥´É É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ ∗

T (z) =
1
2
[∂φ(z)]2 =

∑
Tqz

−q−2,

Tq =
1
2

∑
k>0

J−kJk+q +
1
2

∑
a+b=q
a,b≥0

JaJb
(134)

∗„²Ö ¶·µ¸ÉµÉÒ ³Ò µ¶Ê¸± ¥³ §´ ± ´µ·³ ²Ó´µ£µ Ê¶µ·Ö¤µÎ¨¢ ´¨Ö ¢ µÎ¥¢¨¤´ÒÌ ³¥¸É Ì, ´ ¶·¨-
³¥·, ¢ ¢Ò· ¦¥´¨ÖÌ ¤²Ö T ¨ W Î¥·¥§ ¸¢µ¡µ¤´Ò¥ ¶µ²Ö.
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§ ´Ê²Ö¥É¸Ö ´  SL(2)-¨´¢ ·¨ ´É´µ³ ¢ ±ÊÊ³¥:

Tq|0〉 = 0, q ≥ −1. (135)

�¶·¥¤¥²¨³ £ ³¨²ÓÉµ´¨ ´ Ëµ·³Ê²µ°

H(t) =
1√
2

∑
k>0

tkJk =
∮
C0

V (z)j(z),

V (z) =
∑
k>0

tkz
k, j(z) =

1√
2
∂φ(z).

(136)

’¥¶¥·Ó ·¥Ï¨³ Ê¸²µ¢¨Ö ‚¨· ¸µ·µ (90) ¢ µ¡Ð¥³ ¢¨¤¥. ˆ´Ò³¨ ¸²µ¢ ³¨,
¢Ò¢¥¤¥³ µ¡Ð¨° ¢¨¤ ¸É É¨¸É¨Î¥¸±µ° ¸Ê³³Ò, µ¡² ¤ ÕÐ¥° ¢¨· ¸µ·µ¢¸±µ° ¸¨³-
³¥É·¨¥° (90) (¨ ¶¥·¥¶¨¸Ò¢ ÕÐ¥°¸Ö ¢ É¥·³¨´ Ì ¸¢µ¡µ¤´ÒÌ ¶µ²¥°). Œµ¦´µ
²¥£±µ ¸±µ´¸É·Ê¨·µ¢ ÉÓ ®±µ´Ëµ·³´µ¥¯ ·¥Ï¥´¨¥ (90) ¢ ¤¢  ÔÉ ¶ . 
  ¶¥·¢µ³
Ï £¥ ²¥£±µ ¶·µ¢¥·¨ÉÓ Ö¢´Ò³ ¢ÒÎ¨¸²¥´¨¥³ ¶· ¢¨²Ó´µ¸ÉÓ ®¡ §¨¸´µ£µ ¶·¥µ¡· -
§µ¢ ´¨Ö¯

Lq〈n|eH(t) . . . = 〈n|eH(t)Tq . . . , (137)

±µÉµ·µ¥ ¶µ± §Ò¢ ¥É, ± ± ¢¨· ¸µ·µ¢¸±¨¥ £¥´¥· Éµ·Ò (91) ¶·¥µ¡· §ÊÕÉ¸Ö ± £¥-
´¥· Éµ· ³  ²£¥¡·Ò ‚¨· ¸µ·µ ¢ £ Ê¸¸µ¢¸±µ° ³µ¤¥²¨. 
  ¢Éµ·µ³ Ï £¥ ¸²¥¤Ê¥É
§ ³¥É¨ÉÓ, ÎÉµ, ¢ ± Î¥¸É¢¥ ¶·Ö³µ£µ ¸²¥¤¸É¢¨Ö (137), ²Õ¡µ° ±µ··¥²ÖÉµ· ¢¨¤ 

〈n|eH(t)G|0〉 (138)

¤ ¥É ·¥Ï¥´¨¥ (90), ¥¸²¨

[Tq, G] = 0, q ≥ −1. (139)

‡ ³¥É¨³, ÎÉµ ¢ ±µ··¥²ÖÉµ·¥ (138) ¶ · ³¥É· n ¸Î¨É ¥É Î¨¸²µ ´Ê²¥¢ÒÌ ³µ¤,
®¢±²ÕÎ¥´´ÒÌ¯ ¢ G, É. ¥. · §³¥· ³ É·¨ÍÒ ¢ (52).

Šµ´Ëµ·³´µ¥ ·¥Ï¥´¨¥ (139) (¨, ¸²¥¤µ¢ É¥²Ó´µ, (93)) ´¥¶µ¸·¥¤¸É¢¥´´µ ¸²¥-
¤Ê¥É ¨§ µ¸´µ¢´ÒÌ ¸¢µ°¸É¢ ¤¢Ê³¥·´µ° ±µ´Ëµ·³´µ°  ²£¥¡·Ò [69]. „¥°¸É¢¨-
É¥²Ó´µ, ²Õ¡µ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö

[T (z), G] = 0 (140)

Ö¢²Ö¥É¸Ö µ¤´µ¢·¥³¥´´µ ¨ ·¥Ï¥´¨¥³ (139),  , ± ± Ìµ·µÏµ ¨§¢¥¸É´µ [69], ·¥-
Ï¥´¨¥ (140) Å ¶·µ¨§¢µ²Ó´ Ö ËÊ´±Í¨Ö Ô±· ´¨·ÊÕÐ¨Ì § ·Ö¤µ¢, ¢ É¥µ·¨¨ ¸¢µ-
¡µ¤´µ£µ ¸± ²Ö·´µ£µ ¶µ²Ö ¤ ¢ ¥³ÒÌ Ëµ·³Ê²µ°

Q± =
∮

J± =
∮
e±

√
2φ. (141)
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‚Ò¡¥·¥³ ¢ ± Î¥¸É¢¥ G Ô±¸¶µ´¥´ÉÊ µÉ Q+. ‘ ÊÎ¥Éµ³ ¶· ¢¨²  µÉ¡µ·  ¶µ
´Ê²¥¢µ° ³µ¤¥ ÔÉµ ¤ ¥É

G = exp Q+ → 1
n!
Qn+. (142)

Šµ´¥Î´µ, µ¡Ð¨° ¸²ÊÎ ° µÉ¢¥Î ¥É G ∼ Qn+m
+ Qm− , ´µ ¢ ¸É ÉÓ¥ [118] ¡Ò² 

¶·¥¤¸É ¢²¥´  µ¡Ð Ö ¶·¥¸±·¨¶Í¨Ö ¤²Ö ±µ´ÉÊ·µ¢ ¨´É¥£·¨·µ¢ ´¨Ö, ¶·¨ ±µÉµ·µ°
§ ¢¨¸¨³µ¸ÉÓ µÉ m ´¥¸ÊÐ¥¸É¢¥´´  ¨ ³µ¦´µ ¶·µ¸Éµ ¶µ²µ¦¨ÉÓ m = 0. 
  ¸ ³µ³
¤¥²¥, ¶·µ¡²¥³  ¶· ¢¨²Ó´µ£µ ¢Ò¡µ·  ±µ´ÉÊ·µ¢ Å ¢¥¸Ó³  ´¥ ¶·µ¸É Ö ¨ ¢ ¦´ Ö
¶·µ¡²¥³  (¸³. ¶µ¤·µ¡´¥¥ ¢ [118]).

‚Ò¡µ· G ± ± ¢ (142) ¶·¨¢µ¤¨É ± (¶· ¢¨²Ó´µ ´µ·³¨·µ¢ ´´µ°) ¸É É¨¸É¨-
Î¥¸±µ° ¸Ê³³¥ µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨. „¥°¸É¢¨É¥²Ó´µ,

Zn(t) = 〈n|eH(t) expQ+|0〉 (143)

¶µ¸²¥ ¢ÒÎ¨¸²¥´¨Ö ±µ··¥²ÖÉµ·  ¢ ¸¢µ¡µ¤´µ° É¥µ·¨¨ ¨  ´ ²¨É¨Î¥¸±µ£µ ¶·µ¤µ²-
¦¥´¨Ö ±µ´ÉÊ·  ¨´É¥£·¨·µ¢ ´¨Ö ¶·¨¢µ¤¨É¸Ö ± ¢Ò· ¦¥´¨Õ

Zn = (n!)−1

∫ n∏
i=1

dzi exp
(
−

∑
tkz

k
i

)
∆2
n(z) =

= (n!Vol U(n))−1

∫
DH exp

(
−

∑
tr tkHk

)
, (144)

É. ¥. ³ É·¨Î´µ³Ê ¨´É¥£· ²Ê (52). �Éµ ¤ ¥É ¶·µ¸É¥°Ï¨° ¶·¨³¥· ±µ´Ëµ·³´µ°
³ É·¨Î´µ° ³µ¤¥²¨, ·¥Ï ÕÐ¥° Ê¸²µ¢¨Ö ‚¨· ¸µ·µ, ´µ · §¢¨ÉÒ° ³¥Éµ¤ ¶µ§¢µ-
²Ö¥É ¸É·µ¨ÉÓ ³µ¤¥²¨ ¸ ’“, µÉ¢¥Î ÕÐ¨³ ¤·Ê£¨³ ¸¨³³¥É·¨Ö³.

2.3.2. ’“ ¢ ³´µ£µ³ É·¨Î´ÒÌ ³µ¤¥²ÖÌ. ’¥¶¥·Ó ³Ò ¶µ¶·µ¡Ê¥³ ¶·¨³¥´¨ÉÓ
· §¢¨ÉÒ° ³¥Éµ¤ ± ¶µ¸É·µ¥´¨Õ ³´µ£µ³ É·¨Î´ÒÌ ³µ¤¥²¥°, ÎÓ¨³¨ ’“ Ö¢²Ö¥É¸Ö
W - ²£¥¡·  (95). ‡ ³¥É¨³, ÎÉµ ¢ ¨´¸É·Ê³¥´É ·¨¨ ¤¢Ê³¥·´ÒÌ ±µ´Ëµ·³´ÒÌ É¥-
µ·¨° ¶µ²Ö Ê¦¥ ¨³¥ÕÉ¸Ö ¢¸¥ ´¥µ¡Ìµ¤¨³Ò¥ ´ ³ ¨´£·¥¤¨¥´ÉÒ [69]: ¢µ-¶¥·¢ÒÌ,
³Ò É¥¶¥·Ó ¤µ²¦´Ò ¢³¥¸Éµ Ê¸²µ¢¨° ‚¨· ¸µ·µ ¨¸± ÉÓ ·¥Ï¥´¨Ö · ¸Ï¨·¥´´ÒÌ
Ê¸²µ¢¨° ‚¨· ¸µ·µ, É. ¥. Ê¸²µ¢¨°, µ¡· §ÊÕÐ¨Ì W - ²£¥¡·Ê. ‚ ÔÉµ³ ¸²ÊÎ ¥ ³Ò
¶µ²ÊÎ¨³ £ ³¨²ÓÉµ´¨ ´Ò, ¢Ò· ¦¥´´Ò¥ Î¥·¥§ ´¥¸±µ²Ó±µ ¸¢µ¡µ¤´ÒÌ ¸± ²Ö·´ÒÌ
¶µ²¥°. ‚µ-¢Éµ·ÒÌ, ¤²Ö Ö¢´µ° ±µ´¸É·Ê±Í¨¨ ·¥Ï¥´¨Ö ³Ò ¤µ²¦´Ò ¨¸¶µ²Ó§µ-
¢ ÉÓ Ô±· ´¨·ÊÕÐ¨¥ § ·Ö¤Ò ¤²Ö W - ²£¥¡·Ò. �¡Ð Ö ¸Ì¥³  ·¥Ï¥´¨Ö ¢Ò£²Ö¤¨É
¸²¥¤ÊÕÐ¨³ µ¡· §µ³.

(i) ‚¢¥¤¥³ £ ³¨²ÓÉµ´¨ ´ ± ± ²¨´¥°´ÊÕ ±µ³¡¨´ Í¨Õ ± ·É ´µ¢¸±¨Ì Éµ±µ¢
 ²£¥¡·Ò Š Í ÄŒÊ¤¨ G Ê·µ¢´Ö 1:

H(t(1), . . . , t(rank G)) =
∑
λ,k>0

t
(λ)
k µλJk, (145)
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£¤¥ {µi} Å ¢¥±Éµ·Ò ¡ §¨¸  ¢ ± ·É ´µ¢¸±µ° £¨¶¥·¶²µ¸±µ¸É¨, ±µÉµ·Ò¥ ¢ ¸²ÊÎ ¥
SL(p+ 1) ¢Ò¡¨· ÕÉ¸Ö É ±, ÎÉµ¡Ò ¢Ò¶µ²´Ö²¨¸Ó ¸²¥¤ÊÕÐ¨¥ Ê¸²µ¢¨Ö:

µiµj = δij −
1

p+ 1
,

p+1∑
j=1

µj = 0. (146)

(ii) „¥°¸É¢¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢ W(a)
i ¶µ ¢·¥³¥´ ³ {t(λ)

k }
³µ¦´µ É¥¶¥·Ó ¶¥·¥¸Î¨É ÉÓ ¨§ ¸µµÉ´µÏ¥´¨Ö

W
(a)
i 〈n|eH({t}) . . . = 〈n|eH({t})W(a)

i . . . ,

a = 2, . . . , p+ 1, i ≥ 1− a,
(147)

£¤¥

W(a)
i =

∮
za+i−1W(a)(z), W(a)(z) =

∑
λ

[µλ∂φ(z)]a + . . . (148)

ÔÉµ W -£¥´¥· Éµ·Ò ¸¶¨´  a, ¶·¨´ ¤²¥¦ Ð¨¥ Wp+1- ²£¥¡·¥ ¨ ¶¥·¥¶¨¸ ´´Ò¥ ¢
É¥·³¨´ Ì (rank G)-±µ³¶µ´¥´É´µ£µ ¸± ²Ö·´µ£µ ¶µ²Ö [122].

(iii) Šµ´Ëµ·³´Ò¥ ·¥Ï¥´¨Ö W -Ê¸²µ¢¨° ¢µ§´¨± ÕÉ ¢ ¢¨¤¥

Z{CMMM,p+1}
n (t) = 〈n|eH(t)G{Q(α)}|0〉, (149)

£¤¥ G Å ¸´µ¢  Ô±¸¶µ´¥´É  µÉ Ô±· ´¨·ÊÕÐ¨Ì § ·Ö¤µ¢  ²£¥¡·Ò Š Í ÄŒÊ¤¨
Ê·µ¢´Ö 1 [69]:

Q(α) =
∮

J (α) =
∮
eαφ, (150)

  {α} Å ±µ·´¨ ±µ´¥Î´µ³¥·´µ°  ²£¥¡·Ò G ¸ ±µ·´Ö³¨ · ¢´µ° ¤²¨´Ò. Šµ·-
·¥²ÖÉµ· (149) ¥¸ÉÓ, ¶µ-¶·¥¦´¥³Ê, ±µ··¥²ÖÉµ· ¢ É¥µ·¨¨ ¸¢µ¡µ¤´µ£µ ¶µ²Ö, ¨
¢ÒÎ¨¸²¥´¨¥ ¤ ¥É ¥£µ µ¶ÖÉÓ ¢ Ëµ·³¥ ³´µ£µ±· É´µ£µ ¨´É¥£· ² 

Z{CMMM,p+1}
n (t) ∼

∫ ∏
α

nα∏
i=1

dz
(α)
i exp

−
∑
λ,k>0

t
(λ)
k (µλα)(z

(α)
i )k

×

×
∏

(α,β)

nα∏
i=1

nβ∏
j=1

(z(α)
i − z

(β)
j )αβ. (151)

…¤¨´¸É¢¥´´µ¥ µÉ²¨Î¨¥ µÉ µ¤´µ³ É·¨Î´µ£µ ¸²ÊÎ Ö (144) Å ÔÉµ Éµ, ÎÉµ ¢Ò· -
¦¥´¨¥ (151) ¶·¨ ¶¥·¥§ ¶¨¸¨ ¢ Ëµ·³¥ ¨´É¥£· ²µ¢ ¶µ ³ É·¨Í ³ ¨³¥¥É ¢¥¸Ó³ 
¸²µ¦´Ò° ¢¨¤, ¢±²ÕÎ ÕÐ¨° ¸²¥¤ÊÕÐ¨¥ µ¡Ñ¥±ÉÒ:

nα∏
i=1

nβ∏
j=1

(z(α)
i − z

(β)
j )αβ −→

[
det {H(α) ⊗ I − I ⊗H(β)}

]αβ

. (152)
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Šµ´Ëµ·³´Ò¥ ³ É·¨Î´Ò¥ ³µ¤¥²¨, µ¶·¥¤¥²¥´´Ò¥ Ëµ·³Ê²µ° (149) ± ± ·¥-
Ï¥´¨Ö W -¸¢Ö§¥°, ¨³¥ÕÉ ¡µ£ ÉÊÕ ¨´É¥£·¨·Ê¥³ÊÕ ¸É·Ê±ÉÊ·Ê ¨ µ¡² ¤ ÕÉ ¥¸É¥-
¸É¢¥´´Ò³ ´¥¶·¥·Ò¢´Ò³ ¶·¥¤¥²µ³ [119,120]. �² Éµ° §  ÔÉµ Ö¢²Ö¥É¸Ö ¨Ì ³¥´¥¥
Ô²¥£ ´É´ Ö ³ É·¨Î´ Ö § ¶¨¸Ó. �¤´ ±µ ÔÉµ ¢¸¥ ¥Ð¥ ³µ¤¥²Ó Í¥¶µÎ±¨ ³ É·¨Í
¸ ¢§ ¨³µ¤¥°¸É¢¨¥³ ¡²¨¦ °Ï¨Ì ¸µ¸¥¤¥° Å ¢ ¸²ÊÎ ¥ SL(p + 1). ‚ µ¡Ð¥³
¸²ÊÎ ¥ ´Ê¦´µ · ¸¸³µÉ·¥ÉÓ ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ ¤¨ £· ³³Ê „Ò´±¨´  ¨ ¸ ± ¦¤µ°
¥¥ ¢¥·Ï¨´µ° µÉµ¦¤¥¸É¢¨ÉÓ ³ É·¨ÍÊ,   ¸ ·¥¡·µ³ Å ¢§ ¨³µ¤¥°¸É¢¨¥. ‚ ¤ ²Ó-
´¥°Ï¥³, µ¤´ ±µ, ³Ò ¡Ê¤¥³ ¶µ²Ó§µ¢ ÉÓ¸Ö Éµ²Ó±µ ¶·¥¤¸É ¢²¥´¨¥³ (151) ¢ ¢¨¤¥
¨´É¥£· ²µ¢ ¶µ ¸µ¡¸É¢¥´´Ò³ §´ Î¥´¨Ö³ (É ± ´ §Ò¢ ¥³ Ö ³µ¤¥²Ó ¸µ¡¸É¢¥´´ÒÌ
§´ Î¥´¨°).

2.3.3. )¥±µÉµ·Ò¥ ¶·¨³¥·Ò. ’¥¶¥·Ó ¶¥·¥°¤¥³ ± ¡µ²¥¥ Ö¢´Ò³ Ëµ·³Ê² ³
¨ · ¸¸³µÉ·¨³ ¸²ÊÎ ° p = 3,  ¸¸µÍ¨¨·µ¢ ´´Ò° ¸ W3- ²£¥¡·µ° ‡ ³µ²µ¤Î¨±µ¢ 
[69], ±µÉµ·Ò° ¤ ¥É ´ ³ ¶·¨³¥· ±µ´Ëµ·³´µ° ¤¢ÊÌ³ É·¨Î´µ° ³µ¤¥²¨. ‚ ÔÉµ³
Î ¸É´µ³ ¸²ÊÎ ¥ Ö¢´Ò¥ Ëµ·³Ê²Ò ¤²Ö £¥´¥· Éµ·µ¢  ²£¥¡·Ò ³µ£ÊÉ ¡ÒÉÓ ´ °¤¥´Ò
¢ [119].

‚ ÔÉµ³ ¸²ÊÎ ¥ ¨³¥¥É¸Ö Ï¥¸ÉÓ Ô±· ´¨·ÊÕÐ¨Ì § ·Ö¤µ¢ Q(±αi) (i = 1, 2, 3),
±µÉµ·Ò¥ ±µ³³ÊÉ¨·ÊÕÉ ¸

W(2)(z) = T (z) =
1
2
[∂φ(z)]2 (153)

¨

W(3)(z) =
3∑

λ=1

(µλ∂φ(z))3, (154)

£¤¥ µλ Å ¢¥±Éµ·Ò µ¤´µ£µ ¨§ ËÊ´¤ ³¥´É ²Ó´ÒÌ ¶·¥¤¸É ¢²¥´¨° (3 ¨²¨ 3̄)
£·Ê¶¶Ò SL(3).

T¥¶¥·Ó ¢Ò¶¨Ï¥³ Ö¢´µ ·¥Ï¥´¨¥ Éµ¦¤¥¸É¢ “µ·¤ . Šµ´±·¥É´ Ö Ëµ·³  ¨´-
É¥£· ²Ó´µ£µ ¶·¥¤¸É ¢²¥´¨Ö (151) § ¢¨¸¨É µÉ Î ¸É´µ£µ ¢Ò¡µ·  ¢¸É ¢µ± Ô±· ´¨-
·ÊÕÐ¨Ì µ¶¥· Éµ·µ¢ ¢ ±µ··¥²ÖÉµ· (149). ‘²¥¤ÊÖ [118], ³Ò ¡Ê¤¥³ µ¡¸Ê¦¤ ÉÓ
·¥Ï¥´¨Ö, ±µÉµ·Ò¥ ´¥ ¸µ¤¥·¦ É §´ ³¥´ É¥²Ö. �¤´  ¨§ ¶·¨Î¨´ É ±µ£µ ¢Ò-
¡µ·  Å ´ ¨¡µ²¥¥ ¶·µ¸É Ö ¨´É¥£·¨·Ê¥³ Ö ¸É·Ê±ÉÊ·  ¢ ÔÉµ³ ¸²ÊÎ ¥ (¸³. ´¨¦¥,
  É ±¦¥ [106,107]). �¸É ²Ó´Ò¥ ¸²ÊÎ ¨ ³µ£ÊÉ ¡ÒÉÓ ¨¸¸²¥¤µ¢ ´Ò ÉµÎ´µ É ± ¦¥.
‡ ³¥É¨³, ÎÉµ µ¡Ð¥¥ ·¥Ï¥´¨¥ (151) ³µ¦¥É ¡ÒÉÓ ¶·µ ´ ²¨§¨·µ¢ ´µ ¢ · ³± Ì
Ëµ·³ ²¨§³  É¥µ·¨¨ ¸¢µ¡µ¤´ÒÌ Ë¥·³¨µ´µ¢ (¸³. ¶. 2.5).

�¤´¨³ ¨§ ¸¶µ¸µ¡µ¢ ¨§¡¥¦ ÉÓ ¶·µ¡²¥³Ò ¸ ´ ²¨Î¨¥³ ¤µ¶µ²´¨É¥²Ó´ÒÌ ·¥-
Ï¥´¨° Ö¢²Ö¥É¸Ö ¸¶¥Í¨ ²Ó´ Ö ¶·¥¸±·¨¶Í¨Ö ¤²Ö ±µ´ÉÊ·µ¢ ¨´É¥£·¨·µ¢ ´¨Ö. �·¥-
¦¤¥ ¢¸¥£µ § ³¥É¨³, ÎÉµ, ± ± ¢ ²Õ¡µ° ±µ´Ëµ·³´µ° É¥µ·¨¨, ´¥µ¡Ìµ¤¨³µ · ¸¸³ -
É·¨¢ ÉÓ § ³±´ÊÉÒ¥ ±µ´ÉÊ·Ò ¢ µ¶·¥¤¥²¥´¨¨ Ô±· ´¨·ÊÕÐ¨Ì µ¶¥· Éµ·µ¢ (141),
(150). ’µ£¤  §´ ³¥´ É¥²Ó ³µ¦¥É ¡ÒÉÓ ²¥£±µ ¶·µ¨´É¥£·¨·µ¢ ´ ¸ ¨¸¶µ²Ó§µ-
¢ ´¨¥³ ¸É ´¤ ·É´µ° É¥Ì´¨±¨ ¢ÒÎ¥Éµ¢. �¤´ ±µ ¢ µ±µ´Î É¥²Ó´µ³ µÉ¢¥É¥ ´¥-
µ¡Ìµ¤¨³µ ¤¥Ëµ·³¨·µ¢ ÉÓ ±µ´ÉÊ· ¤µ ¶µ²µ¦¥´¨Ö, µ¶·¥¤¥²¥´´µ£µ ±µ´±·¥É´µ°
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³µ¤¥²ÓÕ. ‘± ¦¥³, ¢ ¶·µ¸É¥°Ï¥³ ¸²ÊÎ ¥ Ô·³¨Éµ¢µ° µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨
¨´É¥£·¨·µ¢ ´¨¥ ¨¤¥É ¢¤µ²Ó ¢¥Ð¥¸É¢¥´´µ° µ¸¨. �·µÍ¥¤Ê·  ¤¥Ëµ·³ Í¨¨ ±µ´-
ÉÊ·  ´¥ ¸²¨Ï±µ³ ¶·µ¸É Ö, ¶µ¸±µ²Ó±Ê Éµ²Ó±µ ¶µ¸²¥ Éµ£µ, ± ± µ´  ¶·µ¤¥² ´ ,
·¥Ï¥´¨¥ ¸É ´µ¢¨É¸Ö ´¥É·¨¢¨ ²Ó´Ò³. (‚ µ¶·¥¤¥²¥´´µ³ ¸³Ò¸²¥ ¶·¨ ¶· ¢¨²Ó´µ

µ¶·¥¤¥²¥´´µ³ ±µ´ÉÊ·¥ Q(i)|0〉 =
∫

R

J (i)|0〉 = |0〉, ± ± ¤µ²¦´µ ¡Ò²µ ¡Ò ¡ÒÉÓ

¤²Ö § ³±´ÊÉµ£µ ±µ´ÉÊ· .) ’ ±¨³ µ¡· §µ³, ´ Ï  ¶·¥¸±·¨¶Í¨Ö ¶µ¤· §Ê³¥¢ ¥É,
ÎÉµ ¢´ Î ²¥ ´ ¤µ ¶·µ¨´É¥£·¨·µ¢ ÉÓ ¶µ ´¥±µÉµ·µ° Î ¸É¨ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥-
´¨°,   § É¥³ ¨¸¶µ²Ó§µ¢ ÉÓ  ´ ²¨É¨Î¥¸±µ¥ ¶·µ¤µ²¦¥´¨¥. �µ¤·µ¡´µ ÔÉ  ¶·µÍ¥-
¤Ê·  µ¡ÑÖ¸´¥´  ¢ [118].

�·µ¸É¥°Ï¥¥ ·¥Ï¥´¨¥, ±µÉµ·µ¥ ´¥ ¸µ¤¥·¦¨É §´ ³¥´ É¥²¥°, ¸µµÉ¢¥É¸É¢Ê¥É
¸¶¥Í¨ ²Ó´µ³Ê ±µ··¥²ÖÉµ·Ê

Z{CMMM,p}
N [{t}] = 〈N|eH({t})

∏
i

expQαi |0〉, (155)

±µ£¤  ³Ò ¢Ò¡¨· ¥³ ¢ ± Î¥¸É¢¥ αi ¸µ¸¥¤´¨¥ (´¥ ¶·µ¸ÉÒ¥!) ±µ·´¨: (αiαj) = 1.
‚ ¸²ÊÎ ¥ SL(3) ÔÉµ µÉ¢¥Î ¥É ¢¸É ¢± ³, ¸± ¦¥³, Éµ²Ó±µ Qα1 ¨ Qα2 :

Z{CMMM,2}
n1,n2

[t, t̄ ] =
1

n1!n2!
〈n1, n2|eH(t,t̄ )(Q(α1))n1(Qα2)n2 |0〉 =

=
1

n1!n2!

∫ [
2∏
l=1

nl∏
il=1

dh
{l}
il

]
2∏
l=1

∆2(h{l})×

×
∏
i,j

(h{1}i − h
{2}
j ) exp

−
∑
i,l

Vl(h
{l}
i )

 . (156)

”µ·³ ²¨§³, · §¢¨ÉÒ° ¢ ´ ¸ÉµÖÐ¥³ · §¤¥²¥, ³µ¦¥É ¶·¨³¥´ÖÉÓ¸Ö ¨ ± ¶µ-
¸É·µ¥´¨Õ ³ É·¨Î´ÒÌ ³µ¤¥²¥° ¸ ¤·Ê£¨³¨ ¸¨³³¥É·¨Ö³¨, ¸± ¦¥³, ¸  ËË¨´´µ°.
� ¸¸³µÉ·¨³ ¢±· ÉÍ¥ ¥Ð¥ ¤¢  ¢ ¦´ÒÌ ¶·¨³¥· . �¥·¢Ò° ¨§ ´¨Ì Å ÔÉµ ¸Ê¶¥·-
¸¨³³¥É·¨Î´ Ö ³ É·¨Î´ Ö ³µ¤¥²Ó. �´  ¡Ò²  ¢¶¥·¢Ò¥ ¶µ¸É·µ¥´  ¢ [123] ¶ÊÉ¥³
¤²¨´´ÒÌ ¨ ¸²µ¦´ÒÌ ¢ÒÎ¨¸²¥´¨° Å  ¢Éµ·Ò ¸É·µ¨²¨ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò Ê· ¢-
´¥´¨° LnZ = 0 ¨ GmZ = 0 ¸ £¥´¥· Éµ· ³¨ {Ln, Gm}, µ¡· §ÊÕÐ¨³¨ N = 1
¸Ê¶¥·±µ´Ëµ·³´ÊÕ  ²£¥¡·Ê, ´¥ ¨¸¶µ²Ó§ÊÖ ±µ´Ëµ·³´µ£µ ¶·¥¤¸É ¢²¥´¨Ö. lÒ²µ
´ °¤¥´µ ·¥Ï¥´¨¥ ¢ ¢¨¤¥ ³´µ£µ±· É´µ£µ ¨´É¥£· ²  ¶µ Î¥É´Ò³ ¨ ´¥Î¥É´Ò³
(£· ¸¸³ ´µ¢Ò³) ¶ · ³¥É· ³. 
  ´ Ï¥³ ¦¥ Ö§Ò±¥ ÔÉµÉ ¶·¨³¥· Å ¶·µ¸Éµ¥ ¨
´¥¶µ¸·¥¤¸É¢¥´´µ¥ µ¡µ¡Ð¥´¨¥ ¸²ÊÎ Ö µ¤´µ£µ ¸± ²Ö·´µ£µ ¶µ²Ö ´  ¸²ÊÎ ° µ¤´µ£µ
¸± ²Ö·´µ£µ ¸Ê¶¥·¶µ²Ö. �·¨ ÔÉµ³ ¢¸É ¢±  Ô±· ´¨·ÊÕÐ¨Ì µ¶¥· Éµ·µ¢ N = 1
¸Ê¶¥·±µ´Ëµ·³´µ°  ²£¥¡·Ò ´¥¶µ¸·¥¤¸É¢¥´´µ ¢¥¤¥É ± ·¥§Ê²ÓÉ ÉÊ [123]. „¥°-
¸É¢¨É¥²Ó´ Ö ¶·µ¡²¥³  ¢µ§´¨± ¥É Éµ²Ó±µ ¸µ ¸²ÊÎ ¥³ N = 2 ¨§-§  µÉ¸ÊÉ¸É¢¨Ö
´Ê¦´µ£µ Î¨¸²  ¶µ¤Ìµ¤ÖÐ¨Ì Ô±· ´¨·ÊÕÐ¨Ì µ¶¥· Éµ·µ¢.
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‚Éµ·µ° ¨´É¥·¥¸´Ò° ¶·¨³¥· Å ÔÉµ ¤¥Ëµ·³ Í¨Ö ¢¨· ¸µ·µ¢¸±¨Ì ¨²¨
W -Ê¸²µ¢¨° ¶·¨ ¶µ³µÐ¨ ¶·µÍ¥¤Ê·Ò ”¥°£¨´ Ä”Ê±¸ Ä„µÍ¥´±µÄ” É¥¥¢  [69].
‚ ÔÉµ³ ¸²ÊÎ ¥ Ëµ·³Ê²Ò (143) ¨ (149) ¢¸¥ ¥Ð¥ ¢¥·´Ò, É ± ÎÉµ ´¥µ¡Ìµ¤¨³µ
Éµ²Ó±µ ¨§³¥´¨ÉÓ µ¶·¥¤¥²¥´¨Ö (134), (148) ´ 

T =
1
2
[∂φ(z)]2 + α0∂

2φ (157)

¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ Ëµ·³Ê²Ò ¤²Ö W - ²£¥¡· ¸µ ¸É ·Ï¨³ ¸¶¨´µ³ ¸ Í¥´É· ²Ó-
´Ò³ § ·Ö¤µ³ c < rankG,   É ±¦¥ ¶µ¤Ìµ¤ÖÐ¨³ µ¡· §µ³ ¤¥Ëµ·³¨·µ¢ ÉÓ £¥´¥· -
Éµ·Ò (67), § ¶¨¸ ´´Ò¥ ¢ É¥·³¨´ Ì ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢. „¥Ëµ·³¨-
·µ¢ ´´Ò¥ £¥´¥· Éµ·Ò ±µ³³ÊÉ¨·ÊÕÉ ¸ ´µ¢Ò³¨ Ô±· ´¨·ÊÕÐ¨³¨ µ¶¥· Éµ· ³¨.
‚ ¸²ÊÎ ¥ ¤¥Ëµ·³ Í¨¨ p = 2 É¥µ·¨¨ (³¨´¨³ ²Ó´Ò¥ ³µ¤¥²¨) ÔÉ¨ µ¶¥· Éµ·Ò
¨³¥ÕÉ ¢¨¤

Q± =
∮
eα±φ, α± = α0 ± (α0 + 2)1/2. (158)

‡ ³¥É¨³, µ¤´ ±µ, ÎÉµ ¢Ò· ¦¥´¨¥ (158) ´¥ ¨³¥¥É ¥¸É¥¸É¢¥´´µ£µ ¶·¥¤¸É ¢²¥-
´¨Ö ¢ É¥·³¨´ Ì ¸¢µ¡µ¤´ÒÌ Ë¥·³¨µ´µ¢ ¶·¨ ¶·µ¨§¢µ²Ó´ÒÌ §´ Î¥´¨ÖÌ Ô±· ´¨-
·ÊÕÐ¥£µ § ·Ö¤  α0. �Éµ ³µ¦¥É µ§´ Î ÉÓ ¶·µ¡²¥³Ê ¸ ¨´É¥£·¨·Ê¥³µ¸ÉÓÕ É¥µ-
·¨¨. —Éµ¡Ò ¨§¡¥¦ ÉÓ ÔÉµ° ¶·µ¡²¥³Ò, ´Ê¦´µ · ¸¸³µÉ·¥ÉÓ ¸¨¸É¥³Ê j-¤¨ËË¥-
·¥´Í¨ ²µ¢ [124].

‘¤¥² ¥³ ¶·¥µ¡· §µ¢ ´¨¥ Œ¨¢Ò ¢·¥³¥´´ÒÌ ¶¥·¥³¥´´ÒÌ [125]:

tk =
1
k

∑
j

ajξ
−k
j . (159)

’µ£¤  ¨´É¥·¥¸ÊÕÐ¨¥ ´ ¸ ±µ··¥²ÖÉµ·Ò ¶·¨µ¡·¥É ÕÉ ¢¨¤

〈eH({t})QN+Q
M
− 〉 = 〈

∏
i Φi(ξi)Q

N
+Q

M
− 〉∏

i<j(ξi − ξj)aiaj
(160)

¸

Φi(z) = exp [aiφ(z)], ∆i = a2
i /2− aiα0. (161)

Œµ¦´µ ¢Ò¡· ÉÓ {aj} É ±¨³ µ¡· §µ³, ÎÉµ {Φj(z)} ¡Ê¤ÊÉ ¶¥·¢¨Î´Ò³¨ ¶µ²Ö³¨ ¢
³¨´¨³ ²Ó´µ° ³µ¤¥²¨, É. ¥. ±µ··¥²ÖÉµ·Ò (160) ¡Ê¤ÊÉ Ê¤µ¢²¥É¢µ·ÖÉÓ ´¥±µÉµ·Ò³
¤¨ËË¥·¥´Í¨ ²Ó´Ò³ Ê· ¢´¥´¨Ö³, ¸²¥¤ÊÕÐ¨³ ¨§ Ê¸²µ¢¨° ´  ´Ê²Ó-¢¥±Éµ·  (¢
Î ¸É´µ³ ¸²ÊÎ ¥ ¢Ò·µ¦¤¥´¨Ö ´  Ê·µ¢´¥ 2 ÔÉ¨ Ê· ¢´¥´¨Ö ¸µ¢¶ ¤ ÕÉ ¸ Ê¸²µ¢¨-
Ö³¨ ‚¨· ¸µ·µ, § ¶¨¸ ´´Ò³¨ ¢ ¶¥·¥³¥´´ÒÌ Œ¨¢Ò). ‚¸¥ ÔÉµ ²¥£±µ µ¡µ¡Ð¨ÉÓ
´  ¸²ÊÎ ° W - ²£¥¡·Ò ¸ ´¥¸±µ²Ó±¨³¨ ¸± ²Ö·´Ò³¨ ¶µ²Ö³¨ ¨ ´¥¸±µ²Ó±¨³¨ ´ -
¡µ· ³¨ ¢·¥³¥´. ‚ ÔÉµ³ ¸²ÊÎ ¥ ´ ¤µ · ¸¸³µÉ·¥ÉÓ ¢ (159) ¢¥±Éµ·Ò tk ¨ αj .
�Éµ ¶·¨¢µ¤¨É ± ´¥§ ¢¨¸¨³Ò³ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ Ê· ¢´¥´¨Ö³, ±µÉµ·Ò¥ ¸´µ¢ 
µÉ¢¥Î ÕÉ ´¥§ ¢¨¸¨³Ò³ Ê¸²µ¢¨Ö³ ´  ´Ê²Ó-¢¥±Éµ· . ’ ± Ö ±µ´¸É·Ê±Í¨Ö µ¡ÑÖ¸-
´Ö¥É ¸µµÉ¢¥É¸É¢¨¥ ³¥¦¤Ê τ -ËÊ´±Í¨¥°, Ê¤µ¢²¥É¢µ·ÖÕÐ¥° Ê¸²µ¢¨Ö³ ‚¨· ¸µ·µ,
¨ ±µ··¥²ÖÉµ· ³¨ ¢ ³¨´¨³ ²Ó´ÒÌ ³µ¤¥²ÖÌ [126].
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2.3.4. „¥É¥·³¨´ ´É´µ¥ ¶·¥¤¸É ¢²¥´¨¥. ’¥¶¥·Ó ¶¥·¥°¤¥³ ± µ¡¸Ê¦¤¥´¨Õ
¨´É¥£·¨·Ê¥³ÒÌ ¸¢µ°¸É¢ ±µ´Ëµ·³´ÒÌ ³ É·¨Î´ÒÌ ³µ¤¥²¥° [119] ¨ ¶µ± ¦¥³,
ÎÉµ ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  (p − 1)-³ É·¨Î´µ° ³µ¤¥²¨ µ¶¨¸Ò¢ ¥É¸Ö µ¡µ¡Ð¥´-
´µ° SL(p)-¨¥· ·Ì¨¥° �Š
‘ [101, 127]. ‚ Î ¸É´µ¸É¨, µ¤´µ³ É·¨Î´ Ö ³µ-
¤¥²Ó µ¶¨¸Ò¢ ¥É¸Ö SL(2)-¨¥· ·Ì¨¥°, ±µÉµ· Ö ¤¥°¸É¢¨É¥²Ó´µ, ± ± Ìµ·µÏµ ¨§-
¢¥¸É´µ [128], µÉ¢¥Î ¥É Í¥¶µÎ±¥ ’µ¤Ò. ‚ ÔÉµ³ ¶Ê´±É¥ ¢Ò¢¥¤¥³ ¤¥É¥·³¨´ ´É´µ¥
¶·¥¤¸É ¢²¥´¨¥ ¤²Ö ¸É É¨¸É¨Î¥¸±µ° ¸Ê³³Ò, ¤µ± §Ò¢ ÕÐ¥¥, ÎÉµ µ´  Ö¢²Ö¥É¸Ö τ -
ËÊ´±Í¨¥° ¨¥· ·Ì¨¨ �Š
‘, ¨, ± ± ¥£µ ´¥¶µ¸·¥¤¸É¢¥´´µ¥ ¸²¥¤¸É¢¨¥, ¶µ²ÊÎ¨³
¡¨²¨´¥°´µ¥ Ê· ¢´¥´¨¥ •¨·µÉÒ ´  ÔÉÊ τ -ËÊ´±Í¨Õ.

� ¸¸³µÉ·¨³ ¤²Ö ¶·µ¸ÉµÉÒ ¸²ÊÎ ° p = 3. ‚ÒÎ¨¸²¥´¨Ö ¢ µ¡Ð¥³ ¸²ÊÎ ¥ ¤¥-
² ÕÉ¸Ö ¸µ¢¥·Ï¥´´µ  ´ ²µ£¨Î´µ. ‚ µÉ²¨Î¨¥ µÉ · ¸¸³ É·¨¢ ¢Ï¨Ì¸Ö · ´¥¥ ¸²Ê-
Î ¥¢ ³Ò ¤µ²¦´Ò ¢¢¥¸É¨ (p−1)-³ É·¨ÍÊ ³µ³¥´Éµ¢, ¶µ¸±µ²Ó±Ê SL(p)-¨¥· ·Ì¨Ö
�Š
‘ µ¶¨¸Ò¢ ¥É p-±µ³¶µ´¥´É´ÊÕ ¸¨¸É¥³Ê (·¥¤Ê±Í¨Õ ¨§ p-±µ³¶µ´¥´É´µ° ¨¥-
· ·Ì¨¨ Š�). �µÔÉµ³Ê ¤²Ö p = 3 ¢¢µ¤¨³

C(t) =
∫

dz exp [−V (z)], C̄(t̄) =
∫

dz exp [−V̄ (z)], (162)

£¤¥

V (z) =
∑
k>0

tkz
k, V̄ (z) =

∑
k>0

t̄kz
k,

¨

∂tnC(t) = (−)n+1∂nt1C(t), ∂t̄nC̄(t̄) = (−)n+1∂nt̄1C̄(t̄). (163)

„¥É¥·³¨´ ´É´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¸É É¨¸É¨Î¥¸±µ° ¸Ê³³Ò (156) Éµ£¤  ¨³¥¥É ¢¨¤
[119] (∂ ≡ ∂/∂t1, ∂̄ ≡ ∂/∂t̄1):

Z{CMMM,2}
n1,n2

= (−)n1+n2 ×

×det


C . . . ∂n1−1C C̄ . . . ∂̄n2−1C̄
∂C . . . ∂n1C ∂̄C̄ . . . ∂̄n2C̄
...

. . .
...

...
. . .

...
∂n1+n2−1C . . . ∂2n1+n2−2C ∂̄n1+n2−1C̄ . . . ∂̄n1+2n2−2C̄

 ≡

≡ τn1,n2(t, t̄), (164)

ÎÉµ Ö¢²Ö¥É¸Ö ¤¢µ°´Ò³ ¢·µ´¸±¨ ´´Ò³ ¶·¥¤¸É ¢²¥´¨¥³ τ -ËÊ´±Í¨¨ [129] ¨¥· ·-
Ì¨¨ �Š
‘.

Š ¸µ¦ ²¥´¨Õ, µ¡µ¡Ð¥´¨¥ (164) ´  ¸²ÊÎ ° p ≥ 3 ´¥ ¨³¥¥É ¶·µ¸Éµ° ¤¥É¥·-
³¨´ ´É´µ° Ëµ·³Ò.
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ˆ§ ¶·¥¤¸É ¢²¥´¨Ö (164) ²¥£±µ ¢Ò¢¥¸É¨ ¡¨²¨´¥°´µ¥ Ê· ¢´¥´¨¥ (•¨·µÉÒ),
±µÉµ·µ¥ ¥Ð¥ · § ¤µ± §Ò¢ ¥É, ÎÉµ ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  (156) Ö¢²Ö¥É¸Ö
τ -ËÊ´±Í¨¥° ¨¥· ·Ì¨¨ �Š
‘:

∂2

∂t1∂t̄1
log τn1,n2(t, t̄) =

τn1+1,n2−1(t, t̄)τn1−1,n2+1(t, t̄)
τ2
n1,n2

(t, t̄)
. (165)

‚ µÉ²¨Î¨¥ µÉ ¤¥É¥·³¨´ ´É´µ£µ ¶·¥¤¸É ¢²¥´¨Ö (164) ÔÉµ ¢Ò· ¦¥´¨¥ ²¥£±µ
µ¡µ¡Ð ¥É¸Ö ´  ¸²ÊÎ ° (p− 1)-³ É·¨ÍÒ:

∂2

∂t
(i)
1 ∂t

(j)
1

log τ{nk}(t, t̄) =

=
τ{..,ni+1,..,nj−1,..}(t, t̄)τ{..,ni−1,..,nj+1,..}(t, t̄)

τ2
{nk}(t, t̄)

. (166)

�É¨ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ³µ£ÊÉ ¡ÒÉÓ ´¥¶µ¸·¥¤¸É¢¥´´µ ¶µ²ÊÎ¥´Ò É ±¦¥ ¨§
Ë¥·³¨µ´´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ¶. 2.5 ¨ Ö¢²ÖÕÉ¸Ö ¶¥·¢Ò³ Ê· ¢´¥´¨¥³ ¨¥· ·Ì¨¨
¡¨²¨´¥°´ÒÌ Éµ¦¤¥¸É¢ •¨·µÉÒ, µ¡µ¡Ð ÕÐ¥³ (65).

‚ § ±²ÕÎ¥´¨¥ ¸± ¦¥³ ´¥¸±µ²Ó±µ ¸²µ¢ µ¡ µ¡Ð¥° ¸É·Ê±ÉÊ·¥ ±µ´Ëµ·³´ÒÌ
³µ¤¥²¥°. �µ¤Î¥·±´¥³ ¥Ð¥ · §, ÎÉµ ¨Ì ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  Ö¢²Ö¥É¸Ö ±µ··¥²Ö-
Éµ·µ³ µ¡Ñ¥±Éµ¢, ¨³¥ÕÐ¨Ì Î¨¸Éµ  ²£¥¡· ¨Î¥¸±¨° ¸³Ò¸². „¥°¸É¢¨É¥²Ó´µ, Ô±¸-
¶µ´¥´É , ¸µ¤¥·¦ Ð Ö ¢·¥³¥´´Ò¥ § ¢¨¸¨³µ¸É¨, £¥´¥·¨·Ê¥É¸Ö ± ·É ´µ¢¸±¨³¨
Éµ± ³¨ SL(p),   Ô±¸¶µ´¥´ÉÒ µÉ Ô±· ´¨·ÊÕÐ¨Ì § ·Ö¤µ¢ µÉ¢¥Î ÕÉ ¤·Ê£¨³ (´¥-
± ·É ´µ¢¸±¨³) £¥´¥· Éµ· ³ SL(p). Šµ´¥Î´µ, ÔÉµ ´¥ ¶·µ¨§¢µ²Ó´Ò¥ £¥´¥· -
Éµ·Ò,   Éµ²Ó±µ ²Õ¡Ò¥ p − 1 ¨§ ´¨Ì. ‚ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ · §²¨Î´Ò° ¢Ò¡µ·
ÔÉ¨Ì p − 1 £¥´¥· Éµ·µ¢ µÉ¢¥Î ¥É · §´Ò³ ³µ¤¥²Ö³ ¸ Éµ° ¦¥  ²£¥¡·µ° ’“ ¨
É¥³¨ ¦¥ ¨´É¥£·¨·Ê¥³Ò³¨ ¸¢µ°¸É¢ ³¨. •µÉÖ ¶·¨ ¶µ¸É·µ¥´¨¨ ¤¥É¥·³¨´ ´É-
´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ³Ò ¶µ²Ó§µ¢ ²¨¸Ó ¸¶¥Í¨ ²Ó´Ò³ ¢Ò¡µ·µ³ £¥´¥· Éµ·µ¢, ¢
¶. 2.5 ¢ É¥·³¨´ Ì Ë¥·³¨µ´´ÒÌ ¶·¥¤¸É ¢²¥´¨° ¡Ê¤¥É ¶µ± § ´µ, ÎÉµ ¨´É¥£·¨·Ê-
¥³Ò¥ ¸¢µ°¸É¢  É¥µ·¨¨ ´¥ § ¢¨¸ÖÉ µÉ ¢Ò¡µ·  £¥´¥· Éµ·µ¢ ¨ ¢¸¥£¤  µ¶¨¸Ò¢ -
ÕÉ¸Ö �Š
‘-¨¥· ·Ì¨¥° [119], ±µÉµ· Ö ¢µ§´¨± ¥É ¶·¨ ·¥¤Ê±Í¨¨ µ¡Ð¥° GL(p)-
 ²£¥¡·Ò ´  ¥¥ ¶·µ¸ÉÊÕ SL(p)-¶µ¤ ²£¥¡·Ê ¶·¨ · ¸¸³µÉ·¥´¨¨W (p)- ²£¥¡·. �Éµ
³µ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´µ ´¥¶µ¸·¥¤¸É¢¥´´µ ¢ É¥·³¨´ Ì £ ³¨²ÓÉµ´µ¢µ° ·¥¤Ê±Í¨¨
(¸³. [118, 131]). �·¨ ÔÉµ³ · §´Ò° ¢Ò¡µ· p − 1 £¥´¥· Éµ·µ¢ µÉ¢¥Î ¥É · §´Ò³
·¥¤Ê±Í¨Ö³.

2.4. “´¨É ·´ Ö µ¤´µ³ É·¨Î´ Ö ³µ¤¥²Ó. � ¸¸³µÉ·¨³ ¤¨¸±·¥É´ÊÕ Ê´¨-
É ·´ÊÕ ³µ¤¥²Ó, § ¤ ´´ÊÕ ²Õ¡Ò³ ¨§ ¸²¥¤ÊÕÐ¨Ì ¨´É¥£· ²µ¢ ¶µ Ê´¨É ·´µ°
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(n× n)-³ É·¨Í¥:

Zn{t} ∼
∫

DU exp

{ ∞∑
k=−∞

tk TrUk
}
=

=
∫
DU exp

{ ∞∑
k=0

t+k Tr (U
k + U−k) +

∞∑
k=0

t−k Tr (U
k − U−k) + t0Tr 1

}
=

=
∫
DU exp

{ ∞∑
k=0

t̂+k Tr (U + U−1)k +
∞∑
k=0

t̂−k Tr (U − U−1)k + t0Tr 1

}
,

(167)

£¤¥ DU Å ¸µµÉ¢¥É¸É¢ÊÕÐ Ö ³¥·  •  · . Š ± µ¡ÒÎ´µ, ´Ê¦´µ ¶·µ¢¥¸É¨ ¨´É¥-
£·¨·µ¢ ´¨¥ ¶µ Ê£²µ¢Ò³ ¶¥·¥³¥´´Ò³. ‚ ¤ ´´µ³ ¸²ÊÎ ¥ ¥¤¨´¸É¢¥´´µ¥ µÉ²¨Î¨¥
µÉ µ¤´µ³ É·¨Î´µ£µ ¨´É¥£· ²  (52) § ±²ÕÎ ¥É¸Ö ¢ ¤·Ê£µ³ Ö±µ¡¨ ´¥ ¶¥·¥Ìµ¤  ±
Ê£²µ¢Ò³ ¶¥·¥³¥´´Ò³, É ± ÎÉµ ¢³¥¸Éµ ±¢ ¤· É  µ¶·¥¤¥²¨É¥²Ö ‚ ´-¤¥·-Œµ´¤ 
∆2(h) ¢µ§´¨± ¥É ∆(z)∆(1/z) [96].

’ ±¨³ µ¡· §µ³, ¢ ¤ ´´µ³ ¸²ÊÎ ¥ ´Ê¦´µ ¢¢¥¸É¨ ¡¨µ·Éµ£µ´ ²Ó´ÊÕ ¸¨¸É¥³Ê
¶µ²¨´µ³µ¢ ¸µ ¸± ²Ö·´Ò³ ¶·µ¨§¢¥¤¥´¨¥³, µ¶·¥¤¥²¥´´Ò³ c²¥¤ÊÕÐ¥° Ëµ·³Ê-
²µ° [97,132,133]∗:

〈n|m〉 ≡
∮

dz

2πiz
eV (z)pn(z)p̄m(1/z) = hnδmn, (168)

£¤¥ V (z) µ¡µ§´ Î ¥É, ± ± µ¡ÒÎ´µ, ¶µÉ¥´Í¨ ² ³µ¤¥²¨

V (z) ≡
∞∑

k=−∞
tkz

k, (169)

  µ·Éµ£µ´ ²Ó´Ò¥ ¶µ²¨´µ³Ò ´µ·³¨·µ¢ ´Ò µ¡ÒÎ´Ò³ µ¡· §µ³:

pn(z) = zn +
n−1∑
k=1

αnkz
k, p̄n(z) = zn +

n−1∑
k=1

ᾱnkz
k. (170)

ŒÒ ¡Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ µ¡µ§´ Î¥´¨Ö

αn,0 = Sn−1, αn,0 = S̄n−1 (S−1 = S−1 ≡ 1). (171)

∗‡ ³¥É¨³, ÎÉµ ¢ Í¨É¨·µ¢ ´´ÒÌ · ¡µÉ Ì ¨§ÊÎ ²¸Ö ¸²ÊÎ ° tk = t−k . �Éµ µÉ¢¥Î ¥É ¸¨³³¥-
É·¨Î´µ° Ê´¨É ·´µ° ³µ¤¥²¨ (¸³. ´¨¦¥).
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Œ´µ£¨¥ ¸¢µ°¸É¢  ³µ¤¥²¨ (´ ¶·¨³¥·, ¨´É¥£·¨·Ê¥³µ¸ÉÓ) ´¥ § ¢¨¸ÖÉ µÉ ¢Ò¡µ· 
±µ´ÉÊ· , µ¤´ ±µ ³Ò ¢Ò¡¥·¥³ ¥¤¨´¨Î´ÊÕ µ±·Ê¦´µ¸ÉÓ, ÎÉµ¡Ò µ¡¥¸¶¥Î¨ÉÓ ¢¥-
Ð¥¸É¢¥´´µ¥ ¸± ²Ö·´µ¥ ¶·µ¨§¢¥¤¥´¨¥ ¤²Ö ¢¥Ð¥¸É¢¥´´ÒÌ ¶µÉ¥´Í¨ ²µ¢. ‚ ÔÉµ³
¸²ÊÎ ¥ ¶µ²¨´µ³ p̄n § ¢¨¸¨É µÉ z∗ = 1/z.

’¥¶¥·Ó ´¥É·Ê¤´µ ¸É ´¤ ·É´Ò³ ¶ÊÉ¥³ ¶µ²ÊÎ¨ÉÓ ¢Ò· ¦¥´¨¥ ¤²Ö ¸É É¨¸É¨-
Î¥¸±µ° ¸Ê³³Ò (167) Î¥·¥§ ¶·µ¨§¢¥¤¥´¨¥ ´µ·³ hk:

Zn =
n−1∏
k=0

hk. (172)

2.4.1. ˆ´É¥£·¨·Ê¥³Ò¥ ¸¢µ°¸É¢  ³µ¤¥²¨. ‚Ò¢¥¤¥³ É¥¶¥·Ó Ô¢µ²ÕÍ¨µ´´Ò¥
Ê· ¢´¥´¨Ö ¨ µ¡¸Ê¤¨³, ± ±µ° ¨´É¥£·¨·Ê¥³µ° ¨¥· ·Ì¨¨ µ´¨ µÉ¢¥Î ÕÉ.

ˆ§ Ê¸²µ¢¨Ö µ·Éµ£µ´ ²Ó´µ¸É¨ (168) ²¥£±µ ¶µ²ÊÎ¨ÉÓ ·¥±Ê··¥´É´µ¥ ¸µµÉ´µ-
Ï¥´¨¥ ´  ¶µ²¨´µ³Ò pn, p̄n [97,132]:

pn+1(z) = zpn(z) + Snz
np̄n(z),

p̄n+1(z−1) =z−1p̄n(z−1) + S̄nz
−npn(z), (p0 = p̄0 = 1)

(173)

¨

hn+1/hn = 1− SnS̄n. (174)

�¶·¥¤¥²¨³ µ·Éµ´µ·³¨·µ¢ ´´Ò¥ ¶µ²¨´µ³Ò:

Pn ≡ pn, P̄n ≡ 1
hn

pn, 〈Pn, P̄k〉 = δnk. (175)

�ÊÉ¥³ ´¥¸²µ¦´ÒÌ ¢ÒÎ¨¸²¥´¨° ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¨§ (173) µ¶¥· Éµ·Ò ‹ ±¸ ,
±µÉµ·ÒÌ É¥¶¥·Ó ¤¢  ¶µ Î¨¸²Ê ¸¨¸É¥³ ¶µ²¨´µ³µ¢ [107] (¸·. ¸ (100)):

zPn(z) = Pn+1(z)− Snhn

n∑
k=0

S̄k−1

hk
Pk(z) ≡ 'LnkPk, (176)

z−1P̄n(z−1) =
hn+1

hn
P̄n+1(z−1)− S̄n

n∑
k=0

Sk−1P̄k(z−1) ≡ '̄LknP̄k. (177)

„¨ËË¥·¥´Í¨·ÊÖ Ê¸²µ¢¨Ö µ·Éµ£µ´ ²Ó´µ¸É¨ ¶µ ¢·¥³¥´ ³ tk ¨ ¨¸¶µ²Ó§ÊÖ ¸µµÉ-
´µÏ¥´¨Ö (176), (177), ³µ¦´µ ¶µ²ÊÎ¨ÉÓ Ô¢µ²ÕÍ¨Õ ¶µ²¨´µ³µ¢ Pn ¨ P̄n [107]:

∂Pn
∂tk

= −[('Lk)−]nmPm,
∂Pn
∂t−k

= −[('̄Lk)−]nmPm,
∂P̄n
∂tk

= −('Lk)nnP̄n − [('Lk)+]mnP̄m,

∂P̄n
∂t−k

= −('̄Lk)nnP̄n − [('̄Lk)+]mnP̄m,

(178)
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∂hn
∂tk

= ('Lk)nnhn,
∂hn
∂t−k

= ('̄Lk)nnhn, (179)

£¤¥ ¨´¤¥±¸Ò ®¶²Õ¸¯ ¨ ®³¨´Ê¸¯ µ¶·¥¤¥²¥´Ò ¤²Ö ²Õ¡µ° ³ É·¨ÍÒ Cmn ¸²¥¤Ê-
ÕÐ¨³ µ¡· §µ³:

(C+)mn ≡ Cmnθ(n−m− 1), (C−)mn ≡ Cmnθ(m− n− 1), (180)

É. ¥. (C+)mn ((C−)mn) Å ¸É·µ£µ ¢¥·Ì´¥(´¨¦´¥)É·¥Ê£µ²Ó´ Ö Î ¸ÉÓ Cmn.

‡ ³¥É¨³, ÎÉµ Ê· ¢´¥´¨Ö (176)Ä(178) ´¥¶µ¸·¥¤¸É¢¥´´µ ¸¢Ö§ ´Ò ¸µ ¸Ì¥³µ°,
¢¢¥¤¥´´µ° “¥´µ ¨ ’ ± ¸ ±¨ [101] ¤²Ö µ¶¨¸ ´¨Ö 2�’. �Éµ ¶µ¤· §Ê³¥¢ ¥É, ÎÉµ
Ê´¨É ·´ Ö ³µ¤¥²Ó ³µ¦¥É ¡ÒÉÓ ¶µ£·Ê¦¥´  ¢ 2�’ [107]. „¥°¸É¢¨É¥²Ó´µ, ¨¸-
¶µ²Ó§ÊÖ (178), (179), ´¥É·Ê¤´µ ¶µ± § ÉÓ, ÎÉµ

∂Sn/∂t1 = −Sn+1
hn+1

hn
, ∂Sn/∂t−1 = Sn−1

hn+1

hn
,

∂S̄n/∂t1 = S̄n−1
hn+1

hn
, ∂S̄n/∂t−1 = −S̄n+1

hn+1

hn
,

∂hn/∂t1 = SnS̄n−1hn, ∂hn/∂t−1 = S̄nSn−1hn.

(181)

�·µ¸ÉÒ¥ ¢ÒÎ¨¸²¥´¨Ö ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ (181) ¶·¨¢µ¤ÖÉ ± ¸²¥¤ÊÕÐ¥³Ê Ê· ¢´¥-
´¨Õ ´  ¸É É¨¸É¨Î¥¸±ÊÕ ¸Ê³³Ê (172):

∂t1∂t−1 log Zn =
Zn+1Zn−1

Z2
n

, Z0 = 1, n ≥ 0, (182)

¢ ±µÉµ·µ³ ²¥£±µ Ê§´ ÉÓ ¶¥·¢µ¥ Ê· ¢´¥´¨¥ ¨¥· ·Ì¨¨ 2�’, ¶·¨Î¥³ ¸É É¨¸É¨-
Î¥¸± Ö ¸Ê³³  ¤µ²¦´  ¡ÒÉÓ µÉµ¦¤¥¸É¢²¥´  ¸ τ -ËÊ´±Í¨¥°,   µÉ·¨Í É¥²Ó´Ò¥
¢·¥³¥´  t−k Å ¸ t̄k. �µ¤·µ¡´µ³Ê µ¶¨¸ ´¨Õ ¢²µ¦¥´¨Ö ¢ 2�’ ¶µ¸¢ÖÐ¥´ ¸²¥-
¤ÊÕÐ¨° ¶Ê´±É.

‘²¥¤Ê¥É ¶µ¤Î¥·±´ÊÉÓ, ÎÉµ Ê· ¢´¥´¨Ö (178) ¤µ²¦´Ò · ¸¸³ É·¨¢ ÉÓ¸Ö ± ±
´¥±µÉµ· Ö ·¥¤Ê±Í¨Ö 2�’ ± ¶µ²Ê¡¥¸±µ´¥Î´µ° ¨¥· ·Ì¨¨. �¶¨Ï¥³ ÔÉµ ¸µµÉ¢¥É-
¸É¢¨¥ ´¥¸±µ²Ó±µ ¶µ¤·µ¡´¥¥. ”l� ¢ ¨¥· ·Ì¨¨ 2�’ ·¥ ²¨§ÊÕÉ¸Ö ´  ¡¥¸±µ´¥Î-
´ÒÌ ³ É·¨Í Ì ¨ ¤ ÕÉ¸Ö Ëµ·³Ê² ³¨ [101] ((Λ)mn ≡ δm,n+1):

'LΨ∞ = Ψ∞Λ, '̄LΨ0 = Ψ0Λ−1,

∂Ψ∞(0)/∂tk = BnΨ∞(0), ∂Ψ∞(0)/∂t−k = CnΨ∞(0),
(183)

£¤¥ ¨´¤¥±¸Ò µÉ¢¥Î ÕÉ µÉ³¥Î¥´´Ò³ ÉµÎ± ³ ´  ·¨³ ´µ¢µ° ¶µ¢¥·Ì´µ¸É¨, µÉ-
¢¥Î ÕÐ¥° ·¥Ï¥´¨Õ 2�’ (É. ¥. ÉµÎ±¥ ¡¥¸±µ´¥Î´µ³¥·´µ£µ £· ¸¸³ ´´¨ ´  ¨²¨
“�Œ [134,135]).
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�É  ²¨´¥°´ Ö ¸¨¸É¥³  ·¥Ï ¥É¸Ö ¸²¥¤ÊÕÐ¨³¨ ”l�:

Ψ∞ = Ψ̂∞ exp

{∑
k=0

tkΛk
}
, Ψ0 = Ψ̂0 exp

{∑
k=0

t−kΛ−k

}
,

Ψ̂∞(0) ≡
∑
j=0

diag {ψ∞(0)k(s)}Λk(−k),

Ψ̂−1
∞(0) ≡

∑
j=0

Λk(−k)diag {ψ∗
∞(0)k(s+ 1)},

(184)

¨ ¢ µ¡Ð¥³ ¸²ÊÎ ¥ ÔÉ¨ Ψ̂-ËÊ´±Í¨¨ µ¡· É¨³Ò. ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¢ Ê´¨É ·´µ°
³ É·¨Î´µ° ³µ¤¥²¨ ´¥´Ê²¥¢Ò¥ Ô²¥³¥´ÉÒ Ψ̂∞ ¨ Ψ̂0 ²¥¦ É ¢ ´¨¦´¨Ì ¶· ¢ÒÌ
Ê£² Ì. �É¸ÊÉ¸É¢¨¥ µ¡· É´µ° ³ É·¨ÍÒ ¤²Ö ”l� ´¥¶µ¸·¥¤¸É¢¥´´µ ¸¢Ö§ ´µ ¸
¸¨²Ó´µ° ¢Ò·µ¦¤¥´´µ¸ÉÓÕ ³ É·¨Î´ÒÌ ³µ¤¥²¥° Å ± ± ³Ò Ê¢¨¤¨³ ¢ ¶. 2.5, ²Õ-
¡Ò¥ ³ É·¨Î´Ò¥ ³µ¤¥²¨ µÉ¢¥Î ÕÉ ¶µ²Ê¡¥¸±µ´¥Î´Ò³ ¨¥· ·Ì¨Ö³, Ö¢²ÖÕÐ¨³¸Ö
·¥¤Ê±Í¨Ö³¨ ¡¥¸±µ´¥Î´ÒÌ. �Éµ ¢Ò· ¦ ¥É¸Ö É ±¦¥ ¢ Éµ³, ÎÉµ ”l�, ¶µ¸É·µ-
¥´´ Ö ¨§ µ·Éµ£µ´ ²Ó´ÒÌ ¶µ²¨´µ³µ¢, µÉ¢¥Î ¥É µÎ¥´Ó ¸¶¥Í¨ ²Ó´µ° ÉµÎ±¥ £· ¸-
¸³ ´´¨ ´  [134].

2.4.2. *¥¤Ê±Í¨Ö ¨§ 2*’ ¨ ¤¥É¥·³¨´ ´É´µ¥ ¶·¥¤¸É ¢²¥´¨¥. ’¥¶¥·Ó
¸Ëµ·³Ê²¨·Ê¥³ ¢ ¨´¢ ·¨ ´É´ÒÌ É¥·³¨´ Ì, ± ±µ° ·¥¤Ê±Í¨¨ 2�’ µÉ¢¥Î ¥É Ê´¨-
É ·´ Ö ³ É·¨Î´ Ö ³µ¤¥²Ó [107, 136]. „²Ö ÔÉµ£µ ¢¥·´¥³¸Ö ± ¶·¥¤¸É ¢²¥´¨Õ
‹ ±¸  (176), (177), µ¶¨¸Ò¢ ÕÐ¥³Ê ¢²µ¦¥´¨¥ Ê´¨É ·´µ° ³µ¤¥²¨ ¢ 2�’. ˆ¸-
¶µ²Ó§ÊÖ (174), ³µ¦´µ ²¥£±µ ¤µ± § ÉÓ ¸²¥¤ÊÕÐ¨¥ Éµ¦¤¥¸É¢ :

N∑
k=n

Sk−1S
∗
k−1

hk
=

1
hN

− 1
hN−1

,

N∑
k=n

SkS
∗
khk = hn − hN+1. (185)

ˆ§-§  ÔÉ¨Ì Éµ¦¤¥¸É¢ ³ É·¨ÍÒ 'L ¨ '̄LT ¨³¥ÕÉ ´Ê²¥¢Ò¥ ³µ¤Ò ∼ Sk−1 ¨ S∗
k−1/hk

¸µµÉ¢¥É¸É¢¥´´µ. ‘²¥¤µ¢ É¥²Ó´µ, ´ ¨¢´µ ¡Ò²µ ¡Ò µ¦¨¤ ÉÓ, ÎÉµ µ´¨ ´¥µ¡· -
É¨³Ò, ¨ ¶µ²ÊÎ¨ÉÓ (¨¸¶µ²Ó§ÊÖ (185))

('L'̄L)nk = δnk −
SnS

∗
khn

h−∞
, ('̄L'L)nk = δnk −

Sn−1S
∗
k−1h∞

hk
. (186)

�µ¸±µ²Ó±Ê ·¥¤Ê±Í¨Ö ¤µ²¦´  ¡ÒÉÓ µ¶¨¸ ´  ± ± ¨´¢ ·¨ ´É´µ¥ Ê¸²µ¢¨¥, ´ -
²µ¦¥´´µ¥ ´  'L ¨ '̄L, ÔÉ¨ Ëµ·³Ê²Ò ´¥ ³µ£ÊÉ ¸²Ê¦¨ÉÓ µÉ¶· ¢´µ° ÉµÎ±µ° ¤²Ö
µ¶¨¸ ´¨Ö ·¥¤Ê±Í¨¨, ¶µ¸±µ²Ó±Ê ¨Ì ¶· ¢ Ö Î ¸ÉÓ § ¢¨¸¨É µÉ ¤¨´ ³¨Î¥¸±¨Ì ¶¥-
·¥³¥´´ÒÌ.

�¤´ ±µ É ±µ£µ ·µ¤  Ëµ·³Ê²Ò É·¥¡ÊÕÉ  ±±Ê· É´µ£µ µ¡· Ð¥´¨Ö. „¥°¸É¢¨-
É¥²Ó´µ, Ëµ·³Ê²¨·µ¢±  2�’ ¢ É¥·³¨´ Ì ¡¥¸±µ´¥Î´ÒÌ ³ É·¨Í [101], ÌµÉÖ ¨
Ö¢²Ö¥É¸Ö ±µ··¥±É´µ° ± ± Ëµ·³ ²Ó´ Ö ±µ´¸É·Ê±Í¨Ö, É·¥¡Ê¥É ¸¶¥Í¨ ²Ó´µ£µ µ¡-
¸Ê¦¤¥´¨Ö, ¥¸²¨ ¨³¥ÉÓ ¢ ¢¨¤Ê ±µ´±·¥É´Ò¥ ³ É·¨ÍÒ. �·¨Î¨´µ° Ö¢²ÖÕÉ¸Ö ¡¥¸-
±µ´¥Î´Ò¥ ¸Ê³³Ò, ¢µ§´¨± ÕÐ¨¥ ¢ ¶·µ¨§¢¥¤¥´¨ÖÌ É ±¨Ì ³ É·¨Í, ±µÉµ·Ò¥ ³µ£ÊÉ
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· ¸Ìµ¤¨ÉÓ¸Ö. ’ ±¨¥ ¶·µ¨§¢¥¤¥´¨Ö, ´ ¶·¨³¥·, ¢¸¥£¤  ¸ÊÐ¥¸É¢ÊÕÉ ¤²Ö ²¥´ÉµÎ-
´ÒÌ ³ É·¨Í, É. ¥. ¤²Ö ³ É·¨Í ¸ ±µ´¥Î´Ò³ Î¨¸²µ³ ´¥´Ê²¥¢ÒÌ ¤¨ £µ´ ²¥°. ˆ§
(176), (177) ³µ¦´µ ²¥£±µ Ê¢¨¤¥ÉÓ, ÎÉµ µ¶¥· Éµ·Ò ‹ ±¸  Ê´¨É ·´µ° ³µ¤¥²¨ ´¥
¶·¨´ ¤²¥¦ É ± É ±µ³Ê ±² ¸¸Ê ³ É·¨Í. �µÔÉµ³Ê Ê· ¢´¥´¨Ö (186) ¶·µ¸Éµ ´¥
¨³¥ÕÉ ¸³Ò¸² ∗.

lµ²¥¥ Éµ£µ, ´ ²¨Î¨¥ ´Ê²¥¢µ° ³µ¤Ò Ê ¡¥¸±µ´¥Î´µ° ³ É·¨ÍÒ É ±¦¥ ´¥ µ§´ -
Î ¥É  ¢Éµ³ É¨Î¥¸±¨, ÎÉµ ³ É·¨Í  ´¥µ¡· É¨³ , ¶µ¸±µ²Ó±Ê ¸²¥¤Ê¥É ¶µ§ ¡µÉ¨ÉÓ¸Ö
µ ´µ·³¨·Ê¥³µ¸É¨ ÔÉµ° ´Ê²¥¢µ° ³µ¤Ò. „²Ö ÔÉµ£µ Î¨¸²µ ´¥´Ê²¥¢ÒÌ Ô²¥³¥´Éµ¢
¸Éµ²¡Í , µ¶¨¸Ò¢ ÕÐ¥£µ ´Ê²¥¢ÊÕ ³µ¤Ê, ¤µ²¦´µ ¡ÒÉÓ ±µ´¥Î´Ò³ (ÔÉµ  ´ ²µ£
²¥´ÉµÎ´µ° ³ É·¨ÍÒ), ²¨¡µ Ê¤µ¢²¥É¢µ·ÖÉÓ ´¥±µÉµ·Ò³ Ê¸²µ¢¨Ö³ ¸Ìµ¤¨³µ¸É¨∗∗.

‚ ¸²ÊÎ ¥ ¦¥ ¶µ²Ê¡¥¸±µ´¥Î´ÒÌ ¨¥· ·Ì¨° ´¥±µÉµ·Ò¥ ¨§ Ê± § ´´ÒÌ ¶·µ¡²¥³
¨¸Î¥§ ÕÉ, ¶µ¸±µ²Ó±Ê Éµ£¤  É·¥¡Ê¥É¸Ö Ê³´µ¦ ÉÓ Éµ²Ó±µ ®Î¥É¢¥·ÉÓ¡¥¸±µ´¥Î´Ò¥¯
³ É·¨ÍÒ ¨, ´ ¶·¨³¥·, ¶·µ¨§¢¥¤¥´¨¥ 'L'̄L ¢¸¥£¤  ¸ÊÐ¥¸É¢Ê¥É. Šµ´¥Î´µ, ¶·µ¨§-
¢¥¤¥´¨¥ É¥Ì ¦¥ ³ É·¨Í ¢ µ¡· É´µ³ ¶µ·Ö¤±¥ ¢¸¥ ¥Ð¥ ´¥ µ¶·¥¤¥²¥´µ. ’ ±¨³
µ¡· §µ³, Éµ²Ó±µ ¶¥·¢ Ö Ëµ·³Ê²  ¢ (186) Ìµ·µÏµ µ¶·¥¤¥²¥´  ¨ ¨³¥¥É ¢¨¤

('L'̄L)nk = δnk. (187)

�Éµ ¸µµÉ´µÏ¥´¨¥ ¨ ³µ¦¥É ¡ÒÉÓ ¢§ÖÉµ §  µ¶·¥¤¥²¥´¨¥ ¨¸±µ³µ° ·¥¤Ê±Í¨¨ 2�’
± ¨¥· ·Ì¨¨, µ¶¨¸Ò¢ ÕÐ¥° Ê´¨É ·´ÊÕ ³ É·¨Î´ÊÕ ³µ¤¥²Ó.

‡ ³¥É¨³, ÎÉµ, §´ Ö Ëµ·³Ê²Ê (187), ²¥£±µ Ê± § ÉÓ, ± ±µ° ¸¶¥Í¨ ²Ó´Ò° ¢¨¤
¤µ²¦´  ¨³¥ÉÓ ³ É·¨Í  ³µ³¥´Éµ¢, ÎÉµ¡Ò µ¶¨¸Ò¢ ÉÓ Ê´¨É ·´ÊÕ ³µ¤¥²Ó [107,
136],   ¨³¥´´µ µ´  ¤µ²¦´  ¡ÒÉÓ É¥¶²¨Í¥¢µ°. ŒÒ, µ¤´ ±µ, ³µ¦¥³ ¢ÒÎ¨¸²¨ÉÓ
¥¥, ± ± µ¡ÒÎ´µ, ¨§ µ·Éµ£µ´ ²Ó´ÒÌ ¶µ²¨´µ³µ¢:

C
(U)
ij =

∫
dzzi−je−V (z), C

(U)
11 ≡ C(U). (188)

’ ±¨³ µ¡· §µ³, ÔÉÊ ³ É·¨ÍÊ ³µ³¥´Éµ¢ ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥

C
(U)
ij = Ci−j , Cij =

{
(−)i+j∂j−iC ¶·¨ j ≥ i,
(−)i+j ∂̄i−jC ¶·¨ i ≥ j,

(189)

¨ ¤¥É¥·³¨´ ´É´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö ¸É É¨¸É¨Î¥¸±µ° ¸Ê³³Ò (τ -ËÊ´±Í¨¨) Ê´¨-
É ·´µ° ³ É·¨Î´µ° ³µ¤¥²¨ ¨³¥¥É ¢¨¤

Zn = (−)n det
ij

C
(U)
ij . (190)

∗�Éµ É ±¦¥ µ¡ÑÖ¸´Ö¥É ´¥¢µ§³µ¦´µ¸ÉÓ Ìµ·µÏ¥° ·¥¤Ê±Í¨¨ 2�’ ± ¶µ²´µ° ¨¥· ·Ì¨¨ ·¥²ÖÉ¨-
¢¨¸É¸±µ° Í¥¶µÎ±¨ ’µ¤Ò [136].

∗∗�Éµ ²¥£±µ ¶µ´ÖÉÓ ¨§ ¸²¥¤ÊÕÐ¥£µ ¶·µ¸Éµ£µ ¶·¨³¥· . � ¸¸³µÉ·¨³ ²¥´ÉµÎ´ÊÕ ³ É·¨ÍÊ B ≡
I−Λ. �É  ³ É·¨Í  µ¡· É¨³ , ´µ ¥¥ µ¡· É´ Ö Å I+Λ+Λ2+. . . Å ´¥ ¨³¥¥É ²¥´ÉµÎ´µ° ¸É·Ê±ÉÊ·Ò.
‚ Éµ ¦¥ ¢·¥³Ö Ê ³ É·¨ÍÒ Bij ¨³¥¥É¸Ö ´Ê²¥¢ Ö ³µ¤  fj = const, ±µÉµ· Ö ´¥´µ·³¨·Ê¥³ , ¶µ¸±µ²Ó±Ê

¶·µ¨§¢¥¤¥´¨¥ fT f =

(
+∞∑

j=−∞
const

)
· ¸Ìµ¤¨É¸Ö.
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2.4.3. „¢ÊÌ±µ³¶µ´¥´É´Ò¥ ¨¥· ·Ì¨¨ ¨ ¸¨³³¥É·¨Î´ Ö Ê´¨É ·´ Ö ³µ-
¤¥²Ó. …Ð¥ µ¤¨´ ¸¶µ¸µ¡ µ¶¨¸ ÉÓ ¨´É¥£·¨·Ê¥³Ò¥ ¸¢µ°¸É¢  Ê´¨É ·´µ° ³ É·¨Î-
´µ° ³µ¤¥²¨ Å ÔÉµ ¢²µ¦¨ÉÓ ¥¥ ¢ ¤¢ÊÌ±µ³¶µ´¥´É´ÊÕ 2�’ [107,136,137]. ’ ±µ¥
¢²µ¦¥´¨¥ ³µ¦¥É ¡ÒÉÓ µ¶¨¸ ´µ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³. ‚¢¥¤¥³ ¤¢ÊÌ±µ³¶µ´¥´É-
´Ò° ¢¥±Éµ·

v(1) ≡ λ−npn(λ), v(2) ≡ λn−1p̄n(λ), λ ≡
√
z. (191)

’µ£¤  Ê· ¢´¥´¨Ö (173) ³µ£ÊÉ ¡ÒÉÓ ¶¥·¥¶¨¸ ´Ò ¢ Ëµ·³¥

vn+1 = Lnvn, (192)

£¤¥ µ¶¥· Éµ· ‹ ±¸  ¶·¥¤¸É ¢²¥´ ³ É·¨Í¥° 2× 2

'Ln ≡
[

λ Sn
S̄n λ−1

]
. (193)

�ÉµÉ µ¶¥· Éµ· ‹ ±¸  Ö¢²Ö¥É¸Ö ¤¨¸±·¥É´Ò³  ´ ²µ£µ³ µ¶¥· Éµ·  ‹ ±¸  ¨¥-
· ·Ì¨¨ �Š
‘, ¸¢Ö§ ´´µ° ¸ ¤¢ÊÌ±µ³¶µ´¥´É´µ° Í¥¶µÎ±µ° ’µ¤Ò. 
¥É·Ê¤´µ
¶·µ¢¥·¨ÉÓ, ÎÉµ Ô¢µ²ÕÍ¨Ö ¢ ÔÉ¨Ì ¸¨¸É¥³ Ì É ±¦¥ ¸µ¢¶ ¤ ¥É [136].

ŒÒ, µ¤´ ±µ, · ¸¸³µÉ·¨³ ¸¥°Î ¸ ·¥¤ÊÍ¨·µ¢ ´´ÊÕ ¸¨¸É¥³Ê, µÉ¢¥Î ÕÐÊÕ
¸¨³³¥É·¨Î´µ° Ê´¨É ·´µ° ³µ¤¥²¨, É. ¥. ³µ¤¥²¨ ¸ ´ ²µ¦¥´´Ò³ Ê¸²µ¢¨¥³ tk =
t−k, ¨ ¨§ÊÎ¨³ ¥¥ Ô¢µ²ÕÍ¨Õ. ‘· §Ê ¸± ¦¥³, ÎÉµ ÔÉ  ¸¨¸É¥³  ¢±² ¤Ò¢ ¥É¸Ö ¢
¶µ²´ÊÕ ¸¨¸É¥³Ê, ´µ ´¥ Ö¢²Ö¥É¸Ö ¥¥ ·¥¤Ê±Í¨¥°, ¶µ¤µ¡´µ Éµ³Ê, ± ± Í¥¶µÎ± 
‚µ²ÓÉ¥··  ´¥ Ö¢²Ö¥É¸Ö ·¥¤Ê±Í¨¥° Í¥¶µÎ±¨ ’µ¤Ò (¸³. ¶. 2.1).


¥É·Ê¤´µ ¶µ´ÖÉÓ, ÎÉµ ¸¨³³¥É·¨Î´ Ö ³µ¤¥²Ó µÉ¢¥Î ¥É Ê¸²µ¢¨Õ S̄n = Sn
¨, ¸²¥¤µ¢ É¥²Ó´µ (¸³. (193)), Ö¢²Ö¥É¸Ö ¤¨¸±·¥É´Ò³  ´ ²µ£µ³ ¨¥· ·Ì¨¨ ³Š¤‚.
‚ Î ¸É´µ¸É¨, ¶·Ö³Ò³ ¢ÒÎ¨¸²¥´¨¥³ Î¥·¥§ µ·Éµ£µ´ ²Ó´Ò¥ ¶µ²¨´µ³Ò ²¥£±µ ¶µ-
²ÊÎ¨ÉÓ Ê· ¢´¥´¨¥ ´Ê²¥¢µ° ±·¨¢¨§´Ò. „¥°¸É¢¨É¥²Ó´µ, ´¥¸²µ¦´µ¥ ¢ÒÎ¨¸²¥´¨¥
¤ ¥É

∂vn
t1

= Mnvn−1, (194)

£¤¥

Mn ≡ (1− S2
n−1)

[
λ−1 −Sn
−Sn λ

]
. (195)

’µ£¤  Ê· ¢´¥´¨¥ ´Ê²¥¢µ° ±·¨¢¨§´Ò ¨³¥¥É ¢¨¤

'̇Ln 'Ln−1 = Mn+1 'Ln−1 − 'LnMn. (196)

�´µ ³µ¦¥É ¡ÒÉÓ ¶·¥µ¡· §µ¢ ´µ ± ¡µ²¥¥ Ê¤µ¡´µ³Ê ¢¨¤Ê [102,138]:

'̇Ln = An+1 'Ln − 'LnAn, (197)
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£¤¥

An ≡ MnMn−1 =
[

λ−2 + SnSn−1 −Sn−1/λ− Snλ
−Sn−1λ− Sn/λ λ2 + SnSn−1

]
. (198)

�¥·¢µ¥ Ê· ¢´¥´¨¥ ¨¥· ·Ì¨¨ ¤²Ö ¸¨³³¥É·¨Î´µ° ³µ¤¥²¨ ¨³¥¥É ¢¨¤

∂Sn
∂t1

= −
(
1− S2

n

)
(Sn+1 − Sn−1) . (199)

�Éµ Ê· ¢´¥´¨¥ µ¶¨¸Ò¢ ¥É ¨´É¥£·¨·Ê¥³ÊÕ ³µ¤¥²Ó [102, 138], ±µÉµ· Ö Ö¢²Ö-
¥É¸Ö Î ¸É´Ò³ ¸²ÊÎ ¥³ ¤¨¸±·¥É´µ° ¸¨¸É¥³Ò ‡ Ì ·µ¢ Ä˜ ¡ É  [139]. ˆ´µ£¤ 
¥¥ ´ §Ò¢ ÕÉ ³µ¤¨Ë¨Í¨·µ¢ ´´Ò³ Ê· ¢´¥´¨¥³ ‚µ²ÓÉ¥··  [97], ¶µ¸±µ²Ó±Ê ¢ ´¥-
¶·¥·Ò¢´µ³ ¶·¥¤¥²¥, ¢ ±µÉµ·µ³ Ê· ¢´¥´¨¥ ‚µ²ÓÉ¥··  ¶¥·¥Ìµ¤¨É ¢ Š¤‚, ¤ ´´µ¥
Ê· ¢´¥´¨¥ ¶¥·¥Ìµ¤¨É ¢ ³Š¤‚. ˆ´µ£¤  Ê· ¢´¥´¨¥ (199) ¶¥·¥¶¨¸Ò¢ ÕÉ ¢ ¶¥·¥-
³¥´´ÒÌ Sn ≡ cos θn:

∂θn
∂t1

= sin θ (cos θn+1 − cos θn−1) . (200)

‡ ³¥É¨³, ÎÉµ ´¥¶µ¸·¥¤¸É¢¥´´µ ´  ¤¨¸±·¥É´µ³ Ê·µ¢´¥ ¸ÊÐ¥¸É¢Ê¥É ÉµÎ´µ¥ ¶·¥-
µ¡· §µ¢ ´¨¥, ±µÉµ·µ¥ ³Ò ´ §Ò¢ ¥³ ¤¨¸±·¥É´Ò³ ¶·¥µ¡· §µ¢ ´¨¥³ Œ¨Ê·Ò
(¸³. É ±¦¥ [140]) ¨ ±µÉµ·µ¥ ¶¥·¥¢µ¤¨É Ê· ¢´¥´¨¥ (199) ¢ Ê· ¢´¥´¨¥ Í¥¶µÎ±¨
‚µ²ÓÉ¥··  (70) [107,137]. �´µ ¨³¥¥É ¢¨¤

R(±)
n = (1∓ Sn)(Sn+1 ± 1) (201)

¨ ¶¥·¥¢µ¤¨É (199) ¢

∂R
(±)
n

∂t1
= −R(±)

n

(
R

(±)
n+1 −R

(±)
n−1

)
. (202)

�Éµ ¶·¥µ¡· §µ¢ ´¨¥ É ±¦¥ ³µ¦¥É ¡ÒÉÓ ¸¤¥² ´µ ¶·Ö³µ ¢ É¥·³¨´ Ì µ·Éµ£µ´ ²Ó-
´ÒÌ ¶µ²¨´µ³µ¢. „²Ö ÔÉµ£µ ¢¢¥¤¥³ ´µ¢Ò° ¡ §¨¸ µ·Éµ£µ´ ²Ó´ÒÌ ËÊ´±Í¨°:

Q(±)
n ≡ z−

1
2n+1pn−1 ± z

1
2n−1p̄n−1. (203)

�µ²Ó§ÊÖ¸Ó (173), ²¥£±µ ¶µ± § ÉÓ, ÎÉµ Qn Ê¤µ¢²¥É¢µ·Ö¥É ·¥±Ê··¥´É´µ³Ê ¸µµÉ-
´µÏ¥´¨Õ Í¥¶µÎ±¨ ‚µ²ÓÉ¥·· (

z
1
2 + z−

1
2

)
Q(±)
n = Q

(±)
n+1 +R(±)

n Q
(±)
n−1. (204)

’¥¶¥·Ó ¨§ (178) ²¥£±µ ¶µ²ÊÎ¨ÉÓ, ÎÉµ Qn Ô¢µ²ÕÍ¨µ´¨·ÊÕÉ, ± ± ¢ Í¥¶µÎ±¥
‚µ²ÓÉ¥·· :

∂Q
(±)
n

∂t1
= R(±)

n R
(±)
n−1Q

(±)
n−2. (205)
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‡ ³¥É¨³, ÎÉµ ËÊ´±Í¨¨ Q
(±)
n ¢§ ¨³´µ µ·Éµ£µ´ ²Ó´Ò:〈

Q(±)
n , Q(±)

m

〉
= 2(1∓ Sn−1)hn−1δnm,

〈
Q(+)
n , Q(−)

n

〉
= 0, (206)

£¤¥ m ¨ n Å ²¨¡µ Î¥É´Ò¥, ²¨¡µ ´¥Î¥É´Ò¥ µ¤´µ¢·¥³¥´´µ.
’ ±¨³ µ¡· §µ³, ³Ò ¢µ¸¶·µ¨§¢¥²¨ Ê· ¢´¥´¨¥ ‚µ²ÓÉ¥··  ¨§ ¸¨³³¥É·¨Î´µ°

Ê´¨É ·´µ° ³µ¤¥²¨. ‘²¥¤Ê¥É, µ¤´ ±µ, § ³¥É¨ÉÓ, ÎÉµ ¶µ²ÊÎ¨¢Ï¥¥¸Ö ·¥Ï¥´¨¥ Í¥-
¶µÎ±¨ ‚µ²ÓÉ¥··  ´¥ µÉ¢¥Î ¥É Ô·³¨Éµ¢µ° ³ É·¨Î´µ° ³µ¤¥²¨ ¸ Î¥É´Ò³ ¶µÉ¥´-
Í¨ ²µ³ (¸³. ¶. 2.1), ¶µ¸±µ²Ó±Ê ¸µµÉ¢¥É¸É¢ÊÕÐ Ö ”l� µ¶·¥¤¥²Ö¥É¸Ö ¸¨¸É¥³µ°
µ·Éµ£µ´ ²Ó´ÒÌ ËÊ´±Í¨° (203),   ´¥ ¶µ²¨´µ³µ¢. Œµ¦´µ É ±¦¥ ¶µ± § ÉÓ, ÎÉµ
Ê· ¢´¥´¨Ö (206) µ¶¨¸Ò¢ ÕÉ ¤¢¥ ¨¥· ·Ì¨¨ Í¥¶µÎ±¨ ’µ¤Ò, ¸¢Ö§ ´´Ò¥ ¶·¥µ¡· -
§µ¢ ´¨¥³ lÔ±²Ê´¤  [101,137].


 ±µ´¥Í, ¶·µ¤¥³µ´¸É·¨·Ê¥³ ´  Ö§Ò±¥ ¸± ²Ö·´ÒÌ ¶·µ¨§¢¥¤¥´¨°, ± ± ³µ¦-
´µ µ¶¨¸ ÉÓ ¸¨³³¥É·¨Î´ÊÕ Ê´¨É ·´ÊÕ ³ É·¨Î´ÊÕ ³µ¤¥²Ó ± ± µ¡µ¡Ð¥´´ÊÕ Ô·-
³¨Éµ¢Ê µ¤´µ³ É·¨Î´ÊÕ ³µ¤¥²Ó [107,137]. „²Ö ÔÉµ£µ · ¸¸³µÉ·¨³ ¸µµÉ´µÏ¥´¨¥
µ·Éµ£µ´ ²Ó´µ¸É¨∫

C+

dλ

λ
Pn(λ+ λ−1)Pm(λ+ λ−1) exp

[ ∞∑
k=−∞

tkλ
k

]
, (207)

£¤¥ ±µ´ÉÊ· ¨´É¥£·¨·µ¢ ´¨Ö C+ ¨¤¥É ¢¤µ²Ó ¢¥Ð¥¸É¢¥´´µ° µ¸¨, ¶·¨Î¥³ µ¡Ìµ¤¨É
0 ¢ ¢¥·Ì´¥° ¶µ²Ê¶²µ¸±µ¸É¨,   Pn(z) = zn + . . . . �µ¸²¥ ´ ²µ¦¥´¨Ö Ê¸²µ¢¨Ö
tk = t−k (207) µ¶¨¸Ò¢ ¥É ¸µµÉ´µÏ¥´¨¥ µ·Éµ£µ´ ²Ó´µ¸É¨ ¢ Í¥¶µÎ±¥ ’µ¤Ò,  
Ê¸²µ¢¨¥ t2k+1 = 0 (k ∈ Z), t2k = t−2k (k ≥ 0) µÉ¢¥Î ¥É ¸¨³³¥É·¨Î´µ° Ê´¨-
É ·´µ° ³µ¤¥²¨. „¥°¸É¢¨É¥²Ó´µ, ¨§-§  ¨§³¥´¥´¨Ö ¶¥·¥³¥´´µ° λ =

√
z ±µ´ÉÊ·

¨´É¥£·¨·µ¢ ´¨Ö ¶¥·¥Ìµ¤¨É ¢ µ±·Ê¦´µ¸ÉÓ ¥¤¨´¨Î´µ£µ · ¤¨Ê¸  ¢ z-¶²µ¸±µ¸É¨,

É ± ÎÉµ ¶µ¸²¥ µÉµ¦¤¥¸É¢²¥´¨Ö Pn = Q
(+)
2n , Pn = (z

1
2 +z−

1
2 )Q(+)

2n+1 ¶µ²ÊÎ ÕÉ¸Ö
·¥±Ê··¥´É´Ò¥ ¸µµÉ´µÏ¥´¨Ö (204) ¨ ¸µµÉ´µÏ¥´¨Ö µ·Éµ£µ´ ²Ó´µ¸É¨ (206) ¤²Ö
Q(+). �´ ²µ£¨Î´Ò³ µ¡· §µ³ · ¸¸³ É·¨¢ ¥É¸Ö ¨ ¸²ÊÎ ° Q(−).

�µ¤¢¥¤¥³ ´¥±µÉµ·Ò¥ ¨Éµ£¨ · ¸¸³µÉ·¥´´ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ ¸¢µ°¸É¢ Ê´¨-
É ·´µ° ³µ¤¥²¨. ŒÒ ¤µ± § ²¨, ÎÉµ ³µ¤¥²Ó µ¶¨¸Ò¢ ¥É¸Ö ´¥±µÉµ·µ° ·¥¤Ê±-
Í¨¥° ¤¢Ê³¥·¨§µ¢ ´´µ° Í¥¶µÎ±¨ ’µ¤Ò ¨, µ¤´µ¢·¥³¥´´µ, ¤¨¸±·¥É´µ° �Š
‘-
¸¨¸É¥³µ°. �É  ¶µ¸²¥¤´ÖÖ Ô±¢¨¢ ²¥´É´  [136] ·¥²ÖÉ¨¢¨¸É¸±µ° Í¥¶µÎ±¥ ’µ¤Ò
[141]∗. lµ²¥¥ Éµ£µ, µ± §Ò¢ ¥É¸Ö, ÎÉµ ¤¨¸±·¥É´ÊÕ ¨ ´¥¶·¥·Ò¢´ÊÕ �Š
‘
³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± ¤¢¥ ¶µ¤¨¥· ·Ì¨¨ µ¤´µ° ¨ Éµ° ¦¥ ¨¥· ·Ì¨¨, ´µ
¸ · §²¨Î´Ò³¨ (¤¨¸±·¥É´Ò³¨) Ô¢µ²ÕÍ¨Ö³¨ [136, 142]. Š·µ³¥ Éµ£µ, Ê´¨É ·´ Ö

∗’ ±µ¥ ¸µµÉ¢¥É¸É¢¨¥ ´¥ µÎ¥´Ó Ê¤¨¢¨É¥²Ó´µ ¢ ¸¢¥É¥ Éµ£µ, ÎÉµ ´¥·¥²ÖÉ¨¢¨¸É¸± Ö Í¥¶µÎ± 
’µ¤Ò µ¶¨¸Ò¢ ¥É ³µ¤¥²Ó Ô·³¨Éµ¢ÒÌ ³ É·¨Í, ±µÉµ·Ò¥ µ¡· §ÊÕÉ ± ¸ É¥²Ó´µ¥ ¶·µ¸É· ´¸É¢µ ± Ê´¨-
É ·´Ò³, ¶µ¤µ¡´µ Éµ³Ê, ± ± ´¥·¥²ÖÉ¨¢¨¸É¸± Ö Í¥¶µÎ±  ’µ¤Ò µ¶¨¸Ò¢ ¥É  ²£¥¡· ¨Î¥¸±ÊÕ ¢¥·¸¨Õ
·¥²ÖÉ¨¢¨¸É¸±µ° [136].
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³ É·¨Î´ Ö ³µ¤¥²Ó ³µ¦¥É ¡ÒÉÓ µ¶¨¸ ´  ± ± ¤¢ÊÌ±µ³¶µ´¥´É´ Ö ¨¥· ·Ì¨Ö ‚µ²Ó-
É¥··  [137]. ‚ ¸¢¥É¥ ÔÉµ£µ ¶µ¸²¥¤´¥£µ ¸µµÉ¢¥É¸É¢¨Ö µ£· ´¨Î¥´¨¥ ¤µ ¸¨³³¥-
É·¨Î´µ° Ê´¨É ·´µ° ³µ¤¥²¨, µÉ¢¥Î ÕÐ¥¥ ¶¥·¥Ìµ¤Ê µÉ �Š
‘ ± ³Š¤‚, ¢Ò£²Ö¤¨É
± ± ¶¥·¥Ìµ¤ µÉ ¤¢ÊÌ±µ³¶µ´¥´É´µ° ± µ¤´µ±µ³¶µ´¥´É´µ° ³µ¤¨Ë¨Í¨·µ¢ ´´µ°
Í¥¶µÎ±¥ ‚µ²ÓÉ¥·· .

2.4.4. -²£¥¡·  ‚¨· ¸µ·µ ¢ Ê´¨É ·´µ° ³µ¤¥²¨. �µ²ÊÎ¨³ É¥¶¥·Ó  ²£¥¡·Ê
’“ ¢ Ê´¨É ·´µ° ³µ¤¥²¨. Š ± ¸²¥¤Ê¥É µ¦¨¤ ÉÓ ¢¸²¥¤¸É¢¨¥ ¡²¨§±µ° ¸¢Ö§¨ Ê´¨-
É ·´µ° ¨ Ô·³¨Éµ¢µ° ³µ¤¥²¥°, ÔÉµ ¤µ²¦´  ¡ÒÉÓ  ²£¥¡·  ‚¨· ¸µ·µ. ‚ ¸ ³µ³
¤¥²¥, ¶µ¸±µ²Ó±Ê Ê´¨É ·´ Ö ³µ¤¥²Ó ¸µ¤¥·¦¨É ¤¢  ´ ¡µ·  ¢·¥³¥´ (¨ µ¶¨¸Ò-
¢ ¥É ¤¢ÊÌ±µ³¶µ´¥´É´ÊÕ Í¥¶µÎ±Ê ‚µ²ÓÉ¥·· ), ´¥Ê¤¨¢¨É¥²Ó´Ò³ Ö¢²Ö¥É¸Ö ´ ²¨-
Î¨¥ ¤¢ÊÌ  ²£¥¡· ‚¨· ¸µ·µ. ‡¤¥¸Ó ³Ò ¨Ì ¶µ²ÊÎ¨³ ¢ É¥·³¨´ Ì ¶¥·¥³¥´´ÒÌ

t
(±)
k [108,133] (¸³. (167)).

‚¢¥¤¥³ Ô·³¨Éµ¢Ê ³ É·¨ÍÊ M ¸µµÉ´µÏ¥´¨¥³ U ≡ eiM . ’µ£¤  ¤¥°¸É¢¨¥
Ê´¨É ·´µ° ³µ¤¥²¨ ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´µ ¢ ¢¨¤¥

S = tr

∑
k≥0

(
2t+k cos kM + 2it−k sin kM

) . (208)

…¸É¥¸É¢¥´´µ · ¸¸³µÉ·¥ÉÓ ¤¢  ¡ §¨¸´ÒÌ ¶·¥µ¡· §µ¢ ´¨Ö

δM = 2ε+n sinnM, n ≥ 1, δM = 2ε−n cosnM, n ≥ 0, (209)

É. ¥.

δU = ε+n (U
n+1 − U1−n), n ≥ 1,

δU = iε−n (U
n+1 + U1−n), n ≥ 0.

(210)

‡ ³¥É¨³, ÎÉµ ´ ¨¢´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ δU = εnU
n ´¥ ¸µ£² ¸Ê¥É¸Ö ¸ Ê´¨É ·´µ-

¸ÉÓÕ ³ É·¨ÍÒ.
�·¨ ¶·¥µ¡· §µ¢ ´¨ÖÌ (210) ¤¥°¸É¢¨¥ ³¥´Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

δ+n S =ε
+
n tr

∑
k≥0

k[2t+k (cos (k + n)M − cos (k − n)M) +

+ 2it−k (sin (k + n)M − sin (k − n)M)],

δ−n S = iε−n tr
∑
k≥0

k[2it+k (sin (k + n)M + sin (k − n)M) +

+ 2t−k (cos (k + n)M + cos (k − n)M)].

(211)

�É¨ ¶·¥µ¡· §µ¢ ´¨Ö ¢µ¸¶·µ¨§¢µ¤ÖÉ¸Ö ¤¥°¸É¢¨¥³ ±² ¸¸¨Î¥¸±¨Ì µ¶¥· Éµ·µ¢ ‚¨-
· ¸µ·µ L±,cl

n>0:

δS =
(
ε+nL

+,cl
n + iε−nL

−,cl
n

)
S, (212)
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£¤¥

L+,cl
n =

∞∑
k=−∞

(
kt+k

∂

∂t+k+n
+ kt−k

∂

∂t−k+n

)
=

=
∞∑

k=−∞
ktk

(
∂

∂tk+n
− ∂

∂tk−n

)
, n ≥ 1,

L−,cl
n =

∞∑
k=−∞

(
kt+k

∂

∂t−k+n
+ kt−k

∂

∂t+k+n

)
=

=
∞∑

k=−∞
ktk

(
∂

∂tk+n
+

∂

∂tk−n

)
, n ≥ 0.

(213)

�¥·¥°¤¥³ É¥¶¥·Ó ± ¢ÒÎ¨¸²¥´¨Õ ±¢ ´Éµ¢ÒÌ ¶µ¶· ¢µ±. „²Ö ¨Ì ¢ÒÎ¨¸²¥´¨Ö ´ ³
´¥µ¡Ìµ¤¨³µ §´ ÉÓ ¨§³¥´¥´¨¥ ³¥·Ò •  ·  ´  Ê´¨É ·´ÒÌ ³ É·¨Í Ì ¶·¨ ¶·¥-
µ¡· §µ¢ ´¨¨ (210). „²Ö Éµ£µ ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ Ö±µ¡¨ ´ ¶·¥µ¡· §µ¢ ´¨Ö, ´ ³
´Ê¦´µ §´ ÉÓ Ö¢´µ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ³¥·Ò. ‘ ÔÉµ° Í¥²ÓÕ ¨¸¶µ²Ó§Ê¥³ ¥Ð¥ µ¤´Ê
¶ · ³¥É·¨§ Í¨Õ Ê´¨É ·´µ° ³ É·¨ÍÒ U ¢ É¥·³¨´ Ì Ô·³¨Éµ¢µ° ³ É·¨ÍÒ H :

U =
1+ iH

1 − iH
, U † =

1− iH

1+ iH
. (214)

“´¨É ·´ Ö ³¥·  •  ·  DU ´  £·Ê¶¶¥ U(n) ¸¢Ö§ ´  ¸ Ô·³¨Éµ¢µ° ³¥·µ° •  · 

DH =
n∏

i,j=1

dHij Ëµ·³Ê²µ° [143]:

DU =
(

1
det (1+H2)

)n
DH. (215)

�·¥µ¡· §µ¢ ´¨Ö (210) ²¥£±µ ³µ£ÊÉ ¡ÒÉÓ ¶¥·¥¶¨¸ ´Ò ¢ É¥·³¨´ Ì δH ¸ ¨¸¶µ²Ó-
§µ¢ ´¨¥³

δU =
1

1− iH
2iδH

1
1− iH

, (216)

É ± ÎÉµ

δ+nH = ε+n
(1+ iH)2n − (1 − iH)2n

2i(1+H2)n−1
, n ≥ 1,

δ−nH = ε−n
(1+ iH)2n + (1 − iH)2n

2(1+H2)n−1
, n ≥ 0.

(217)
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ˆ§³¥´¥´¨¥ ³¥·Ò (215) ¸µ¤¥·¦¨É ¤¢  Î²¥´ : ¢ ·¨ Í¨Õ ¤¥É¥·³¨´ ´É  ¢ §´ ³¥-
´ É¥²¥(

1
det (1+H2)

)n
→

(
1

det (1+H2)

)n
×

×
{
1− 2 tr1 tr HδH

1+H2
+O((δH)2)

}
, (218)

£¤¥ n ¶¥·¥¶¨¸ ´µ ± ± tr 1, ¨ ¨§³¥´¥´¨¥ Ô·³¨Éµ¢µ° ³¥·Ò

DH → DH

(
1 + tr

∂δH

∂H

)
. (219)

‚¸¥ ¶µ¶· ¢±¨ ¢³¥¸É¥ Ö¢²ÖÕÉ¸Ö ±¢ ¤· É¨Î´Ò³¨ ±µ³¡¨´ Í¨Ö³¨ ¸²¥¤µ¢, ¢Ò· -
¦ ¥³Ò³¨ Î¥·¥§ ¢Éµ·Ò¥ ¶·µ¨§¢µ¤´Ò¥ µÉ ¸É É¨¸É¨Î¥¸±µ° ¸Ê³³Ò. Š ± ·¥§Ê²ÓÉ É,
¶µ²ÊÎ ÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ Ê¸²µ¢¨Ö ‚¨· ¸µ·µ, µ¶¨¸Ò¢ ÕÐ¨¥ ’“ Ê´¨É ·´µ° ³ -
É·¨Î´µ° ³µ¤¥²¨:

L±
n =

∞∑
k=−∞

ktk

(
∂

∂tk+n
∓ ∂

∂tk−n

)
+

∑
1≤k≤n

(
∂2

∂tk∂tn−k
± ∂2

∂t−k∂tk−n

)
,

n ≥ n±, n+ = 1, n− = 0. (220)

2.5. 	¡Ð¨¥ ¸¢µ°¸É¢  ¤¨¸±·¥É´ÒÌ ³ É·¨Î´ÒÌ ³µ¤¥²¥°

2.5.1. Œ´µ£µµ¡· §¨¥ ³ É·¨Î´ÒÌ ³µ¤¥²¥° ¨ ¨Ì ·¥¤Ê±Í¨°. „µ ´ ¸Éµ-
ÖÐ¥£µ ³µ³¥´É  ³Ò µ¡¸Ê¦¤ ²¨ ¸¢µ°¸É¢  · §²¨Î´ÒÌ ±µ´±·¥É´ÒÌ ³ É·¨Î´ÒÌ
³µ¤¥²¥°. �·¨ ÔÉµ³ ³µ¦´µ ¡Ò²µ § ³¥É¨ÉÓ · §´µµ¡· §¨¥ ’“ ¨ ¨Ì ¸¨²Ó´ÊÕ ³µ-
¤¥²Ó´ÊÕ § ¢¨¸¨³µ¸ÉÓ ¨ ¸µ¢¥·Ï¥´´µ Ê´¨¢¥·¸ ²Ó´Ò¥ ¨´É¥£·¨·Ê¥³Ò¥ ¸¢µ°¸É¢ 
¢¸¥Ì ³µ¤¥²¥°. �¡¸Ê¤¨³ µ¡Ð¨¥ ¸¢µ°¸É¢  ¨´É¥£·¨·Ê¥³ÒÌ É¥µ·¨°, ¢ ±µÉµ·Ò¥ ¢¸¥
· ¸¸³µÉ·¥´´Ò¥ ³ É·¨Î´Ò¥ ³µ¤¥²¨ ¥¸É¥¸É¢¥´´µ ¶µ£·Ê¦ ÕÉ¸Ö [106,107].


 Î´¥³, ± ± µ¡ÒÎ´µ, ¸ ¸µµÉ´µÏ¥´¨Ö µ·Éµ£µ´ ²Ó´µ¸É¨. Š ± µÎ¥¢¨¤´µ ¨§
¶·¥¤Ò¤ÊÐ¥£µ · ¸¸³µÉ·¥´¨Ö, ¨³¥´´µ ¢ ´¥³ § ±µ¤¨·µ¢ ´  ¨´É¥£·¨·Ê¥³ Ö ¸É·Ê±-
ÉÊ·  ³µ¤¥²¨. ‚ Î ¸É´µ¸É¨, µ´µ ¶µ¤· §Ê³¥¢ ¥É, ÎÉµ ”l� ¢ ³ É·¨Î´ÒÌ ³µ¤¥²ÖÌ
§ ¤ ¥É¸Ö µ·Éµ£µ´ ²Ó´Ò³¨ ¶µ²¨´µ³ ³¨. ‚ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ É ± Ö ”l� µÉ¢¥-
Î ¥É É ± ´ §Ò¢ ¥³Ò³ ¶µ²Ê¡¥¸±µ´¥Î´Ò³ ¨¥· ·Ì¨Ö³ [144], ¢ ±µÉµ·Ò¥ ²Õ¡ Ö
³ É·¨Î´ Ö ³µ¤¥²Ó ³µ¦¥É ¡ÒÉÓ ¶µ£·Ê¦¥´  ¨ ±µÉµ·Ò¥ ³Ò ¡Ê¤¥³ µ¡¸Ê¦¤ ÉÓ.
‘µµÉ´µÏ¥´¨¥ µ·Éµ£µ´ ²Ó´µ¸É¨ ¤²Ö ¶µ²Ê¡¥¸±µ´¥Î´µ° ¨¥· ·Ì¨¨, µ¡µ¡Ð ÕÐ¥°
Ô·³¨Éµ¢Ê µ¤´µ³ É·¨Î´ÊÕ ³µ¤¥²Ó, § ¤ ¤¨³ ¢ ¢¨¤¥

〈n|m〉 ≡
∫

dzµ(z)Pn(z)Pm(z) eV (z) = eϕnδmn, (221)
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£¤¥ ¶µÉ¥´Í¨ ²∗

V (z) ≡
∑
n≥0

tkz
k (222)

¨ µ(z)Å ¶·µ¨§¢µ²Ó´ Ö ³¥· . Šµ´ÉÊ· ¨´É¥£·¨·µ¢ ´¨Ö ¢ (221) ´¥ Ë¨±¸¨·µ¢ ´.
‡ ³¥É¨³, ÎÉµ ¢Ò¢µ¤ Ê· ¢´¥´¨° Í¥¶µÎ±¨ ’µ¤Ò, ¸¤¥² ´´Ò° ¢ ¶. 2.1, ¡¥§

¨§³¥´¥´¨Ö ¶¥·¥´µ¸¨É¸Ö ´  · ¸¸³ É·¨¢ ¥³Ò° ¸²ÊÎ °, ¶µ¸±µ²Ó±Ê ´¨£¤¥ ´¥ ¡Ò²
¨¸¶µ²Ó§µ¢ ´ Ö¢´Ò° ¢¨¤ ³¥·Ò. ’ ±¨³ µ¡· §µ³, (221) µ¶¨¸Ò¢ ¥É ¶µ²Ê¡¥¸±µ´¥Î-
´ÊÕ ¨¥· ·Ì¨Õ Í¥¶µÎ±¨ ’µ¤Ò,   ¥¥ ±µ´±·¥É´Ò¥ ·¥Ï¥´¨Ö § ¤ ÕÉ¸Ö ±µ´±·¥É-
´Ò³ ¢Ò¡µ·µ³ ³¥·Ò ¨ ±µ´ÉÊ·  ¨´É¥£·¨·µ¢ ´¨Ö. ’ ±, Ô·³¨Éµ¢µ° ³ É·¨Î´µ°
³µ¤¥²¨ µÉ¢¥Î ¥É ¶²µ¸± Ö ³¥· . Šµ´¥Î´µ, Éµ ¦¥ ¸ ³µ¥ Ê¸²µ¢¨¥ ³µ¦¥É ¡ÒÉÓ
¨´¢ ·¨ ´É´µ § ¤ ´µ Ê¸²µ¢¨Ö³¨ ‚¨· ¸µ·µ (¤²Ö ¨Ì ¢Ò¢µ¤  ¨§ ¸µµÉ´µÏ¥´¨Ö µ·-
Éµ£µ´ ²Ó´µ¸É¨ ¢ ¶. 2.1 ¨¸¶µ²Ó§µ¢ ² ¸Ó ¶·µÍ¥¤Ê·  ¨´É¥£·¨·µ¢ ´¨Ö ¶µ Î ¸ÉÖ³,
¶µ¤· §Ê³¥¢ ¢Ï Ö ¶²µ¸±ÊÕ ³¥·Ê).

Šµ´¥Î´µ, (221) Å ¤ ²¥±µ ´¥ ¸ ³Ò° µ¡Ð¨° ¢¨¤ ¸µµÉ´µÏ¥´¨Ö µ·Éµ£µ-
´ ²Ó´µ¸É¨, µ¤´ ±µ ¤²Ö ¥£µ µ¡µ¡Ð¥´¨Ö ´Ê¦´µ Ê¦¥ · ¸¸³ É·¨¢ ÉÓ ¡¨µ·Éµ-
£µ´ ²Ó´Ò¥ ¸¨¸É¥³Ò ¶µ²¨´µ³µ¢. ’ ±¨³ µ¡· §µ³, · ¸¸³µÉ·¨³ ¸µµÉ´µÏ¥´¨¥
(¡¨)µ·Éµ£µ´ ²Ó´µ¸É¨ ¸²¥¤ÊÕÐ¥£µ ¢¨¤ :

〈n|m〉 ≡
∫

dxdyA(x, y)Pn(x)Qm(y) eV (x)+V̄ (y) = eϕnδmn, (223)

£¤¥ A(z, y) Å ¶·µ¨§¢µ²Ó´ Ö ³¥· . ‚ ÔÉµ ¸µµÉ´µÏ¥´¨¥ ²¥£±µ ¶µ£·Ê¦ ÕÉ¸Ö ¨
³´µ£µ³ É·¨Î´Ò¥ ³µ¤¥²¨ (¸ A(x, y), µ¶·¥¤¥²¥´´Ò³ ± ± ¢ (97), ´µ ¸ ¢Ò¤¥²¥´´µ°
Ö¢´µ § ¢¨¸¨³µ¸ÉÓÕ µÉ ¢·¥³¥´), ¨ µ¤´µ³ É·¨Î´ Ö ³µ¤¥²Ó (A(x, y) = δ(x− y)),
¨ Ê´¨É ·´ Ö ³µ¤¥²Ó (A(x, y) = δ(x−y−1)). �µ¤µ¡´µ Éµ³Ê, ± ± Ëµ·³Ê²  (221)
§ ¤ ¢ ²  µ¡ÐÊÕ ¶µ²Ê¡¥¸±µ´¥Î´ÊÕ Í¥¶µÎ±Ê ’µ¤Ò, ¸µµÉ´µÏ¥´¨¥ µ·Éµ£µ´ ²Ó-
´µ¸É¨ (223) § ¤ ¥É ¥¥ ¤¢Ê³¥·¨§µ¢ ´´ÊÕ ¢¥·¸¨Õ. ‚ Î ¸É´µ¸É¨, ¨§ ´¥£µ ²¥£±µ
¶µ²ÊÎ¨ÉÓ ¢¸¥ ¸µµÉ´µÏ¥´¨Ö ¶. 2.2.1. Šµ´¥Î´µ, ¨ Ö¢´ Ö Ëµ·³Ê²  ¤²Ö ¤¥É¥·³¨-
´ ´É´µ£µ ¶·¥¤¸É ¢²¥´¨Ö (105) ¸ ³ É·¨Í¥° ³µ³¥´Éµ¢ (106) É ±¦¥ ¸µÌ· ´¨É¸Ö.

‚ § ±²ÕÎ¥´¨¥ ÔÉµ£µ ¶Ê´±É  µ¡¸Ê¤¨³, ± ± Ê¸É·µ¥´Ò ·¥¤Ê±Í¨¨ ¨ ¢²µ¦¥´¨Ö
· §²¨Î´ÒÌ ¸¨¸É¥³ ¢ ¶µ²Ê¡¥¸±µ´¥Î´ÊÕ 2�’ [107]. ‚ µ¡Ð¥° ¨¥· ·Ì¨¨ 2�’
´¥µ¡Ìµ¤¨³µ ¢¢¥¸É¨ ¤¢¥ ”l� {Ψ∞

− } ¨ {Ψ0
n}, ¸¢Ö§ ´´Ò¥ ¸ ÉµÎ± ³¨ 0 ¨ ∞, (¨,

¸µµÉ¢¥É¸É¢¥´´µ, ¤¢¥ ¨³ ¸µ¶·Ö¦¥´´Ò¥ ”l�), ±µÉµ·Ò³ µÉ¢¥Î ÕÉ ¤¢  ¡¨µ·Éµ-
£µ´ ²Ó´ÒÌ ´ ¡µ·  ¶µ²¨´µ³µ¢. �·¨ ·¥¤Ê±Í¨¨ ± Í¥¶µÎ±¥ ’µ¤Ò ÔÉ¨ ¤¢¥ ”l�
¸¢Ö§ ´Ò Ê¸²µ¢¨¥³

Ψ0
n(z) = Ψ

∗,∞
n

(
1
z

)
, (224)

∗‡¤¥¸Ó ¶µ ¸· ¢´¥´¨Õ ¸ ¶·¥¤Ò¤ÊÐ¨³ · ¸¸³µÉ·¥´¨¥³ ³Ò ¨§³¥´¨²¨ §´ ± ¶µÉ¥´Í¨ ² , ÎÉµ¡Ò
¨§¡ ¢¨ÉÓ¸Ö µÉ ¡µ²ÓÏµ£µ ±µ²¨Î¥¸É¢  ³¨´Ê¸µ¢ ¢ ¤¥É¥·³¨´ ´É´ÒÌ Ëµ·³Ê² Ì.
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±µÉµ·µ¥ ¶·¥¢· Ð ¥É ¡¨µ·Éµ£µ´ ²Ó´ÊÕ ¸¨¸É¥³Ê ¢ µ·Éµ£µ´ ²Ó´ÊÕ. ‚ Éµ ¦¥
¢·¥³Ö Ê¸²µ¢¨¥, µÉ¢¥Î ÕÐ¥¥ ·¥¤Ê±Í¨¨ ± ·¥²ÖÉ¨¢¨¸É¸±µ° Í¥¶µÎ±¥ ’µ¤Ò, µ¶¨-
¸Ò¢ ÕÐ¥° Ê´¨É ·´ÊÕ ³µ¤¥²Ó, ´  ÔÉµ³ Ö§Ò±¥ ¸Ëµ·³Ê²¨·µ¢ ÉÓ ¸²µ¦´¥¥ (¸³.
[136]). Šµ´¥Î´µ, § ¤ ´¨¥ µ¶·¥¤¥²¥´´µ£µ ¢Ò· ¦¥´¨Ö ¤²Ö ³¥·Ò A(z, y) ¤µ¸É -
ÉµÎ´µ ¤²Ö µ¶¨¸ ´¨Ö ·¥¤Ê±Í¨¨ Å A(x, y) = µ(z)δ(x−y) ¤²Ö ´¥·¥²ÖÉ¨¢¨¸É¸±µ°
Í¥¶µÎ±¨ ’µ¤Ò ¨ A(x, y) = µ(z)δ(x− y−1) ¤²Ö ·¥²ÖÉ¨¢¨¸É¸±µ° Í¥¶µÎ±¨ ’µ¤Ò
(´ ¶µ³´¨³, ÎÉµ ¢ ´¥¥ ¢±² ¤Ò¢ ¥É¸Ö Ê´¨É ·´ Ö ³µ¤¥²Ó).

„ ²Ó´¥°Ï¥¥ µ£· ´¨Î¥´¨¥ ³µ¤¥²¥° ¶·¨¢µ¤¨É Ê¦¥ ´¥ ± ·¥¤Ê±Í¨Ö³,   ± ¢²µ-
¦¥´¨Ö³. ’ ±, ¶¥·¥Ìµ¤ ± Í¥¶µÎ±¥ ‚µ²ÓÉ¥··  µÉ¢¥Î ¥É § ´Ê²¥´¨Õ ´¥Î¥É´ÒÌ
¢·¥³¥´ ¢ ¶µÉ¥´Í¨ ²¥ Í¥¶µÎ±¨ ’µ¤Ò. �·¨ ÔÉµ³ ¤¥É¥·³¨´ ´É´ Ö Ëµ·³Ê²  (82)
¤²Ö Í¥¶µÎ±¨ ’µ¤Ò ¶·¨´¨³ ¥É ¢¨¤

τ
(TC)
2n

∣∣∣∣t2k+1=0 = det
n×n

{
∂i+j−2C

}
· det
n×n

{
∂i+j−2(∂C)

}
,

τ
(TC)
2n+1

∣∣∣∣t2k+1=0 = det
(n+1)×(n+1)

{
∂i+j−2C

}
· det
n×n

{
∂i+j−2(∂C)

}
,

(225)

£¤¥ ¶·µ¨§¢µ¤´ Ö ∂ µ§´ Î ¥É ¤¨ËË¥·¥´Í¨·µ¢ ´¨¥ ¶µ ¢Éµ·µ³Ê ¢·¥³¥´¨ (¶¥·-
¢µ¥ Å § ´Ê²Ö¥É¸Ö). ’ ±¨³ µ¡· §µ³, τ -ËÊ´±Í¨Ö Í¥¶µÎ±¨ ‚µ²ÓÉ¥··  Ö¢²Ö¥É¸Ö
¶·µ¨§¢¥¤¥´¨¥³ τ -ËÊ´±Í¨° ¤¢ÊÌ · §´ÒÌ Í¥¶µÎ¥± ’µ¤Ò. …¸²¨ ¤ ¦¥ ¶¥·¢Ò°
³´µ¦¨É¥²Ó ¢ ÔÉµ³ ¶·µ¨§¢¥¤¥´¨¨ ¢Ò¡· ´ µÉ¢¥Î ÕÐ¨³ ³ É·¨Î´µ° ³µ¤¥²¨ (É. ¥.
³¥·  ¢Ò¡· ´  ¶²µ¸±µ°), ¢Éµ·µ° µ¶¨¸Ò¢ ¥É τ -ËÊ´±Í¨Õ ¤·Ê£µ£µ É¨¶ . ’µÉ Ë ±É,
ÎÉµ Í¥¶µÎ±  ‚µ²ÓÉ¥··  µÉ¢¥Î ¥É ¤¢Ê³ Í¥¶µÎ± ³ ’µ¤Ò, ²¥£±µ Ê¢¨¤¥ÉÓ ¨ ´ 
Ö§Ò±¥ ¶·¥¤¸É ¢²¥´¨Ö ‹ ±¸ , ¨ ´  Ö§Ò±¥ Ê· ¢´¥´¨° [137].

�¡¸µ²ÕÉ´µ  ´ ²µ£¨Î´µ ³µ¦´µ · ¸¸³µÉ·¥ÉÓ ¶¥·¥Ìµ¤ µÉ µ¡Ð¥° ·¥²ÖÉ¨¢¨¸É-
¸±µ° Í¥¶µÎ±¨ ’µ¤Ò ± ®¸¨³³¥É·¨Î´µ°¯, É. ¥. µ£· ´¨Î¥´´µ° Ê¸²µ¢¨¥³ tk = t−k
[107, 133] (É¥·³¨´µ²µ£¨Ö ¢§ÖÉ  ¨§ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ³ É·¨Î´µ° ³µ¤¥²¨). ‚
ÔÉµ³ ¸²ÊÎ ¥ (190) ¶·¨´¨³ ¥É ¢¨¤

τ
(U)
2n

∣∣∣tk=t−k
= τ (1)

n · τ (2)
n , (226)

£¤¥ τ (1,2)
n Å ¤¢¥ · §´Ò¥ τ -ËÊ´±Í¨¨ µ¡Ð¥° ·¥²ÖÉ¨¢¨¸É¸±µ° Í¥¶µÎ±¨ ’µ¤Ò [133]

(¢ ¶µ²´µ³ ¶µ¤µ¡¨¨ ¸µ ¸²ÊÎ ¥³ ´¥·¥²ÖÉ¨¢¨¸É¸±µ° Í¥¶µÎ±¨).
�ÉÊ ¸¨¸É¥³Ê ³µ¦´µ µ£· ´¨Î¨ÉÓ ¨ ¤ ²ÓÏ¥, · ¸¸³µÉ·¥¢ Ê¸²µ¢¨¥ tk = 0 ¶·¨

k = 0 ¶µ ³µ¤Ê²Õ N . …¸²¨ ÔÉµ Ê¸²µ¢¨¥ ´ ²µ¦¥´µ ´  µ¡ÐÊÕ ·¥²ÖÉ¨¢¨¸É¸±ÊÕ
Í¥¶µÎ±Ê ’µ¤Ò, ¤¥É¥·³¨´ ´É´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶·¨´¨³ ¥É ¢¨¤

τ
(U,N)
Nn

∣∣∣∣tk �=Np=0 =
(
τ (U)
n

)N
, τ

(U,N)
Nn+k

∣∣∣∣tk �=Np=0 =
(
τ (U)
n

)N−k (
τ

(U)
n+1

)k
,

(227)

É. ¥. τ -ËÊ´±Í¨Ö ¶µ²ÊÎ¥´´µ° ¸¨¸É¥³Ò · ¢´  ¸É¥¶¥´¨ τ -ËÊ´±Í¨¨ ·¥²ÖÉ¨¢¨¸É-
¸±µ° Í¥¶µÎ±¨ ’µ¤Ò ¨²¨ ¶·µ¨§¢¥¤¥´¨Õ ¸É¥¶¥´¥° µ¤´µ° ¨ Éµ° ¦¥ τ -ËÊ´±Í¨¨,
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¢§ÖÉÒÌ ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ ¨´¤¥±¸µ¢ (¸·. (225)). ‚ Éµ ¦¥ ¢·¥³Ö ¶·¨ ´ -
²µ¦¥´¨¨ Éµ£µ ¦¥ Ê¸²µ¢¨Ö ´  Í¥¶µÎ±Ê, Ê¦¥ µ£· ´¨Î¥´´ÊÕ ¤µ ¸¨³³¥É·¨Î´µ°,
¶µ²ÊÎ¨É¸Ö

τ
(U,N)
Nn

∣∣∣∣tk �=Np=0; tk=t−k
=

(
τ (1)
n

)N (
τ (2)
n

)N
, (228)

¨ É. ¤.
„ ²¥¥ µ¶¨Ï¥³ ¶µ²Ê¡¥¸±µ´¥Î´Ò¥ ¨¥· ·Ì¨¨ ´  ¡µ²¥¥ Ê´¨¢¥·¸ ²Ó´µ³ Ë¥·-

³¨µ´´µ³ Ö§Ò±¥ ¨ ¶µ± ¦¥³, ± ± ´  ÔÉµ³ Ö§Ò±¥ ¢µ¸¶·µ¨§¢µ¤ÖÉ¸Ö ¶µ²ÊÎ¥´´Ò¥
§¤¥¸Ó ·¥§Ê²ÓÉ ÉÒ.

2.5.2. ”¥·³¨µ´´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¨´É¥£·¨·Ê¥³ÒÌ ¨¥· ·Ì¨°. ‚´ Î ²¥
¨§²µ¦¨³ ¢±· ÉÍ¥ µ¡Ð¥¥ Ë¥·³¨µ´´µ¥ µ¶¨¸ ´¨¥ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³, ¸²¥-
¤ÊÖ ¢ µ¸´µ¢´µ³ · ¡µÉ ³ ±¨µÉ¸±µ° Ï±µ²Ò [145Ä150] (¸³. É ±¦¥ [101, 106]),
  § É¥³ µ¶¨Ï¥³, ± ± ´  ÔÉµ³ Ö§Ò±¥ ¢Ò£²Ö¤ÖÉ ¢ µ¡Ð¥³ ¶µ²Ê¡¥¸±µ´¥Î´Ò¥
¨¥· ·Ì¨¨ ¨, ¢ Î ¸É´µ¸É¨, ³ É·¨Î´Ò¥ ³µ¤¥²¨. ‡ ³¥É¨³, ÎÉµ Ë¥·³¨µ´´Ò° ¶µ¤-
Ìµ¤ Å ¸ ³Ò° Ê´¨¢¥·¸ ²Ó´Ò° Ö§Ò± ¤²Ö µ¶¨¸ ´¨Ö ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³, ¶µ-
¸±µ²Ó±Ê µ´ µÉ¢¥Î ¥É Ëµ·³ ²Ó´µ³Ê £· ¸¸³ ´´¨ ´Ê (£· ¸¸³ ´´¨ ´ ‘ Éµ [151]),
¸Ëµ·³Ê²¨·µ¢ ´´µ³Ê ¢ É¥·³¨´ Ì Ëµ·³ ²Ó´ÒÌ ·Ö¤µ¢. •µÉÖ ¨³¥ÕÐ¨¥¸Ö  ²Ó-
É¥·´ É¨¢´Ò¥ ¶µ¤Ìµ¤Ò (¸³., ´ ¶·¨³¥·, [134, 135]) ²ÊÎÏ¥ µ¶¨¸Ò¢ ÕÉ, ¸± ¦¥³,
±µ´¥Î´µ§µ´´Ò¥ ·¥Ï¥´¨Ö [105], ¨³¥´´µ £· ¸¸³ ´´¨ ´ ‘ Éµ ´¥µ¡Ìµ¤¨³ ¤²Ö
· ¡µÉÒ ¸ ´¥¶·¥·Ò¢´Ò³¨ ³ É·¨Î´Ò³¨ ³µ¤¥²Ö³¨.

H Î´¥³ ¸ µ¶¨¸ ´¨Ö ¨¥· ·Ì¨¨ 2�’, τ -ËÊ´±Í¨Ö ±µÉµ·µ° § ¤ ¥É¸Ö ±µ··¥-
²ÖÉµ· ³¨ ¢ É¥µ·¨¨ ¸¢µ¡µ¤´ÒÌ Ë¥·³¨µ´µ¢ ψ, ψ̃ (b, c-¸¨¸É¥³  ¸µ ¸¶¨´µ³ 1/2).
O´  µ¶·¥¤¥²¥´  ± ± µÉ´µÏ¥´¨¥ ±µ··¥²ÖÉµ·µ¢∗

τn(t, t̄ |G) ≡
〈n|eHG eH̄ |n〉

〈n|G|n〉 (229)

¢ É¥µ·¨¨ ¤¢Ê³¥·´ÒÌ ¸¢µ¡µ¤´ÒÌ Ë¥·³¨µ´´ÒÌ ¶µ²¥° ψ(z), ψ∗(z) ¸ ¤¥°¸É¢¨¥³∫
ψ∗∂̄ψ:

ψ(z) =
∑
Z

ψnz
n dz1/2, ψ∗(z) =

∑
Z

ψ∗
nz

−n−1 dz1/2, (230)

{ψk, ψ∗
m} = δkm, {ψk, ψm} = {ψ∗

k, ψ
∗
m} = 0. (231)

‚ µ¶·¥¤¥²¥´¨¨ (229) ¨¸¶µ²Ó§µ¢ ´Ò ¸²¥¤ÊÕÐ¨¥ µ¡µ§´ Î¥´¨Ö:

H =
∑
k>0

tkJk, H̄ =
∑
k>0

t̄kJ−k, (232)

∗‚ ¤ ²Ó´¥°Ï¥³ É¥±¸É¥ ³Ò ¡Ê¤¥³ µ¶Ê¸± ÉÓ ¨§ µ¶·¥¤¥²¥´¨Ö τ -ËÊ´±Í¨¨ ±µ··¥²ÖÉµ·, ¸²Ê¦ Ð¨°
´µ·³¨·µ¢µÎ´Ò³ ³´µ¦¨É¥²¥³, ¢¸Õ¤Ê, £¤¥ ÔÉµ ´¥ ³µ¦¥É ¶·¨¢¥¸É¨ ± ´¥¤µ· §Ê³¥´¨Ö³, É. ¥. µ´ ´¥
¸¨´£Ê²Ö·¥´ (¸³. [53, ¶. 4.1]).
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£¤¥ Éµ±¨ µ¶·¥¤¥²¥´Ò ± ±

J(z) = ψ∗(z)ψ(z), É. ¥. Jk =
∑
Z

ψiψ
∗
i+k. (233)

‚¥²¨Î¨´  G § ¤ ¥É¸Ö Ëµ·³Ê²µ°

G = : exp

{∑
m,n

Gmnψ∗
mψn

}
: (234)

¨ Ö¢²Ö¥É¸Ö Ô²¥³¥´Éµ³ £·Ê¶¶Ò GL(∞) (¨²¨ £·Ê¶¶Ò Š²¨ËËµ·¤ ), ·¥ ²¨§µ¢ ´-
´Ò³ ¢ ¡¥¸±µ´¥Î´µ³¥·´µ³ £· ¸¸³ ´´¨ ´¥ (¸³. É ±¦¥ [134, 135]). 
µ·³ ²Ó´µ¥
Ê¶µ·Ö¤µÎ¨¢ ´¨¥ ¤µ²¦´µ ¶µ´¨³ ÉÓ¸Ö §¤¥¸Ó ± ± Ê¶µ·Ö¤µÎ¨¢ ´¨¥ ¶µ µÉ´µÏ¥´¨Õ
± ¢ ±ÊÊ³Ê |0〉, ±µÉµ·Ò° µ¶·¥¤¥²¥´ Ê¸²µ¢¨Ö³¨

ψm|0〉 = 0, m < 0, ψ∗
m|0〉 = 0, m ≥ 0. (235)

Œµ¦´µ · ¸¸³µÉ·¥ÉÓ ¨ ¡µ²¥¥ µ¡Ð¥¥ ´µ·³ ²Ó´µ¥ Ê¶µ·Ö¤µÎ¨¢ ´¨¥, µ¶·¥¤¥²¥´-
´µ¥∗ ¶µ µÉ´µÏ¥´¨Õ ± ¢ ±ÊÊ³Ê |k〉, ±µÉµ·Ò° § ¤ ´ Ê¸²µ¢¨Ö³¨

ψm|k〉 = 0, m < k, ψ∗
m|k〉 = 0, m ≥ k. (236)

Šµ´±·¥É´µ¥ ·¥Ï¥´¨¥ ¨¥· ·Ì¨¨ (τ -ËÊ´±Í¨Ö (229)) § ¢¨¸¨É Éµ²Ó±µ µÉ ¢Ò¡µ· 
Ô²¥³¥´É  G (¨²¨ Ô±¢¨¢ ²¥´É´µ ³µ¦¥É ¡ÒÉÓ µ¶·¥¤¥²¥´µ ¥¤¨´¸É¢¥´´Ò³ µ¡· -
§µ³ ³ É·¨Í¥° Gkm). ‡ ³¥Î É¥²Ó´Ò³ ¤µ¸É¨¦¥´¨¥³ ±¨µÉ¸±µ° Ï±µ²Ò Ö¢²Ö¥É¸Ö
ÊÉ¢¥·¦¤¥´¨¥ µ Éµ³, ÎÉµ ²Õ¡µ¥ ·¥Ï¥´¨¥ ¨¥· ·Ì¨¨ 2�’ ³µ¦¥É ¡ÒÉÓ § ¤ ´µ
´¥±µÉµ·Ò³ Ô²¥³¥´Éµ³ G ¢¨¤  (234), ¨ ´ µ¡µ·µÉ, ± ¦¤Ò° É ±µ° Ô²¥³¥´É G
µÉ¢¥Î ¥É ´¥±µÉµ·µ³Ê ·¥Ï¥´¨Õ ¨¥· ·Ì¨¨ 2�’.

‡ ³¥É¨³, ÎÉµ 2�’ Ö¢²Ö¥É¸Ö µ¤´µ±µ³¶µ´¥´É´µ° ¨¥· ·Ì¨¥° ´ ¨¡µ²¥¥ µ¡-
Ð¥£µ ¢¨¤ . ‘± ¦¥³, ¨¥· ·Ì¨Ö Š� ¶µ²ÊÎ ¥É¸Ö ¨§ ´¥¥, ¥¸²¨ § ´Ê²¨ÉÓ ¢¸¥ µÉ·¨-
Í É¥²Ó´Ò¥ ¢·¥³¥´  ¨ ´Ê²¥¢µ¥ ¢·¥³Ö, ¨²¨ ¶·µ¸Éµ ± ±-²¨¡µ ¨Ì Ë¨±¸¨·µ¢ ÉÓ ¨
´¥ · ¸¸³ É·¨¢ ÉÓ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ Ô¢µ²ÕÍ¨µ´´Ò¥ Ê· ¢´¥´¨Ö. ‚ ÔÉµ³ ¸³Ò¸²¥
¨¥· ·Ì¨Ö Š� Å ÔÉµ ¶µ¤¨¥· ·Ì¨Ö 2�’,   ´¥ ·¥¤Ê±Í¨Ö, ¨ µ¶¨¸Ò¢ ¥É¸Ö µ´  É¥³
¦¥ ³´µ¦¥¸É¢µ³ Ô²¥³¥´Éµ¢ G, ´µ ³¥´ÓÏ¨³ Î¨¸²µ³ Ô¢µ²ÕÍ¨µ´´ÒÌ ¶µÉµ±µ¢.

„·Ê£¨³ ¶·¨³¥·µ³ Ö¢²Ö¥É¸Ö Í¥¶µÎ±  ’µ¤Ò Å ÔÉµ Ê¦¥ ·¥¤Ê±Í¨Ö, ±µÉµ· Ö
¶µ²ÊÎ ¥É¸Ö ¨§ 2�’ ¶·¨ ´ ²µ¦¥´¨¨ ¸¶¥Í¨ ²Ó´µ£µ Ê¸²µ¢¨Ö ´  Ô²¥³¥´É £· ¸¸³ ´-
´¨ ´  (¸³. ´¨¦¥ (266)). ‚ ·¥§Ê²ÓÉ É¥ τ -ËÊ´±Í¨Ö Í¥¶µÎ±¨ ’µ¤Ò µ± §Ò¢ ¥É¸Ö
§ ¢¨¸ÖÐ¥° ´¥ µÉ ¶µ²µ¦¨É¥²Ó´ÒÌ ¨ µÉ·¨Í É¥²Ó´ÒÌ ¢·¥³¥´ ¶µ µÉ¤¥²Ó´µ¸É¨,  

∗‚ [53, ¶. 4.1] µ¡¸Ê¦¤ ÕÉ¸Ö ¨ ¨¸¶µ²Ó§ÊÕÉ¸Ö É ±¦¥ ´¥±µÉµ·Ò¥ ¤·Ê£¨¥ ´µ·³ ²Ó´Ò¥
Ê¶µ·Ö¤µÎ¨¢ ´¨Ö.
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Éµ²Ó±µ µÉ ¨Ì ¸Ê³³Ò [101]∗ (¶µÔÉµ³Ê ¡¥§ ¶µÉ¥·¨ µ¡Ð´µ¸É¨ ³µ¦´µ ¨¸¶µ²Ó§µ-
¢ ÉÓ Ô¢µ²ÕÍ¨Õ Éµ²Ó±µ ¶µ µ¤´µ³Ê ´ ¡µ·Ê ¢·¥³¥´). ’ ±µ¥ ¸¢µ°¸É¢µ Í¥¶µÎ±¨
’µ¤Ò ³µ¦¥É ¡ÒÉÓ ¢§ÖÉµ §  ¥¥ µ¶·¥¤¥²¥´¨¥.

’¥¶¥·Ó É ±¦¥ ³µ¦´µ § ´µ¢µ ¨´É¥·¶·¥É¨·µ¢ ÉÓ ¸³Ò¸² ¡¥¸±µ´¥Î´µ³¥·´ÒÌ
 ²£¥¡· ’“ ¢ ³ É·¨Î´ÒÌ ³µ¤¥²ÖÌ: ÔÉµ ´ ¡µ· Ê¸²µ¢¨°, Ë¨±¸¨·ÊÕÐ¨Ì Ô²¥³¥´É
£· ¸¸³ ´´¨ ´ , µÉ¢¥Î ÕÐ¥£µ ±µ´±·¥É´µ³Ê ®³ É·¨Î´µ³Ê¯ ·¥Ï¥´¨Õ ¨¥· ·Ì¨¨.
�µÔÉµ³Ê ÔÉ¨  ²£¥¡·Ò ’“ ³µ£ÊÉ ¡ÒÉÓ ¶¥·¥Ëµ·³Ê²¨·µ¢ ´Ò ± ± ´¥±µÉµ·Ò¥ Ê· ¢-
´¥´¨Ö ´  Ô²¥³¥´É £· ¸¸³ ´´¨ ´ . �·¨ ÔÉµ³ ¤²Ö Éµ£µ, ÎÉµ¡Ò ¥£µ Ë¨±¸¨·µ¢ ÉÓ,
´¥ ´Ê¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¢¸Õ ¡¥¸±µ´¥Î´µ³¥·´ÊÕ  ²£¥¡·Ê,   ¤µ¸É ÉµÎ´µ Éµ²Ó±µ
´¨§Ï¥£µ Ê· ¢´¥´¨Ö (¸¢Ö§ ´´µ£µ ¸µ ¸É·Ê´´Ò³ Ê· ¢´¥´¨¥³). �ÉµÉ ¶µ¤Ìµ¤ · §-
¢¨¢ ²¸Ö ¢ [152].

’¥¶¥·Ó ³Ò ¶µ²ÊÎ¨³ ´¥¸±µ²Ó±µ ¸¢µ°¸É¢ µ¶¨¸ ´´µ° Ë¥·³¨µ´´µ° ¸¨¸É¥³Ò,
¶µ²¥§´ÒÌ ¤²Ö ¤ ²Ó´¥°Ï¥£µ. ˆ§ ±µ³³ÊÉ Í¨µ´´ÒÌ ¸µµÉ´µÏ¥´¨° (231) ²¥£±µ
³µ¦´µ ¶µ²ÊÎ¨ÉÓ, ± ± ¶·¥µ¡· §ÊÕÉ¸Ö Ë¥·³¨µ´´Ò¥ ³µ¤Ò ¶·¨ ¤¥°¸É¢¨¨ ´  ´¨Ì
Ô²¥³¥´É  £· ¸¸³ ´´¨ ´  (234):

GψkG
−1 = ψjRjk, Gψ∗

kG
−1 = ψ∗

jR
−1
kj , (237)

£¤¥ ³ É·¨Í  Rjk ³µ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´  Î¥·¥§ Gjk (¸³. [58]). 
¨¦¥ ³Ò Ê¢¨¤¨³,
ÎÉµ Rjk Ö¢²Ö¥É¸Ö ¢ ¦´Ò³ ¸É·µ¨É¥²Ó´Ò³ ¡²µ±µ³ ¢ ¤¥É¥·³¨´ ´É´ÒÌ ¶·¥¤¸É -
¢²¥´¨ÖÌ τ -ËÊ´±Í¨°.

‚¢¥¤¥³ ¥Ð¥ ´¥±µÉµ·Ò¥ µ¡µ§´ Î¥´¨Ö. ˆ¸¶µ²Ó§ÊÖ (231), ³µ¦´µ µ¶·¥¤¥²¨ÉÓ
Ô¢µ²ÕÍ¨Õ ψ(z) ¨ ψ∗(z) ¶µ ¢·¥³¥´ ³ {tk}, {t̄k}:

ψ(z, t) ≡ eH(t)ψ(z) e−H(t) = eξ(t,z)ψ(z),

ψ∗(z, t) ≡ eH(t)ψ∗(z) e−H(t) = e−ξ(t,z)ψ∗(z),

ψ(z, t̄) ≡ eH̄(t̄)ψ(z) e−H̄(t̄) = eξ(t̄,z
−1)ψ(z),

ψ∗(z, t̄) ≡ eH̄(t̄)ψ∗(z) e−H̄(t̄) = e−ξ(t̄,z
−1)ψ(z),

(238)

£¤¥

ξ(t, z) =
∞∑
k=1

tkz
k. (239)

�¶·¥¤¥²¨³ É ±¦¥ ¶µ²¨´µ³Ò ˜Ê·  Ëµ·³Ê²µ°

exp

{∑
k>0

tkx
k

}
≡

∑
k>0

Pk(tk)xk. (240)

∗‚ ¡µ²ÓÏ¨´¸É¢¥ ¸É É¥° Í¥¶µÎ±  ’µ¤Ò § ¢¨¸¨É Éµ²Ó±µ µÉ · §´µ¸É¨ ¢·¥³¥´. �Éµ ¸¢Ö§ ´µ ¸
¶·µÉ¨¢µ¶µ²µ¦´Ò³ §´ ±µ³, ¨¸¶µ²Ó§µ¢ ´´Ò³ ¢ (229) ¶·¨ H̄ . 
 Ï ¢Ò¡µ· §´ ±  ¡µ²¥¥ ¥¸É¥¸É¢¥´¥´
¸ ÉµÎ±¨ §·¥´¨Ö ³ É·¨Î´ÒÌ ³µ¤¥²¥°.
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ˆ¸¶µ²Ó§ÊÖ ÔÉµ µ¶·¥¤¥²¥´¨¥ ¨ (238), ²¥£±µ ¶µ²ÊÎ¨ÉÓ Ô¢µ²ÕÍ¨Õ Ë¥·³¨µ´´ÒÌ
³µ¤:

ψk(t) ≡ eH(t)ψk e−H(t) =
∞∑
m=0

ψk−mPm(t),

ψ∗
k(t) ≡ eH(t)ψ∗

k e
−H(t) =

∞∑
m=0

ψ∗
k+mPm(−t),

ψk(t̄) ≡ eH̄(t̄)ψk e−H̄(t̄) =
∞∑
m=0

ψk+mPm(t̄),

ψ∗
k(t̄) ≡ eH̄(t̄)ψ∗

k e
−H̄(t̄) =

∞∑
m=0

ψ∗
k−mPm(−t̄).

(241)

’¥¶¥·Ó ³Ò ³µ¦¥³ ¢Ò¢¥¸É¨ ¤¥É¥·³¨´ ´É´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö τ -ËÊ´±Í¨¨.
„²Ö ÔÉµ£µ µ¶·¥¤¥²¨³ ¸µ¢¥·Ï¥´´µ § ¶µ²´¥´´µ¥ ¢ ±ÊÊ³´µ¥ ¸µ¸ÉµÖ´¨¥ | − ∞〉,
±µÉµ·µ¥ Ê¤µ¢²¥É¢µ·Ö¥É É·¥¡µ¢ ´¨Õ

ψ∗
i | −∞〉 = 0, i ∈ Z. (242)

’µ£¤  ²Õ¡µ° ®¸¤¢¨´ÊÉÒ°¯ ¢ ±ÊÊ³ ¶µ²ÊÎ ¥É¸Ö ¨§ ´¥£µ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

|n〉 = ψn−1ψn−2...| −∞〉. (243)

‡ ³¥É¨³, ÎÉµ ¤¥°¸É¢¨¥ ²Õ¡µ£µ Ô²¥³¥´É  G £·Ê¶¶Ò Š²¨ËËµ·¤  (¨, ± ± ¸²¥¤-
¸É¢¨¥, ¤¥°¸É¢¨¥ eH̄(t̄)) ´  | − ∞〉 É·¨¢¨ ²Ó´µ: G| − ∞〉 ∼ | − ∞〉. �µÔÉµ³Ê,
¨¸¶µ²Ó§ÊÖ (241), ´¥É·Ê¤´µ ¶µ²ÊÎ¨ÉÓ ¨§ (229):

τn(t, t̄) = 〈−∞|...ψ∗
n−2(−t)ψ∗

n−1(−t)Gψn−1(t̄)ψn−2(t̄)...| −∞〉 ∼
∼ det [〈−∞|ψ∗

i (−t)Gψj(t̄)G−1| −∞〉]|i,j≤n−1. (244)

ˆ¸¶µ²Ó§ÊÖ (237), ²¥£±µ Ê¢¨¤¥ÉÓ, ÎÉµ

Gψj(t̄)G−1 =
∑
m,k

Pm(t̄)ψkRk,j+m, (245)

¶µÔÉµ³Ê ®Ö¢´µ¥¯ ·¥Ï¥´¨¥ ¨¥· ·Ì¨¨ 2�’ ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´µ ¢ ¤¥É¥·³¨´ ´É-
´µ° Ëµ·³¥

τn(t, t̄) ∼ det
i,j<0

Ci+n,j+n(t, t̄), (246)
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£¤¥∗

Cij(t, t̄) =
∑
k,m

RkmPk−i(t)Pm−j(t̄). (247)

‡ ³¥É¨³, ÎÉµ § ¢¨¸¨³µ¸ÉÓ µÉ ¢·¥³¥´¨ ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ (247) ¢ ¤¥-
É¥·³¨´ ´É¥ (246) ´¥ Ö¢²Ö¥É¸Ö ¶·µ¨§¢µ²Ó´µ°, ´µ § ¤ ´  Ê· ¢´¥´¨Ö³¨

∂Cij/∂tp = Ci,j−p, j > p > 0, (248)

∂Cij/∂t̄p = Ci−p,j , i > p > 0, (249)

±µÉµ·Ò¥ Ö¢²ÖÕÉ¸Ö  ¢Éµ³ É¨Î¥¸±¨³ ¸²¥¤¸É¢¨¥³ ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ ¸¢µ°¸É¢  ¶µ-
²¨´µ³µ¢ ˜Ê· 

∂Pk/∂tp = Pk−p, (250)

¶·µ¨¸Ìµ¤ÖÐ¨³ ´¥¶µ¸·¥¤¸É¢¥´´µ ¨§ ¨Ì µ¶·¥¤¥²¥´¨Ö. ˆ¸¶µ²Ó§ÊÖ ¸¢µ°¸É¢  (248)
¨ (249), ¢ Î ¸É´µ¸É¨, ²¥£±µ ¶µ²ÊÎ¨ÉÓ ¸¢µ°¸É¢  (83) ¨ (85) ¨ ¨Ì  ´ ²µ£¨ ¢
³´µ£µ³ É·¨Î´µ³ ¸²ÊÎ ¥ (105).

Š ± Ê¦¥ µÉ³¥Î ²µ¸Ó, ¨¥· ·Ì¨Ö Š� µÉ¢¥Î ¥É Ô¢µ²ÕÍ¨¨ Éµ²Ó±µ ¶µ ¶µ²µ-
¦¨É¥²Ó´Ò³ ¢·¥³¥´ ³ {tk}; µÉ·¨Í É¥²Ó´Ò¥ ¢·¥³¥´  {t̄k} ¨£· ÕÉ ·µ²Ó ¶ · ³¥-
É·µ¢, § ¤ ÕÐ¨Ì ¸¥³¥°¸É¢µ ÉµÎ¥± ¢ £· ¸¸³ ´´¨ ´¥, ¨ ³µ£ÊÉ ¡ÒÉÓ ¶µ£²µÐ¥´Ò
¶¥·¥µ¶·¥¤¥²¥´¨¥³ ³ É·¨ÍÒ Rkm. ’µ£¤  τ -ËÊ´±Í¨Ö (³µ¤¨Ë¨Í¨·µ¢ ´´µ°) ¨¥-
· ·Ì¨¨ Š� ¨³¥¥É ¢¨¤

τn(t) = 〈n|eH(t)G(t̄)|n〉 ∼ det
i,j<0

[∑
k

Rk,j+n(t̄)Pk−i−n(t)

]
, (251)

£¤¥ G(t̄) ≡ G eH̄(t̄) ¨

Rkj(t̄) ≡
∑
m

RkmPm−j(t̄). (252)

2.5.3. ”¥·³¨µ´´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶µ²Ê¡¥¸±µ´¥Î´ÒÌ ¨¥· ·Ì¨°. ’¥¶¥·Ó
³Ò ¶·¨³¥´¨³ µ¶¨¸ ´´Ò° Ëµ·³ ²¨§³ ± ¸²ÊÎ Õ ¶µ²Ê¡¥¸±µ´¥Î´ÒÌ ¨¥· ·Ì¨°, ¢
Î ¸É´µ¸É¨, ¶µ²ÊÎ¨³ ¤¥É¥·³¨´ ´É´Ò¥ Ëµ·³Ê²Ò [106, 107]. Š²ÕÎ¥¢µ¥ µÉ²¨Î¨¥
Ëµ·³Ê² É¨¶  (246) µÉ (105) ¨  ´ ²µ£¨Î´ÒÌ ¥° ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ¢ ¶µ²Ê¡¥¸-
±µ´¥Î´ÒÌ ¨¥· ·Ì¨ÖÌ ¢µ§´¨± ÕÉ ±µ´¥Î´Ò¥ ¤¥É¥·³¨´ ´ÉÒ. �Éµ µÎ¥´Ó ¢ ¦´µ¥

∗�É³¥É¨³, ÎÉµ ³Ò ´¨£¤¥ ´¥ ¢Ò¶¨¸Ò¢ ¥³ µ¡² ¸É¨ ¸Ê³³¨·µ¢ ´¨Ö, ¶µ¸±µ²Ó±Ê µ´¨  ¢Éµ³ É¨-
Î¥¸±¨ ¢Ò¤¥²ÖÕÉ¸Ö ¸¢µ°¸É¢µ³ (µ¶·¥¤¥²¥´¨¥³) ¶µ²¨´µ³µ¢ ˜Ê·  Pk = 0 ¶·¨ k < 0.



1124 Œˆ��
�‚ �.„.

µÉ²¨Î¨¥, ¢µ§´¨± ÕÐ¥¥ ¡² £µ¤ ·Ö ¸¶¥Í¨Ë¨Î¥¸±µ³Ê £· ´¨Î´µ³Ê (¸ ÉµÎ±¨ §·¥-
´¨Ö Í¥¶µÎ±¨ Î ¸É¨Í) Ê¸²µ¢¨Õ (66). �Éµ Ê¸²µ¢¨¥ ³µ¦¥É ¸²Ê¦¨ÉÓ µ¶·¥¤¥²¥´¨¥³
¶µ²Ê¡¥¸±µ´¥Î´ÒÌ ¨¥· ·Ì¨° [144], ±µÉµ·Ò¥ ¨§ÊÎ ²¨¸Ó ¢ · ¡µÉ Ì [106, 107].
�± §Ò¢ ¥É¸Ö, ¶µ²Ê¡¥¸±µ´¥Î´Ò¥ ¨¥· ·Ì¨¨ µ¶¨¸Ò¢ ÕÉ¸Ö ¸¨´£Ê²Ö·´Ò³¨ Ô²¥³¥´-
É ³¨ £· ¸¸³ ´´¨ ´ , ±µÉµ·Ò¥ ¸µ¤¥·¦ É Éµ²Ó±µ ¶µ²µ¦¨É¥²Ó´Ò¥ (¨²¨ Éµ²Ó±µ
µÉ·¨Í É¥²Ó´Ò¥) Ë¥·³¨µ´´Ò¥ ³µ¤Ò. �Éµ, ¢ ¸¢µÕ µÎ¥·¥¤Ó, ¶µ¤· §Ê³¥¢ ¥É Î¥-
É¢¥·ÉÓ¡¥¸±µ´¥Î´ÊÕ ³ É·¨ÍÊ Gmn ¢ (234) ¨, ¤¥°¸É¢¨É¥²Ó´µ, ¢¥¤¥É ± ±µ´¥Î´Ò³
¤¥É¥·³¨´ ´É ³. ŒÒ µ¶¨Ï¥³ ¶µ²Ê¡¥¸±µ´¥Î´Ò¥ ¨¥· ·Ì¨¨ ¢ ´ ¸ÉµÖÐ¥³ ¶Ê´±É¥
¢¥¸Ó³  ±µ·µÉ±µ, µ¸É ¢²ÖÖ ´¥±µÉµ·Ò¥ É¥Ì´¨Î¥¸±¨¥ ¢ÒÎ¨¸²¥´¨Ö ¤²Ö ¶·¨²µ¦¥-
´¨Ö. lµ²¥¥ ¶µ¤·µ¡´µ¥ ¨§²µ¦¥´¨¥ ³µ¦´µ ´ °É¨ ¢ [106,107].

ˆÉ ±, ³Ò ¡Ê¤¥³ ¨¸± ÉÓ ÉµÎ±Ê £· ¸¸³ ´´¨ ´  ¢ ¢¨¤¥

G = G0P+, (253)

£¤¥ P+ Å ¶·µ¥±Éµ· ´  ¶µ²µ¦¨É¥²Ó´Ò¥ ¸µ¸ÉµÖ´¨Ö:

P+|n〉 = θ(n)|n〉. (254)

�ÉµÉ ¶·µ¥±Éµ· ³µ¦¥É ¡ÒÉÓ ¥¸É¥¸É¢¥´´µ ·¥ ²¨§µ¢ ´ ¢ É¥·³¨´ Ì Ë¥·³¨µ´µ¢

P+ =: exp

[∑
i<0

ψiψ
∗
i

]
: (255)

¨ µ¡² ¤ ¥É ·Ö¤µ³ ¸¢µ°¸É¢

P+ψ
∗
−k = ψ−kP+ = 0 , k > 0, (256)

[P+, ψk] = [P+, ψ
∗
k] = 0 , k ≥ 0, (257)

P 2
+ = P+. (258)

…¸²¨ ÔÉµÉ ¶·µ¥±Éµ· ¢¸É ¢²¥´ ¢ (229), ¥¸É¥¸É¢¥´´µ ¶µÉ·¥¡µ¢ ÉÓ, ÎÉµ¡Ò g0 § -
¢¨¸¥² Éµ²Ó±µ µÉ ψk ¨ ψ∗

k ¸ k ≥ 0. ŒÒ ¢Ò¡¥·¥³ ¥£µ ¢ ¢¨¤¥

G0 =: exp


(∫

γ

A(z, w)ψ+(z)ψ∗
+(w

−1)dzdw
)
−

∑
i≥0

ψiψ
∗
i

 :, (259)

£¤¥ γ Å ´¥±µÉµ·Ò° ±µ´ÉÊ· ¨´É¥£·¨·µ¢ ´¨Ö. Š²ÕÎ¥¢ Ö Ëµ·³Ê² , ¤µ± § É¥²Ó-
¸É¢µ ±µÉµ·µ° ³Ò µ¸É ¢²Ö¥³ ¤µ ¶·¨²µ¦¥´¨Ö, ¤ ¥É τ -ËÊ´±Í¨Õ ¸ Ô²¥³¥´Éµ³
£· ¸¸³ ´´¨ ´ , ¢Ò¡· ´´Ò³ ¢ Ëµ·³¥ (253):

τn(t, t̄) = 〈n|eH(t)G0P+ eH̄(t̄)|n〉 =

=
1
n!

∫
γ

∆(w)∆(z)
n∏
i=1

A(zi, wi) eξ(t,zi)+ξ(t̄,wi)dzidwi. (260)
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�É  Ëµ·³Ê²  ¡Ê±¢ ²Ó´µ ¢µ¸¶·µ¨§¢µ¤¨É ¸É É¨¸É¨Î¥¸±¨¥ ¸Ê³³Ò ³ É·¨Î´ÒÌ ³µ-
¤¥²¥°, µ¶¨¸ ´´ÒÌ ´  ¶·µÉÖ¦¥´¨¨ ¤ ´´µ£µ · §¤¥² , ¶·¨Î¥³ ËÊ´±Í¨Ö A, § ¤ Õ-
Ð Ö Ô²¥³¥´É £· ¸¸³ ´´¨ ´ , ¸µ¢¶ ¤ ¥É ¸ ËÊ´±Í¨¥°, µ¶·¥¤¥²¥´´µ° ¢ (223).
� ¸¸³µÉ·¨³ ´¥¸±µ²Ó±µ ¶·¨³¥·µ¢.

1) γ = (−∞,+∞), A(z, w) = δ(z − w). �Éµ ¶·¨¢µ¤¨É ± Ô·³¨Éµ¢µ°
µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨.

2) γ Å µ±·Ê¦´µ¸ÉÓ ¢µ±·Ê£ ´ Î ²  ±µµ·¤¨´ É ¢ ¶²µ¸±µ¸É¨ z,   A(z, w) =
1
2πiz

δ(z − w−1). ’µ£¤  G0 = 1 ¨ ³Ò ¶µ²ÊÎ ¥³ Ê´¨É ·´ÊÕ ³ É·¨Î´ÊÕ ³µ¤¥²Ó.

3) γ = (−∞,+∞), A(z, w) = ezw. �Éµ Ô·³¨Éµ¢  ¤¢ÊÌ³ É·¨Î´ Ö ³µ¤¥²Ó.

4) γ = (−∞,+∞). �¡µ§´ Î¨³ zi ≡ z
(1)
i , wi ≡ z

(p)
i , t ≡ t(1), t̄ ≡ t(p) ¨

A(z(1)
i , z

(p)
i ) =

+∞∫
−∞

p−1∏
j=1

dz
(j)
i ×

× exp


p−1∑
j=2

ξ(t(j), z(j)
i ) +

p−1∑
j=1

z
(j)
i z

(j+1)
i

 . (261)

’µ£¤  ÔÉµ A ¸µ¢¶ ¤ ¥É ¸ A ¨§ (97) ¨ ³Ò ¶µ²ÊÎ ¥³ ³´µ£µ³ É·¨Î´ÊÕ ³µ¤¥²Ó.
�¡¸µ²ÕÉ´µ  ´ ²µ£¨Î´Ò³¨ ¢ÒÎ¨¸²¥´¨Ö³¨ (¸³. É ±¦¥ ¶·¨²µ¦¥´¨¥) ³µ¦´µ

¶µ²ÊÎ¨ÉÓ ¤¥É¥·³¨´ ´É´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö ¶µ²Ê¡¥¸±µ´¥Î´µ° ¨¥· ·Ì¨¨:

τn(t, t̄) = det
[
∂it1∂

j
t̄1

∫
γ

A(z, w) eξ(t,z)+ξ(t̄,w)dzdw

]∣∣∣∣
i,j=0,...,n−1

. (262)

�Éµ ¤¥°¸É¢¨É¥²Ó´µ ¤¥É¥·³¨´ ´É ±µ´¥Î´µ° ³ É·¨ÍÒ, ¢ ¢ÒÏ¥µ¶¨¸ ´´ÒÌ Î ¸É-
´ÒÌ ¸²ÊÎ ÖÌ ¤ ÕÐ¨° ¤¥É¥·³¨´ ´É´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ³ -
É·¨Î´ÒÌ ³µ¤¥²¥°.

‡ ³¥É¨³, ÎÉµ ³ É·¨Í  Aij , µ¶·¥¤¥²¥´´ Ö ¨§ · §²µ¦¥´¨Ö A(z, w) ¶µ ¸É¥-
¶¥´Ö³ z ¨ w, ¸µ¢¶ ¤ ¥É ¸ ³ É·¨Í¥° Rij ¨§ (237) (¸³. ¶·¨²µ¦¥´¨¥). ’ ± Ö
¶·µ¸É Ö ¸¢Ö§Ó ³ É·¨ÍÒ ¢· Ð¥´¨Ö Ë¥·³¨µ´µ¢ ¸ ³ É·¨Í¥°, § ¤ ÕÐ¥° Ô²¥³¥´É
£· ¸¸³ ´´¨ ´ , Ö¢²Ö¥É¸Ö µÉ²¨Î¨É¥²Ó´µ° Î¥·Éµ° ¶µ²Ê¡¥¸±µ´¥Î´ÒÌ ¨¥· ·Ì¨°.

�²¥³¥´É £· ¸¸³ ´´¨ ´ , µ¶·¥¤¥²¥´´Ò° ¢ (253), Ö¢²Ö¥É¸Ö ¤ ²¥±µ ´¥ ¥¤¨´-
¸É¢¥´´µ ¢µ§³µ¦´Ò³. ‘¢Ö§ ´µ ÔÉµ ¸ · §²¨Î´Ò³¨ ¢µ§³µ¦´Ò³¨ ¸¶µ¸µ¡ ³¨ ¶·µ-
¤µ²¦¨ÉÓ ¸µµÉ´µÏ¥´¨¥ (66) ´  µÉ·¨Í É¥²Ó´Ò¥ §´ Î¥´¨Ö n. �·¨´ÖÉÒ° §¤¥¸Ó
¸¶µ¸µ¡ µÉ¢¥Î ² Ê¸²µ¢¨Õ

τn = 0 ¶·¨ n < 0. (263)

�ÉµÉ ¸¶µ¸µ¡ Ìµ·µÏ É¥³, ÎÉµ ¶·¨ ·¥¤Ê±Í¨¨ ± Í¥¶µÎ±¥ ’µ¤Ò É ± µ¶·¥¤¥²¥´´ Ö
τ -ËÊ´±Í¨Ö § ¢¨¸¨É Éµ²Ó±µ µÉ ¸Ê³³Ò ¢·¥³¥´ tk + t̄k Å µ¶·¥¤¥²ÖÕÐ¥¥ ¸¢µ°-
¸É¢µ ¤²Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ¡¥¸±µ´¥Î´µ° ¨¥· ·Ì¨¨. „·Ê£¨¥ ¨´É¥·¥¸´Ò¥ ¢Ò¡µ·Ò
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Ô²¥³¥´É  G µ¡¸Ê¦¤ ²¨¸Ó ¢ [107]. …¸²¨ · ¸¸³µÉ·¥ÉÓ § ¢¨¸¨³µ¸ÉÓ Éµ²Ó±µ µÉ
¢·¥³¥´ tk, µ¤¨´ ¨§ ´¨Ì µÉ¢¥Î ¥É, ´ ¶·¨³¥·, Ê¸²µ¢¨Õ

τn(tk) = τ−n
(
(−)ktk

)
(264)

¨ µ¶¨¸Ò¢ ¥É (³µ¤¨Ë¨Í¨·µ¢ ´´ÊÕ) ¨¥· ·Ì¨Õ CŠ� [147], É. ¥. ¸µµÉ¢¥É¸É¢ÊÕ-
Ð¨° Ô²¥³¥´É £· ¸¸³ ´´¨ ´  ¶·¨´ ¤²¥¦¨É Sp(∞). „·Ê£µ° ¢Ò¡µ· Ô²¥³¥´É 
£· ¸¸³ ´´¨ ´  Å ¶·µ¸Éµ G = G0 Å ¶·¨¢µ¤¨É ± Ê¸²µ¢¨Õ

τn = 1 ¶·¨ n < 0, (265)

¨ É. ¤.
�¡¸Ê¤¨³ É¥¶¥·Ó ¶µ¤·µ¡´¥¥ ·¥¤Ê±Í¨Õ 2�’ ± Í¥¶µÎ±¥ ’µ¤Ò. Šµ´¥Î´µ,

´ ¸ ¨´É¥·¥¸Ê¥É ¸²ÊÎ ° ¶µ²Ê¡¥¸±µ´¥Î´µ° ¨¥· ·Ì¨¨. �¤´ ±µ µ¸´µ¢´Ò¥ ¸¢µ°-
¸É¢  ¶µ²Ê¡¥¸±µ´¥Î´µ° ¸¨¸É¥³Ò ´¥ µÉ²¨Î ÕÉ¸Ö µÉ ¸¢µ°¸É¢ ¶µ²´µ° ¨¥· ·Ì¨¨
¶·¨ Ê¸²µ¢¨¨, ÎÉµ ´ ²µ¦¥´µ µ£· ´¨Î¥´¨¥ (66), É. ¥. ¶µ²µ¢¨´  Ë¥·³¨µ´´ÒÌ
³µ¤ ¢Ò±¨´ÊÉ  ¨ ¢ Ô²¥³¥´É £· ¸¸³ ´´¨ ´  ¢¸É ¢²¥´ ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ¶·µ¥±-
Éµ·. �µÔÉµ³Ê ³Ò µ¶¨Ï¥³ ·¥¤Ê±Í¨Õ ± Í¥¶µÎ±¥ ’µ¤Ò, ´¥ µ£· ´¨Î¨¢ Ö¸Ó ¶µ²Ê-
¡¥¸±µ´¥Î´Ò³ ¸²ÊÎ ¥³∗ (¸¶¥Í¨ ²Ó´µ¥ · ¸¸³µÉ·¥´¨¥ ¨³¥´´µ ¶µ²Ê¡¥¸±µ´¥Î´µ£µ
¸²ÊÎ Ö ³µ¦¥É ¡ÒÉÓ ´ °¤¥´µ ¢ [107]), ¨ ¢ ¸ ³µ³ ±µ´Í¥ Éµ²Ó±µ ´¥³´µ£µ ¥£µ
¶·µ±µ³³¥´É¨·Ê¥³.

“¸²µ¢¨¥ ·¥¤Ê±Í¨¨ µ¡Ð¥° 2�’ ¢ Í¥¶µÎ±Ê ’µ¤Ò ´  Ö§Ò±¥ ³ É·¨ÍÒ ³µ³¥´-
Éµ¢ ³µ¦¥É ¡ÒÉÓ ¸Ëµ·³Ê²¨·µ¢ ´µ ¢ ¢¨¤¥ Ê¸²µ¢¨Ö (84), ±µÉµ·µ¥ ³µ¦¥É ¡ÒÉÓ
²¥£±µ ¶¥·¥Ëµ·³Ê²¨·µ¢ ´µ ± ± ¸²¥¤ÊÕÐ¥¥ µ£· ´¨Î¥´¨¥ ´  Ô²¥³¥´É £· ¸¸³ ´-
´¨ ´  G

[Jk + J̄k, G] = 0, (266)

Ô±¢¨¢ ²¥´É´µ¥ Ê¸²µ¢¨Õ

[Λ + Λ−1, R] = 0, (267)

£¤¥, ± ± µ¡ÒÎ´µ, Λ Å ³ É·¨Í  ¸¤¢¨£  Λij ≡ δi,j−1,   R Å ³ É·¨Í  ¢· Ð¥´¨Ö
Ë¥·³¨µ´µ¢ (237). ˆ§ (266) ²¥£±µ ¶µ²ÊÎ ¥³

G et̄kJ̄k = et̄kJ̄ket̄kJkG e−t̄kJk , (268)

¨ τ -ËÊ´±Í¨Ö, ± ± ¨ ¤µ²¦´µ ¡ÒÉÓ, § ¢¨¸¨É (¸ ÉµÎ´µ¸ÉÓÕ ¤µ É·¨¢¨ ²Ó´µ£µ
³´µ¦¨É¥²Ö) Éµ²Ó±µ µÉ ¸Ê³³Ò ¢·¥³¥´ {tk + t̄k}:

τn(t, t̄) = e
∑
ktk t̄k〈n|eH(t+t̄)G|n〉. (269)

∗‘É·µ£µ £µ¢µ·Ö, ¸¢µ°¸É¢  ¶µ²Ê¡¥¸±µ´¥Î´µ° ¨¥· ·Ì¨¨ ¶·µ¤µ²¦ ÕÉ¸Ö ´  ¡¥¸±µ´¥Î´ÊÕ, Éµ²Ó±µ
¥¸²¨ ¨Ì µ¶¥· Éµ·Ò ‹ ±¸  ¨³¥ÕÉ ²¥´ÉµÎ´Ò° ¢¨¤ (¸³. [136] ¨ ¶. 2.4.2). ‚ Í¥¶µÎ±¥ ’µ¤Ò ·¥ ²¨§Ê¥É¸Ö
¨³¥´´µ ÔÉµÉ ¸²ÊÎ °.
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�¥¤Ê±Í¨Ö (267) ¨³¥¥É ¢ ¦´µ¥ ·¥Ï¥´¨¥

Rkm = Rk+m. (270)

‚ ÔÉµ³ ¸²ÊÎ ¥ ³ É·¨Í  Cij , µ¶·¥¤¥²¥´´ Ö Ëµ·³Ê²µ° (247), µÎ¥¢¨¤´µ, Ê¤µ¢²¥-
É¢µ·Ö¥É ¸µµÉ´µÏ¥´¨Õ Cij = Ci+j , ¨

(∂tk − ∂t̄k)Ci+j = 0 ¤²Ö k < n− i , k < n− j (271)

¡² £µ¤ ·Ö ¸¢µ°¸É¢ ³ (248) ¨ (249). Šµ´¥Î´µ, ÔÉ  Ëµ·³Ê²  ¥Ð¥ ´¥ ¶µ¤· -
§Ê³¥¢ ¥É, ÎÉµ τ -ËÊ´±Í¨Ö (¤¥É¥·³¨´ ´É C) § ¢¨¸¨É Éµ²Ó±µ µÉ ¸Ê³³Ò ¢·¥³¥´,
¶µ¸±µ²Ó±Ê §´ Î¥´¨Ö ¨´¤¥±¸  k ¢ (271) ¸¶¥Í¨Ë¨Î¥¸±¨ µ£· ´¨Î¥´Ò. �· ¢¨²Ó-
´ Ö § ¢¨¸¨³µ¸ÉÓ Éµ²Ó±µ µÉ ¸Ê³³Ò ¢·¥³¥´ ¢µ¸¸É ´ ¢²¨¢ ¥É¸Ö Éµ²Ó±µ ¶·¨ ÊÎ¥É¥
Ô±¸¶µ´¥´Í¨ ²Ó´µ£µ ³´µ¦¨É¥²Ö ¢ (269).

ˆÉ ±, ¤µ± § ´µ, ÎÉµ ³ É·¨Í  Cij , µ¶¨¸Ò¢ ÕÐ Ö Í¥¶µÎ±Ê ’µ¤Ò, Ê¤µ¢²¥-
É¢µ·Ö¥É Ê¸²µ¢¨Õ

[C,Λ + Λ−1] = 0, (272)

¶·¨Î¥³ τ -ËÊ´±Í¨Ö ¶µ²ÊÎ ÕÐ¥°¸Ö ¨¥· ·Ì¨¨ (¶µ¤¶· ¢²¥´´ Ö ´  ¸µµÉ¢¥É¸É¢Ê-
ÕÐÊÕ Ô±¸¶µ´¥´ÉÊ, ¡¨²¨´¥°´ÊÕ ¶µ ¢·¥³¥´ ³) § ¢¨¸¨É Éµ²Ó±µ µÉ ¸Ê³³Ò ¶µ²µ-
¦¨É¥²Ó´ÒÌ ¨ µÉ·¨Í É¥²Ó´ÒÌ ¢·¥³¥´ tp − t̄p, ´µ ´¥ µÉ ¨Ì · §´µ¸É¨. �µÔÉµ³Ê
¢ ¨¥· ·Ì¨¨ Í¥¶µÎ±¨ ’µ¤Ò ¤µ¸É ÉµÎ´µ · ¸¸³ É·¨¢ ÉÓ Ô¢µ²ÕÍ¨Õ Éµ²Ó±µ ¶µ
¶µ²µ¦¨É¥²Ó´Ò³ ¢·¥³¥´ ³. ‡ ³¥É¨³, ÎÉµ Ci,j = Ci+j Å ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥-
´¨¥ Ê¸²µ¢¨Ö (272), ±µÉµ·µ¥ ´¥ § ¢¨¸¨É µÉ · §´µ¸É¨ ¢·¥³¥´ Ê¦¥ ´  Ê·µ¢´¥
³ É·¨ÍÒ C,   ´¥ τ -ËÊ´±Í¨¨. �µ¸±µ²Ó±Ê, µ¤´ ±µ, ¢ µ±µ´Î É¥²Ó´µ³ µÉ¢¥É¥
¤²Ö τ -ËÊ´±Í¨¨ ¢¸Ö § ¢¨¸¨³µ¸ÉÓ µÉ · §´µ¸É¨ ¢·¥³¥´ É ± ¨²¨ ¨´ Î¥ ¨¸Î¥§´¥É,
³µ¦´µ ´¥ · ¸¸³ É·¨¢ ÉÓ Ô¢µ²ÕÍ¨Õ ¶µ µÉ·¨Í É¥²Ó´Ò³ ¢·¥³¥´ ³ ¨ ¢ µ¡Ñ¥±É Ì
É¨¶  ³ É·¨ÍÒ C.

‚ § ±²ÕÎ¥´¨¥ ¸± ¦¥³ ´¥¸±µ²Ó±µ ¸²µ¢ µ¡ µÉ²¨Î¨¨ ·¥¤Ê±Í¨¨ ± Í¥¶µÎ±¥
’µ¤Ò ¢ ¶µ²Ê¡¥¸±µ´¥Î´µ³ ¸²ÊÎ ¥. ‚µ ¢¸¥³ ¶·µ¤¥² ´´µ³ · ¸¸Ê¦¤¥´¨¨ ³¥´Ö-
ÕÉ¸Ö ¤¢  ³¥¸É . ‚µ-¶¥·¢ÒÌ, ³ É·¨ÍÒ ¸¤¢¨£  ´  µ¤´Ê ¤¨ £µ´ ²Ó ¢¢¥·Ì ¨ ¢´¨§
Λ±1 ¶¥·¥¸É ÕÉ ¡ÒÉÓ µ¡· É´Ò³¨ ¤·Ê£ ¤·Ê£Ê ¨§-§  ¢±² ¤µ¢ ®£· ´¨ÍÒ¯ ³ É·¨ÍÒ
(®¢¥·Ï¨´Ò¯ Î¥É¢¥·ÉÓ¡¥¸±µ´¥Î´µ° ³ É·¨ÍÒ). ‚Éµ·µ¥ ¨§³¥´¥´¨¥ Å ´ ²¨Î¨¥
¶·µ¥±Éµ·  ¢ Ô²¥³¥´É¥ £· ¸¸³ ´´¨ ´ , ±µÉµ·Ò°, ¢ µÉ²¨Î¨¥ µÉ G0, ´¥ Ê¤µ¢²¥É¢µ-
·Ö¥É Ê¸²µ¢¨Õ (266). �É¨ ¤¢  ÔËË¥±É  ¤·Ê£ ¤·Ê£  ±µ³¶¥´¸¨·ÊÕÉ ¢ ¢ÒÎ¨¸²¥´¨¨
(266)Ä(269) (¸ Î¥³, ¸µ¡¸É¢¥´´µ, ¨ ¡Ò²µ ¸¢Ö§ ´µ ¢¢¥¤¥´¨¥ ¶·µ¥±Éµ·  ¨ Ê¸²µ¢¨Ö
(66)), ¨ τ -ËÊ´±Í¨Ö, ¶µ-¶·¥¦´¥³Ê, § ¢¨¸¨É Éµ²Ó±µ µÉ ¸Ê³³Ò ¢·¥³¥´.

’ ±¨³ µ¡· §µ³, ¤²Ö τ -ËÊ´±Í¨¨ ¨¥· ·Ì¨¨ Í¥¶µÎ±¨ ’µ¤Ò ¶µ²ÊÎ¥´µ ¤¥-
É¥·³¨´ ´É´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¸ ³ É·¨Í¥° ³µ³¥´Éµ¢, µ£· ´¨Î¥´´µ° Ê¸²µ¢¨Ö³¨
(83)Ä(85), ±µÉµ·µ¥ ¢µ¸¶·µ¨§¢µ¤¨É ·¥§Ê²ÓÉ É (82).

2.5.4. ”¥·³¨µ´´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ±µ´Ëµ·³´ÒÌ ³ É·¨Î´ÒÌ ³µ¤¥²¥°.
�¥·¥°¤¥³ É¥¶¥·Ó ± µ¶¨¸ ´¨Õ ±µ´Ëµ·³´ÒÌ ³ É·¨Î´ÒÌ ³µ¤¥²¥° ´  Ë¥·³¨µ´-
´µ³ Ö§Ò±¥ [119]. �ÉµÉ ¸²ÊÎ ° ´¥ µÉ¢¥Î ¥É ¸Ì¥³¥, · ¸¸³µÉ·¥´´µ° ¢ ¶·¥¤Ò¤Ê-
Ð¨Ì ¶Ê´±É Ì, ¶µ¸±µ²Ó±Ê ¥³Ê µÉ¢¥Î ¥É ³´µ£µ±µ³¶µ´¥´É´ Ö ¨¥· ·Ì¨Ö [101,146].
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lµ²¥¥ ÉµÎ´µ, ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  p-³ É·¨Î´µ° ±µ´Ëµ·³´µ° ³µ¤¥²¨ µ¶¨¸Ò-
¢ ¥É¸Ö τ -ËÊ´±Í¨¥° p-±µ³¶µ´¥´É´µ° ¨¥· ·Ì¨¨ Š� (¨¥· ·Ì¨¨, § ¢¨¸ÖÐ¥° µÉ p
´ ¡µ·µ¢ ¢·¥³¥´), µ£· ´¨Î¥´´µ° Ê¸²µ¢¨¥³

p∑
k=1

∂/∂t(k)n τ (p)(t) = 0, n = 1, 2, . . . (273)

�É  τ -ËÊ´±Í¨Ö Ê¤µ¢²¥É¢µ·Ö¥É W -Ê¸²µ¢¨Ö³ (67) ¨ Ö¢²Ö¥É¸Ö ¶µ²´Ò³ ¤¨¸±·¥É-
´Ò³  ´ ²µ£µ³ ¸É É¨¸É¨Î¥¸±µ° ¸Ê³³Ò ´¥¶·¥·Ò¢´µ° ³ É·¨Î´µ° ³µ¤¥²¨, ´¥Ö¢´µ
µ¶¨¸ ´´µ° ¢ [64] (¨ Ö¢´µ Å ¢ µÉ¤¥²Ó´µ³ µ¡§µ·¥ [53], ¶µ¸¢ÖÐ¥´´µ³, ¢ Éµ³
Î¨¸²¥, ´¥¶·¥·Ò¢´Ò³ ³ É·¨Î´Ò³ ³µ¤¥²Ö³).

“¸²µ¢¨¥ (273) µ¶·¥¤¥²Ö¥É ·¥¤Ê±Í¨Õ p-±µ³¶µ´¥´É´µ£µ Š� ± µ¡µ¡Ð¥´´µ°
SL(p)-¨¥· ·Ì¨¨ �Š
‘ ¨ Ö¢²Ö¥É¸Ö  ´ ²µ£µ³ Ê¸²µ¢¨Ö ´¥§ ¢¨¸¨³µ¸É¨ µÉ · §´µ-
¸É¨ ¢·¥³¥´, ±µÉµ·µ¥ µ¶·¥¤¥²Ö¥É ·¥¤Ê±Í¨Õ 2�’ ± Í¥¶µÎ±¥ ’µ¤Ò. lµ²¥¥ Éµ£µ,
¢ ¸²ÊÎ ¥ p = 2 ¨¥· ·Ì¨Ö �Š
‘ ¨ ¨¥· ·Ì¨Ö Í¥¶µÎ±¨ ’µ¤Ò Ô±¢¨¢ ²¥´É´Ò.
�Éµ ´¥Ê¤¨¢¨É¥²Ó´µ, ¶µ¸±µ²Ó±Ê ´¥±µÉµ·µ¥ ·¥Ï¥´¨¥ ± ¦¤µ° ¨§ ´¨Ì µ¶¨¸Ò¢ ¥É
µ¤´Ê ¨ ÉÊ ¦¥ µ¤´µ³ É·¨Î´ÊÕ Ô·³¨Éµ¢Ê ³µ¤¥²Ó. �µ± ¦¥³, ÎÉµ ÔÉ  ³ É·¨Î´ Ö
³µ¤¥²Ó, ¤¥°¸É¢¨É¥²Ó´µ, µ¶¨¸Ò¢ ¥É¸Ö SL(2)-¨¥· ·Ì¨¥° �Š
‘ [97,107].

ŒÒ ´ Î´¥³ ¸ µ¶·¥¤¥²¥´¨Ö ¤¢ÊÌ±µ³¶µ´¥´É´µ° ¨¥· ·Ì¨¨ Š� [153]. …¥
τ -ËÊ´±Í¨Ö Å ÔÉµ ±µ··¥²ÖÉµ·

τ (2)
n1,n2

(t(1), t(2)) = 〈n1, n2| eH(t(1),t(2))G|n1 + n2, 0〉, (274)

£¤¥

H(t(1), t(2)) =
∑
k>0

(t(1)k J
(1)
k + t

(2)
k J

(2)
k ),

J (i)(z) =
∑

J
(i)
k z−k−1 = :ψ(i)(z)ψ(i)∗(z):,

ψ(i)(z)ψ(j)∗(z′) =
δij

z − z′
+ . . .

(275)

�µ± ¦¥³, ÎÉµ ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨ (143) ³µ¦¥É ¡ÒÉÓ
¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥ (274) ¸ ´¥±µÉµ·Ò³ G, É ±¨³, ÎÉµ (274) § ¢¨¸¨É Éµ²Ó±µ µÉ

· §´µ¸É¨ t
(1)
k − t

(2)
k [119]. „²Ö ÔÉµ£µ ³Ò ¨¸¶µ²Ó§Ê¥³ ¶·¥¤¸É ¢²¥´¨¥  ²£¥¡·Ò

Š Í ÄŒÊ¤¨ ¢ É¥·³¨´ Ì ¸¢µ¡µ¤´ÒÌ Ë¥·³¨µ´µ¢:

J0 =
1
2
(ψ(1)ψ(1)∗ − ψ(2)ψ(2)∗) =

1
2
(J (1) − J (2)),

J+ = ψ(2)ψ(1)∗, J− = ψ(1)ψ(2)∗.
(276)

Š ± µ¡ÒÎ´µ, G ¤µ²¦´µ ¡ÒÉÓ ¢Ò¡· ´µ ¢ ¢¨¤¥ Ô±¸¶µ´¥´ÉÒ µÉ ±¢ ¤· É¨Î´µ°
Ëµ·³Ò ¶µ Ë¥·³¨µ´ ³. Šµ´±·¥É´Ò° ¢¨¤ ÔÉµ° Ëµ·³Ò ¤¨±ÉÊ¥É¸Ö Ëµ·³Ê² ³¨
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(143), (141) ¨ (276):

G ≡ : exp
(∫

ψ(2)ψ(1)∗
)
:. (277)

’µ£¤  ¥¤¨´¸É¢¥´´Ò° Î²¥´, ´¥ · ¢´Ò° ´Ê²Õ ¨§-§  ´¥¸µÌ· ´¥´¨Ö § ·Ö¤  ¨ ¤ Õ-
Ð¨° ¢±² ¤ ¢ ±µ··¥²ÖÉµ· (274), ¨³¥¥É ¢¨¤

Gn1,n2 ≡ Gn1,−n1δn1,−n1 =
1
n1!

:
(∫

ψ(2)ψ(1)∗
)n

1

: δn1,−n1 . (278)

’¥¶¥·Ó, ¨§ÊÎ Ö Î ¸É´µ¥ ·¥Ï¥´¨¥ ¤¢ÊÌ±µ³¶µ´¥´É´µ° ¨¥· ·Ì¨¨ Š�, ³Ò ¤µ± -
¦¥³ ¤¢  ÊÉ¢¥·¦¤¥´¨Ö [119]:

(i) ¢Ò¡¨· Ö Ô²¥³¥´É £· ¸¸³ ´´¨ ´  ¢ ¢¨¤¥ (277), ³Ò ¶µ²ÊÎ ¥³ ·¥¤Ê±Í¨Õ
± µ¤´µ±µ³¶µ´¥´É´µ° ¸¨¸É¥³¥;

(ii) ¢ (281) ³Ò ¶·µ¢¥·¨³, ÎÉµ ·¥¤Ê±Í¨Ö �Š
‘ Å ·¥¤Ê±Í¨Ö ¤²Ö τ -ËÊ´±Í¨¨
(274) [101,127,128].

„ ²Ó´¥°Ï¨¥ ¢ÒÎ¨¸²¥´¨Ö ²¥£Î¥ ¢¸¥£µ ¶·µ¢¥¸É¨, ¨¸¶µ²Ó§µ¢ ¢ ¡µ§µ´¨§µ¢ ´-
´ÊÕ Ëµ·³Ê Ë¥·³¨µ´µ¢:

ψ(i)∗ = eφi , ψ(i) = e−φi , J (1) = ∂φ1, J (2) = ∂φ2. (279)

’µ£¤  τ -ËÊ´±Í¨Ö (274) · ¢´ 

τ (2)
n (t(1), t(2)) ≡ τ

(2)
n,−n(x, y) =

=
1
n!
〈n,−n| exp

(∑
k>0

(t(1)k J
(1)
k + t

(2)
k J

(2)
k )

)(∫
:ψ(2)ψ(1)∗:

)n
|0〉 =

=
1
n!
〈n,−n| exp

(∮
[V (1)(z)J (1)(z) + V (2)(z)J (2)(z)]

)
×

×
(∫

: exp(φ1 − φ2) :
)n

|0〉. (280)

’¥¶¥·Ó, ¢¢o¤Ö ²¨´¥°´Ò¥ ±µ³¡¨´ Í¨¨
√
2φ = φ1 − φ2 ¨

√
2φ̃ = φ1 + φ2, ³Ò

µ±µ´Î É¥²Ó´µ ¶µ²ÊÎ ¥³

τ (2)
n (t(1), t(2)) =

1
n!
〈exp

(
1√
2

∮
[V (1)(z) + V (2)(z)]∂φ̃(z)

)
〉 ×

× 〈n| exp
(
1√
2

∮
[V (1)(z)− V (2)(z)]∂φ(z)

)
×

×
(∫

: exp
√
2φ :

)n
|0〉 =

(143)
Zn(t(1) − t(2)), (281)
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¶µ¸±µ²Ó±Ê ¶¥·¢Ò° ±µ··¥²ÖÉµ· ´  ¸ ³µ³ ¤¥²¥ ´¥ § ¢¨¸¨É ´¨ µÉ t(1), ´¨ µÉ t(2).
’ ±¨³ µ¡· §µ³, ³Ò ¤µ± § ²¨, ÎÉµ τ -ËÊ´±Í¨Ö (274), ¤¥°¸É¢¨É¥²Ó´µ, § ¢¨¸¨É

Éµ²Ó±µ µÉ · §´µ¸É¨ ¤¢ÊÌ ´ ¡µ·µ¢ ¢·¥³¥´ {t(1)k −t(2)k }, § ¤ ¢ Ö SL(2)-¨¥· ·Ì¨Õ
�Š
‘, ¨ · ¢´  ¸É É¨¸É¨Î¥¸±µ° ¸Ê³³¥ Ô·³¨Éµ¢µ° µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨, ¥¸²¨
Ô²¥³¥´É £· ¸¸³ ´´¨ ´  ¢Ò¡· ´ ¢ ¢¨¤¥ (277).

� ¸¸³µÉ·¥´´Ò° ¶·µ¸Éµ° ¶·¨³¥· ¸µ¤¥·¦¨É ¢¸¥ ¸ÊÐ¥¸É¢¥´´Ò¥ Î¥·ÉÒ, ¶µ
±· °´¥° ³¥·¥, ±µ´Ëµ·³´µ° ³ É·¨Î´µ° ³µ¤¥²¨ Ap−1-É¨¶ . „¥°¸É¢¨É¥²Ó´µ, ·¥-
¤Ê±Í¨Ö (281) Å ´¥ ÎÉµ ¨´µ¥, ± ± SL(2)-·¥¤Ê±Í¨Ö ¨§ µ¡Ð¥° GL(2)-¸É·Ê±ÉÊ·Ò
¤¢ÊÌ±µ³¶µ´¥´É´µ° ¨¥· ·Ì¨¨ Š�. „·Ê£¨³¨ ¸²µ¢ ³¨, ¤¨ £µ´ ²Ó´Ò° U(1)

GL(2)-Éµ± J̃ =
1
2
(J (1) + J (2)) =

1√
2
∂φ̃ µÉÐ¥¶²Ö¥É¸Ö. �Éµ ¨´¢ ·¨ ´É´µ¥

ÊÉ¢¥·¦¤¥´¨¥, ±µÉµ·µ¥ ²¥£±µ µ¡µ¡Ð ¥É¸Ö ´  ¸²ÊÎ ° ¸É ·Ï¨Ì p.
‚ ¸²ÊÎ ¥ SL(p) ³Ò ¨³¥¥³ ¤¥²µ ¸ p-±µ³¶µ´¥´É´µ° ¨¥· ·Ì¨¥°, ¨ ¢³¥¸Éµ

(274) ¸²¥¤Ê¥É · ¸¸³µÉ·¥ÉÓ τ -ËÊ´±Í¨Õ, § ¤ ´´ÊÕ ±µ··¥²ÖÉµ·µ³ [146]

τ (p)
n (t) = 〈n| eH(t)G|0〉, n ≡ {n1, . . . , np}, t = {t(1), . . . , t(p)} (282)

¢ ¸¨¸É¥³¥, ¸µ¸ÉµÖÐ¥° ¨§ p ´ ¡µ·µ¢ Ë¥·³¨µ´µ¢ {ψ(i)∗(z), ψ(i)}(z), i = 1, . . . , p.
ƒ ³¨²ÓÉµ´¨ ´ ¤ ¥É¸Ö ± ·É ´µ¢¸±¨³¨ GL(p)-Éµ± ³¨

H(t) =
p∑
i=1

∑
k>0

t
(i)
k J

(i)
k , J (i)(z) = ψ(i)(z)ψ(i)∗(z), (283)

  Ô²¥³¥´É £· ¸¸³ ´´¨ ´ , µÉ¢¥Î ÕÐ¨° ±µ´Ëµ·³´µ° ³µ¤¥²¨, ´Ê¦´µ ¢Ò¡· ÉÓ ¢
¢¨¤¥ Ô±¸¶µ´¥´ÉÒ µÉ ´¥± ·É ´µ¢¸±¨Ì GL(2)-Éµ±µ¢:

J (ij) = ψ(i)ψ(j), J̃ (ij) = ψ(i)ψ(j)∗, J (ij)∗ = ψ(i)∗ψ(j)∗, i = j, (284)

É. ¥.

G ≡
∏
exp (Q(ij)) exp (Q̃(ij)) exp (Q(ij)∗), (285)

Q(ij) =
∮

J (ij), Q̃(ij) =
∮

J̃ (ij), Q(ij)∗ =
∮

J (ij)∗, i = j.

�µ¸±µ²Ó±Ê (284) Å Éµ±¨ ¢ SL(p)k=1- ²£¥¡·¥ Š Í ÄŒÊ¤¨, (285) ¨£· ÕÉ ·µ²Ó
Ô±· ´¨·ÊÕÐ¨Ì µ¶¥· Éµ·µ¢ ¢ · ¸¸³ É·¨¢ ¥³µ° É¥µ·¨¨. ‘²¥¤Ê¥É Ê¶µ³Ö´ÊÉÓ,
ÎÉµ µ´¨ Ö¢²ÖÕÉ¸Ö Ô±· ´¨·ÊÕÐ¨³¨ SL(p) (  ´¥ GL(p))-µ¶¥· Éµ· ³¨, ¨, É -

±¨³ µ¡· §µ³, τ -ËÊ´±Í¨Ö (282) ´¥ § ¢¨¸¨É µÉ ¸Ê³³Ò ¢¸¥Ì ¢·¥³¥´

{
p∑
i=1

x
(i)
k

}
.

‘²¥¤µ¢ É¥²Ó´µ, ³Ò ¢µ¸¶·µ¨§¢µ¤¨³ Ê¸²µ¢¨¥ (273).
‚Ò¶¨Ï¥³ ÔÉµ ÎÊÉÓ ¶µ¤·µ¡´¥¥ ¤²Ö ¸²ÊÎ Ö SL(3). �±· ´¨·ÊÕÐ¨¥ µ¶¥· -

Éµ·Ò ¢ ÔÉµ³ ¸²ÊÎ ¥ ¨³¥ÕÉ ¢¨¤

Q(α) =
∮

J (α), (286)
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£¤¥ {α} Å ´ ¡µ· ¨§ Ï¥¸É¨ ±µ·´¥°  ²£¥¡·Ò SL(3). �±· ´¨·ÊÕÐ¨¥ Éµ±¨ ³µ£ÊÉ
¡ÒÉÓ ¢Ò¶¨¸ ´Ò ± ± ¢ Ëµ·³¥, ¡¨²¨´¥°´µ° ¶µ Ë¥·³¨µ´ ³ (ÎÉµ¡Ò ¶· ¢¨²Ó´µ
µ¶¨¸Ò¢ ÉÓ Ô²¥³¥´É £· ¸¸³ ´´¨ ´  ¢ (282)), É ± ¨ ¢ ¡µ§µ´¨§µ¢ ´´µ³ ¢¨¤¥,
Ê¤µ¡´µ³ ¤²Ö ¢ÒÎ¨¸²¥´¨°:

J (α1) = ψ(1)∗ψ(2)∗ = exp(φ1 + φ2), J (−α1) = ψ(1)ψ(2) = exp(−φ1 − φ2),

J (α2) = ψ(2)∗ψ(3)∗ = exp(φ2 + φ3), J (−α2) = ψ(2)ψ(3) = exp(−φ2 − φ3),

J (α3) = ψ(1)ψ(3)∗ = exp(φ3 − φ1), J (−α3) = ψ(3)ψ(1)∗ = exp(φ1 − φ3),
(287)

¨ ¨´É¥·¥¸ÊÕÐ Ö ´ ¸ τ -ËÊ´±Í¨Ö Å ÔÉµ ±µ··¥²ÖÉµ·

τ
(3)
N (t) = 〈n| eH(t)G|0〉 (288)

¸

G ∼
∏
α

expQ(α). (289)

“¸²µ¢¨¥ ± ·É ´µ¢¸±µ° ´¥°É· ²Ó´µ¸É¨ É¥¶¥·Ó £ · ´É¨·Ê¥É¸Ö ±µ³¶¥´¸ Í¨¥° § -
·Ö¤µ¢ ³¥¦¤Ê µ¶¥· Éµ·µ³ (289) ¨ ²¥¢Ò³ ¢ ±ÊÊ³µ³ 〈n| ¢ (288). ’µ£¤  µÎ¥-
¢¨¤´µ, ÎÉµ ¡² £µ¤ ·Ö ÔÉµ³Ê Ê¸²µ¢¨Õ ± ·É ´µ¢¸±µ° ´¥°É· ²Ó´µ¸É¨ ±µ··¥²ÖÉµ· 
(¶µ¤µ¡´µ Éµ³Ê, ± ± ÔÉµ ¶·µ¨¸Ìµ¤¨É ¢ ³µ¤¥²ÖÌ É¨¶  ‚¥¸¸ Ä‡Ê³¨´µÄ‚¨ÉÉ¥´ Ä


µ¢¨±µ¢ ) ¤¨ £µ´ ²Ó´Ò° Éµ± J̃ = ∂φ̃ = 1√
p

p∑
i=1

∂φi µÉÐ¥¶²Ö¥É¸Ö µÉ ±µ··¥²Ö-

Éµ·  ¨ τ -ËÊ´±Í¨Ö ¨³¥¥É ¢¨¤

τ (3)
n (t) = 〈N| eH(x)G|0〉 =

=

∣∣∣∣∣〈0| exp
(∑
k>0

J̃k

3∑
i=1

t
(i)
k

)
|0〉φ̃〈n| e

H(t)G|0〉
∣∣∣∣∣∑

i

φi=0

= τ red
n (t), (290)

¶·¨Î¥³
p∑
i=1

ni = 0,   ¢Éµ·µ° ±µ··¥²ÖÉµ· ¢µ ¢Éµ·µ³ · ¢¥´¸É¢¥ É·¨¢¨ ²Ó´µ · ¢¥´

¥¤¨´¨Í¥. �·¨ ¸¶¥Í¨ ²Ó´µ³ ¢Ò¡µ·¥ Ô²¥³¥´É  £· ¸¸³ ´´¨ ´  G, ± ± ¢ (290),

G = G1,2 = exp
(∫

J (α1)

)
exp

(∫
J (α2)

)
, (291)

³Ò ¢µ¸¶·µ¨§¢µ¤¨³ ´¥¶µ¸·¥¤¸É¢¥´´µ Ëµ·³Ê²Ê (156).
ˆÉ ±, ³Ò ¤µ± § ²¨, ÎÉµ ±µ´Ëµ·³´Ò¥ ³µ¤¥²¨ ¸¥·¨¨ Ap−1 µÉ¢¥Î ÕÉ SL(p)-

·¥¤Ê±Í¨¨ ®�Š
‘-É¨¶ ¯ p-±µ³¶µ´¥´É´µ° ¨¥· ·Ì¨¨ Š�. �¡µ¡Ð¥´¨¥ ´  ¤·Ê-
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£¨¥ £·Ê¶¶Ò ¸µ¢¥·Ï¥´´µ ´¥¶µ¸·¥¤¸É¢¥´´µ¥. „¥°¸É¢¨É¥²Ó´µ, ´ Î¨´ Ö ¸ ¸µµÉ-
¢¥É¸É¢ÊÕÐ¥° W - ²£¥¡·Ò, ³Ò  ¢Éµ³ É¨Î¥¸±¨ ¶·¨Ìµ¤¨³ ± Ô²¥³¥´ÉÊ £· ¸¸³ ´-
´¨ ´  ¸ ¶µ¤Ìµ¤ÖÐ¨³¨ £·Ê¶¶µ¢Ò³¨ ¸¢µ°¸É¢ ³¨. �Éµ ¤ ¥É ´ ³ ³µÐ´Ò° ¨´-
¸É·Ê³¥´É ¤²Ö ±µ´¸É·Ê¨·µ¢ ´¨Ö ¨¥· ·Ì¨° ³ É·¨Î´µ£µ É¨¶  (É. ¥. Ê¤µ¢²¥É¢µ·Ö-
ÕÐ¨Ì ´¥±µÉµ·µ³Ê ¸É·Ê´´µ³Ê Ê· ¢´¥´¨Õ) ¸ ¤ ´´µ° £·Ê¶¶µ° ¸¨³³¥É·¨¨, ±µÉµ-
· Ö  ¢Éµ³ É¨Î¥¸±¨ ¤¨±ÉÊ¥É ¢¸¥ ¸¢µ°¸É¢  ÔÉ¨Ì ¨¥· ·Ì¨°. ’ ±, ± ± ³Ò ¢¨¤¥²¨,
µ¶·¥¤¥²ÖÕÐ¥¥ ¸¢µ°¸É¢µ (µ¡µ¡Ð¥´´µ°) ¨¥· ·Ì¨¨ �Š
‘ Å ´¥§ ¢¨¸¨³µ¸ÉÓ
τ -ËÊ´±Í¨¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ³´µ£µ±µ³¶µ´¥´É´µ° ¨¥· ·Ì¨¨ Š� µÉ ¸Ê³³Ò
¢¸¥Ì ¢·¥³¥´ [101] Å ¤¥°¸É¢¨É¥²Ó´µ µÉ¢¥Î ¥É SL(p)-·¥¤Ê±Í¨¨ ¸ É¥µ·¥É¨±µ-
£·Ê¶¶µ¢µ° ÉµÎ±¨ §·¥´¨Ö [128].

‡ ³¥É¨³, ÎÉµ τ -ËÊ´±Í¨Ö µ¡Ð¥° �Š
‘-¸¨¸É¥³Ò µ¶·¥¤¥²Ö¥É¸Ö ¤²Ö ²Õ¡µ£µ
´ ¡µ·  ´Ê²¥¢ÒÌ (¤¨¸±·¥É´ÒÌ) ¢·¥³¥´

τn,m ∼ 〈n| . . . |m〉 (292)

¸ ¥¤¨´¸É¢¥´´Ò³ Ê¸²µ¢¨¥³
∑

Ni =
∑

Mi ¨§-§  § ±µ´  ¸µÌ· ´¥´¨Ö § ·Ö¤ . �¤-
´ ±µ Ê¸²µ¢¨¥  ´´¨£¨²ÖÍ¨¨ ¶· ¢µ£µ ¢ ±ÊÊ³  µ¶¥· Éµ·µ³ T−1 (É. ¥. ¢Ò¶µ²´¥´¨Ö
¸É·Ê´´µ£µ Ê· ¢´¥´¨Ö) É·¥¡Ê¥É ´Ê²¥¢ÒÌ §´ Î¥´¨° m. ˆ´É¥·¥¸´µ µÉ³¥É¨ÉÓ, ÎÉµ
¢ µ·¨£¨´ ²Ó´µ° ¸É ÉÓ¥ [146], ¶µ¸¢ÖÐ¥´´µ° ³´µ£µ±µ³¶µ´¥´É´Ò³ ¨¥· ·Ì¨Ö³,
¡Ò²¨ · ¸¸³µÉ·¥´Ò ¨¥· ·Ì¨¨ ¨³¥´´µ ¸ É ±µ£µ ·µ¤  µ£· ´¨Î¥´¨¥³. ‚ SL(2)-
¸²ÊÎ ¥ ÔÉµ ¶·¨¢µ¤¨É ± τ -ËÊ´±Í¨¨, § ¢¨¸ÖÐ¥° Éµ²Ó±µ µÉ µ¤´µ£µ ¤¨¸±·¥É´µ£µ
¨´¤¥±¸  τn,−n, ÎÉµ ¶µ§¢µ²Ö¥É µÉµ¦¤¥¸É¢¨ÉÓ ¥¥ ¸ τ -ËÊ´±Í¨¥° ¨¥· ·Ì¨¨ Í¥-
¶µÎ±¨ ’µ¤Ò (ÔÉ  ¶µ¸²¥¤´ÖÖ § ¢¨¸¨É µÉ ¥¤¨´¸É¢¥´´µ£µ ´Ê²¥¢µ£µ ¢·¥³¥´¨)∗.
‚ Î ¸É´µ¸É¨, ¶¥·¢µ¥ Ê· ¢´¥´¨¥ ¤¢ÊÌ±µ³¶µ´¥´É´µ° ¨¥· ·Ì¨¨, ¨³¥ÕÐ¥¥ ¢¨¤
(166) [153], ¸¢µ¤¨É¸Ö ¢ ÔÉµ³ ¸²ÊÎ ¥ ± ¶¥·¢µ³Ê Ê· ¢´¥´¨Õ ¨¥· ·Ì¨¨ Í¥¶µÎ±¨
’µ¤Ò (65).

—Éµ ± ¸ ¥É¸Ö ±µ´±·¥É´µ£µ ·¥Ï¥´¨Ö SL(2)-¨¥· ·Ì¨¨, µÉ¢¥Î ÕÐ¥£µ ±µ´-
Ëµ·³´µ° µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨, Éµ ¡² £µ¤ ·Ö § ±µ´Ê ¸µÌ· ´¥´¨Ö § ·Ö¤ 
µ´µ ¶µ²´µ¸ÉÓÕ Ô±¢¨¢ ²¥´É´µ ¸µµÉ¢¥É¸É¢ÊÕÐ¥³Ê ·¥Ï¥´¨Õ ¨¥· ·Ì¨¨ Í¥¶µÎ±¨
’µ¤Ò [97, 106, 107]. 
  Ë¥·³¨µ´´µ³ Ö§Ò±¥ ÔÉµ ¸µµÉ¢¥É¸É¢¨¥ ³µ¦¥É ¡ÒÉÓ
Ê¸É ´µ¢²¥´µ ¸²¥¤ÊÕÐ¥° § ³¥´µ° ¢ Ô²¥³¥´É¥ £· ¸¸³ ´´¨ ´ :

ψ(1)(z)→ ψ(z), ψ(2)(z)→ ψ(1/z), (293)

¨  ´ ²µ£¨Î´µ ¤²Ö ψ∗. �Éµ µÉ· ¦ ¥É ÉµÉ Ë ±É, ÎÉµ Í¥¶µÎ±  ’µ¤Ò ¢ ±µ´¸É·Ê±-
Í¨¨ Š·¨Î¥¢¥·  [134,135] µ¶¨¸Ò¢ ¥É¸Ö ¤¢Ê³Ö µÉ³¥Î¥´´Ò³¨ ÉµÎ± ³¨ (¸± ¦¥³,
0 ¨ ∞) ¨ µÉ¢¥Î ¥É ¤¢Ê³ ¸±²¥¥´´Ò³ (¨§-§  ·¥¤Ê±Í¨¨ ¨§ 2�’) ²¨¸É ³ (¤¨¸± ³).
�µÔÉµ³Ê µ´  ³µ¦¥É ¡ÒÉÓ É ±¦¥ µ¶¨¸ ´  ¤¢Ê³Ö Ë¥·³¨µ´ ³¨, § ¤ ´´Ò³¨ ´ 

∗‚ ÔÉµ³ ¸²ÊÎ ¥ ®¤¢µ°´µ¥¯ ¤¥É¥·³¨´ ´É´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ( ´ ²µ£¨Î´µ¥ (164)) ³µ¦¥É ¡ÒÉÓ
¶¥·¥Ê¶µ·Ö¤µÎ¥´µ É ±¨³ µ¡· §µ³, ÎÉµ ¶µ²ÊÎ¨É¸Ö ¤¥É¥·³¨´ ´É ¡²µÎ´µ° ³ É·¨ÍÒ ¸ § ¤ ´´Ò³¨
¸¢µ°¸É¢ ³¨ ¸¨³³¥É·¨¨, ¸¢Ö§Ò¢ ÕÐ¨³¨ · §²¨Î´Ò¥ ¡²µ±¨.
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ÔÉ¨Ì ¤¢ÊÌ ²¨¸É Ì. ’ ±µ¥ Ö¢²¥´¨¥ ³µ¦¥É µ¡µ¡Ð ÉÓ¸Ö ´  ¸É ·Ï¨¥ ±µ´Ëµ·³´Ò¥
³µ¤¥²¨, ±µÉµ·Ò¥ ¤µ²¦´Ò µÉ¢¥Î ÉÓ ¸¶¥Í¨ ²Ó´Ò³ ·¥¤Ê±Í¨Ö³ ³´µ£µ±µ³¶µ´¥´É-
´ÒÌ ¨¥· ·Ì¨° 2�’.

„ ²Ó´¥°Ï¨¥ ¶µ¤·µ¡´µ¸É¨, ± ¸ ÕÐ¨¥¸Ö µ¡Ð¥£µ Ô²¥³¥´É  £· ¸¸³ ´´¨ ´ ,
µ¶¨¸Ò¢ ÕÐ¥£µ (µ¡µ¡Ð¥´´ÊÕ) ¨¥· ·Ì¨Õ �Š
‘,   É ±¦¥ µ¡¸Ê¦¤¥´¨¥ ·µ²¨ ¨
¸³Ò¸²  ¶µÉµ±µ¢ ¶µ · §²¨Î´Ò³ ´Ê²¥¢Ò³ (¤¨¸±·¥É´Ò³) ¢·¥³¥´ ³ ³µ£ÊÉ ¡ÒÉÓ
´ °¤¥´Ò ¢ · ¡µÉ Ì [136,142].

3. 	‘�	‚�›… 
…‡“‹œ’�’›

‚ § ±²ÕÎ¥´¨¥ ¤ ´´µ£µ µ¡§µ·  ¥Ð¥ · § ¶µ¤Î¥·±´¥³, ÎÉµ ³Ò ¶µ¤·µ¡´µ µ¡-
¸Ê¤¨²¨ Éµ²Ó±µ ¡µ²¥¥ ¸É ·Ò° ¨ É· ¤¨Í¨µ´´Ò° ¶µ¤Ìµ¤ ± µ¶¨¸ ´¨Õ ¤¢Ê³¥·´µ°
£· ¢¨É Í¨¨ ¶·¨ ¶µ³µÐ¨ ³ É·¨Î´ÒÌ ³µ¤¥²¥°, ±µÉµ·Ò° ¸É ·ÉÊ¥É ¸ ¤¨¸±·¥É´ÒÌ
³µ¤¥²¥° (¸ ¶µ¸²¥¤ÊÕÐ¥° ¢¥¸Ó³  ¸²µ¦´µ° ¶·µÍ¥¤Ê·µ° ¢§ÖÉ¨Ö ¤¢µ°´µ£µ ¸±¥°-
²¨´£µ¢µ£µ ¶·¥¤¥² , §¤¥¸Ó ´¥ µ¡¸Ê¦¤ ¢Ï¥°¸Ö (¸³. [53]). �¥·¥Î¨¸²¨³ µ¸´µ¢´Ò¥
·¥§Ê²ÓÉ ÉÒ, ±µÉµ·Ò¥ ¡Ò²¨ ¶µ²ÊÎ¥´Ò ´  ÔÉµ³ ¶ÊÉ¨.

�·¥¦¤¥ ¢¸¥£µ, ¶µ²ÊÎ¥´ ·Ö¤ ·¥§Ê²ÓÉ Éµ¢ ¶µ µ¡Ð¥° ¸É·Ê±ÉÊ·¥ ¤¨¸±·¥É´ÒÌ
³ É·¨Î´ÒÌ ³µ¤¥²¥° ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨.

1. CÉ É¨¸É¨Î¥¸± Ö ¸Ê³³  Ô·³¨Éµ¢µ° µ¤´µ³ É·¨Î´µ° ³µ¤¥²¨ Ö¢²Ö¥É¸Ö
τ -ËÊ´±Í¨¥° ¨¥· ·Ì¨¨ Í¥¶µÎ±¨ ’µ¤Ò ¨ Ê¤µ¢²¥É¢µ·Ö¥É ¡¥¸±µ´¥Î´µ³Ê ´ ¡µ·Ê
Éµ¦¤¥¸É¢ “µ·¤ , µ¡· §ÊÕÐ¨Ì ¡µ·¥²¥¢¸±ÊÕ ¶µ¤ ²£¥¡·Ê  ²£¥¡·Ò ‚¨· ¸µ·µ.

2. CÉ É¨¸É¨Î¥¸± Ö ¸Ê³³  Ô·³¨Éµ¢ÒÌ ³´µ£µ³ É·¨Î´ÒÌ ³µ¤¥²¥° Ö¢²Ö¥É¸Ö
τ -ËÊ´±Í¨¥° ¨¥· ·Ì¨¨ ¤¢Ê³¥·¨§µ¢ ´´µ° ’µ¤Ò.

3. CÉ É¨¸É¨Î¥¸± Ö ¸Ê³³  Ô·³¨Éµ¢µ° ¤¢ÊÌ³ É·¨Î´µ°  ¸¨³³¥É·¨Î´µ° ³µ-
¤¥²¨ Ê¤µ¢²¥É¢µ·Ö¥É ¡¥¸±µ´¥Î´µ³Ê ´ ¡µ·Ê Éµ¦¤¥¸É¢ “µ·¤ , µ¡· §ÊÕÐ¨Ì
W̃ - ²£¥¡·Ê. ˆ¸¸²¥¤µ¢ ´Ò ¸¢µ°¸É¢  ÔÉµ°  ²£¥¡·Ò.

4. ‚¢¥¤¥´Ò ¨ ¨¸¸²¥¤µ¢ ´Ò ±µ´Ëµ·³´Ò¥ p-³ É·¨Î´Ò¥ ³µ¤¥²¨. �µ± § ´µ,
ÎÉµ ¨Ì ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° µ¡µ¡Ð¥´´µ° SL(p + 1)
�Š
‘-¨¥· ·Ì¨¨ ¨ Ê¤µ¢²¥É¢µ·Ö¥É ¡¥¸±µ´¥Î´µ³Ê ´ ¡µ·Ê Éµ¦¤¥¸É¢ “µ·¤ , µ¡· -
§ÊÕÐ¨Ì ¡µ·¥²¥¢¸±ÊÕ ¶µ¤ ²£¥¡·Ê W (p+1)- ²£¥¡·Ò.

5. CÉ É¨¸É¨Î¥¸± Ö ¸Ê³³  Ê´¨É ·´µ° ³ É·¨Î´µ° ³µ¤¥²¨ Ö¢²Ö¥É¸Ö τ -ËÊ´±-
Í¨¥° ¨¥· ·Ì¨¨ ·¥²ÖÉ¨¢¨¸É¸±µ° Í¥¶µÎ±¨ ’µ¤Ò (¨²¨ ¤¨¸±·¥É´µ° ¨¥· ·Ì¨¨
�Š
‘) ¨ Ê¤µ¢²¥É¢µ·Ö¥É ¡¥¸±µ´¥Î´µ³Ê ´ ¡µ·Ê ¢¨· ¸µ·µ¢¸±¨Ì Ê¸²µ¢¨°.

Š·µ³¥ Éµ£µ, ¶µ²ÊÎ¥´ ·Ö¤ ·¥§Ê²ÓÉ Éµ¢, µÉ´µ¸ÖÐ¨Ì¸Ö ± τ -ËÊ´±Í¨Ö³ ¨´É¥-
£·¨·Ê¥³ÒÌ ¨¥· ·Ì¨°. ‚ Î ¸É´µ¸É¨, ¶µ± § ´µ, ÎÉµ ¢¸¥ ¤¨¸±·¥É´Ò¥ ³ É·¨Î´Ò¥
³µ¤¥²¨ µ¶¨¸Ò¢ ÕÉ¸Ö ¶µ²Ê¡¥¸±µ´¥Î´Ò³¨ ¨´É¥£·¨·Ê¥³Ò³¨ ¨¥· ·Ì¨Ö³¨.

‚¸¥ ÔÉ¨ ·¥§Ê²ÓÉ ÉÒ ¸¢¥¤¥´Ò ¢ É ¡²¨ÍÊ (¶µ¤·µ¡´µ¥ µ¡ÑÖ¸´¥´¨¥ ´¥¶·¥·Ò¢-
´µ£µ ¶·¥¤¥²  ¢ ÔÉµ° É ¡²¨Í¥ ³µ¦¥É ¡ÒÉÓ ´ °¤¥´µ ¢ [53]).

‡ ³¥É¨³ É¥¶¥·Ó, ÎÉµ ¸ÊÐ¥¸É¢Ê¥É ¨ ¤·Ê£µ°, ¸µ¢¥·Ï¥´´µ µÉ²¨Î´Ò° µÉ µ¶¨-
¸ ´´µ£µ, ¶µ¤Ìµ¤ ± µ¶¨¸ ´¨Õ ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨ Å ¶·¨ ¶µ³µÐ¨ É ± ´ -
§Ò¢ ¥³ÒÌ ´¥¶·¥·Ò¢´ÒÌ ³ É·¨Î´ÒÌ ³µ¤¥²¥°, ±µÉµ·Ò¥ ¤ ÕÉ ´¥¶µ¸·¥¤¸É¢¥´´µ
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’ ¡²¨Í 

Œ É·¨Î´ Ö ˆ´É¥£·¨·Ê¥³ Ö ’µ¦¤¥¸É¢  
¥¶·¥·Ò¢´Ò°
³µ¤¥²Ó ¨¥· ·Ì¨Ö “µ·¤  ¶·¥¤¥²

�·³¨Éµ¢  –¥¶µÎ±  �²£¥¡·  „¢¥ Š¤‚-
µ¤´µ³ É·¨Î´ Ö ’µ¤Ò ‚¨· ¸µ·µ ¨¥· ·Ì¨¨

³µ¤¥²Ó

�¥¤ÊÍ¨·µ¢ ´´ Ö –¥¶µÎ±  
¥ ¸ÊÐ¥¸É¢Ê¥É ˆ¥· ·Ì¨Ö Š¤‚,
Ô·³¨Éµ¢  ‚µ²ÓÉ¥··  ¤µ ´¥¶·¥·Ò¢´µ£µ  ²£¥¡· 
³µ¤¥²Ó ¶·¥¤¥²  ‚¨· ¸µ·µ

“´¨É ·´ Ö �¥²ÖÉ¨¢¨¸É¸± Ö �²£¥¡·  ˆ¥· ·Ì¨Ö
µ¤´µ³ É·¨Î´ Ö Í¥¶µÎ±  ‚¨· ¸µ·µ Š¤‚/³Š¤‚ [133],

³µ¤¥²Ó ’µ¤Ò  ²£¥¡·  ‚¨· ¸µ·µ

Šµ³¶²¥±¸´ Ö –¥¶µÎ±  �²£¥¡·  
¥
µ¤´µ³ É·¨Î´ Ö ’µ¤Ò ‚¨· ¸µ·µ ¸ÊÐ¥¸É¢Ê¥É

³µ¤¥²Ó

�·³¨Éµ¢Ò „¢Ê³¥·¨§µ¢ ´´ Ö 
¥ ¸ÊÐ¥¸É¢Ê¥É �¥¤Ê±Í¨¨
³´µ£µ³ É·¨Î´Ò¥ Í¥¶µÎ±  ¤µ ´¥¶·¥·Ò¢´µ£µ ¨¥· ·Ì¨¨ Š�,

³µ¤¥²¨ ’µ¤Ò ¶·¥¤¥²  W - ²£¥¡·Ò [64]

Šµ´Ëµ·³´Ò¥ �¡µ¡Ð¥´´Ò¥ �¥¤Ê±Í¨¨
³ É·¨Î´Ò¥ ¨¥· ·Ì¨¨ W - ²£¥¡·Ò ¨¥· ·Ì¨¨ Š�,
³µ¤¥²¨ �Š
‘ W - ²£¥¡·Ò

(¡¥§ ´¥µ¡Ìµ¤¨³µ¸É¨ ¢§ÖÉ¨Ö ´¥¶·¥·Ò¢´µ£µ ¶·¥¤¥² ) ¸É É¨¸É¨Î¥¸±ÊÕ ¸Ê³³Ê ¤¢Ê-
³¥·´µ° £· ¢¨É Í¨¨. �Éµ ³ É·¨Î´Ò¥ ³µ¤¥²¨ ¢µ ¢´¥Ï´¥³ ¶µ²¥ (É ± ´ §Ò¢ ¥-
³Ò¥ µ¡µ¡Ð¥´´Ò¥ ³µ¤¥²¨ Šµ´Í¥¢¨Î ). �¶¨¸ ´¨¥ Ë¨§¨Î¥¸±µ° £· ¢¨É Í¨¨ ¶·¨
¶µ³µÐ¨ ÔÉ¨Ì ³ É·¨Î´ÒÌ ³µ¤¥²¥° ¤ ´µ ¢ µÉ¤¥²Ó´µ³ µ¡§µ·¥ [53]. ‚ ´¥³ µ¡-
¸Ê¦¤ ÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ·¥§Ê²ÓÉ ÉÒ.

�µ¸É·µ¥´  É¥µ·¨Ö ´¥¶·¥·Ò¢´ÒÌ ³ É·¨Î´ÒÌ ³µ¤¥²¥°, µ¶¨¸Ò¢ ÕÐ¨Ì ¶·µ-
¨§¢µ¤ÖÐ¨¥ ËÊ´±Í¨¨ ±µ··¥²ÖÉµ·µ¢ ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨.

1. ‚¢¥¤¥´  ³ É·¨Î´ Ö ³µ¤¥²Ó Å µ¡µ¡Ð¥´´ Ö ³µ¤¥²Ó Šµ´Í¥¢¨Î  (�ŒŠ),
§ ¢¨¸ÖÐ Ö µÉ ¶·µ¨§¢µ²Ó´µ£µ ¶µ²¨´µ³¨ ²Ó´µ£µ ¶µÉ¥´Í¨ ² , ¸É É¨¸É¨Î¥¸± Ö
¸Ê³³  ±µÉµ·µ° µ¶¨¸Ò¢ ¥É ´¥¶·¥·Ò¢´Ò° ¶·¥¤¥² · §²¨Î´ÒÌ ³ É·¨Î´ÒÌ ³µ-
¤¥²¥°. ˆ¸¸²¥¤µ¢ ´Ò ¨´É¥£·¨·Ê¥³Ò¥ ¸¢µ°¸É¢  ³µ¤¥²¨ ¸ ¶·µ¨§¢µ²Ó´Ò³ ¶µÉ¥´-
Í¨ ²µ³,   É ±¦¥ ¥¥ Éµ¦¤¥¸É¢  “µ·¤ .

2. „µ± § ´µ, ÎÉµ ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  �ŒŠ ¸ ³µ´µ³¨ ²Ó´Ò³ ¶µÉ¥´Í¨ -
²µ³ ¸É¥¶¥´¨ p+2 ¸µ¢¶ ¤ ¥É ¸µ ¸É É¨¸É¨Î¥¸±µ° ¸Ê³³µ° p-³ É·¨Î´µ° ³µ¤¥²¨ ¢
´¥¶·¥·Ò¢´µ³ ¶·¥¤¥²¥. „²Ö ¤µ± § É¥²Ó¸É¢  ÔÉµ£µ Ë ±É  ¶·µ¢¥·Ö¥É¸Ö, ÎÉµ ¸É É¨-
¸É¨Î¥¸± Ö ¸Ê³³  Ê± § ´´µ° �ŒŠ Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° (p+1)-·¥¤ÊÍ¨·µ¢ ´´µ°
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¨¥· ·Ì¨¨ Š� ¨ Ê¤µ¢²¥É¢µ·Ö¥É ¸É·Ê´´µ³Ê Ê· ¢´¥´¨Õ (ÎÉµ ¢³¥¸É¥ Ô±¢¨¢ ²¥´É´µ
¡¥¸±µ´¥Î´µ° ¸¨¸É¥³¥ Éµ¦¤¥¸É¢ “µ·¤ , ±µÉµ·Ò¥ ¢ ÔÉµ³ ¸²ÊÎ ¥ µ¡· §ÊÕÉ ¡µ·¥-
²¥¢¸±ÊÕ ¶µ¤ ²£¥¡·Ê W (p+1)- ²£¥¡·Ò).

3. ‚¢¥¤¥´  �ŒŠ ¸ ¶µÉ¥´Í¨ ²µ³, Ö¢²ÖÕÐ¨³¸Ö ¶µ²¨´µ³µ³ µÉ µ¡· É´ÒÌ
¸É¥¶¥´¥° ³ É·¨ÍÒ. ˆ¸¸²¥¤µ¢ ´Ò ¥¥ ¨´É¥£·¨·Ê¥³Ò¥ ¸¢µ°¸É¢ ,   É ±¦¥ Éµ¦¤¥-
¸É¢  “µ·¤ .

4. ˆ§ÊÎ¥´Ò ¨´É¥£·¨·Ê¥³Ò¥ ¸¢µ°¸É¢  ¤¨¸±·¥É´µ£µ  ´ ²µ£  �ŒŠ, µ¶¨¸Ò-
¢ ÕÐ¥£µ¸Ö · §²µ¦¥´¨¥³ ¶µ Ì · ±É¥· ³ ¨ µÉ¢¥Î ÕÐ¥£µ ³¨£¤ ²µ¢¸±µ³Ê ¶·¥¤-
¸É ¢²¥´¨Õ ¤¢Ê³¥·´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ É¥µ·¨°.

5. ˆ§ÊÎ¥´  Ê´¨É ·´ Ö ³ É·¨Î´ Ö ³µ¤¥²Ó ¢µ ¢´¥Ï´¥³ ¶µ²¥, ¢¢¥¤¥´´ Ö
l·¥§ ´µ³ ¨ ƒ·µ¸¸µ³ ¤²Ö ¨§ÊÎ¥´¨Ö ¤¢Ê³¥·´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ É¥µ·¨°. ‚¢¥¤¥´ 
Ê´¨¢¥·¸ ²Ó´ Ö ³µ¤¥²Ó ÔÉµ£µ É¨¶ , µ¡Ñ¥¤¨´ÖÕÐ Ö Ê´¨É ·´Ò¥ ³µ¤¥²¨ ¸ ²Õ¡Ò³¨
Ê´¨É ·´Ò³¨ £·Ê¶¶ ³¨. �µ± § ´µ, ÎÉµ µ´  Ö¢²Ö¥É¸Ö ³µ¤¥²ÓÕ �ŒŠ, ¨§ÊÎ¥´Ò
¥¥ ¨´É¥£·¨·Ê¥³Ò¥ ¸¢µ°¸É¢  ¨ Éµ¦¤¥¸É¢  “µ·¤  ¢ · §²¨Î´ÒÌ ·¥¦¨³ Ì, µÉ¢¥Î -
ÕÐ¨Ì · §²¨Î´Ò³ Ë § ³ ± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨, ¶µ¸É·µ¥´µ 1/N -· §²µ¦¥´¨¥
¨ µ¡ÑÖ¸´¥´ ¸³Ò¸²  ´µ³ ²¨¨ É'•µËÉ Ä„¥ ‚¨É .

9² £µ¤ ·´µ¸É¨. �¢Éµ· ¡² £µ¤ ·¥´ �. ƒ¥· ¸¨³µ¢Ê, ‘.• ·Î¥¢Ê, �.Œ ·Ï -
±µ¢Ê, �.Œµ·µ§µ¢Ê, �.�·²µ¢Ê ¨ �. ‡ ¡·µ¤¨´Ê §  ÊÎ ¸É¨¥ ¢ ¸µ¢³¥¸É´ÒÌ · ¡µ-
É Ì, ¨¸¶µ²Ó§µ¢ ´´ÒÌ ¶·¨ ´ ¶¨¸ ´¨¨ ´ ¸ÉµÖÐ¥£µ µ¡§µ· , Ÿ.�³¡Óµ·´Ê, …. �´-
Éµ´µ¢Ê, Š. l Î ¸Ê, „. lÊ² Éµ¢Ê, �.†¥¤ ´µ¢Ê, •.ˆÉµÖ³¥, ‚.Šµ·¥¶¨´Ê, ˆ.Š·¨-
Î¥¢¥·Ê, ˆ.�µ²Õ¡¨´Ê, 
. ‘² ¢´µ¢Ê, ’. ’ ±Ô¡Ô, ˆ. ’ÕÉ¨´Ê ¨ ‹. —¥Ìµ¢Ê §  ¶µ²¥§-
´Ò¥ µ¡¸Ê¦¤¥´¨Ö ¨ ’. ‘Ê²É ´µ¢Ê §  É¥Ì´¨Î¥¸±ÊÕ ¶µ³µÐÓ.

� ¡µÉ  ¡Ò²  Î ¸É¨Î´µ ¶µ¤¤¥·¦ ´  £· ´É ³¨ INTAS-00-334, �””ˆ-00-
02-16101-  ¨ ¶·µ£· ³³µ° ¶µ¤¤¥·¦±¨ ´ ÊÎ´ÒÌ Ï±µ² 96-15-96798.

:·¨²µ¦¥´¨¥
:	‹“9…‘Š	�…—�›… ˆ…
�
•ˆˆ

‚µ¸¶·µ¨§¢¥¤¥³ ´¥¸±µ²Ó±µ É¥Ì´¨Î¥¸±¨Ì ¢ÒÎ¨¸²¥´¨°, ¶·µ¶ÊÐ¥´´ÒÌ ¢
¶. 2.5.3 [106, 107]. P ¸¸³µÉ·¨³ ¶µ²Ê¡¥¸±µ´¥Î´ÊÕ ¨¥· ·Ì¨Õ, § ¤ ´´ÊÕ Ê¸²µ-
¢¨¥³

τn = 0, n < 0. (�.1)

�Éµ µÉ¢¥Î ¥É ¢Ò¡µ·Ê Ô²¥³¥´É  £· ¸¸³ ´´¨ ´  ¢ ¢¨¤¥

G = G0P+, (�.2)

£¤¥ P+ Å ¶·µ¥±Éµ· ´  ¶µ²µ¦¨É¥²Ó´Ò¥ ¸µ¸ÉµÖ´¨Ö:

P+|n〉 = θ(n)|n〉, (�.3)
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±µÉµ·Ò° ·¥ ²¨§Ê¥É¸Ö ± ± Ë¥·³¨µ´´Ò° µ¶¥· Éµ·

P+ =: exp

[∑
i<0

ψiψ
∗
i

]
: (�.4)

¨ µ¡² ¤ ¥É ¸¢µ°¸É¢ ³¨

P+ψ
∗
−k = ψ−kP+ = 0, k > 0, (�.5)

[P+, ψk] = [P+, ψ
∗
k] = 0, k ≥ 0, (�.6)

P 2
+ = P+. (�.7)

ŒÒ É ±¦¥ ¢Ò¡¨· ¥³ G0 ¢ ¢¨¤¥, ¢±²ÕÎ ÕÐ¥³ Éµ²Ó±µ ¶µ²µ¦¨É¥²Ó´Ò¥ ³µ¤Ò
Ë¥·³¨µ´µ¢ ψk ¨ ψ∗

k ¸ k ≥ 0:

G0 =: exp


(∫

γ

A(z, w)ψ+(z)ψ∗
+(w

−1)dzdw
)
−

∑
i≥0

ψiψ
∗
i

 : , (�.8)

£¤¥ ψ+(z) =
∑
k≥0

ψkz
k; ψ∗

+(z) =
∑
k≥0

ψ∗
kz

−k ¨ γ Å ´¥±µÉµ·Ò° ±µ´ÉÊ· ¨´É¥£·¨-

·µ¢ ´¨Ö. Š·µ³¥ Éµ£µ, ´ ³ ¶µ´ ¤µ¡¨É¸Ö ¶·µ¥±Éµ· ´  µÉ·¨Í É¥²Ó´Ò¥ ¸µ¸ÉµÖ´¨Ö

P− =: exp

−∑
i≥0

ψiψ
∗
i

 : , (�.9)

±µÉµ·Ò° µ¡² ¤ ¥É ¸²¥¤ÊÕÐ¨³¨ ¸¢µ°¸É¢ ³¨:

P−ψk = ψ∗
kP− = 0, k ≥ 0, (�.10)

[P−, ψ−k] = [P−, ψ−k
∗] = 0, k > 0, (�.11)

P 2
− = P−. (�.12)

‚ÒÎ¨¸²¨³ ¸µ¸ÉµÖ´¨¥

G0P+ eH̄(y)|n〉. (�.13)

Š ± ²¥£±µ Ê¢¨¤¥ÉÓ, µ´µ ¨¸Î¥§ ¥É ¶·¨ n < 0. „¥°¸É¢¨É¥²Ó´µ, ¶·¨³¥´ÖÖ (236),
(238) ¨ (�.6), ³µ¦´µ ¶µ²ÊÎ¨ÉÓ, ÎÉµ ¶·¨ n < 0 ¸µ¸ÉµÖ´¨¥

eH̄(t̄)|n〉 = ψ∗
−n(t̄) . . . ψ

∗
−1(t̄) e

H̄(t̄)|0〉

¸µ¤¥·¦¨É Éµ²Ó±µ µÉ·¨Í É¥²Ó´Ò¥ ³µ¤Ò ψ∗
−m (m > 0). ‘²¥¤µ¢ É¥²Ó´µ, ¤¥°-

¸É¢¨¥ P+  ´´¨£¨²¨·Ê¥É ÔÉµ ¸µ¸ÉµÖ´¨¥ ¡² £µ¤ ·Ö Ëµ·³Ê²¥ (�.5). „²Ö n ≥ 0,
¨¸¶µ²Ó§ÊÖ Ëµ·³Ê²Ò (236), (238) ¨ (�.6), ³Ò ¶µ²ÊÎ ¥³

P+ eH̄(t̄)|n〉 = ψn−1(t̄) . . . ψ0(t̄)P+ eH̄(t̄)|0〉. (�.14)
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’¥¶¥·Ó ³Ò ¢µ¸¶µ²Ó§Ê¥³¸Ö É¥³ Ë ±Éµ³, ÎÉµ [53]

P+ eH̄(t̄)|0〉 = |0〉. (�.15)

’ ±¨³ µ¡· §µ³, ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ Ëµ·³Ê² (�.8), (�.9) ³Ò ¶µ²ÊÎ ¥³

G0P+ eH̄(t̄)|n〉 = G ψ(t̄) . . . ψ(t̄)|0〉 =

=
∑ 1

m!

∫
γ

m∏
i=1

A(zi, wi)dzidwiψ+(z1) . . . ψ+(zm)×

× P−ψ
∗
+(w

−1
m ) . . . ψ∗

+(w
−1
1 )ψn−1(t̄) . . . ψ0(t̄)|0〉. (�.16)

’¥¶¥·Ó ¢¨¤¨³, ÎÉµ Éµ²Ó±µ Î²¥´ ¸ m = n ¤ ¥É ´¥´Ê²¥¢µ° ¢±² ¤ ¢ ¡¥¸±µ´¥Î´ÊÕ
¸Ê³³Ê (�.16). „¥°¸É¢¨É¥²Ó´µ, ¶·¨ m > n ¸µ¸ÉµÖ´¨¥ ψ∗

+(w−1
m ) . . . ψ∗

+(w
−1
1 )×

ψn−1(t̄) . . . ψ0(t̄)|0〉 ¨¸Î¥§ ¥É, ¶µ¸±µ²Ó±Ê ¢ ÔÉµ³ ¸²ÊÎ ¥ ´¥±µÉµ·Ò¥ ¶µ²µ¦¨É¥²Ó-
´Ò¥ ³µ¤Ò ¢ ψ∗

+(w
−1
i ) ³µ£ÊÉ ¡ÒÉÓ ¶·µÉ Ð¥´Ò ¤µ ¢ ±ÊÊ³  |0〉 ¨ § ´Ê²ÖÉ ¥£µ.


 µ¡µ·µÉ, ¶·¨ m < n ´¥±µÉµ·Ò¥ ¶µ²µ¦¨É¥²Ó´Ò¥ ³µ¤Ò ¢ ψk(−ȳ) ³µ£ÊÉ ¡ÒÉÓ
¶·µÉ Ð¥´Ò ¤µ ¶·µ¥±Éµ·  P− ¨ ¡² £µ¤ ·Ö (�.10) § ´Ê²ÖÉ ¥£µ.

‘²¥¤µ¢ É¥²Ó´µ,

G0P+ eH̄(t̄)|n〉 =

=
1
n!

∫
γ

n∏
i=1

A(zi, wi)dzidwiψ+(z1) . . . ψ+(zn)×

× P−ψ
∗
+(w

−1
n ) . . . ψ∗

+(w
−1
1 )ψn−1(t̄) . . . ψ0(t̄)|0〉. (�.17)

‚µ¸¶µ²Ó§Ê¥³¸Ö ¸²¥¤ÊÕÐ¨³ ÊÉ¢¥·¦¤¥´¨¥³ [53]:

ψ∗
+(w

−1
n ) . . . ψ∗

+(w
−1
1 )ψn−1(t̄) . . . ψ0(t̄)|0〉 =

= ∆(w) exp

 n∑
j=1

ξ(t̄, wj)

 |0〉. (�.18)

’¥¶¥·Ó, ¶µ¤¸É ¢²ÖÖ (�.18) ¢ (�.17) ¨ ¨¸¶µ²Ó§ÊÖ µÎ¥¢¨¤´Ò° Ë ±É, ÎÉµ
P−|0〉 = |0〉 ¨ ψ−(zi)|0〉 = 0, ³µ¦´µ ¶µ²ÊÎ¨ÉÓ

G = G0P+ eH̄(t̄)|n〉 =

=
1
n!

∫
γ

n∏
i=1

A(zi, wi) eξ(t̄,wi)dzidwi∆(w)ψ(z1) . . . ψ(zn)|0〉. (�.19)
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 ±µ´¥Í, ¢§Ö¢ µ¤´Ê ¨§ µ¸´µ¢´ÒÌ Ëµ·³Ê² · ¡µÉÒ [149] (±µÉµ· Ö ³µ¦¥É ¡ÒÉÓ
¶·µ¸Éµ ¤µ± § ´  ¢ É¥Ì´¨±¥ ¡µ§µ´¨§ Í¨¨)

ψ(z1) . . . ψ(zn)|0〉 = ∆(z) exp
[
H̄

(
n∑
i=1

ε(zi)

)]
|0〉, (�.20)

£¤¥ ε(zi) Å ¢¥±Éµ· ¸ ±µ³¶µ´¥´É ³¨ εk(zi) =
1
k
zki , ³Ò ´ ±µ´¥Í ¶µ²ÊÎ ¥³ ¦¥-

² ¥³Ò° ·¥§Ê²ÓÉ É:

G0P+ eH̄(t̄)|n〉 = 1
n!

∫
γ

n∏
i=1

A(zi, wi)×

× eξ(t̄,wi)dzidwi∆(w)∆(z) exp

[
H̄

(
n∑
i=1

ε(zi)

)]
|0〉. (�.21)

ˆÉ ±, µ±µ´Î É¥²Ó´µ ¨³¥¥³

τn(t, t̄) = 〈n| eH(x)G0P+ eH̄(t̄)|n〉 =

=
1
n!

∫
γ

∆(w)∆(z)
n∏
i=1

A(zi, wi) eξ(t,zi)+ξ(t̄,wi)dzidwi. (�.22)

„¥É¥·³¨´ ´É´µ¥ ¶·¥¤¸É ¢²¥´¨¥. ˆ¸¶µ²Ó§ÊÖ Ëµ·³Ê²Ò (236), (�.7) ¨ ÉµÉ
Ë ±É, ÎÉµ [P+, g0] = 0, ¶µ²ÊÎ ¥³

τn(t, t̄) = 〈0|ψ∗
0 . . . ψ

∗
n−1 e

H(t)G0P+ eH̄(t̄)ψn−1 . . . ψ0|0〉 =
= 〈0| eH(t)ψ∗

0(−t) . . . ψ∗
n−1(−t)P+G0P+ψn−1(t̄) . . . ψ0(t̄) eH̄(t̄)|0〉.

�µ¸±µ²Ó±Ê ψ∗
i (−t) ¨ ψi(t̄) ¸µ¤¥·¦ É Éµ²Ó±µ ¶µ²µ¦¨É¥²Ó´Ò¥ ³µ¤Ò (¸³. Ëµ·-

³Ê²Ò (238)), ¨§ (�.6) ¨ (�.15) ¸²¥¤Ê¥É

τn(t, t̄) = 〈0|ψ∗
0(−t) . . . ψ∗

n−1(−t)G0ψn−1(t̄) . . . ψ0(t̄)|0〉 =
= det [〈0|ψ∗

i (−t)G0ψj(t̄)|0〉]|i,j=0,...,n−1 . (�.23)

’¥ ¦¥ ¸ ³Ò¥  ·£Ê³¥´ÉÒ, ±µÉµ·Ò¥ ³Ò ¨¸¶µ²Ó§µ¢ ²¨ ¤²Ö ¶¥·¥Ìµ¤  µÉ (�.16)
± (�.17), ¶·¨³¥´¥´´Ò¥ ± Ê· ¢´¥´¨Õ (�.23), ¶·¨¢µ¤ÖÉ ´ ¸ ± § ±²ÕÎ¥´¨Õ,
ÎÉµ Éµ²Ó±µ ²¨´¥°´Ò° Î²¥´ ¢ A(z, w) ¤ ¥É ¢±² ¤. �µÔÉµ³Ê, ¨¸¶µ²Ó§ÊÖ (�.10),
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¶µ²ÊÎ ¥³

〈0|ψ∗
i (−t)Gψj(t̄)|0〉 =

=
∫
γ

A(z, w)dzdw〈0|ψ∗
i (−t)ψ+(z)P−ψ

∗
+(w

−1)ψj(t̄)|0〉 =

=
∫
γ

ziwjA(z, w) eξ(t,z)+ξ(t̄,w)dzdw =

= ∂it∂
j
t̄

∫
γ

A(z, w) eξ(t,z)+ξ(t̄,w)dzdw. (�.24)

’ ±¨³ µ¡· §µ³, µ±µ´Î É¥²Ó´µ ¢Ò· ¦¥´¨¥ ¤²Ö τ -ËÊ´±Í¨¨ ¢ ¤¥É¥·³¨´ ´É´µ°
Ëµ·³¥ ¨³¥¥É ¢¨¤

τn(t, t̄) = det
[
∂ix1

∂jt̄1

∫
γ

A(z, w) eξ(t,z)+ξ(t̄,w)dzdw

]∣∣∣∣
i,j=0,...,n−1

. (�.25)
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