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�·µ¸Éµ° ¨ µ¡Ð¨° ±·¨É¥·¨° ¶µ¸É·µ¥´¨Ö µ¡µ¡Ð¥´´ÒÌ ³µ³¥´Éµ¢ ¶µ§¢µ²Ö¥É ¶·¨¡²¨¦ ÉÓ¸Ö ¶µ
ÉµÎ´µ¸É¨ ± É¥µ·¥É¨Î¥¸±µ³Ê ¶·¥¤¥²Ê Š· ³¥· Ä� µ ¶·¨ µÍ¥´¨¢ ´¨¨ ¶ · ³¥É·µ¢, ¨§¡¥£ Ö É·Ê¤´µ-
¸É¥° ³¥Éµ¤  ³ ±¸¨³ ²Ó´µ£µ ¶· ¢¤µ¶µ¤µ¡¨Ö ¢ ¸²ÊÎ ÖÌ ¸µ ¸²µ¦´µ° ¶²µÉ´µ¸ÉÓÕ ¢¥·µÖÉ´µ¸É¨ ¨²¨ ¸
¡µ²ÓÏ¨³¨ ³ ¸¸¨¢ ³¨ ¸µ¡ÒÉ¨°.

A simple and general criterion is presented for a practical construction of generalized moments
that allow one to approach the theoretical CramerÄRao limit for parameter estimation while avoiding
the complexity of the maximum likelihood method in the cases of complicated probability distributions
and/or very large event samples.

‘ÊÐ¥¸É¢Ê¥É ¶·µ¸É Ö ¨ ËÊ´¤ ³¥´É ²Ó´ Ö ¸¢Ö§Ó ³¥¦¤Ê ³¥Éµ¤ ³¨ µ¡µ¡Ð¥´´ÒÌ ³µ³¥´Éµ¢
¨ ³ ±¸¨³ ²Ó´µ£µ ¶· ¢¤µ¶µ¤µ¡¨Ö (¸³. ´¨¦¥ Ê· ¢´¥´¨¥ (20)). �É  ¸¢Ö§Ó Ê¦¥ ¡Ò²  ÔËË¥±-
É¨¢´µ ¨¸¶µ²Ó§µ¢ ´  ¢ ·¥Ï¥´¨¨ § ¤ Î¨ µ¡ µ¶É¨³ ²Ó´µ³  ²£µ·¨É³¥ µ¶·¥¤¥²¥´¨Ö  ¤·µ´´ÒÌ
¸É·Ê° [1]. �¤´ ±µ ¥¥ Ô¢·¨¸É¨Î¥¸±µ¥ §´ Î¥´¨¥ Ï¨·¥: ¶µ²ÊÎ ÕÐ¨¥¸Ö ¨§ ´¥¥ ¶· ±É¨Î¥-
¸±¨¥ ·¥Í¥¶ÉÒ (±µÉµ·Ò¥ Ê¤µ¡´µ ´ §¢ ÉÓ ³¥Éµ¤µ³ ±¢ §¨µ¶É¨³ ²Ó´ÒÌ ´ ¡²Õ¤ ¥³ÒÌ) ³µ£²¨
¡Ò ¡ÒÉÓ ¶µ²¥§´Ò ¢µ ³´µ£¨Ì § ¤ Î Ì Ë¨§¨±¨ ¢Ò¸µ±¨Ì Ô´¥·£¨°. ‚ ²¨É¥· ÉÊ·¥ ÔÉ  ¸¢Ö§Ó,
¶µ-¢¨¤¨³µ³Ê, ´¥ ¨³¥²  Éµ£µ µ¡¸Ê¦¤¥´¨Ö, ±µÉµ·µ£µ µ´ , µÎ¥¢¨¤´µ, § ¸²Ê¦¨¢ ¥É; ¢µ ¢¸Ö-
±µ³ ¸²ÊÎ ¥ µ ´¥° ´¥É Ê¶µ³¨´ ´¨Ö ´¨ ¢ µ¤´µ° ¨§ ¡µ²¥¥ ¤¥¸ÖÉ±  ¶·µ¢¥·¥´´ÒÌ  ¢Éµ·µ³
±´¨£ (¢±²ÕÎ Ö ¨§¢¥¸É´µ¥ ·Ê±µ¢µ¤¸É¢µ [2] ¨ ¸¨¸É¥³ É¨Î¥¸±µ¥ ³ É¥³ É¨Î¥¸±µ¥ ¨§²µ¦¥´¨¥
[3]), ´¨, ¸± ¦¥³, ¢ µ¡§µ·¥ ³¥Éµ¤µ¢, ¨¸¶µ²Ó§µ¢ ¢Ï¨Ì¸Ö ¶·¨ µÉ±·ÒÉ¨¨ ¨ ¢ ¨¸¸²¥¤µ¢ ´¨ÖÌ
Éµ¶-±¢ ·± , ¤ ´´µ³ ¢ [4]; § ³¥É¨³, ÎÉµ ¢ ¶µ¤µ¡´ÒÌ ¨¸¸²¥¤µ¢ ´¨ÖÌ ¢¢¨¤Ê ¨Ì ¸²µ¦´µ¸É¨
§ ¤¥°¸É¢µ¢ ´Ò ¶· ±É¨Î¥¸±¨ ¢¸¥ ¨§¢¥¸É´Ò¥ ³¥Éµ¤Ò ¸É É¨¸É¨Î¥¸±µ£µ µÍ¥´¨¢ ´¨Ö ¶ · ³¥-
É·µ¢. ” ±É µÉ¸ÊÉ¸É¢¨Ö ¸²¥¤µ¢ ¨¸¶µ²Ó§µ¢ ´¨Ö µ¡¸Ê¦¤ ¥³µ° ¸¢Ö§¨ ¢ Ô±¸¶¥·¨³¥´É ²Ó´µ°
¶· ±É¨±¥ (´¥¸³µÉ·Ö ´  ¶µÎÉ¥´´Ò° ¢µ§· ¸É µ¡µ¨Ì ³¥Éµ¤µ¢) ³µ¦´µ µ¡ÑÖ¸´¨ÉÓ É¥³, ÎÉµ
¤²Ö ¥¥ ¢ÒÖ¢²¥´¨Ö ´Ê¦´µ ¶·¨´ÖÉÓ ËÊ´±Í¨µ´ ²Ó´µ- ´ ²¨É¨Î¥¸±ÊÕ ÉµÎ±Ê §·¥´¨Ö ¨ ¶·µ-
¢¥¸É¨  ´ ²µ£¨Õ ³¥¦¤Ê § ¤ Î¥° ³¨´¨³¨§ Í¨¨ ¤¨¸¶¥·¸¨¨ ± ± ËÊ´±Í¨µ´ ²  µ¡µ¡Ð¥´´ÒÌ
³µ³¥´Éµ¢ ¨ É¥µ·¨¥° Ô±¸É·¥³Ê³µ¢ ËÊ´±Í¨°, µ¶·¥¤¥²¥´´ÒÌ ´  ±µ´¥Î´µ³¥·´ÒÌ µ¡² ¸ÉÖÌ,
ÎÉµ ¤µ¸É ÉµÎ´µ ´¥¶·¨¢ÒÎ´µ. �µ²ÊÎ ÕÐ¨°¸Ö ®³¥Éµ¤ ±¢ §¨µ¶É¨³ ²Ó´ÒÌ ´ ¡²Õ¤ ¥³ÒÌ¯
¸µ¸É ¢²Ö¥É  ²ÓÉ¥·´ É¨¢Ê ³¥Éµ¤Ê ³ ±¸¨³ ²Ó´µ£µ ¶· ¢¤µ¶µ¤µ¡¨Ö ¢ § ¤ Î Ì, £¤¥ ¶·¨³¥´¥-
´¨¥ ¶µ¸²¥¤´¥£µ ´¥¶· ±É¨Î´µ ¨²¨ ´¥¢µ§³µ¦´µ, ¸± ¦¥³, ¨§-§  ¸²µ¦´µ¸É¨ ¨²¨ µÉ¸ÊÉ¸É¢¨Ö
É¥µ·¥É¨Î¥¸±¨Ì ¢Ò· ¦¥´¨° ¤²Ö ¶²µÉ´µ¸É¨ ¢¥·µÖÉ´µ¸É¨ (± ± ÔÉµ µ¡ÒÎ´µ ¨³¥¥É ³¥¸Éµ ¢ Ë¨-
§¨±¥ ¢Ò¸µ±¨Ì Ô´¥·£¨°, £¤¥ É¥µ·¥É¨Î¥¸±¨¥ µ¶¨¸ ´¨Ö ¶·µÍ¥¸¸µ¢ Î ¸Éµ ¶·¨´¨³ ÕÉ Ëµ·³Ê
£¥´¥· Éµ·µ¢ ¸µ¡ÒÉ¨°) ¨²¨ ¨§-§  ¡µ²ÓÏµ£µ · §³¥·  ¢Ò¡µ·±¨ ¸µ¡ÒÉ¨°.

�Ê¸ÉÓ P Å ¸²ÊÎ °´ Ö ¶¥·¥³¥´´ Ö, ±µ´±·¥É´Ò¥ §´ Î¥´¨Ö ±µÉµ·µ° ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¸µ-
¡ÒÉ¨Ö³¨. ˆÌ ¶²µÉ´µ¸ÉÓ ¢¥·µÖÉ´µ¸É¨ µ¡µ§´ Î¨³ π(P). �·¥¤¶µ² £ ¥É¸Ö, ÎÉµ ¶²µÉ´µ¸ÉÓ
§ ¢¨¸¨É µÉ ¶ · ³¥É·  M , ±µÉµ·Ò° ¸²¥¤Ê¥É µÍ¥´¨ÉÓ ¨§ Ô±¸¶¥·¨³¥´É ²Ó´µ° ¢Ò¡µ·±¨ ¸µ-
¡ÒÉ¨° {Pi}i. Œ¥Éµ¤ µ¡µ¡Ð¥´´ÒÌ ³µ³¥´Éµ¢ § ±²ÕÎ ¥É¸Ö ¢ ¢Ò¡µ·¥ ´¥±µÉµ·µ° ËÊ´±Í¨¨
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fP ´  ¸µ¡ÒÉ¨ÖÌ (µ¡µ¡Ð¥´´Ò° ³µ³¥´É) ¨ ¢ µÍ¥´±¥ M Ë¨É¨·µ¢ ´¨¥³ É¥µ·¥É¨Î¥¸±µ£µ
¸·¥¤´¥£µ,

〈f〉 =
∫

dPπ(P)f(P), (1)

¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ Ô±¸¶¥·¨³¥´É ²Ó´Ò³ §´ Î¥´¨¥³

〈f〉exp =
1
N

∑
i

f(Pi). (2)

‡ ¤ Î  ¸µ¸Éµ¨É ¢ ´ Ìµ¦¤¥´¨¨ ³µ³¥´É  f , ±µÉµ·Ò° ¶µ§¢µ²¨² ¡Ò ¨§¢²¥ÎÓ M ¸ ´ ¨²ÊÎÏ¥°
ÉµÎ´µ¸ÉÓÕ ¨§ ¤ ´´µ° ¢Ò¡µ·±¨.

‚ ¶·¥¤¥²¥ ¡µ²ÓÏ¨Ì N Ë²Ê±ÉÊ Í¨¨ µÍ¥´±¨ M ¸¢Ö§ ´Ò ¸ Ë²Ê±ÉÊ Í¨Ö³¨ §´ Î¥´¨°
¸·¥¤´¥£µ 〈f〉 Ëµ·³Ê²µ°

δM =
(

∂〈f〉
∂M

)−1

δ〈f〉. (3)

�·µ¨§¢µ¤´ÊÕ ¸²¥¤Ê¥É ¶·¨³¥´ÖÉÓ Éµ²Ó±µ ± ¶²µÉ´µ¸É¨ ¢¥·µÖÉ´µ¸É¥°:

∂〈f〉
∂M

=
∫

dPf(P)
∂π(P)
∂M

, (4)

É. ±. Ë¨É¨·µ¢ ´¨¥ M ¶·µ¨§¢µ¤¨É¸Ö ¸ Ë¨±¸¨·µ¢ ´´Ò³ f . (‡¤¥¸Ó ¸¤¥² ´µ µ¡ÒÎ´µ¥ ¶·¥¤¶µ-
²µ¦¥´¨¥, ÎÉµ £· ´¨ÍÒ µ¡² ¸É¨ ¨§³¥´¥´¨Ö P ´¥ § ¢¨¸ÖÉ µÉ M .) „²Ö ³ ²ÒÌ Ë²Ê±ÉÊ Í¨°
∂〈f〉 = N−1/2

√
Var f , £¤¥

Var f =
∫

dPπ(P)(f(P) − 〈f〉)2 ≡ 〈f2〉 − 〈f〉2, (5)

‚ É¥·³¨´ Ì ¤¨¸¶¥·¸¨¨ Ê· ¢´¥´¨¥ (3) ¶·¨´¨³ ¥É ¢¨¤

VarM [f ] =
(

∂〈f〉
∂M

)−2

Var f ; (6)

§ ¤ Î  ¸µ¸Éµ¨É ¢ ³¨´¨³¨§ Í¨¨ ÔÉµ£µ ¢Ò· ¦¥´¨Ö ¶µ¤Ìµ¤ÖÐ¨³ ¢Ò¡µ·µ³ f .
‚ ¤ ²Ó´¥°Ï¨Ì · ¸¸Ê¦¤¥´¨ÖÌ (ËÊ´±Í¨µ´ ²Ó´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ¨ É. ¶.) ³Ò ´¥ ¡Ê¤¥³ ¸É·¥-

³¨ÉÓ¸Ö ± Ëµ·³ ²Ó´µ° ¸É·µ£µ¸É¨, É. ±. ÔÉµ § É¥³´¨²µ ¡Ò ¶·µ¸ÉÊÕ  ´ ²µ£¨Õ ¸ ¨§ÊÎ¥´¨¥³
³¨´¨³Ê³µ¢ µ¡ÒÎ´ÒÌ ËÊ´±Í¨°, ´¥ ¶·¨´µ¸Ö ¶· ±É¨Î¥¸±µ° ¶µ²Ó§Ò. „µ¸É ÉµÎ´µ § ³¥É¨ÉÓ,
ÎÉµ ¤¨ ¶ §µ´ ¶·¨³¥´¨³µ¸É¨ ¶µ²ÊÎ ÕÐ¨Ì¸Ö ·¥Í¥¶Éµ¢ É ±µ¢ ¦¥, ± ± ¨ Ê ³¥Éµ¤  ³ ±-
¸¨³ ²Ó´µ£µ ¶· ¢¤µ¶µ¤µ¡¨Ö, ¨ ÎÉµ ´ Ï ¢Ò¢µ¤ ¨³¥¥É ¡²¨§±¨¥ ¶ · ²²¥²¨ ¢ ¸É ´¤ ·É´ÒÌ
¤µ± § É¥²Ó¸É¢ Ì ´¥· ¢¥´¸É¢  Š· ³¥· Ä� µ ¢ É¥·³¨´ Ì £¨²Ó¡¥·Éµ¢µ° ´µ·³Ò (¸³., ´ ¶·¨-
³¥·, [5]).

	¥µ¡Ìµ¤¨³µ¥ Ê¸²µ¢¨¥ ³¨´¨³Ê³  ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´µ ¢ É¥·³¨´ Ì ËÊ´±Í¨µ´ ²Ó´ÒÌ
¶·µ¨§¢µ¤´ÒÌ:

δ

δf(P)
Var M [f ] = 0. (7)
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�µ¤¸É ¢¨³ Ê· ¢´¥´¨¥ (6) ¢ (7) ¨ ¨¸¶µ²Ó§Ê¥³ ¸µµÉ´µÏ¥´¨Ö

δ

δf(P)
〈f〉 = π(P),

δ

δf(P)
〈f2〉 = 2f(P)π(P),

δ

δf(P)
∂〈f〉
∂M

=
∂π(P)
∂M

. (8)

�·µ¸ÉÒ¥ ¢ÒÎ¨¸²¥´¨Ö ¤ ÕÉ

f(P)〈f〉 + const
∂ ln π(P)

∂M
, (9)

£¤¥ ±µ´¸É ´É  ´¥ § ¢¨¸¨É µÉ P. �É  ±µ´¸É ´É  ·µ²¨ ´¥ ¨£· ¥É, É. ±. f µ¶·¥¤¥²Ö¥É¸Ö ¤ ´´Ò³
· ¸¸Ê¦¤¥´¨¥³ Éµ²Ó±µ ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ¶µ¸ÉµÖ´´µ£µ ³´µ¦¨É¥²Ö. ‡ ³¥Î Ö, ÎÉµ∫

dPπ(P)
∂ ln π(P)

∂M
=

∂

∂M

∫
dPπ(P) ≡ ∂

∂M
1 = 0, (10)

¶·¨Ìµ¤¨³ ± ¸²¥¤ÊÕÐ¥³Ê µ¡Ð¥³Ê ¸¥³¥°¸É¢Ê ·¥Ï¥´¨°:

f(P)C1
∂ ln π(P)

∂M
+ C2, (11)

£¤¥ Ci ´¥ § ¢¨¸ÖÉ µÉ P, ´µ ³µ£ÊÉ § ¢¨¸¥ÉÓ µÉ M .
„²Ö Ê¤µ¡¸É¢ , ± ± µ¡ÒÎ´µ, ¨³¥¥³ ¢ ¢¨¤Ê ¸²¥¤ÊÕÐ¨° Î²¥´ ¸¥³¥°¸É¢  (11):

fopt(P) =
∂ ln π(P)

∂M
. (12)

’µ£¤  Ê· ¢´¥´¨¥ (10) ¢ ¸ÊÐ´µ¸É¨ ¸µ¢¶ ¤ ¥É ¸

〈fopt〉 = 0. (13)

‚ ± Î¥¸É¢¥ ¶·µ¸Éµ£µ ¶·¨³¥·  · ¸¸³µÉ·¨³ · ¸¶·¥¤¥²¥´¨¥ �·¥°É Ä‚¨£´¥· . �Ê¸ÉÓ P Å
¸²ÊÎ °´Ò¥ ¢¥Ð¥¸É¢¥´´Ò¥ Î¨¸² , · ¸¶·¥¤¥²¥´´Ò¥ ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸

π(P) ∝ 1
(M − P)2 + Γ2

(14)

¢ ´¥±µÉµ·µ³ Ë¨±¸¨·µ¢ ´´µ³ ¨´É¥·¢ ²¥, ¢±²ÕÎ ÕÐ¥³ ÉµÎ±Ê P = M . ’µ£¤  µ¶É¨³ ²Ó´Ò³
³µ³¥´Éµ³ ¤²Ö µÍ¥´±¨ M ¡Ê¤¥É

fM,opt(P) =
∂

∂M
ln π(P) = − 2(M − P)

(M − P)2 + Γ2
. (15)

(	 ¶µ³´¨³, ÎÉµ  ¤¤¨É¨¢´Ò¥ ¨ ³Ê²ÓÉ¨¶²¨± É¨¢´Ò¥ ´¥ § ¢¨¸ÖÐ¨¥ µÉ P ±µ´¸É ´ÉÒ ³µ£ÊÉ
¡ÒÉÓ µ¶ÊÐ¥´Ò ¢ É ±¨Ì ¢Ò· ¦¥´¨ÖÌ; ¸³. Ê· ¢´¥´¨¥ (11).)

ˆ´É¥·¥¸´µ µÉ³¥É¨ÉÓ, ± ± fM,opt ¶µ¤Î¥·±¨¢ ¥É ¢±² ¤Ò ¡µ±µ¢ÒÌ Î ¸É¥° ¶¨±  Å ¢ ÉµÎ-
´µ¸É¨ É ³, £¤¥ ¢¥²¨Î¨´  π(P) ´ ¨¡µ²¥¥ ÎÊ¢¸É¢¨É¥²Ó´  ± ¢ ·¨ Í¨Ö³ M , ¶·¨Î¥³ ÊÎ¥É
¢±² ¤µ¢ µÉ ¤¢ÊÌ ¡µ±µ¢ÒÌ Î ¸É¥° ¸ ¶·µÉ¨¢µ¶µ²µ¦´Ò³ §´ ±µ³ ³ ±¸¨³¨§¨·Ê¥É ¸¨£´ ². �·¨
ÔÉµ³ ¢Ò· ¦¥´¨¥ (15) ¶µ¤ ¢²Ö¥É ¢±² ¤Ò µÉ §´ Î¨É¥²Ó´µ£µ Î¨¸²  ¸µ¡ÒÉ¨° ¢ ¸·¥¤´¥° Î ¸É¨
¶¨±  (14), ±µÉµ·Ò¥ ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ°, ¸±µ·¥¥, ÏÊ³ ¸ ÉµÎ±¨ §·¥´¨Ö ¨§³¥·¥´¨Ö M .
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“· ¢´¥´¨¥ (12) ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¶¥·¥¢µ¤ ³¥Éµ¤  ³ ±¸¨³ ²Ó´µ£µ ¶· ¢¤µ¶µ¤µ¡¨Ö
(±µÉµ·Ò°, ± ± ¨§¢¥¸É´µ, ¤ ¥É É¥µ·¥É¨Î¥¸±¨ ´ ¨²ÊÎÏÊÕ µÍ¥´±Ê ¤²Ö M ; ¸³. ´¥· ¢¥´¸É¢µ
Š· ³¥· Ä� µ [2, 3]) ´  Ö§Ò± µ¡µ¡Ð¥´´ÒÌ ³µ³¥´Éµ¢. ‚ ¸ ³µ³ ¤¥²¥, ³¥Éµ¤ ³ ±¸¨³ ²Ó-
´µ£µ ¶· ¢¤µ¶µ¤µ¡¨Ö ¶·¥¤² £ ¥É µÍ¥´¨¢ ÉÓ M §´ Î¥´¨¥³, ³ ±¸¨³¨§¨·ÊÕÐ¨³ ËÊ´±Í¨Õ
¶· ¢¤µ¶µ¤µ¡¨Ö ∑

i

ln π(Pi), (16)

£¤¥ ¸Ê³³¨·µ¢ ´¨¥ ¢¥¤¥É¸Ö ¶µ ¢¸¥³ ¸µ¡ÒÉ¨Ö³ ¢ ¢Ò¡µ·±¥. 	¥µ¡Ìµ¤¨³µ¥ Ê¸²µ¢¨¥ ¤²Ö ³ ±-
¸¨³Ê³  ¨³¥¥É ¢¨¤

∂

∂M

[∑
i

ln π(Pi)

]
=

∑
i

∂ ln π(Pi)
∂M

∝ 〈fopt〉exp = 0. (17)

�Éµ ¸µ£² ¸Ê¥É¸Ö ¸ (12) ¡² £µ¤ ·Ö (13). “¤¨¢¨É¥²Ó´µ, ÎÉµ ¢ µ¡Ð¥¤µ¸ÉÊ¶´µ° ²¨É¥· ÉÊ·¥,
¢µ-¢¨¤¨³µ³Ê, µÉ¸ÊÉ¸É¢Ê¥É Ö¢´ Ö ¨ µ¡Ð Ö Ëµ·³Ê²¨·µ¢±  ³¥Éµ¤  ³ ±¸¨³ ²Ó´µ£µ ¶· ¢¤µ¶µ-
¤µ¡¨Ö ¢ É¥·³¨´ Ì µ¡µ¡Ð¥´´ÒÌ ³µ³¥´Éµ¢, ÌµÉÖ Ô±¢¨¢ ²¥´É´Ò¥ Ëµ·³Ê²Ò ³µ¦´µ µ¡´ ·Ê-
¦¨ÉÓ ¢ ¶·¨³¥· Ì ¢Ò¢µ¤  ±µ´±·¥É´ÒÌ µÍ¥´µ± ¤²Ö ¶ · ³¥É·µ¢ ¸É ´¤ ·É´ÒÌ · ¸¶·¥¤¥²¥´¨°,
´ ¶·¨³¥·, ¢ [5].

ˆ§ÊÎ¨³, ± ± ³ ²Ò¥ µÉ±²µ´¥´¨Ö µÉ fopt ¢²¨ÖÕÉ ´  ÉµÎ´µ¸ÉÓ µÍ¥´±¨ M . � ¸¸³µÉ·¨³
ËÊ´±Í¨µ´ ² VarM [f ]. �Ê¸ÉÓ φ Å ËÊ´±Í¨Ö ´  ¸µ¡ÒÉ¨ÖÌ, ¶·¨Î¥³ 〈φ2〉 < ∞. 	 ¶¨-
Ï¥³ ËÊ´±Í¨µ´ ²Ó´Ò°  ´ ²µ£ · §²µ¦¥´¨Ö ’¥°²µ·  ¤²Ö VarM [fopt + φ] ¶µ φ, Ê¤¥·¦¨¢ Ö
±¢ ¤· É¨Î´Ò¥ Î²¥´Ò:

VarM [fopt + φ] = VarM [fopt] +
1
2

∫ [
δ2Var M [f ]
f(P) δ(Q)

]
f=fopt

φ(P)φ(Q) dP dQ + . . . .

(18)

‹¨´¥°´Ò° ¶µ φ Î²¥´ ´¥ ¢µ§´¨± ¥É, É. ±. fopt Ê¤µ¢²¥É¢µ·Ö¥É (7). —Éµ¡Ò ¢ÒÎ¨¸²¨ÉÓ ±¢ ¤· -
É¨Î´Ò° Î²¥´ ¢ (18), ¤µ¸É ÉµÎ´µ ¨¸¶µ²Ó§µ¢ ÉÓ ËÊ´±Í¨µ´ ²Ó´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ¨ ¸µµÉ´µÏ¥-
´¨Ö É¨¶  (8) ¨

δ

δf(P)
f(Q) = δ(P,Q),

∫
δ(P,Q)φ(P)dP = φ(Q). (19)

�·Ö³µ° · ¸Î¥É ¤ ¥É £² ¢´Ò° É¥Ì´¨Î¥¸±¨° ·¥§Ê²ÓÉ É ¤ ´´µ° · ¡µÉÒ:

VarM [fopt + φ] =
1

〈f2
opt〉

+
1

〈f2
opt〉3

{
〈f2

opt〉 × 〈φ̄2〉 − 〈fopt × φ̄〉2
}

+ . . . , (20)

£¤¥ φ̄ = φ− 〈φ〉. 	¥µÉ·¨Í É¥²Ó´µ¸ÉÓ ¢Ò· ¦¥´¨Ö ¢ Ë¨£Ê·´ÒÌ ¸±µ¡± Ì ¸²¥¤Ê¥É ¨§ ´¥· ¢¥´-
¸É¢  �Ê´Ö±µ¢¸±µ£µÄŠµÏ¨Ä˜¢ ·Í , É ± ÎÉµ ³Ò ¤¥°¸É¢¨É¥²Ó´µ ¨³¥¥³ ¤¥²µ ¸ ³¨´¨³Ê³µ³.
(‡ ³¥É¨³, ÎÉµ ´¥· ¢¥´¸É¢µ �Ê´Ö±µ¢¸±µ£µÄŠµÏ¨Ä˜¢ ·Í  Ë¨£Ê·¨·Ê¥É ¨ ¢ ¸É ´¤ ·É´ÒÌ
¸É·µ£¨Ì ¤µ± § É¥²Ó¸É¢ Ì É¥µ·¥³Ò Š· ³¥· Ä� µ.)

�¥·¢Ò° Î²¥´ ¢ ¶· ¢µ° Î ¸É¨ (20), 〈f2
opt〉−1, ¤ ¥É  ¡¸µ²ÕÉ´Ò° ³¨´¨³Ê³ ¤¨¸¶¥·¸¨¨

M , Ê¸É ´µ¢²¥´´Ò° ´¥· ¢¥´¸É¢µ³ Š· ³¥· Ä� µ. �µ¸²¥¤´¥¥ ¸¶· ¢¥¤²¨¢µ ¤²Ö ¢¸¥Ì φ ¨
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¶µÔÉµ³Ê ´¥¸±µ²Ó±µ ¸¨²Ó´¥¥, Î¥³ ·¥§Ê²ÓÉ É (20), ¶µ²ÊÎ¥´´Ò° ²¨ÏÓ ¤²Ö ¤µ¸É ÉµÎ´µ ³ ²ÒÌ
φ. �¤´ ±µ Ê· ¢´¥´¨¥ ¤ ¥É ¶·µ¸Éµ¥ Ö¢´µ¥ µ¶¨¸ ´¨¥ µÉ±²µ´¥´¨° µÉ µ¶É¨³ ²Ó´µ¸É¨ ¨
¶µÔÉµ³Ê ¤¥² ¥É ¢µ§³µ¦´Ò³ ¶· ±É¨Î¥¸±¨¥ ¶·¥¤¶¨¸ ´¨Ö, ¤ ´´Ò¥ ´¨¦¥ ¶µ¸²¥ Ê· ¢´¥´¨Ö
(24).

“¤µ¡´µ £µ¢µ·¨ÉÓ µ¡ ¨´Ëµ·³ É¨¢´µ¸É¨ If µ¡µ¡Ð¥´´µ£µ ³µ³¥´É  f ¶µ µÉ´µÏ¥´¨Õ ±
¶ · ³¥É·Ê M , µ¶·¥¤¥²¥´´µ° ± ±

If = (Var M [f ])−1. (21)

ˆ´Ëµ·³ É¨¢´µ¸ÉÓ µ¶É¨³ ²Ó´µ£µ ³µ³¥´É  fopt · ¢´ 

Iopt = 〈f2
opt〉, (22)

ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É ¶·¥¤¥²Ê Š· ³¥· Ä� µ. � §²µ¦¥´¨¥ Ö¢´µ µ¶¨¸Ò¢ ¥É µÉ±²µ´¥´¨Ö µÉ ¶·¥-
¤¥² . ˆ´Ëµ·³ É¨¢´µ¸ÉÓ É¥¸´µ ¸¢Ö§ ´  ¸ ¨´Ëµ·³ Í¨¥° ”¨Ï¥·  [2, 3], ±µÉµ· Ö, µ¤´ ±µ,
¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¸¢µ°¸É¢µ ¤ ´´ÒÌ, Éµ£¤  ± ± ¨´Ëµ·³ É¨¢´µ¸ÉÓ Å ¸¢µ°¸É¢µ ³µ³¥´É .

’µÉ Ë ±É, ÎÉµ ·¥Ï¥´¨¥ Ö¢²Ö¥É¸Ö ÉµÎ±µ° ±¢ ¤· É¨Î´µ£µ ³¨´¨³Ê³ , µ§´ Î ¥É, ÎÉµ ²Õ-
¡µ° ³µ³¥´É fquasi, ¤µ¸É ÉµÎ´µ ¡²¨§±¨° ± (12), ¡Ê¤¥É ´  ¶· ±É¨±¥ É ± ¦¥ Ìµ·µÏ, ± ±
¨ µ¶É¨³ ²Ó´µ¥ ·¥Ï¥´¨¥ (´ §µ¢¥³ É ±¨¥ ³µ³¥´ÉÒ ±¢ §¨µ¶É¨³ ²Ó´Ò³¨). Šµ²¨Î¥¸É¢¥´´ Ö
³¥·  ¡²¨§µ¸É¨ ¤ ¥É¸Ö ¸· ¢´¥´¨¥³ Î²¥´µ¢ ¶µ·Ö¤±µ¢ O(1) ¨ O(φ2) ¢ ¶· ¢µ° Î ¸É¨ (20):

〈f2
opt〉〈φ̄2〉 − 〈foptφ̄〉2

〈f2
opt〉2

 1, (23)

£¤¥ φ̄ = fquasi − 〈fquasi〉 − fopt.
‚ÒÎ¨É ¥³Ò° Î²¥´ ¢ Î¨¸²¨É¥²¥ ´¥µÉ·¨Í É¥²¥´, É ± ÎÉµ, µ¶Ê¸± Ö ¥£µ, ¶µ²ÊÎ¨³ ¤µ¸É -

ÉµÎ´µ¥ Ê¸²µ¢¨¥ ¤²Ö Ê· ¢´¥´¨Ö, É¥³ ¡µ²¥¥, ÎÉµ 〈foptφ̄〉 ¡Ê¤¥É ¶µ¤ ¢²ÖÉÓ¸Ö, ¥¸²¨ fquasi

µ¸Í¨²²¨·Ê¥É µ±µ²µ fopt. �·¥¤¶µ² £ Ö ¡¥§ ¶µÉ¥·¨ µ¡Ð´µ¸É¨, ÎÉµ 〈fquasi〉 = 0, ¶µ²ÊÎ ¥³
¸²¥¤ÊÕÐ¨° Ê¤µ¡´Ò° ¤µ¸É ÉµÎ´Ò° ±·¨É¥·¨°:

〈[fquasi − fopt]2〉  〈f2
opt〉. (24)

�·¨´¨³ Ö ¢µ ¢´¨³ ´¨¥ ÔÉµ ¨ Ê· ¢´¥´¨¥ (20) ¨ µ¡µ§´ Î Ö ¸É ´¤ ·É´µ¥ µÉ±²µ´¥´¨¥ σ
¤²Ö M ¢ µ¶É¨³ ²Ó´µ³ ¨ ±¢ §¨µ¶É¨³ ²Ó´µ³ ¸²ÊÎ ÖÌ ± ± σopt ¨ σquasi, ¸µµÉ¢¥É¸É¢¥´´µ,
¶µ²ÊÎ¨³

σquasi

σopt
≈ 1 +

1
2
〈[fquasi − fopt]2〉

〈f2
opt〉

. (25)

’¥¶¥·Ó ³¥Éµ¤ ±¢ §¨µ¶É¨³ ²Ó´ÒÌ ³µ³¥´Éµ¢ ³µ¦´µ ¸Ëµ·³Ê²¨·µ¢ ÉÓ ¸²¥¤ÊÕÐ¨³ µ¡· -
§µ³:

1) ¢Ò¶µ²´¨³ (²Õ¡Ò³ ¸¶µ¸µ¡µ³) ¶·¨¡²¨¦¥´´µ¥ ¶µ¸É·µ¥´¨¥ µ¡µ¡Ð¥´´µ£µ ³µ³¥´É 
fquasi, ·Ê±µ¢µ¤¸É¢ÊÖ¸Ó Ëµ·³Ê²µ° (12), É ± ÎÉµ¡Ò fquasi ¡Ò² ¡²¨§µ± ± fopt ¢ ¨´É¥£· ²Ó´µ³
¸³Ò¸²¥ Ê· ¢´¥´¨Õ (24);

2) µ¶·¥¤¥²¨³ M Ë¨É¨·µ¢ ´¨¥³ 〈fquasi〉 ¨ 〈fquasi〉exp;
3) µÍ¥´¨³ µÏ¨¡±Ê ¤²Ö M ¶µ¸·¥¤¸É¢µ³ (6);
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4) ¥¸²¨ fquasi ¤µ¸É ÉµÎ´µ ÎÊ¢¸É¢¨É¥²Ó´µ § ¢¨¸¨É µÉ M , Éµ ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¨É¥· -
É¨¢´ÊÕ ¶·µÍ¥¤Ê·Ê, ´ Î ¢ ¸ ´¥±µÉµ·µ£µ M0, ¡²¨§±µ£µ ± ¨¸É¨´´µ³Ê (¢ § ¤ Î Ì ¶·¥Í¨§¨µ´-
´ÒÌ ¨§³¥·¥´¨° É ±µ¥ M0 ¢¸¥£¤  ³µ¦´µ Ê± § ÉÓ; ²¨¡µ ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ  ²ÓÉ¥·´ É¨¢-
´Ò° ³¥Éµ¤, ¸± ¦¥³, χ2), ¨ § É¥³ ³µ¤¨Ë¨Í¨·µ¢ ÉÓ fquasi ¶µ¸²¥ ¶µ²ÊÎ¥´¨Ö ´µ¢µ° µÍ¥´±¨
¤²Ö M (ÔÉµ ´ ¶µ³¨´ ¥É ¶µ¨¸± Ô±¸É·¥³Ê³  ¢ ³¥Éµ¤¥ ³ ±¸¨³ ²Ó´µ£µ ¶· ¢¤µ¶µ¤µ¡¨Ö).

„²Ö ¶· ±É¨Î¥¸±µ£µ ¶µ¸É·µ¥´¨Ö ±¢ §¨µ¶É¨³ ²Ó´ÒÌ ³µ³¥´Éµ¢ fquasi ¶µ²¥§´µ ¶¥·¥Ëµ·-
³Ê²¨·µ¢ ÉÓ ¢ É¥·³¨´ Ì ¶µ¤Ò´É¥£· ²Ó´ÒÌ ¢Ò· ¦¥´¨°:∫

dPπ(P)[fquasi(P) − fopt(P)]2 
∫

dPπ(P)f2
opt(P). (26)

‚ ± Î¥¸É¢¥ ´ ¢µ¤ÖÐ¥£µ ¸µµ¡· ¦¥´¨Ö ¸²¥¤Ê¥É ³¨´¨³¨§¨·µ¢ ÉÓ ¢Ò· ¦¥´¨¥ ¢ ¸±µ¡± Ì ¢
²¥¢µ° Î ¸É¨ (26):

[fquasi(P) − fopt(P)]2  f2
opt(P). (27)

	¥· ¢¥´¸É¢µ ¤µ²¦´µ ¢Ò¶µ²´ÖÉÓ¸Ö ¤²Ö ®¡µ²ÓÏ¨´¸É¢ ¯ P, É. ¥. ¸²¥¤Ê¥É ÊÎ¨ÉÒ¢ ÉÓ ¢¥²¨Î¨´Ê
π(P): ´¥· ¢¥´¸É¢µ (27) ³µ¦´µ µ¸² ¡¨ÉÓ ¢ µ¡² ¸ÉÖÌ, ¤ ÕÐ¨Ì ³ ²Ò° ¢±² ¤ ¢ ¨´É¥£· ² ¢
²¥¢µ° Î ¸É¨ (26).

� ¸¸³µÉ·¨³ ¢ ± Î¥¸É¢¥ ¶·¨³¥·a Ê· ¢´¥´¨¥ (14). �·¥¤¶µ²µ¦¨³, ÎÉµ ÉµÎ´µ¥ · ¸¶·¥¤¥-
²¥´¨¥ ¢¥·µÖÉ´µ¸É¥° µÉ²¨Î ¥É¸Ö µÉ (14), ¸± ¦¥³, ¸² ¡µ°, ´µ ¸²µ¦´µ° § ¢¨¸¨³µ¸ÉÓÕ Γ µÉ
P (ÎÉµ ³µ¦¥É ¨³¥ÉÓ ³¥¸Éµ ¢ ¢ÒÎ¨¸²¥´¨ÖÌ ¶µ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° Å É¨¶¨Î´ Ö ¸¨ÉÊ Í¨Ö
¢ Ë¨§¨±¥ ¢Ò¸µ±¨Ì Ô´¥·£¨° [6]). ’µ£¤  ¶· ¢ Ö Î ¸ÉÓ (15) ¸ ¶µ¸ÉµÖ´´µ° γ ¡Ê¤¥É ¸µµÉ¢¥É-
¸É¢µ¢ ÉÓ µ¡µ¡Ð¥´´µ³Ê ³µ³¥´ÉÊ, ±µÉµ·Ò° ¢¸¥£µ ²¨ÏÓ ±¢ §¨µ¶É¨³ ²¥´, ´µ µÉ±²µ´¥´¨Ö µÉ
µ¶É¨³ ²Ó´µ¸É¨ ³µ£ÊÉ ¡ÒÉÓ ¶· ±É¨Î¥¸±¨ ¶·¥´¥¡·¥¦¨³Ò (¢ § ¢¨¸¨³µ¸É¨ µÉ Éµ£µ, ´ ¸±µ²Ó±µ
¸² ¡µ° Ö¢²Ö¥É¸Ö § ¢¨¸¨³µ¸ÉÓ µÉ P). ’µ£¤  ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ ³µ³¥´É, § ¤ ¢ ¥³Ò° ¶·µ-
¸É¥°Ï¥° Ëµ·³Ê²µ° (15), ¶· ±É¨Î¥¸±¨ ¡¥§ ¶µÉ¥·¨ ¨´Ëµ·³ É¨¢´µ¸É¨.

’ ±¦¥ ³µ¦´µ § ³¥´¨ÉÓ  ´ ²¨É¨Î¥¸±ÊÕ ±·¨¢ÊÕ ±Ê¸µÎ´µ-¶µ¸ÉµÖ´´µ° ¨²¨ ±Ê¸µÎ´µ-
²¨´¥°´µ°  ¶¶·µ±¸¨³ Í¨¥° (¸³. ·¨¸Ê´µ±):

‚ ²Õ¡µ³ ¸²ÊÎ ¥ ÔËË¥±É ´¥µ¶É¨³ ²Ó´µ¸É¨ ³µ¦¥É ¡ÒÉÓ µÍ¥´¥´ ¶µ¸·¥¤¸É¢µ³ Ê· ¢´¥´¨Ö
(25): ±Ê¸µÎ´µ-²¨´¥°´ Ö Ëµ·³  (£) µÉ²¨Î ¥É¸Ö µÉ µ¶É¨³ ²Ó´µ¸É¨ ¢ ¸³Ò¸²¥ Ê· ¢´¥´¨Ö
(25) ´  ´¥¸±µ²Ó±µ ¶·µÍ¥´Éµ¢ (ÔÉµÉ ¢Ò¢µ¤ ³µ¦¥É ¡ÒÉÓ ´ ·ÊÏ¥´, ¸± ¦¥³, ¨§-§  ³¥¤²¥´´µ
Ê¡Ò¢ ÕÐ¨Ì ®Ì¢µ¸Éµ¢¯ · ¸¶·¥¤¥²¥´¨Ö ¢ ¸²ÊÎ ¥ ¡¥¸±µ´¥Î´ÒÌ ¶·¥¤¥²µ¢ ¨´É¥£·¨·µ¢ ´¨Ö,
É ± ÎÉµ ³µ¦¥É ¶µ´ ¤µ¡¨ÉÓ¸Ö ¢¸É ¢±  ¤µ¶µ²´¨É¥²Ó´ÒÌ ²¨´¥°´ÒÌ ÊÎ ¸É±µ¢ ¨ É. ¤.).

“· ¢´¥´¨¥ (27) ¶µ§¢µ²Ö¥É £µ¢µ·¨ÉÓ µ ´¥µ¶É¨³ ²Ó´µ¸É¨ ³µ³¥´Éµ¢ (É. ¥. ¨Ì ÌÊ¤Ï¥° ¨´-
Ëµ·³ É¨¢´µ¸É¨ ¶µ ¸· ¢´¥´¨Õ ¸ fopt) ´  Ö§Ò±¥ ¨¸ÉµÎ´¨±µ¢ ´¥µ¶É¨³ ²Ó´µ¸É¨, É. ¥. É¥Ì
µÉ±²µ´¥´¨° fquasi(P) µÉ fopt(P), ±µÉµ·Ò¥ ¤ ÕÉ ¤µ³¨´¨·ÊÕÐ¨¥ ¢±² ¤Ò ¢ ²¥¢ÊÕ Î ¸ÉÓ
(24). �·µ¸É¥°Ï¨° ¶·¨³¥·: fopt Å ´¥¶·¥·Ò¢´ Ö ¶² ¢´µ ³¥´ÖÕÐ Ö¸Ö ËÊ´±Í¨Ö, Éµ£¤  ± ±
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fquasi Å ±Ê¸µÎ´µ-¶µ¸ÉµÖ´´ Ö  ¶¶·µ±¸¨³ Í¨Ö (¸³. ·¨¸Ê´µ±, ¢); Éµ£¤  fquasi ¸¨²Ó´¥¥ ¢¸¥£µ
µÉ±²µ´Ö¥É¸Ö µÉ fopt ¢µ§²¥ · §·Ò¢µ¢, ±µÉµ·Ò¥ ¶µÔÉµ³Ê ¥¸É¥¸É¢¥´´µ ¨¤¥´É¨Ë¨Í¨·ÊÕÉ¸Ö ± ±
¨¸ÉµÎ´¨±¨ ´¥µ¶É¨³ ²Ó´µ¸É¨. ’µ£¤  ¥¸É¥¸É¢¥´´Ò° ¸¶µ¸µ¡ Ê²ÊÎÏ¥´¨Ö fquasi Å ®·¥£Ê²Ö·¨-
§ Í¨Ö¯ · §·Ò¢µ¢ ¶µ¸·¥¤¸É¢µ³ ´¥¶·¥·Ò¢´ÒÌ (´ ¶·¨³¥·, ²¨´¥°´ÒÌ) ¨´É¥·¶µ²ÖÍ¨°.

�¡· §´µ £µ¢µ·Ö, ¨¸ÉµÎ´¨±¨ ´¥µ¶É¨³ ²Ó´µ¸É¨ ³µ¦´µ ¶·¥¤¸É ¢²ÖÉÓ ¸¥¡¥ ± ± ®¤Ò·Ò¯,
Î¥·¥§ ±µÉµ·Ò¥ É¥·Ö¥É¸Ö ¨´Ëµ·³ Í¨Ö µ M ,   ·¥£Ê²Ö·¨§ Í¨Ö fquasi Éµ£¤  ¡Ê¤¥É ¸µµÉ¢¥É-
¸É¢µ¢ ÉÓ ®§ ÉÒ± ´¨Õ¯ É ±¨Ì ®¤Ò·¯.

…¸²¨ π(P) ¤ ¥É¸Ö É¥µ·¨¥° ¢µ§³ÊÐ¥´¨° ¸ ¢µ§· ¸É ÕÐ¥-¸²µ¦´Ò³¨, ´µ Ê¡Ò¢ ÕÐ¥-
¢ ¦´Ò³¨ ¢±² ¤ ³¨, Éµ ³µ¦¥É µ± § ÉÓ¸Ö ¤µ¸É ÉµÎ´Ò³ ¨¸¶µ²Ó§µ¢ ÉÓ ¶·¨¡²¨¦¥´´ÊÕ Ëµ·³Ê
¤²Ö ¶· ¢µ° Î ¸É¨ (12), ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ ÊÎ¥ÉÊ ²¨ÏÓ É¥Ì ´¨§Ï¨Ì Î²¥´µ¢ ¶¥·ÉÊ·¡ É¨¢-
´µ£µ · §²µ¦¥´¨Ö, ¢ ±µÉµ·ÒÌ ¶·µÖ¢²Ö¥É¸Ö § ¢¨¸¨³µ¸ÉÓ µÉ ¨§³¥·Ö¥³µ£µ ¶ · ³¥É· . ’¥µ-
·¥É¨Î¥¸±¨¥ Ê²ÊÎÏ¥´¨Ö ¤²Ö ¶µ²´µ° ¶²µÉ´µ¸É¨ π(P) ´¥ µ¡Ö§ É¥²Ó´µ ¤µ²¦´Ò µÉ· ¦ ÉÓ¸Ö
¢ ±¢ §¨µ¶É¨³ ²Ó´ÒÌ ³µ³¥´É Ì (· §Ê³¥¥É¸Ö, É¥µ·¥É¨Î¥¸±µ¥ ¸·¥¤´¥¥ ¤²Ö ±¢ §¨µ¶É¨³ ²Ó-
´µ£µ ³µ³¥´É  ¢¸¥£¤  ¤µ²¦´µ ¢ÒÎ¨¸²ÖÉÓ¸Ö ¸ ¶µ³µÐÓÕ ³ ±¸¨³ ²Ó´µ ¶µ²´µ° É¥µ·¥É¨Î¥¸±µ°
¶²µÉ´µ¸É¨ ¢¥·µÖÉ´µ¸É¨).

…¸²¨ · §³¥·´µ¸ÉÓ ¶·µ¸É· ´¸É¢  ¸µ¡ÒÉ¨° ´¥¢¥²¨± , Éµ ³µ¦¥É µ± § ÉÓ¸Ö ¢µ§³µ¦´Ò³
¶µ¸É·µ¨ÉÓ ¶µ¤Ìµ¤ÖÐ¨° fquasi ³¥Éµ¤µ³ £·Ê¡µ° ¸¨²Ò, £¥´¥·¨·ÊÖ £¨¸Éµ£· ³³Ò ¤²Ö π(P) ¤²Ö
· §´ÒÌ M ¨ ¢Ò¶µ²´ÖÖ Î¨¸²¥´´µ¥ ¤¨ËË¥·¥´Í¨·µ¢ ´¨¥ ¶µ M .

Œµ¦´µ É ±¦¥ ¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö fquasi · §´Ò¥ ¢Ò· ¦¥´¨Ö: ´ ¶·¨³¥·, ¢Ò¶µ²´¨ÉÓ ¶¥·-
¢Ò¥ ¨É¥· Í¨¨ ¸ ¶·µ¸ÉÒ³ ¢Ò· ¦¥´¨¥³ ¤²Ö Ê¸±µ·¥´¨Ö ¢ÒÎ¨¸²¥´¨° ¨ ¢ ±µ´Í¥ ¶¥·¥°É¨ ´ 
¡µ²¥¥ ¸²µ¦´ÊÕ ¨´É¥·¶µ²ÖÍ¨µ´´ÊÕ Ëµ·³Ê²Ê ¤²Ö ¤µ¸É¨¦¥´¨Ö ´ ¨²ÊÎÏ¥° ÉµÎ´µ¸É¨.

�·¨ µÍ¥´¨¢ ´¨¨ ´¥¸±µ²Ó±¨Ì ¶ · ³¥É·µ¢ ¨³¥ÕÉ ³¥¸Éµ µ¡ÒÎ´Ò¥ ´¥µ¤´µ§´ Î´µ¸É¨, ´µ
¢¸¥£¤  ³µ¦´µ µ¶·¥¤¥²¨ÉÓ µ¶É¨³ ²Ó´Ò° ³µ³¥´É ¤²Ö ± ¦¤µ£µ ¶ · ³¥É·  ¶µ¸·¥¤¸É¢µ³ (12).
’µ£¤  ¨´Ëµ·³ É¨¢´µ¸ÉÓ (21) Ö¢²Ö¥É¸Ö ³ É·¨Í¥° (± ± ¨ ¨´Ëµ·³ Í¨Ö ”¨Ï¥· ). ’ ± ± ±
³ É·¨Í  ±µ··¥²ÖÍ¨° (±¢ §¨) µ¶É¨³ ²Ó´ÒÌ ³µ³¥´Éµ¢ ¨§¢¥¸É´  (¨²¨ ³µ¦¥É ¡ÒÉÓ µÍ¥´¥´  ¨§
¤ ´´ÒÌ), Éµ µÉµ¡· ¦¥´¨¥ Ô²²¨¶¸µ¨¤µ¢ µÏ¨¡µ± ¨§ ¶·µ¸É· ´¸É¢  ³µ³¥´Éµ¢ ¢ ¶·µ¸É· ´¸É¢µ
¶ · ³¥É·µ¢ ´¥ ¸µ¸É ¢²Ö¥É É·Ê¤ .

�µ¶Ê²Ö·´Ò° ³¥Éµ¤ χ2 ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° Ë¨É ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ·Ö¤  ´¥µ¶É¨³ ²Ó´ÒÌ
³µ³¥´Éµ¢ (ÖÎ¥°±¨ £¨¸Éµ£· ³³Ò). ƒ¨¸Éµ£· ³³¨·µ¢ ´¨¥ ¶·¨¢µ¤¨É ± ¶µÉ¥·¥ ¨´Ëµ·³ Í¨¨,
´µ § Éµ ³¥Éµ¤ Ö¢²Ö¥É¸Ö Ê´¨¢¥·¸ ²Ó´Ò³, ¶·µ¢¥·Ö¥É Ëµ·³Ê · ¸¶·¥¤¥²¥´¨Ö ¢¥·µÖÉ´µ¸É¥°
¨ ·¥ ²¨§µ¢ ´ ¢ ¸É ´¤ ·É´ÒÌ ¶·µ£· ³³ Ì. ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¶µ¸É·µ¥´¨¥ fquasi É·¥¡Ê¥É
¸¶¥Í¨ ²Ó´ÒÌ Ê¸¨²¨° ¢ ± ¦¤µ° § ¤ Î¥, ´µ § Éµ ¶µÉ¥·¨ ¨´Ëµ·³ Í¨¨ ³µ£ÊÉ ¡ÒÉÓ ¢ ¶·¨´-
Í¨¶¥ ¸¢¥¤¥´Ò ´  ´¥É ¶µ¤Ìµ¤ÖÐ¨³ ¢Ò¡µ·µ³ fquasi. � ² ´¸ §¤¥¸Ó, ± ± µ¡ÒÎ´µ, Å ³¥¦¤Ê
± Î¥¸É¢µ³ ¸¶¥Í¨ ²Ó´ÒÌ ·¥Ï¥´¨° ¨ ¤µ¸ÉÊ¶´µ¸ÉÓÕ Ê´¨¢¥·¸ ²Ó´ÒÌ. �¤´ ±µ ± ± Éµ²Ó±µ
±¢ §¨µ¶É¨³ ²Ó´Ò¥ ³µ³¥´ÉÒ ¶µ¸É·µ¥´Ò, ± Î¥¸É¢µ ³¥Éµ¤  ³ ±¸¨³ ²Ó´µ£µ ¶· ¢¤µ¶µ¤µ¡¨Ö
µ± §Ò¢ ¥É¸Ö ¤µ¸ÉÊ¶´Ò³ ¸ ³¥´ÓÏ¨³¨ ¢ÒÎ¨¸²¨É¥²Ó´Ò³¨ § É· É ³¨. „¢  ³¥Éµ¤  ¸²¥¤Ê¥É
· ¸¸³ É·¨¢ ÉÓ ± ± ¢§ ¨³´µ ¤µ¶µ²´ÖÕÐ¨¥: ³µ¦´µ ¸´ Î ²  ¨¸¶µ²Ó§µ¢ ÉÓ ³¥Éµ¤ χ2 ¤²Ö
¢¥·¨Ë¨± Í¨¨ Ëµ·³Ò ¶²µÉ´µ¸É¨ ¢¥·µÖÉ´µ¸É¨ ¨ ¶µ²ÊÎ¥´¨Ö ¨¸Ìµ¤´µ£µ §´ Î¥´¨Ö M0, ±µÉµ-
·µ¥ § É¥³ ¨¸¶µ²Ó§Ê¥É¸Ö ¤²Ö ¶µ¸É·µ¥´¨Ö ±¢ §¨µ¶É¨³ ²Ó´ÒÌ ³µ³¥´Éµ¢ ¸ Í¥²ÓÕ ¶µ²ÊÎ¥´¨Ö
´ ¨²ÊÎÏ¥° µ±µ´Î É¥²Ó´µ° µÍ¥´±¨ ¤²Ö M .

„µ¶µ²´¨É¥²Ó´µ¥ ¶·¥¨³ÊÐ¥¸É¢µ ³¥Éµ¤  ±¢ §¨µ¶É¨³ ²Ó´ÒÌ ³µ³¥´Éµ¢ ³µ¦¥É ¸µ¸ÉµÖÉÓ
¢ Éµ³, ÎÉµ ´¥±µÉµ·Ò¥ ¨§ Î¨¸²  ¡µ²¥¥ ¨§µÐ·¥´´ÒÌ É¥µ·¥É¨Î¥¸±¨Ì Ëµ·³ ²¨§³µ¢ ³µ£ÊÉ
¤ ¢ ÉÓ ¶·¥¤¸± § ´¨Ö ¤²Ö ¶²µÉ´µ¸É¨ ¢¥·µÖÉ´µ¸É¨ ¢ ¢¨¤¥ ¸¨´£Ê²Ö·´ÒÌ (¨ ¶µÔÉµ³Ê ´¥ µ¡Ö§ -
É¥²Ó´µ ¢¸Õ¤Ê ¶µ²µ¦¨É¥²Ó´µ µ¶·¥¤¥²¥´´ÒÌ) µ¡µ¡Ð¥´´ÒÌ ËÊ´±Í¨° (¸·. ¸¨¸É¥³ É¨Î¥¸±ÊÕ
± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´ÊÕ ±¢ ´Éµ¢µ-¶µ²¥¢ÊÕ É¥µ·¨Õ ¢µ§³ÊÐ¥´¨° ¤²Ö ´¥¸É ¡¨²Ó´ÒÌ
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Î ¸É¨Í, µ¶¨¸ ´´ÊÕ ¢ [7]). ‚ É ±¨Ì ¸²ÊÎ ÖÌ É¥µ·¥É¨Î¥¸±¨¥ ¶·¥¤¸± § ´¨Ö ¤²Ö µ¡µ¡Ð¥´-
´ÒÌ ³µ³¥´Éµ¢ ³µ£ÊÉ ¸ÊÐ¥¸É¢¥´´µ ¶·¥¢µ¸Ìµ¤¨ÉÓ ¶µ ± Î¥¸É¢Ê ¶·¥¤¸± § ´¨Ö ¤²Ö ¶²µÉ´µ¸É¨
¢¥·µÖÉ´µ¸É¨, É ± ÎÉµ ¨¸¶µ²Ó§µ¢ ´¨¥ ³¥Éµ¤  χ2 ³µ¦¥É ¡ÒÉÓ ³¥´¥¥ ¶·¥¤¶µÎÉ¨É¥²Ó´Ò³ ¶µ
¸· ¢´¥´¨Õ ¸ ³¥Éµ¤µ³ ±¢ §¨µ¶É¨³ ²Ó´ÒÌ ³µ³¥´Éµ¢.

	 ±µ´¥Í, ¶·¥¤¸É ¢²Ö¥É¸Ö ·¥ ²Ó´Ò³ ¸¶·µ¥±É¨·µ¢ ÉÓ ¡µ²¥¥ ¨²¨ ³¥´¥¥ Ê´¨¢¥·¸ ²Ó´Ò¥
¶·µ£· ³³Ò ¤²Ö Î¨¸²¥´´µ£µ ¶µ¸É·µ¥´¨Ö fquasi. ‚ ¸ ³µ³ ¤¥²¥, § ¤ Î  ¶µ¸É·µ¥´¨Ö fquasi

³¥Éµ¤µ³ £·Ê¡µ° ¸¨²Ò ¸ ¶µ³µÐÓÕ £¥´¥· Éµ·µ¢ ¸µ¡ÒÉ¨° ¡²¨§±µ·µ¤¸É¢¥´´  § ¤ Î¥ µ¡
 ¤ ¶É¨¢´µ³ ¨´É¥£·¨·µ¢ ´¨¨ ³¥Éµ¤µ³ Œµ´É¥-Š ·²µ, ¤²Ö ±µÉµ·µ° ¨³¥¥É¸Ö ·Ö¤  ²£µ·¨É-
³¨Î¥¸±¨Ì ¸Ì¥³ [8]. Š·µ³¥ Éµ£µ, ´ ²¨Î¨¥ Ö¢´ÒÌ Ëµ·³Ê² É¨¶  (12) ¨ (20) ¶µ§¢µ²Ö¥É
¨¸¶µ²Ó§µ¢ ÉÓ Ô¢·¨¸É¨±¨ ¢ É¥Ì ¸²µ¦´ÒÌ ¸¨ÉÊ Í¨ÖÌ (É¨¶  ¶µ¨¸±  Éµ¶-±¢ ·±  ¢ Î¨¸Éµ  ¤·µ´-
´µ³ ± ´ ²¥; ¸³. [4]), ¢ ±µÉµ·ÒÌ ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ¶µ² £ ÕÉ¸Ö ¨¸±²ÕÎ¨É¥²Ó´µ ´  ³¥Éµ¤
¶·µ¡ ¨ µÏ¨¡µ±.

�¢Éµ· ¡² £µ¤ ·¥´ „. 
. � ·¤¨´Ê §  µ¡¸Ê¦¤¥´¨¥. „ ´´ Ö · ¡µÉ  Î ¸É¨Î´µ ¶µ¤¤¥·¦¨¢ -
² ¸Ó £· ´Éµ³ �””ˆ 99-02-18365.

‘�ˆ‘�Š ‹ˆ’…��’“�›

1. Tkachov F. V. A Theory of Jet Deˇnition. hep-ph/9901444.

2. ˆ¤Ó¥ B. ¨ ¤·. ‘É É¨¸É¨Î¥¸±¨¥ ³¥Éµ¤Ò ¢ Ô±¸¶¥·¨³¥´É ²Ó´µ° Ë¨§¨±¥: �¥·. ¸  ´£². / �µ¤ ·¥¤.
�. �. ’Ö¶±¨´ . Œ.: �Éµ³¨§¤ É, 1976.

3. �µ·µ¢±µ¢ �. �. Œ É¥³ É¨Î¥¸± Ö ¸É É¨¸É¨± . �Í¥´¨¢ ´¨¥ ¶ · ³¥É·µ¢ ¨ ¶·µ¢¥·±  £¨¶µÉ¥§. Œ.:
	 Ê± , 1984.

4. Bhat P. C., Prosper H., Snyder S. S. Top Quark Physics at the Tevatron // Int. J. Mod. Phys. A.
1998. V. 13. P. 5113; hep-ex/9809011.

5. �ÒÉÓ¥¢ �. �., ˜¨Ï³ ·¥¢ ˆ. �. ŠÊ·¸ É¥µ·¨¨ ¢¥·µÖÉ´µ¸É¥° ¨ ³ É¥³ É¨Î¥¸±µ° ¸É É¨¸É¨±¨ ¤²Ö
Ë¨§¨±µ¢. Œ.: ˆ§¤-¢µ Œµ¸±. £µ¸. Ê´-É , 1983.

6. Physics at LEP / Eds. J. Ellis, R. Peccei. Geneva: CERN, 1986.

7. ’± Î¥¢ ”. ‚. // Œ É¥·¨ ²Ò V Ï±. �ˆŸ” ¶µ É¥µ·¥É¨Î¥¸±µ° Ë¨§¨±¥ / �µ¤ ·¥¤. Ÿ. ˆ. �§¨³µ¢ 
¨ ¤·. ƒ ÉÎ¨´ , 1999; hep-ph/9802307.

8. Lepage G. P. A New Algorithm for Adaptive Multidimensional Integration (VEGAS) // J. Comp.
Phys. 1978. V. 27. P. 192.

9. Manankova G. I., Tatarchenko A. F., Tkachov F. V. MILXy Way: How Much Better than VEGAS
Can One Integrate in Many Dimensions? ‘µmmun. FERMILAB-Conf-95/213-T.

10. Jadach S. Foam: Multi-Dimensional General Purpose Monte-Carlo Generator with Self-Adapting
Simplectic Grid. physics/9910004.

�µ²ÊÎ¥´µ 5  ¶·¥²Ö 2002 £.


