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‚ ¤ ´´μ³ μ¡§μ·¥ · ¸¸³μÉ·¥´Ò · §²¨Î´Ò¥ ¸¢μ°¸É¢  ±μ··¥²ÖÉμ·μ¢ ¤¢Ê³¥·´μ° ±μ´-
Ëμ·³´μ° É¥μ·¨¨ ¶μ²Ö. ‚ Î ¸É´μ¸É¨, · ¸¸³μÉ·¥´  ¨Ì ¸¢Ö§Ó ¸μ ¸É É¨¸É¨Î¥¸±μ° ¸Ê³-
³μ° Î¥ÉÒ·¥Ì³¥·´μ° ¸Ê¶¥·¸¨³³¥É·¨Î´μ° É¥μ·¨¨. �μ³¨³μ ¨´É¥·¥¸ , ±μÉμ·Ò° ¶·¥¤¸É -
¢²Ö¥É ¸ ³μ ´ ²¨Î¨¥ ¸¢Ö§¨ É ±μ£μ ·μ¤ , ¤ ´´μ¥ ¸μμÉ´μÏ¥´¨¥ ¶·¨´μ¸¨É ¨ ¶· ±É¨Î¥¸±ÊÕ
¶μ²Ó§Ê. ’ ±, ¨§¢¥¸É´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¸É É¨¸É¨Î¥¸±μ° ¸Ê³³Ò ¸Ê¶¥·¸¨³³¥É·¨Î´μ°
É¥μ·¨¨ · ¸¸Î¨É ÉÓ ´ ³´μ£μ ¶·μÐ¥, ´¥¦¥²¨ ´ ¶·Ö³ÊÕ ¢Ò· ¦¥´¨Ö ¤²Ö ±μ··¥²ÖÉμ·μ¢
¢ ±μ´Ëμ·³´μ° É¥μ·¨¨. „²Ö ÔÉμ° ¦¥ Í¥²¨ ¶μ²¥§´μ ¨ · ¸¸³μÉ·¥´´μ¥ ¶·¥¤¸É ¢²¥´¨¥
±μ··¥²ÖÉμ·μ¢ ±μ´Ëμ·³´μ° É¥μ·¨¨ ± ± ³ É·¨Î´μ° ³μ¤¥²¨. ˆ´É¥£· ²Ó´ Ö Ëμ·³  ÔÉ¨Ì
±μ··¥²ÖÉμ·μ¢ ¶μ§¢μ²Ö¥É μ¡μ¡Ð¨ÉÓ ¶μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤²Ö  ²£¥¡·Ò ‚¨· ¸μ·μ ´ 
¡μ²¥¥ ¸²μ¦´Ò¥ ¸²ÊÎ ¨  ²£¥¡·Ò W ¨²¨ ±¢ ´Éμ¢μ°  ²£¥¡·Ò ‚¨· ¸μ·μ. �Éμ ¶μ§¢μ²Ö¥É
· ¸¸³ É·¨¢ ÉÓ ¡μ²¥¥ ¸²μ¦´Ò¥ ±μ´Ë¨£Ê· Í¨¨ ¢ ±μ´Ëμ·³´μ° É¥μ·¨¨ ¶μ²Ö.

‚Éμ· Ö Î ¸ÉÓ μ¡§μ·  ¶μ¸¢ÖÐ¥´  É·¥Ì³¥·´μ° É¥μ·¨¨ —¥·´ Ä‘ °³μ´¸ . ‚μ ³´μ£μ³
É¥³ ¢´¨³ ´¨¥³, ±μÉμ·μ¥ μ´  ¶·¨¢²¥± ¥É ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö, ÔÉ  É¥μ·¨Ö μ¡Ö§ ´  ¸¢μ¥°
¸¢Ö§¨ ¸ ³ É¥³ É¨Î¥¸±μ° É¥μ·¨¥° Ê§²μ¢. Œ É¥³ É¨Î¥¸± Ö É¥μ·¨Ö Ê§²μ¢ Å ÔÉμ ¤μ¢μ²Ó´μ
¸É · Ö μ¡² ¸ÉÓ ³ É¥³ É¨±¨, ±μÉμ·ÊÕ ´ Î ²¨ ¨§ÊÎ ÉÓ ¥Ð¥ ¢ XVII ¢. �¸´μ¢´ Ö § ¤ Î 
ÔÉμ° É¥μ·¨¨ ¸μ¸Éμ¨É ¢ ¶μ¸É·μ¥´¨¨  ²£μ·¨É³ , ¶μ§¢μ²ÖÕÐ¥£μ μÉ²¨Î¨ÉÓ ¤·Ê£ μÉ ¤·Ê£ 
· §²¨Î´Ò¥ Ê§²Ò Å § ³±´ÊÉÒ¥ ±μ´ÉÊ·Ò ¢ É·¥Ì³¥·´μ³ ¶·μ¸É· ´¸É¢¥. �¸´μ¢´μ° ³¥Éμ¤,
¨¸¶μ²Ó§Ê¥³Ò° ¤²Ö ¤μ¸É¨¦¥´¨Ö ÔÉμ° Í¥²¨, ¸μ¸Éμ¨É ¢ ¶μ¸É·μ¥´¨¨ É ± ´ §Ò¢ ¥³ÒÌ ¨´-
¢ ·¨ ´Éμ¢ Ê§²μ¢.

In this review we describe different properties of conformal blocks of the 2D con-
formal ˇeld theory. In particular, the connection between conformal blocks and partition
function of 4D supersymmetric theory is discussed. Besides the interest of such a connec-
tion by itself it also provides practical simpliˇcations of calculations in both theories. For
the same purpose the representation of correlators in conformal theory as a matrix model
varieties can be used. Integral form of such correlators allows one to generalize the results
evaluated for Virasoro algebra to more complicated cases of W -algebras and quantum
Virasoro algebras. This leads to the possible studies of more complicated structures in
conformal ˇeld theory.
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The second part of the review is dedicated to the ChernÄSimons theory. The interest
which it arouses at the moment is due to its connection with the mathematical knot theory.
This theory is quite an old subject that appeared in the 17th century. Its goal is to construct
an algorithm which allows one to distinguish between different knots Å contours in 3D
space. The main approach to this problem, which is decribed in this review, is to construct
the so-called knot invariants.

PACS: 11.25.Hf; 11.27.+d; 11.15.Yc
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Š¢ ´Éμ¢ Ö É¥μ·¨Ö ¶μ²Ö ¢μ§´¨±²  ¢ ·¥§Ê²ÓÉ É¥ ¸²¨Ö´¨Ö ±¢ ´Éμ¢μ° ³¥Ì -
´¨±¨ ¨ ±² ¸¸¨Î¥¸±μ° É¥μ·¨¨ ¶μ²Ö. �´ , ¸ μ¤´μ° ¸Éμ·μ´Ò, ¢±²ÕÎ ¥É ¢ ¸¥¡Ö
¢¥·μÖÉ´μ¸É´ÊÕ ± ·É¨´Ê ³¨·  ¨ ¶·¨´Í¨¶ ´¥μ¶·¥¤¥²¥´´μ¸É¨,   ¸ ¤·Ê£μ° ¸Éμ-
·μ´Ò, ÊÎ¨ÉÒ¢ ¥É μ£· ´¨Î¥´¨Ö, ¸¢Ö§ ´´Ò¥ ¸μ ¸¶¥Í¨ ²Ó´μ° É¥μ·¨¥° μÉ´μ¸¨É¥²Ó-
´μ¸É¨. ’¥μ·¨¨ É ±μ£μ É¨¶  ¶μ§¢μ²ÖÕÉ μ¶¨¸ ÉÓ μ¸´μ¢´Ò¥ ¶·μÍ¥¸¸Ò, ¸¢Ö§ ´´Ò¥
¸ Ë¨§¨±μ° Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í,  Éμ³´μ° Ë¨§¨±μ° ¨ Ë¨§¨±μ° É¢¥·¤μ£μ É¥² .

�¶¶ · Éμ³ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö ¨§ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¡Ò² § ¨³-
¸É¢μ¢ ´ É ±μ° ¢ ¦´Ò° ¶·¨´Í¨¶, ± ± · §¤¥²¥´¨¥ ¢¥²¨Î¨´ ´  ´ ¡²Õ¤ ¥³Ò¥
¨ ´¥´ ¡²Õ¤ ¥³Ò¥. ‘μ£² ¸´μ ¤ ´´μ³Ê ¶·¨´Í¨¶Ê, ²Õ¡μ° ¢¥²¨Î¨´¥, ±μÉμ·ÊÕ
³μ¦´μ ¨§³¥·¨ÉÓ, ¸μμÉ¢¥É¸É¢Ê¥É ´ ¡²Õ¤ ¥³ Ö É¥μ·¨¨, É. ¥. ¸·¥¤´¥¥ §´ Î¥´¨¥
¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¥° μ¶¥· Éμ· . ‚ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö ¸·¥¤´¨¥ §´ Î¥-
´¨Ö É ±μ£μ É¨¶  ¸μμÉ¢¥É¸É¢ÊÕÉ ±μ··¥²ÖÍ¨μ´´Ò³ ËÊ´±Í¨Ö³. ’ ±¨³ μ¡· §μ³,
²Õ¡Ò¥ Ë¨§¨Î¥¸±¨¥ ¶·μÍ¥¸¸Ò ¢ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö μ¶¨¸Ò¢ ÕÉ¸Ö ´¥±μ-
Éμ·Ò³¨ ±μ··¥²ÖÍ¨μ´´Ò³¨ ËÊ´±Í¨Ö³¨ (±μ··¥²ÖÉμ· ³¨). ‚ · ³± Ì ¤ ´´μ£μ
μ¡§μ·  · ¸¸³μÉ·¥´Ò ¸¢μ°¸É¢  ±μ··¥²ÖÉμ·μ¢ ¤¢ÊÌ ³μ¤¥²¥° ±¢ ´Éμ¢μ° É¥μ·¨¨
¶μ²Ö: É·¥Ì³¥·´μ° É¥μ·¨¨ —¥·´ Ä‘ °³μ´¸  ¨ ¤¢Ê³¥·´μ° ±μ´Ëμ·³´μ° É¥μ·¨¨
¶μ²Ö,   É ±¦¥ ¸¢Ö§Ó ¶μ¸²¥¤´¥° ¸ ¸Ê¶¥·¸¨³³¥É·¨Î´Ò³¨ É¥μ·¨Ö³¨.

‘Ê¶¥·¸¨³³¥É·¨Î´Ò¥ É¥μ·¨¨ ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö Ï¨·μ±μ ¨§ÊÎ ÕÉ¸Ö ¢ É¥-
μ·¥É¨Î¥¸±μ° Ë¨§¨±¥. ‘Ê¶¥·¸¨³³¥É·¨Ö Å ÔÉμ ¸¨³³¥É·¨Ö, ¸¢Ö§Ò¢ ÕÐ Ö ¡μ-
§μ´Ò ¨ Ë¥·³¨μ´Ò Å Î ¸É¨ÍÒ ¸ Í¥²Ò³¨ ¨ ¶μ²ÊÍ¥²Ò³¨ ¸¶¨´ ³¨ ¸μμÉ¢¥É-
¸É¢¥´´μ, ±μÉμ·Ò¥ ¶μ ÔÉμ° ¶·¨Î¨´¥ μ¶¨¸Ò¢ ÕÉ¸Ö · §²¨Î´Ò³¨ § ±μ´ ³¨ ¨ · ¸-
¶·¥¤¥²¥´¨Ö³¨. ‘μ£² ¸´μ ÔÉμ° £¨¶μÉ¥É¨Î¥¸±μ° ¸¨³³¥É·¨¨ ¤²Ö ± ¦¤μ£μ ¡μ§μ´ 
(¨ ±¢ ´Éμ¢μ£μ ¶μ²Ö, ¥³Ê ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ) ¸ÊÐ¥¸É¢Ê¥É ¶ ·´Ò° ¥³Ê Ë¥·³¨μ´,
¨ ´ μ¡μ·μÉ. ‘ÊÐ¥¸É¢μ¢ ´¨¥ É ±μ° ¸¨³³¥É·¨¨ ¡Ò²μ ¶·¥¤¶μ²μ¦¥´μ ¢ · ¡μÉ Ì
‚.�±Ê²μ¢ , „. ‚μ²±μ¢ , 
. ƒμ²ÓË ´¤  ¨ …. ‹¨ÌÉ³ ´  [1Ä5]. „ ´´ Ö ¸¨³³¥É·¨Ö
¨³¥¥É μÎ¥´Ó Ï¨·μ±μ¥ ¶·¨³¥´¥´¨¥ ± ± ¢ É¥μ·¨¨ ¸É·Ê´, É ± ¨ ¢ ¤·Ê£¨Ì μ¡² ¸ÉÖÌ
É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨, ´μ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¸¢¨¤¥É¥²Ó¸É¢ ¸Ê¶¥·¸¨³³¥É·¨¨
¢ Ë¨§¨±¥ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ¶μ±  ´¥ μ¡´ ·Ê¦¥´μ. N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î-
´ Ö É¥μ·¨Ö, ±μÉμ· Ö ¨§ÊÎ ¥É¸Ö ¶·¨ · ¸¸³μÉ·¥´¨Ö �ƒ’-¸μμÉ´μÏ¥´¨Ö, μ¡² ¤ ¥É
¤¢Ê³Ö ¸¨³³¥É·¨Ö³¨ É ±μ£μ É¨¶ .
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‚ · ¡μÉ¥ �. ‡ °¡¥·£  ¨ �. ‚¨ÉÉ¥´  [6, 7] ¡Ò²  ¶μ¤·μ¡´μ · ¸¸³μÉ·¥´  É -
± Ö N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´ Ö É¥μ·¨Ö Ÿ´£ ÄŒ¨²²¸ . �´  ¢±²ÕÎ ¥É ¢ ¸¥¡Ö
Î¥ÉÒ·¥ · §²¨Î´ÒÌ ¶μ²Ö: ¤¢  ¡μ§μ´´ÒÌ Å ¢¥±Éμ·´μ¥ Aa ¨ ¸± ²Ö·´μ¥ φa ¨ ¤¢ 
Ë¥·³¨μ´´ÒÌ Å ψa ¨ λa. ’ ± Ö É¥μ·¨Ö μ¶¨¸Ò¢ ¥É¸Ö ² £· ´¦¨ ´μ³

L =
1
g2

Tr

(
−

1
4
FμνFμν +

g2θ2

32π2
Fμν F̃μν + (DμA)†DμA −

1
2
[A†, A]2−

− iλσμDμλ̄ − iψ̄σ̄μDμψ − i
√

2[λ, ψ]A† − i
√

2[λ̄, ψ̄]A
)
. (‚.1)

ˆ§-§  ´ ²¨Î¨Ö ¸Ê¶¥·¸¨³³¥É·¨¨ ÔËË¥±É¨¢´μ¥ ´¨§±μÔ´¥·£¥É¨Î´μ¥ ¤¥°¸É¢¨¥ É -
±μ° É¥μ·¨¨ ¢¸¥£¤  ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¸ ¶μ³μÐÓÕ £μ²μ³μ·Ë´μ° ËÊ´±Í¨¨ F ,
´ §Ò¢ ¥³μ° ¶·¥¶μÉ¥´Í¨ ²μ³:

S =
1
4π

Im
∫

d4xTr
[
F ′′(φ)|∂μφ|2 + F ′′(φ)

(
−1

4

)
Fμν(Fμν − iF̃μν) + . . .

]
.

(‚.2)
‘¶¥Í¨Ë¨±  N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´μ° É¥μ·¨¨ ¸μ¸Éμ¨É, ¸·¥¤¨ ¶·μÎ¥£μ, ¢ ´ -
²¨Î¨¨ ¢ ´¥° ¤Ê ²Ó´μ¸É¨. Œ É¥³ É¨Î¥¸±¨ ÔÉ  ¤Ê ²Ó´μ¸ÉÓ ¢Ò· ¦ ¥É¸Ö Ëμ·³Ê²μ°

φD =
∂F(φ)

∂φ
, φ =

∂FD(φD)
∂φD

, (‚.3)

£¤¥ φD Å Ëμ·³ ²Ó´μ ¢¢¥¤¥´´μ¥, ¸μ£² ¸´μ ÔÉμ° Ëμ·³Ê²¥, ¤Ê ²Ó´μ¥ ¶μ²¥.
�μ³¨³μ ¨§¢¥¸É´μ° · ´¥¥ Ëμ·³Ê²Ò ¤²Ö ¶·¥¶μÉ¥´Í¨ ² , · ¸¸Î¨É ´´μ° ¶μ

É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°,

Fpert(φ) ∼ i

2π
φ2 ln

φ2

Λ2
(‚.4)

�. ‡ °¡¥·£ ¨ �. ‚¨ÉÉ¥´ ¶·¥¤²μ¦¨²¨ ³¥Éμ¤, ¶μ§¢μ²ÖÕÐ¨° ¶μ²ÊÎ¨ÉÓ ÉμÎ´μ¥ ¢Ò-
· ¦¥´¨¥ ¤²Ö ¶·¥¶μÉ¥´Í¨ ² , ´¥ É·¥¡ÊÕÐ¨° É¥μ·¥É¨±μ-¶μ²¥¢ÒÌ ¢ÒÎ¨¸²¥´¨°.
�·μ¡²¥³  É¥μ·¥É¨±μ-¶μ²¥¢ÒÌ ¢ÒÎ¨¸²¥´¨° É ±μ£μ ÉμÎ´μ£μ ¢Ò· ¦¥´¨Ö ¸μ¸Éμ¨É
¢ ´¥μ¡Ìμ¤¨³μ¸É¨ ÊÎ¥É  ¨´¸É ´Éμ´´ÒÌ ¶μ¶· ¢μ±. ˆ´¸É ´Éμ´Ò ´¥ Ö¢²ÖÕÉ¸Ö ³¨-
´¨³Ê³μ³ ¤¥°¸É¢¨Ö, É. ¥. ·¥Ï¥´¨Ö³¨ ±² ¸¸¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¢ É¥-
μ·¨ÖÌ ¸μ ¸¶μ´É ´´Ò³ ´ ·ÊÏ¥´¨¥³ ¸¨³³¥É·¨¨ (Éμ£¤  ± ± μÉ¢¥É ¸É·μ¨É¸Ö ¤²Ö
´¥±μÉμ·μ£μ ¢ ±ÊÊ³´μ£μ ¸·¥¤´¥£μ a, É. ¥. ¢ É¥μ·¨¨ ¸μ ¸¶μ´É ´´μ ´ ·ÊÏ¥´´μ°
¸¨³³¥É·¨¥°). �Éμ ¶·¨¢μ¤¨É ± ¸¨´£Ê²Ö·´μ¸É¨ ¨´¸É ´Éμ´´ÒÌ ¢±² ¤μ¢.

�¤¨´ ¨§ ¢ ·¨ ´Éμ¢ ·¥£Ê²Ö·¨§ Í¨¨ ÔÉμ° ¸¨´£Ê²Ö·´μ¸É¨ ¡Ò² · ¸¸³μÉ·¥´
�. ‹μ¸¥¢Ò³, ƒ. ŒÊ·μ³, �.�¥±· ¸μ¢Ò³ ¨ ‘.˜ É Ï¢¨²¨ [8Ä10]. ‘ÊÉÓ ¶·¨³¥-
´¥´´μ£μ ¨³¨ ¶μ¤Ìμ¤  ± ¢ÒÎ¨¸²¥´¨Õ ¨´¸É ´Éμ´´ÒÌ ¶μ¶· ¢μ± ¸μ¸Éμ¨É ¢ Éμ³,
ÎÉμ ¶·μ¨§¢μ¤¨É¸Ö ¤¥Ëμ·³ Í¨Ö É¥μ·¨¨ ‡ °¡¥·£ Ä‚¨ÉÉ¥´  ¸ ¶μ³μÐÓÕ ¤¢ÊÌ ¤μ-
¶μ²´¨É¥²Ó´ÒÌ ¶ · ³¥É·μ¢ ε1 ¨ ε2. �·¨ ÔÉμ³ μ± §Ò¢ ¥É¸Ö ¢μ§³μ¦´Ò³ ¶μ¸Î¨-
É ÉÓ ¨´É¥£· ² ¶μ ¢¸¥³ ¨´¸É ´Éμ´´Ò³ ¸μ¸ÉμÖ´¨Ö³, ±μÉμ·Ò° ¢Ò· ¦ ¥É¸Ö É ±
´ §Ò¢ ¥³μ° ËÊ´±Í¨¥° �¥±· ¸μ¢ .
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—¥ÉÒ·¥Ì³¥·´ Ö N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´ Ö É¥μ·¨Ö ¢Ò§Ò¢ ¥É ¢ ¶μ¸²¥¤-
´¥¥ ¢·¥³Ö μ¸μ¡Ò° ¨´É¥·¥¸ ¢ ¸¢Ö§¨ ¸ ¥¥ ¶·¥¤¶μ² £ ¥³μ° ¸¢Ö§ÓÕ ¸ ¤¢Ê³¥·´μ°
±μ´Ëμ·³´μ° É¥μ·¨¥°. ‹.�²¤ °, „. ƒ °μÉÉμ ¨ 
. ’ Î¨± ¢  ¢ · ¡μÉ¥ [11] ¶·¥¤-
¶μ²μ¦¨²¨ ¸ÊÐ¥¸É¢μ¢ ´¨¥ É ±μ£μ ¸μμÉ´μÏ¥´¨Ö, ¶μ²ÊÎ¨¢Ï¥£μ ´ §¢ ´¨¥ ¸μμÉ-
´μÏ¥´¨Ö �²¤ ÖÄƒ °μÉÉμÄ’ Î¨± ¢Ò (�ƒ’-¸μμÉ´μÏ¥´¨Ö) ¨²¨ £¨¶μÉ¥§Ò �ƒ’.
‘μ£² ¸´μ ¢Ò¸± § ´´μ° ¨³¨ £¨¶μÉ¥§¥ ËÊ´±Í¨Ö �¥±· ¸μ¢  · ¢´  ±μ´Ëμ·³´Ò³
¡²μ± ³ Å £μ²μ³μ·Ë´μ° Î ¸É¨ ±μ··¥²ÖÉμ·μ¢ ±μ´Ëμ·³´μ° É¥μ·¨¨ ¶μ²Ö. „ ´-
´μ¥ ¸μμÉ´μÏ¥´¨¥ ¶μ§¢μ²Ö¥É ·¥Ï¨ÉÓ ·Ö¤ § ¤ Î, ¸¢Ö§ ´´ÒÌ ± ± ¸ ¸Ê¶¥·¸¨³³¥-
É·¨Î´μ° É¥μ·¨¥°, É ± ¨ ¸ ±μ´Ëμ·³´μ° É¥μ·¨¥°. ’ ±, ¸ ¶μ³μÐÓÕ ¢ÒÎ¨¸²¥´¨°
¢ ±μ´Ëμ·³´μ° É¥μ·¨¨ ¡Ò²μ ¶μ²ÊÎ¥´μ ¢Ò· ¦¥´¨¥ ¤²Ö ¶·¥¶μÉ¥´Í¨ ²  ¢ ¸Ê¶¥·-
¸¨³³¥É·¨Î´μ° É¥μ·¨¨ ¸ Î¥ÉÒ·Ó³Ö ¡¥§³ ¸¸μ¢Ò³¨ ³Ê²ÓÉ¨¶²¥É ³¨ ¢ ËÊ´¤ ³¥´-
É ²Ó´μ³ ¶·¥¤¸É ¢²¥´¨¨ [12].

�¥·¢ Ö Î ¸ÉÓ ¤ ´´μ£μ μ¡§μ·  ¶μ¸¢ÖÐ¥´  · §²¨Î´Ò³ ¢μ¶·μ¸ ³, ¸¢Ö§ ´´Ò³
¸ ¤¢Ê³¥·´μ° ±μ´Ëμ·³´μ° É¥μ·¨¥°. Šμ´Ëμ·³´μ° É¥μ·¨¥° ¶μ²Ö [13, 14] ´ §Ò-
¢ ¥É¸Ö ³μ¤¥²Ó ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö, ¨´¢ ·¨ ´É´ Ö μÉ´μ¸¨É¥²Ó´μ ±μ´Ëμ·³-
´ÒÌ ¶·¥μ¡· §μ¢ ´¨°. �É¨ ¶·¥μ¡· §μ¢ ´¨Ö, Ö¢²ÖÕÐ¨¥¸Ö ¶·Ö³Ò³ μ¡μ¡Ð¥´¨¥³
³ ¸ÏÉ ¡´ÒÌ ¶·¥μ¡· §μ¢ ´¨°, ¸μÌ· ´ÖÕÉ Ê£²Ò ³¥¦¤Ê ²Õ¡Ò³¨ ¤¢Ê³Ö ´ ¶· -
¢²¥´¨Ö³¨, ´μ ´¥ ¸μÌ· ´ÖÕÉ · ¸¸ÉμÖ´¨Ö. Šμ´Ëμ·³´ Ö É¥μ·¨Ö ¨³¥¥É ´¥¶μ¸·¥¤-
¸É¢¥´´μ¥ μÉ´μÏ¥´¨¥ ± Ë¨§¨±¥ É¢¥·¤μ£μ É¥² , ¢ Î ¸É´μ¸É¨, ± É¥μ·¨¨ Ë §μ¢ÒÌ
¶¥·¥Ìμ¤μ¢ [15,16]. � ¨¡μ²¥¥ ¨´É¥·¥¸´Ò° ¸²ÊÎ ° ±μ´Ëμ·³´μ° É¥μ·¨¨ Å ÔÉμ
¤¢Ê³¥·´ Ö É¥μ·¨Ö, ¶μÉμ³Ê ÎÉμ Éμ²Ó±μ ¢ ÔÉμ³ ¸²ÊÎ ¥ ³´μ¦¥¸É¢μ £¥´¥· Éμ·μ¢
¢ É¥μ·¨¨ ¡¥¸±μ´¥Î´μ³¥·´μ.

…Ð¥ μ¤´μ ¢ ¦´μ¥ ¸¢μ°¸É¢μ ¤¢Ê³¥·´μ° ±μ´Ëμ·³´μ° É¥μ·¨¨ ¸μ¸Éμ¨É ¢ ¢μ§-
³μ¦´μ¸É¨ · ¸¸³μÉ·¥´¨Ö ¶μ μÉ¤¥²Ó´μ¸É¨ £μ²μ³μ·Ë´ÒÌ ¨  ´É¨£μ²μ³μ·Ë´ÒÌ
μ¡Ñ¥±Éμ¢. …¸²¨ ¶¥·¥°É¨ μÉ ¤¢Ê³¥·´ÒÌ ±μμ·¤¨´ É x1 ¨ x2 ± ±μ³¶²¥±¸´Ò³
±μμ·¤¨´ É ³ z = x1 + ix2 ¨ z̄ = x1 − ix2, Éμ μ± §Ò¢ ¥É¸Ö, ÎÉμ ¢¸¥ μ¡Ñ-
¥±ÉÒ · ¸¶ ¤ ÕÉ¸Ö ¢ ±μ³¡¨´ Í¨Õ £μ²μ³μ·Ë´μ° Î ¸É¨, § ¢¨¸ÖÐ¥° Éμ²Ó±μ μÉ z,
¨  ´É¨£μ²μ³μ·Ë´μ°, § ¢¨¸ÖÐ¥° Éμ²Ó±μ μÉ z̄.

‚ ¤ ´´μ³ μ¡§μ·¥ · ¸¸³ É·¨¢ ÕÉ¸Ö ´¥ ¸ ³¨ ¶μ²Ö,   ¨Ì ±μ··¥²ÖÉμ·Ò. Š ±
¨ Ê ¤·Ê£¨Ì μ¡Ñ¥±Éμ¢ ¢ ¤¢Ê³¥·´μ° ±μ´Ëμ·³´μ° É¥μ·¨¨, Ê ±μ··¥²ÖÉμ·μ¢ É ±¦¥
³μ¦´μ ¢Ò¤¥²¨ÉÓ £μ²μ³μ·Ë´ÊÕ ¨  ´É¨£μ²μ³μ·Ë´ÊÕ ±μ³¶μ´¥´ÉÒ. „²Ö ÔÉμ£μ
¢¢μ¤ÖÉ ¢ ±μ··¥²ÖÉμ· ¤μ¶μ²´¨É¥²Ó´Ò¥ ¶μ²Ö, ¶μ ±μÉμ·Ò³ ¶μ§¦¥ ¶·μ¨§¢μ¤¨É¸Ö
¸Ê³³¨·μ¢ ´¨¥. � ¶·¨³¥·, ±μ··¥²ÖÉμ· Î¥ÉÒ·¥Ì ¶μ²¥° ³μ¦´μ μ¶¨¸ ÉÓ ¸²¥¤ÊÕ-
Ð¥° Ëμ·³Ê²μ°:〈
VΔ1,Δ̄1

(z1, z̄1)VΔ2,Δ̄2
(z2, z̄2)VΔ3,Δ̄3

(z3, z̄3)VΔ4,Δ̄4
(z4, z̄4)

〉
=

=
∑
Δ,Δ̄

CΔ,Δ̄
12 CΔ,Δ̄

34 BΔ(Δ1, Δ2, Δ3, Δ4, c, z1, z2, z3, z4)×

× B̄Δ̄(Δ̄1, Δ̄2, Δ̄3, Δ̄4, c, z̄1, z̄2, z̄3, z̄4). (‚.5)

CΔ,Δ̄
12 ¨ CΔ,Δ̄

34 Å ÔÉμ ¸É·Ê±ÉÊ·´Ò¥ ±μ´¸É ´ÉÒ, μ¶¨¸Ò¢ ÕÐ¨¥ § ¢¨¸¨³μ¸ÉÓ ±μ·-
·¥²ÖÉμ·  μÉ ±μ´±·¥É´μ° ±μ´Ëμ·³´μ° É¥μ·¨¨. Δi ¨ Δ̄i Å ÔÉμ £μ²μ³μ·Ë-
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´ Ö ¨  ´É¨£μ²μ³μ·Ë´ Ö Î ¸É¨ · §³¥·´μ¸É¨ ¶μ²Ö Vi,   ¸Ê³³¨·μ¢ ´¨¥ ¢¥¤¥É¸Ö
¶μ ¢¸¥¢μ§³μ¦´Ò³ ¶·μ³¥¦ÊÉμÎ´Ò³ ¶μ²Ö³, ±μÉμ·Ò¥ ¤μ¶μ²´¨É¥²Ó´μ ¢¢μ¤ÖÉ¸Ö
¢ ±μ··¥²ÖÉμ·. ”Ê´±Í¨¨ BΔ ¨ B̄Δ̄ ´ §Ò¢ ÕÉ¸Ö £μ²μ³μ·Ë´Ò³ ¨  ´É¨£μ²μ-
³μ·Ë´Ò³ ±μ´Ëμ·³´Ò³¨ ¡²μ± ³¨ ¸μμÉ¢¥É¸É¢¥´´μ. � §²μ¦¥´¨¥ É ±μ£μ ¢¨¤ 
³μ¦¥É ¡ÒÉÓ ¶μ¸É·μ¥´μ ¨ ¤²Ö ±μ··¥²ÖÉμ·μ¢ ¶·μ¨§¢μ²Ó´μ£μ Î¨¸²  ¶μ²¥°. „ -
²¥¥ · ¸¸³ É·¨¢ ÕÉ¸Ö Éμ²Ó±μ ¸¢μ°¸É¢  £μ²μ³μ·Ë´ÒÌ ±μ´Ëμ·³´ÒÌ ¡²μ±μ¢ B.
‚¸¥ ¢ÒÎ¨¸²¥´¨Ö, μ¤´ ±μ, ³μ£ÊÉ ¡ÒÉÓ ¶·μ¢¥¤¥´Ò  ´ ²μ£¨Î´Ò³ μ¡· §μ³ ¨ ¤²Ö
 ´É¨£μ²μ³μ·Ë´μ£μ ¸²ÊÎ Ö.

‚ ¤ ´´μ³ μ¡§μ·¥ · ¸¸³μÉ·¥´Ò ¤¢  ³¥Éμ¤  ¢ÒÎ¨¸²¥´¨Ö ±μ´Ëμ·³´ÒÌ ¡²μ-
±μ¢. �¥·¢Ò° μ¸´μ¢ ´ ´ ¶·Ö³ÊÕ ´  ¸¢μ°¸É¢ Ì ±μ´Ëμ·³´μ° ¸¨³³¥É·¨¨. �·¨
ÔÉμ³ ¢ÒÎ¨¸²¥´¨Ö ¤μ¢μ²Ó´μ £·μ³μ§¤±¨,   ¨Ì ¸²μ¦´μ¸ÉÓ §´ Î¨É¥²Ó´μ Ê¢¥²¨-
Î¨¢ ¥É¸Ö ¶·¨ · ¸¸³μÉ·¥´¨¨ ¢Ò¸Ï¨Ì ¶μ·Ö¤±μ¢ · §²μ¦¥´¨Ö ¶μ ±μμ·¤¨´ É ³
¶μ²¥° ¢ ±μ´Ëμ·³´μ³ ¡²μ±¥.

‚Éμ·μ° ³¥Éμ¤ μ¸´μ¢ ´ ´  ¨¸¶μ²Ó§μ¢ ´¨¨ ±μ´±·¥É´μ° ±μ´Ëμ·³´μ° ³μ-
¤¥²¨ Å É¥μ·¨¨ ¸¢μ¡μ¤´ÒÌ ¸± ²Ö·´ÒÌ ¶μ²¥°. �Éμ μ¤´  ¨§ ¶·μ¸É¥°Ï¨Ì ³μ¤¥-
²¥° ±μ´Ëμ·³´μ° É¥μ·¨¨. ‘ ¶μ³μÐÓÕ ¤ ´´μ° ³μ¤¥²¨ ³μ¦´μ ²¥£±μ ¶μ²ÊÎ¨ÉÓ
¢¸¥ ¨´É¥·¥¸ÊÕÐ¨¥ ±μ´Ëμ·³´Ò¥ ¡²μ±¨. ‚ ± Î¥¸É¢¥ ¶μ²¥° ±μ´Ëμ·³´μ° É¥μ·¨¨
¶·¨ ÔÉμ³ ¢Ò¸ÉÊ¶ ÕÉ Ô±¸¶μ´¥´ÉÒ μÉ ¸± ²Ö·´μ£μ ¶μ²Ö:

Vα(z) = eαφ(z), (‚.6)

±μ´Ëμ·³´Ò¥ · §³¥·´μ¸É¨ ±μÉμ·ÒÌ ¸¢Ö§ ´Ò ¸ ¶ · ³¥É· ³¨ α:

Δα =
1
2
α2. (‚.7)

�¤´ ±μ ¢ ¤ ´´μ° ³μ¤¥²¨ ¶·¨¸ÊÉ¸É¢Ê¥É § ±μ´ ¸μÌ· ´¥´¨Ö Å Ê· ¢´¥´¨¥, ¦¥¸É±μ
¸¢Ö§Ò¢ ÕÐ¥¥ ¤·Ê£ ¸ ¤·Ê£μ³ · §³¥·´μ¸É¨ ¶μ²¥°, ¢Ìμ¤ÖÐ¨Ì ¢ ±μ´Ëμ·³´Ò°
¡²μ±:

∑
α = 0. ’¥³ ¸ ³Ò³ ÔÉ  ³μ¤¥²Ó ´¥ ¶μ§¢μ²Ö¥É · ¸¸³ É·¨¢ ÉÓ ±μ´-

Ëμ·³´Ò° ¡²μ± ¤²Ö ¶·μ¨§¢μ²Ó´ÒÌ · §³¥·´μ¸É¥° ¶μ²¥°.
�¤¨´ ¨§ ·¥§Ê²ÓÉ Éμ¢, μ¶¨¸ ´´ÒÌ ¢ ¤ ´´μ³ μ¡§μ·¥, ¸¢Ö§ ´ ¸ · ¸¸³μÉ·¥-

´¨¥³ ¸¶μ¸μ¡  ¢ÒÎ¨¸²¥´¨Ö ±μ··¥²ÖÉμ·μ¢ ¶μ²¥° ¸ ¶·μ¨§¢μ²Ó´μ° · §³¥·´μ¸ÉÓÕ
¢ ³μ¤¥²¨ ¸¢μ¡μ¤´ÒÌ ¶μ²¥°. ˆ¤¥Ö É ±μ£μ ¢ÒÎ¨¸²¥´¨Ö ¸μ¸Éμ¨É ¢ ¤μ¡ ¢²¥´¨¨
¢ ±μ··¥²ÖÉμ·Ò Ô±· ´¨·ÊÕÐ¨Ì μ¶¥· Éμ·μ¢ „μÍ¥´±μÄ” É¥¥¢  [17Ä19]. �±· -
´¨·ÊÕÐ¨³¨ ´ §Ò¢ ÕÉ¸Ö ¶μ²Ö, ±μÉμ·Ò¥ § ¤ ÕÉ¸Ö ¶ · ³¥É·μ³ b, ¸¢Ö§ ´´Ò³ ¸ Q
¸²¥¤ÊÕÐ¨³ μ¡· §μ³: Q = b−1/b. ‘¶¥Í¨Ë¨±  É ±¨Ì ¶μ²¥° ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ
±μ´Ëμ·³´ Ö · §³¥·´μ¸ÉÓ ¨´É¥£· ²μ¢ μÉ ´¨Ì · ¢´  ´Ê²Õ. �μ ÔÉμ° ¶·¨Î¨´¥
¤μ¡ ¢²¥´¨¥ ¢ ¢Ò· ¦¥´¨Ö ¤²Ö ±μ··¥²ÖÉμ·μ¢ Ô²¥³¥´Éμ¢ ¢¨¤ ∫

ebφ(z) (‚.8)

´¥ ¤μ²¦´μ ¶μ¢²¨ÖÉÓ ´  ±μ´Ëμ·³´Ò¥ ¸¢μ°¸É¢  É¥μ·¨¨. ’ ±¨³ μ¡· §μ³, ¶·¨
¤μ¡ ¢²¥´¨¨ Ô±· ´¨·ÊÕÐ¨Ì ¶μ²¥° ¶μ²ÊÎ ¥É¸Ö ¢Ò· ¦¥´¨¥ ¤²Ö ±μ´Ëμ·³´μ£μ
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¡²μ± , ¢±²ÕÎ ÕÐ¥¥ ¢ ¸¥¡Ö ¨´É¥£· ²Ò ‘¥²Ó¡¥·£ :

IY ′ =
N∏

i=1

q∫
0

dzi

⎧⎨⎩zY ′
N∏

i<j

(zi − zj)2b2
N∏

i=1

z2bα1
i (q − zi)2bα2

⎫⎬⎭ . (‚.9)

‚Ò· ¦¥´¨Ö É ±μ£μ É¨¶  ¡²¨§±¨ ± ³ É·¨Î´μ-³μ¤¥²Ó´Ò³ ¨´É¥£· ² ³ [20Ä37],
ÎÉμ ¶μ§¢μ²Ö¥É £μ¢μ·¨ÉÓ μ ¶μ¸É·μ¥´¨¨ ³ É·¨Î´μ° ³μ¤¥²¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¥°
±μ´Ëμ·³´μ³Ê ¡²μ±Ê. �¤´ ±μ ¸¢Ö§Ó ¶μ²ÊÎ¥´´ÒÌ μÉ¢¥Éμ¢ ¢ É ±μ° ®¤¥Ëμ·³¨-
·μ¢ ´´μ°¯ ¸¢μ¡μ¤´μ° É¥μ·¨¨ ¸ μÉ¢¥É ³¨, ¶μ²ÊÎ¥´´Ò³¨ ¨§ ±μ´Ëμ·³´μ° ¸¨³-
³¥É·¨¨, ´¥ μÎ¥¢¨¤´  ¨ É·¥¡Ê¥É ¶·μ¢¥·±¨. ‚ ¤ ´´μ³ μ¡§μ·¥ ¶·¨¢¥¤¥´  ¶·μ-
¢¥·±  Éμ£μ, ÎÉμ ¢ ¶¥·¢ÒÌ É·¥Ì ¶μ·Ö¤± Ì · §²μ¦¥´¨Ö ¶μ ¤¢μ°´Ò³ μÉ´μÏ¥´¨Ö³
±μμ·¤¨´ É ¶μ²¥° ®¤¥Ëμ·³¨·μ¢ ´´Ò¥¯ ±μ´¸É ´ÉÒ ¸¢Ö§¨ ¤¥°¸É¢¨É¥²Ó´μ · ¢´Ò
· ¸¸Î¨É ´´Ò³ ¸ ¶μ³μÐÓÕ ±μ´Ëμ·³´μ° ¸¨³³¥É·¨¨.

�ƒ’-¸μμÉ´μÏ¥´¨¥ ¸¢Ö§Ò¢ ¥É ³¥¦¤Ê ¸μ¡μ° ¤¢  μ¶¨¸ ´´ÒÌ ¢ÒÏ¥ μ¡Ñ¥±É  Å
±μ´Ëμ·³´Ò° ¡²μ± ¨ ËÊ´±Í¨Õ �¥±· ¸μ¢  Å ¤²Ö μ¶·¥¤¥²¥´´μ£μ ¸μ¸É ¢ 
¶μ²¥° ±μ´Ëμ·³´μ° É¥μ·¨¨ ¨ ¸μ¸É ¢  ³ É¥·¨¨ ¸Ê¶¥·¸¨³³¥É·¨Î´μ° É¥μ·¨¨.
�·μ¸É¥°Ï¨° ¨ ´ ¨¡μ²¥¥ ¨§ÊÎ¥´´Ò° ¸²ÊÎ °, ¢ ±μÉμ·μ³ · ¸¸³ É·¨¢ ¥É¸Ö
�ƒ’-¸μμÉ´μÏ¥´¨¥, Å ÔÉμ ¸¢Ö§Ó ³¥¦¤Ê SU(2) ¸Ê¶¥·¸¨³³¥É·¨Î´μ° É¥μ·¨¥°
Ÿ´£ ÄŒ¨²²¸  ¨ ±μ´Ëμ·³´μ° É¥μ·¨¥° ¸ ¶μ²Ö³¨, ±μÉμ·Ò¥ £¥´¥·¨·ÊÕÉ¸Ö ¸ ¶μ-
³μÐÓÕ μ¶¥· Éμ·μ¢ ‚¨· ¸μ·μ. �μ ÔÉμ ¸μμÉ´μÏ¥´¨¥ ¤μ¶Ê¸± ¥É ¨ μ¡μ¡Ð¥´¨¥ ´ 
SU(N) ¸Ê¶¥·¸¨³³¥É·¨Î´ÊÕ É¥μ·¨Õ. �·¨ ÔÉμ³ ¢ ±μ´Ëμ·³´μ° É¥μ·¨¨ · ¸¸³ -
É·¨¢ ÕÉ¸Ö ¶μ²Ö, ±μÉμ·Ò¥ £¥´¥·¨·ÊÕÉ¸Ö ¸ ¶μ³μÐÓÕ W (N)  ²£¥¡·Ò. ‚ Î ¸É´μ-
¸É¨, ¢ · ¡μÉ¥ [38] ¡Ò²μ · ¸¸³μÉ·¥´μ É ±μ¥ ¸μμÉ´μÏ¥´¨¥ ¤²Ö ¸²ÊÎ Ö N = 3.

Š·μ³¥ Éμ£μ, ¢ ¤ ´´μ³ μ¡§μ·¥ · ¸¸³μÉ·¥´μ �ƒ’-¸μμÉ´μÏ¥´¨¥ ¤²Ö ¤¢ÊÌ
±μ´Ë¨£Ê· Í¨° ¶μ²¥° Å ±μ´Ëμ·³´μ£μ ¡²μ±  ¤²Ö ´¥¸±μ²Ó±¨Ì ¢´¥Ï´¨Ì ¶μ²¥°
´  ¤¢Ê³¥·´μ° ¸Ë¥·¥ ¨ ±μ´Ëμ·³´μ£μ ¡²μ±  ¤²Ö μ¤´μ£μ ¶μ²Ö ´  ¤¢Ê³¥·´μ³ Éμ·¥.
Š ± ±μ´Ëμ·³´Ò° ¡²μ±, É ± ¨ ËÊ´±Í¨Ö �¥±· ¸μ¢  ¶·¥¤¸É ¢²ÖÕÉ¸Ö ·Ö¤ ³¨ ¶μ
¤¢μ°´Ò³ μÉ´μÏ¥´¨Ö³ ±μμ·¤¨´ É ¢ ¶¥·¢μ° É¥μ·¨¨ ¨ ¶μ ´¥¶¥·ÉÊ·¡ É¨¢´μ³Ê
¶ · ³¥É·Ê ¢μ ¢Éμ·μ°. ‚ ¤ ´´μ³ μ¡§μ·¥ · ¸¸³μÉ·¥´Ò ´¨§Ï¨¥ ¶μ·Ö¤±¨ ÔÉ¨Ì
· §²μ¦¥´¨° (¨´μ£¤  ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶μ·Ö¤±¨ · §²μ¦¥´¨° ¡Ê¤ÊÉ ´ §Ò¢ ÉÓ¸Ö
®Ê·μ¢´¥³¯ �ƒ’-¸μμÉ´μÏ¥´¨Ö) ¨ ¶·μ¢¥·¥´μ, ÎÉμ £¨¶μÉ¥§  �ƒ’ ¤¥°¸É¢¨É¥²Ó´μ
¢Ò¶μ²´Ö¥É¸Ö.

‚Éμ· Ö Î ¸ÉÓ μ¡§μ·  ¶μ¸¢ÖÐ¥´  É·¥Ì³¥·´μ° É¥μ·¨¨ —¥·´ Ä‘ °³μ´¸ . ˆ¸-
Ìμ¤´ Ö £¨¶μÉ¥§  �ƒ’, ¶·¥¤²μ¦¥´´ Ö ¢ [11], μ¶¨¸Ò¢ ¥É ¸¢Ö§Ó ³¥¦¤Ê ¤¢Ê³¥·´μ°
¨ Î¥ÉÒ·¥Ì³¥·´μ° É¥μ·¨Ö³¨. �μ ¸ÊÐ¥¸É¢ÊÕÉ ¨ μ¡μ¡Ð¥´¨Ö ´  É¥μ·¨¨ ¤·Ê£¨Ì
· §³¥·´μ¸É¥°. ’ ±, · ¸¸³ É·¨¢ ÕÉ¸Ö μ¡μ¡Ð¥´¨Ö ´  ¸²ÊÎ ° ¤¢ÊÌ É·¥Ì³¥·´ÒÌ
É¥μ·¨° [39Ä57] ¨ É·¥Ì³¥·´μ° ¨ ¶ÖÉ¨³¥·´μ° É¥μ·¨° [57]. ‚ μ¡μ¨Ì ¸²ÊÎ ÖÌ
¢ ·μ²¨ (μ¤´μ° ¨§) É·¥Ì³¥·´ÒÌ É¥μ·¨° ¢Ò¸ÉÊ¶ ¥É É¥μ·¨Ö —¥·´ Ä‘ °³μ´¸ 
¸ ¤¥°¸É¢¨¥³

LCS =
k

4π

(
A ∧ dA +

2
3
A ∧A ∧A

)
. (‚.10)
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�É  É¥μ·¨Ö ¶·¨³¥Î É¥²Ó´  É¥³, ÎÉμ μ´  Ö¢²Ö¥É¸Ö Éμ¶μ²μ£¨Î¥¸±μ° É¥μ·¨¥°, É. ¥.
¥¥ ±μ··¥²ÖÉμ·Ò ´¥ § ¢¨¸ÖÉ μÉ ±μμ·¤¨´ É ¢ É·¥Ì³¥·´μ³ ¶·μ¸É· ´¸É¢¥. �μ ÔÉμ°
¶·¨Î¨´¥ ¥¥ ¨§ÊÎ¥´¨¥  ±ÉÊ ²Ó´μ ¢ ±μ´É¥±¸É¥ ¶·¨²μ¦¥´¨° ± ¡μ²¥¥ ¸²μ¦´Ò³
Éμ¶μ²μ£¨Î¥¸±¨³ É¥μ·¨Ö³, ¢ Éμ³ Î¨¸²¥ ± Éμ¶μ²μ£¨Î¥¸±μ° É¥μ·¨¨ ¸É·Ê´ [58].

�·¨ ´¥±μÉμ·ÒÌ ¢Ò¡μ· Ì ± ²¨¡·μ¢±¨ É·¥Ì³¥·´ Ö É¥μ·¨Ö —¥·´ Ä‘ °³μ´¸ 
¶·¥¢· Ð ¥É¸Ö ¢ ²μ± ²Ó´μ ´¥¢§ ¨³μ¤¥°¸É¢ÊÕÐÊÕ É¥μ·¨Õ. ’¥³ ¸ ³Ò³ § ¤ Î 
μ ´ Ìμ¦¤¥´¨¨ ±μ··¥²ÖÉμ·μ¢ ´¥¸±μ²Ó±¨Ì ¶μ²¥° ´¥ ¶·¥¤¸É ¢²Ö¥É É ±μ£μ Ï¨·μ-
±μ£μ ¨´É¥·¥¸ , ± ± ¢ ¤·Ê£¨Ì É¥μ·¨ÖÌ ¶μ²Ö. �¤´ ±μ, ¡² £μ¤ ·Ö Éμ¶μ²μ£¨Î¥¸±μ°
¨´¢ ·¨ ´É´μ¸É¨ ¨ É·¥Ì³¥·´μ¸É¨, ¡μ²ÓÏμ° ¨´É¥·¥¸ ¤²Ö ¨§ÊÎ¥´¨Ö ¶·¥¤¸É ¢²ÖÕÉ
±μ··¥²ÖÉμ·Ò ¤·Ê£μ£μ É¨¶  Å ¢¨²Ó¸μ´μ¢¸±¨¥ ¸·¥¤´¨¥:

〈WK〉 =
1
Z

∫
M

[DA] Tr P exp

⎛⎝∮
K

A dx

⎞⎠ exp

⎛⎝ i

h

∫
M

L[A]

⎞⎠ , (‚.11)

£¤¥ Z Å ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  É¥μ·¨¨:

Z =
∫
M

[DA] exp

⎛⎝ i

h

∫
M

L[A]

⎞⎠ . (‚.12)

‚¨²Ó¸μ´μ¢¸±¨¥ ¸·¥¤´¨¥ (¸·¥¤´¨¥ §´ Î¥´¨Ö ¶¥É¥²Ó ‚¨²Ó¸μ´ ) ¢ÒÎ¨¸²ÖÕÉ¸Ö ¤²Ö
· §²¨Î´ÒÌ ±μ´ÉÊ·μ¢ K. Š²ÕÎ¥¢ Ö μ¸μ¡¥´´μ¸ÉÓ É·¥Ì³¥·´μ° É¥μ·¨¨, ±μÉμ· Ö
´¥ ¶·μÖ¢²Ö¥É¸Ö ¢ É¥μ·¨ÖÌ ¡μ²ÓÏ¨Ì · §³¥·´μ¸É¥°, ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¢ É·¥Ì-
³¥·´μ³ ¶·μ¸É· ´¸É¢¥ ¸ÊÐ¥¸É¢ÊÕÉ ´¥É·¨¢¨ ²Ó´Ò¥ ±μ´ÉÊ·Ò, ±μÉμ·Ò¥ ´¥²Ó§Ö
¸¢¥¸É¨ ¸ ¶μ³μÐÓÕ Éμ¶μ²μ£¨Î¥¸±¨Ì ¶·¥μ¡· §μ¢ ´¨° ¤·Ê£ ± ¤·Ê£Ê. ’ ±¨¥ ±μ´-
ÉÊ·Ò ¸μμÉ¢¥É¸É¢ÊÕÉ · §²¨Î´Ò³ Ê§² ³. ’¥³ ¸ ³Ò³ μÉ±·Ò¢ ¥É¸Ö ¡μ²ÓÏμ° ¶² ¸É
§ ¤ Î μ¡ ¨§ÊÎ¥´¨¨ ¸¢μ°¸É¢ É ±¨Ì ¢¨²Ó¸μ´μ¢¸±¨Ì ¸·¥¤´¨Ì ¤²Ö · §²¨Î´ÒÌ ±μ´-
ÉÊ·μ¢ (Ê§²μ¢).

‘μ£² ¸´μ · ¡μÉ¥ �. ‚¨ÉÉ¥´  [59] ¸·¥¤´¨¥ §´ Î¥´¨Ö ¶¥É¥²Ó ‚¨²Ó¸μ´  ¢ É¥-
μ·¨¨ —¥·´ Ä‘ °³μ´¸  ¸ ± ²¨¡·μ¢μÎ´μ° £·Ê¶¶μ° SU(2) · ¢´Ò ¶μ²¨´μ³ ³
„¦μ´¸  [60], ¶μ¸É·μ¥´´Ò³ ¢ ³ É¥³ É¨Î¥¸±μ° É¥μ·¨¨ Ê§²μ¢. Œ É¥³ É¨Î¥¸± Ö
É¥μ·¨Ö Ê§²μ¢ Å ÔÉμ ¤μ¢μ²Ó´μ ¸É · Ö μ¡² ¸ÉÓ ³ É¥³ É¨±¨, ±μÉμ·ÊÕ ´ Î ²¨
¨§ÊÎ ÉÓ ¥Ð¥ ¢ XVII ¢. ƒ² ¢´ Ö § ¤ Î  ÔÉμ° É¥μ·¨¨ ¸μ¸Éμ¨É ¢ ¶μ¸É·μ¥´¨¨
 ²£μ·¨É³ , ¶μ§¢μ²ÖÕÐ¥£μ μÉ²¨Î¨ÉÓ ¤·Ê£ μÉ ¤·Ê£  · §²¨Î´Ò¥ Ê§²Ò Å § ³±´Ê-
ÉÒ¥ ±μ´ÉÊ·Ò ¢ É·¥Ì³¥·´μ³ ¶·μ¸É· ´¸É¢¥. �¸´μ¢´μ° ³¥Éμ¤, ¨¸¶μ²Ó§Ê¥³Ò° ¤²Ö
¤μ¸É¨¦¥´¨Ö ÔÉμ° Í¥²¨, ¸μ¸Éμ¨É ¢ ¶μ¸É·μ¥´¨¨ É ± ´ §Ò¢ ¥³ÒÌ ¨´¢ ·¨ ´Éμ¢
Ê§²μ¢. �¤´¨ ¨§ ´ ¨¡μ²¥¥ μ¡Ð¨Ì ¶μ²¨´μ³μ¢ Ê§²μ¢ Å ÔÉμ É ± ´ §Ò¢ ¥³Ò¥
¶μ²¨´μ³Ò •μ¸É¥Ä�±´¥ ´ÊÄŒ¨²²¥Ä”·¥°¤ Ä‹¨±μ·¨Ï Ä‰¥ÉÉ¥·  (•�Œ”‹ˆ)∗.
�μ²¨´μ³Ò „¦μ´¸  Ö¢²ÖÕÉ¸Ö ¨Ì Î ¸É´Ò³ ¸²ÊÎ ¥³.

∗ˆ´μ£¤  ¨Ì ¥Ð¥ ´ §Ò¢ ÕÉ ¶μ²¨´μ³ ³¨ •�Œ”‹ˆ-�’ ( ¡¡·¥¢¨ ÉÊ·  ¨§ ´ Î ²Ó´ÒÌ ¡Ê±¢
Ë ³¨²¨°  ¢Éμ·μ¢ „¦.•μ¸É¥, �.�±´¥ ´Ê, Š.Œ¨²²¥, �.”·¥°¤ , ‚. ‹¨±μ·¨Ï , „.‰¥ÉÉ¥· ,   É ±¦¥
‰.�·¦É¨Í±μ£μ ¨ �. ’· ÎÊ±  [62, 63]).



‘‚�‰‘’‚� Š��”��Œ�›• 	‹�Š�‚, ƒˆ��’…‡� �ƒ’ ˆ ��‹ˆ��Œ› “‡‹�‚ 1435

…¸²¨ μ¡μ¡Ð¨ÉÓ ÊÉ¢¥·¦¤¥´¨Ö, ¸¤¥² ´´Ò¥ �.‚¨ÉÉ¥´μ³, Éμ ¢¨²Ó¸μ´μ¢¸±¨¥
¸·¥¤´¨¥ É¥μ·¨¨ —¥·´ Ä‘ °³μ´¸  Ô±¢¨¢ ²¥´É´Ò ¶μ²¨´μ³ ³ •�Œ”‹ˆ. ‘¢μ°-
¸É¢  É ±¨Ì ¶μ²¨´μ³μ¢ ± ´ ¸ÉμÖÐ¥³Ê ¢·¥³¥´¨ Ï¨·μ±μ ¨§ÊÎ¥´Ò Éμ²Ó±μ ¤²Ö
μ¤´μ£μ ±² ¸¸  Ê§²μ¢, ´ §Ò¢ ¥³ÒÌ Éμ·¨Î¥¸±¨³¨ (É ± ± ± μ´¨ ¶μ²ÊÎ ÕÉ¸Ö ¸ ¶μ-
³μÐÓÕ ´ ³μÉ±¨ ´¨É¨ ´  Éμ·). �¤´ ±μ μ¡Ð¨¥ ¸¢μ°¸É¢  ¢¨²Ó¸μ´μ¢¸±¨Ì ¸·¥¤´¨Ì
(¶μ²¨´μ³μ¢ •�Œ”‹ˆ) ¤²Ö ¶·μ¨§¢μ²Ó´ÒÌ Ê§²μ¢ ¶μ±  ³ ²μ ¨§ÊÎ¥´Ò. ‚μ ³´μ-
£μ³ ¶·¨Î¨´μ° ¤²Ö ÔÉμ£μ ¸²Ê¦¨É Éμ, ÎÉμ μÉ¢¥ÉÒ ¤²Ö ´¥Éμ·¨Î¥¸±¨Ì Ê§²μ¢ ¨§-
¢¥¸É´Ò Éμ²Ó±μ ¢ ËÊ´¤ ³¥´É ²Ó´μ³ ¶·¥¤¸É ¢²¥´¨¨. Œ´μ£¨¥ ¨§¢¥¸É´Ò¥ ¸¢μ°-
¸É¢  Éμ·¨Î¥¸±¨Ì Ê§²μ¢, μ¤´ ±μ, ¸¢Ö§ ´Ò ¸ ¶μ²¨´μ³ ³¨ ¨ ¢ ¢Ò¸Ï¨Ì ¶·¥¤¸É ¢-
²¥´¨ÖÌ.

‚ ¤ ´´μ³ μ¡§μ·¥ · ¸¸³μÉ·¥´Ò ¤¢¥ § ¤ Î¨, ± ¸ ÕÐ¨¥¸Ö ¶μ²¨´μ³μ¢ Ê§-
²μ¢. �¤´  ¨§ ´¨Ì ¸¢Ö§ ´  ¸ ¶μ¸É·μ¥´¨¥³ ¶μ²¨´μ³μ¢ •�Œ”‹ˆ ¢ ¢Ò¸Ï¨Ì
¸¨³³¥É·¨Î¥¸±¨Ì ¨  ´É¨¸¨³³¥É·¨Î¥¸±¨Ì ¶·¥¤¸É ¢²¥´¨ÖÌ ¤²Ö ¶·μ¸É¥°Ï¥£μ ´¥-
Éμ·¨Î¥¸±μ£μ Ê§² . ‚Éμ· Ö § ¤ Î  ¸¢Ö§ ´  ¸ μ¶¨¸ ´¨¥³ ¨´É¥£·¨·Ê¥³ÒÌ ¸¢μ°¸É¢
¶μ²¨´μ³μ¢ Éμ·¨Î¥¸±¨Ì Ê§²μ¢,   ¨³¥´´μ ¸μ ¸¢Ö§ÓÕ ¶μ²¨´μ³μ¢ •�Œ”‹ˆ Éμ-
·¨Î¥¸±¨Ì Ê§²μ¢ ¨ ·¥Ï¥´¨° Ê· ¢´¥´¨° ¨¥· ·Ì¨¨ Š ¤μ³Í¥¢ Ä�¥É¢¨ Ï¢¨²¨.

‚ ¸²ÊÎ ¥ É¥μ·¨¨ —¥·´ Ä‘ °³μ´¸  ¸ ¶·μ¨§¢μ²Ó´μ° ± ²¨¡·μ¢μÎ´μ° £·Ê¶¶μ°
SU(N) ¢¨²Ó¸μ´μ¢¸±¨¥ ¸·¥¤´¨¥ ¸μμÉ¢¥É¸É¢ÊÕÉ ¶μ²¨´μ³ ³ •�Œ”‹ˆ, ±μÉμ·Ò¥
Ö¢²ÖÕÉ¸Ö ¶μ²¨´μ³ ³¨ ¶μ ¤¢Ê³ ¶¥·¥³¥´´Ò³ q ¨ A, ¸¢Ö§ ´´Ò³ ¸ ±μ´¸É ´Éμ°
¸¢Ö§¨ É¥μ·¨¨ ¨ £·Ê¶¶μ° SU(N):

q = exp
(

k + N

4π

)
, A = qN . (‚.13)

„ ´´μ¥ ¸μμÉ´μÏ¥´¨¥ ³¥¦¤Ê É¥μ·¨¥° Ê§²μ¢ ¨ É¥μ·¨¥° —¥·´ Ä‘ °³μ´¸  ¨´É¥-
·¥¸´μ ¶μ Éμ° ¶·¨Î¨´¥, ÎÉμ μ´μ ¶μ§¢μ²Ö¥É ¨§ÊÎ ÉÓ ¸É·Ê±ÉÊ·Ê ¢¨²Ó¸μ´μ¢¸±¨Ì
¸·¥¤´¨Ì ¤²Ö · §²¨Î´ÒÌ ±μ´ÉÊ·μ¢ (Ê§²μ¢). �É³¥É¨³ É ±¦¥, ÎÉμ É¥μ·¨Ö —¥·´ Ä
‘ °³μ´¸  ¸¢Ö§ ´  ¨ ¸ ¤·Ê£¨³¨ Ë¨§¨Î¥¸±¨³¨ É¥μ·¨Ö³¨, ´ ¶·¨³¥·, ±μ´Ëμ·³-
´μ° É¥μ·¨¥° ‚¥¸¸ Ä‡Ê³¨´μÄ‚¨ÉÉ¥´  [59].

ˆ¸Ìμ¤´μ ¢ ³ É¥³ É¨Î¥¸±μ° É¥μ·¨¨ Ê§²μ¢ ¶μ²¨´μ³Ò •�Œ”‹ˆ § ¤ ÕÉ¸Ö
¸ ¶μ³μÐÓÕ ´ ¡μ·  ¸±¥°´-¸μμÉ´μÏ¥´¨°, ¸¢Ö§Ò¢ ÕÐ¨Ì ³¥¦¤Ê ¸μ¡μ° ¶μ²¨´μ³Ò
¤²Ö Ê§²μ¢, ¢ ±μÉμ·ÒÌ ¶¥·¥¸¥Î¥´¨¥ § ³¥´Ö¥É¸Ö ´  μ¡· É´μ¥ ¶¥·¥¸¥Î¥´¨¥ ¨²¨
¦¥ ´  μÉ¸ÊÉ¸É¢¨¥ ¶¥·¥¸¥Î¥´¨Ö:

K ←→
��

, K′ ←→
� �

, K′′ ←→
� �

. (‚.14)

‘±¥°´-¸μμÉ´μÏ¥´¨Ö ¶·¨ ÔÉμ³ £² ¸ÖÉ, ÎÉμ

AHK(A, q) − A−1HK′
(A, q) = (q − q−1)HK′′

(A, q). (‚.15)
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’μ¶μ²μ£¨Î¥¸±ÊÕ ¨´¢ ·¨ ´É´μ¸ÉÓ ¶μ¸É·μ¥´´ÒÌ É ±¨³ μ¡· §μ³ ¶μ²¨´μ³μ¢ ³μ¦´μ
¶·μ¢¥·¨ÉÓ, · ¸¸³μÉ·¥¢ ¤¢¨¦¥´¨Ö �¥¤¥³¥°¸É¥· :

I: ←→

II: ←→

III: ←→

(‚.16)

‘ ÉμÎ±¨ §·¥´¨Ö Éμ¶μ²μ£¨Î¥¸±¨Ì ¶·¥μ¡· §μ¢ ´¨° ¤¢  ±μ´ÉÊ·  ¸μ¢¶ ¤ ÕÉ Éμ£¤ 
¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  ¤¢Ê³¥·´ÊÕ ¶·μ¥±Í¨Õ μ¤´μ£μ ¨§ ´¨Ì ³μ¦´μ ¶¥·¥¢¥-
¸É¨ ¢ ¶·μ¥±Í¨Õ ¤·Ê£μ£μ ¸ ¶μ³μÐÓÕ ¤¢¨¦¥´¨° �¥¤¥³¥°¸É¥·  ¨ ¶² ¢´ÒÌ ¤¥-
Ëμ·³ Í¨° [61]. ˆ§ É·¥ÉÓ¥£μ ¤¢¨¦¥´¨Ö �¥¤¥³¥°¸É¥·  ¸²¥¤Ê¥É, ÎÉμ ¶μ²¨´μ³Ò
•�Œ”‹ˆ μ¶¨¸Ò¢ ÕÉ¸Ö ¶·μ¨§¢¥¤¥´¨¥³ R-³ É·¨Í, É ± ± ± μ´μ Ô±¢¨¢ ²¥´É´μ
Ê· ¢´¥´¨Õ Ÿ´£ Ä	 ±¸É¥· 

R1R2R1 = R2R1R2. (‚.17)

“· ¢´¥´¨¥ (‚.15) ¶·¨ ÔÉμ³ § ¤ ¥É ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö R-³ É·¨ÍÒ.
‘μ£² ¸´μ [62, 63] ¤²Ö Éμ£μ, ÎÉμ¡Ò Ê¤μ¢²¥É¢μ·Ö²μ¸Ó ¶¥·¢μ¥ ¤¢¨¦¥´¨¥ �¥-

¤¥³¥°¸É¥· , ¶μ²¨´μ³Ò •�Œ”‹ˆ ¸²¥¤Ê¥É ¶·¥¤¸É ¢²ÖÉÓ ¢ Ëμ·³¥ · §²μ¦¥´¨Ö
¶μ Ì · ±É¥· ³ ±¢ ´Éμ¢μ° £·Ê¶¶Ò SU(N):

HK
T =

∑
Q

S∗
Q(A, q)hQ

T

K
, (‚.18)

£¤¥ S∗
Q(A, q) Å ÔÉμ Ì · ±É¥·Ò,   hQ

T

K
Å ±μÔËË¨Í¨¥´ÉÒ, μ¶·¥¤¥²Ö¥³Ò¥

¤²Ö ± ¦¤μ£μ Ê§²  ¸ ¶μ³μÐÓÕ ¶·μ¨§¢¥¤¥´¨Ö R-³ É·¨Í. • · ±É¥·Ò S∗
Q(A, q)

¶·¨ ÔÉμ³ ¡¥·ÊÉ¸Ö ¢ ¸¶¥Í¨ ²Ó´μ° ÉμÎ±¥, ´ §Ò¢ ¥³μ° Éμ¶μ²μ£¨Î¥¸±¨³ ²μ±Ê¸μ³.
‘É ´¤ ·É´ Ö § ¶¨¸Ó ¤²Ö Ì · ±É¥·μ¢ μ¶¨¸Ò¢ ¥É ¨Ì ± ± ËÊ´±Í¨¨ ¢·¥³¥´´�ÒÌ ¶¥-
·¥³¥´´ÒÌ tk (¸²¥¤Ò ¸É¥¶¥´¥° £·Ê¶¶μ¢μ£μ Ô²¥³¥´É  ¢ ËÊ´¤ ³¥´É ²Ó´μ³ ¶·¥¤-
¸É ¢²¥´¨¨). ‘μμÉ¢¥É¸É¢¥´´μ, · §²μ¦¥´¨¥ (‚.18) ³μ¦´μ μ¡μ¡Ð¨ÉÓ ¶ÊÉ¥³ § -
³¥´Ò Éμ¶μ²μ£¨Î¥¸±μ£μ ²μ±Ê¸  ´  ¶·μ¨§¢μ²Ó´Ò¥ tk, ¶μ¸É·μ¨¢, É ±¨³ μ¡· §μ³,
μ¡μ¡Ð¥´´Ò¥ ¶μ²¨´μ³Ò •�Œ”‹ˆ.

‚ ¤ ´´μ³ μ¡§μ·¥ · ¸¸³μÉ·¥´  ¸¢Ö§Ó ³¥¦¤Ê É¥μ·¨¥° —¥·´ Ä‘ °³μ´¸  ¨
¨´É¥£·¨·Ê¥³Ò³¨ ¸¨¸É¥³ ³¨. �¤´¨ ¨§ ¸ ³ÒÌ Ìμ·μÏμ ¨§ÊÎ¥´´ÒÌ μ¡Ñ¥±Éμ¢
¢ É¥μ·¨¨ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ Å ÔÉμ τ -ËÊ´±Í¨¨ ¨¥· ·Ì¨¨ Š ¤μ³Í¥¢ Ä
�¥É¢¨ Ï¢¨²¨ (Š�). ‚ ¸²ÊÎ ¥ É·¥Ì ¶¥·¥³¥´´ÒÌ μ´¨ Ö¢²ÖÕÉ¸Ö ·¥Ï¥´¨Ö³¨
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±² ¸¸¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö Š ¤μ³Í¥¢ Ä�¥É¢¨ Ï¢¨²¨. �Éμ Ê· ¢´¥´¨¥ ¤μ¶Ê¸± ¥É
É ±¦¥ μ¡μ¡Ð¥´¨¥ ´  ¸²ÊÎ ° ¡μ²ÓÏ¥£μ Î¨¸²  ¶¥·¥³¥´´ÒÌ, ¶μ·μ¦¤ Ö É¥³ ¸ -
³Ò³ ¨¥· ·Ì¨Õ Ê· ¢´¥´¨°. ‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ τ -ËÊ´±Í¨¨ Ö¢²ÖÕÉ¸Ö ·¥Ï¥´¨Ö³¨
¡¨²¨´¥°´μ£μ Ê· ¢´¥´¨Ö •¨·μÉÒ

∮
dz exp

[∑
k

(tk − t′k)z−k

]
τ

(
tk +

zk

k

)
τ

(
t′k − zk

k

)
= 0. (‚.19)

‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ·¥Ï¥´¨Ö ¤ ´´μ£μ Ê· ¢´¥´¨Ö Ï¨·μ±μ ¨§ÊÎ ÕÉ¸Ö, ¢ Éμ³
Î¨¸²¥ ¢ ±μ´É¥±¸É¥ ¸¢Ö§¥° ¸ · §²¨Î´Ò³¨ É¥μ·¨Ö³¨.

Š ± τ -ËÊ´±Í¨¨, É ± ¨ μ¡μ¡Ð¥´´Ò¥ ¶μ²¨´μ³Ò •�Œ”‹ˆ Ö¢²ÖÕÉ¸Ö ËÊ´±-
Í¨Ö³¨ μÉ ¢·¥³¥´´ÒÌ ¶¥·¥³¥´´ÒÌ. ‚ ¤ ´´μ³ μ¡§μ·¥ · ¸¸³μÉ·¥´  ¸¢Ö§Ó ³¥¦¤Ê
ÔÉ¨³¨ ¤¢Ê³Ö μ¡Ñ¥±É ³¨. �·¨ ÔÉμ³ ¨¸¶μ²Ó§ÊÕÉ¸Ö ³¥Éμ¤Ò ¶μ¸É·μ¥´¨Ö ¶μ²¨´μ-
³μ¢ •�Œ”‹ˆ ± ± · §²μ¦¥´¨Ö ¶μ Ì · ±É¥· ³. ’ ±, ¡Ò²μ ¶μ²ÊÎ¥´μ, ÎÉμ ¶·μ-
¨§¢μ¤ÖÐ Ö ËÊ´±Í¨Ö μ¡μ¡Ð¥´´ÒÌ ¶μ²¨´μ³μ¢ •�Œ”‹ˆ ¤¥°¸É¢¨É¥²Ó´μ Ö¢²Ö-
¥É¸Ö τ -ËÊ´±Í¨¥° Š� ¤²Ö Éμ·¨Î¥¸±¨Ì Ê§²μ¢. �μ É ±¦¥ μ± § ²μ¸Ó, ÎÉμ ÔÉμ ´¥
¢¸¥£¤  ¸μ¡²Õ¤ ¥É¸Ö ¤²Ö ´¥Éμ·¨Î¥¸±¨Ì Ê§²μ¢.

‘¢Ö§Ó ¸ ¨´É¥£·¨·Ê¥³Ò³¨ ¸¨¸É¥³ ³¨ ´¥ Ö¸´  ¤²Ö ´¥Éμ·¨Î¥¸±¨Ì Ê§²μ¢. �¤´ 
¨§ ¶·¨Î¨´ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ Éμ²Ó±μ ¤²Ö Éμ·¨Î¥¸±¨Ì Ê§²μ¢ ¨§¢¥¸É´  ´ ¨¡μ²¥¥
μ¡Ð Ö Ëμ·³Ê²  ¤²Ö ¶μ²¨´μ³μ¢ •�Œ”‹ˆ ¢ ¶·μ¨§¢μ²Ó´μ³ ¶·¥¤¸É ¢²¥´¨¨ (¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨Ì ¢¨²Ó¸μ´μ¢¸±¨³ ¸·¥¤´¨³ ¸ ¶μ²¥³, ¶·¥μ¡· §ÊÕÐ¨³¸Ö ¶μ ¶·μ¨§-
¢μ²Ó´μ³Ê ¶·¥¤¸É ¢²¥´¨Õ ± ²¨¡·μ¢μÎ´μ° £·Ê¶¶Ò). ‘±¥°´-¸μμÉ´μÏ¥´¨Ö (‚.15)
É ±¦¥ ¸¨²Ó´μ Ê¸²μ¦´ÖÕÉ¸Ö ¶·¨ ¨§ÊÎ¥´¨¨ ¢Ò¸Ï¨Ì ¶·¥¤¸É ¢²¥´¨°, ÎÉμ ´¥ ¶μ-
§¢μ²Ö¥É ¨¸¶μ²Ó§μ¢ ÉÓ ¨Ì ¤²Ö · ¸¸³μÉ·¥´¨Ö É ±¨Ì ¶μ²¨´μ³μ¢. ‚ Éμ³ Î¨¸²¥ ¨
¤²Ö ¶·μÖ¸´¥´¨Ö ¸¢Ö§¨ ¸ ¨´É¥£·¨·Ê¥³Ò³¨ ¸¨¸É¥³ ³¨ ¢μ§´¨± ¥É § ¤ Î  μ ¶μ-
¸É·μ¥´¨¨ ¶μ²¨´μ³μ¢ •�Œ”‹ˆ ¢ ¢Ò¸Ï¨Ì ¶·¥¤¸É ¢²¥´¨ÖÌ ¤²Ö ¶·μ¸É¥°Ï¥£μ
´¥Éμ·¨Î¥¸±μ£μ Ê§²  Å Ê§² -¢μ¸Ó³¥·±¨.

„ ´´Ò° μ¡§μ· μ¸´μ¢ ´ ´  ¶Ê¡²¨± Í¨ÖÌ [64Ä69].
‚¢¥¤¥´¨¥ ¶μ¸¢ÖÐ¥´μ μ¡Ð¥³Ê μ¶¨¸ ´¨Õ · ¸¸³μÉ·¥´´ÒÌ § ¤ Î ¨ ¨Ì  ±ÉÊ-

 ²Ó´μ¸É¨.
� §¤. 1 ¶μ¸¢ÖÐ¥´ ¤¢Ê³¥·´μ° ±μ´Ëμ·³´μ° É¥μ·¨¨ ¶μ²Ö. � ¸¸³μÉ·¥´Ò

μ¸´μ¢´Ò¥ ¸¢μ°¸É¢  ¨ Ô²¥³¥´ÉÒ ±μ´Ëμ·³´μ° É¥μ·¨¨.
‚ ¶¶. 1.1Ä1.3 · ¸¸³ É·¨¢ ¥É¸Ö É¥μ·¨Ö ¸¢μ¡μ¤´ÒÌ ¸± ²Ö·´ÒÌ ¶μ²¥° ¢ ±μ´-

É¥±¸É¥ ¨§ÊÎ¥´¨Ö ±μ´Ëμ·³´μ° É¥μ·¨¨ ¶μ²Ö. ‚ Î ¸É´μ¸É¨, μ¶¨¸ ´Ò ¸¢μ°¸É¢ 
±μ··¥²ÖÉμ·μ¢ ¢ ¸¢μ¡μ¤´μ° É¥μ·¨¨.

‚ ¶¶. 1.4Ä1.8 · ¸¸³μÉ·¥´  ³¥Éμ¤¨±  · ¸Î¥É  ±μ´Ëμ·³´ÒÌ ¡²μ±μ¢ ¶μ ¤¨ -
£· ³³¥. Šμ´Ëμ·³´Ò° ¡²μ±, ±μÉμ·Ò° Ö¢²Ö¥É¸Ö Î ¸ÉÓÕ ±μ··¥²ÖÉμ·  ±μ´Ëμ·³-
´μ° É¥μ·¨¨ ¶μ²Ö, ¸¢μ¤¨É¸Ö ± ¶·μ¨§¢¥¤¥´¨Õ μ¡· É´ÒÌ ³ É·¨Í ˜ ¶μ¢ ²μ¢  ¨
É·μ°´ÒÌ ¢¥·Ï¨´. Œ É·¨Í  ˜ ¶μ¢ ²μ¢  ¸μμÉ¢¥É¸É¢Ê¥É ±μ··¥²ÖÉμ·Ê ¤¢ÊÌ ¶μ-
²¥°. �¶¨¸ ´Ò ¸¢μ°¸É¢  É·μ°´ÒÌ ¢¥·Ï¨´ ¨ ³ É·¨ÍÒ ˜ ¶μ¢ ²μ¢ ,   É ±¦¥
¶·¨¢¥¤¥´ ·Ö¤ ¢ÒÎ¨¸²¥´´ÒÌ É·μ°´ÒÌ ¢¥·Ï¨´.
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‚ ¶. 1.9 μ¶¨¸ ´Ò ¸¢μ°¸É¢  ±μ´Ëμ·³´μ° É¥μ·¨¨ ¸  ²£¥¡·μ° W (3) (μ¡μ¡Ð¥-
´¨¥³  ²£¥¡·Ò ‚¨· ¸μ·μ). � ¸¸³μÉ·¥´Ò μÉ²¨Î¨Ö μÉ  ²£¥¡·Ò ‚¨· ¸μ·μ. �¶¨-
¸ ´Ò ¸¶μ¸μ¡Ò ¢ÒÎ¨¸²¥´¨Ö É·μ°´ÒÌ ¢¥·Ï¨´, ¨ ¶μ²ÊÎ¥´Ò μ¸´μ¢´Ò¥ Ëμ·³Ê²Ò
¤²Ö ¨Ì ¶μ¸É·μ¥´¨Ö. ‚ Éμ³ Î¨¸²¥ ¶μ¸É·μ¥´Ò ·¥±Ê·¸¨¢´Ò¥ ¢Ò· ¦¥´¨Ö ´  É·μ°-
´Ò¥ ¢¥·Ï¨´Ò ¸  ²£¥¡·μ° W (3). ’ ±¦¥ ¶·μ¢¥¤¥´Ò  ´ ²μ£¨Î´Ò¥ ¢ÒÎ¨¸²¥´¨Ö
¸ ¶μ³μÐÓÕ É¥μ·¨¨ ¸¢μ¡μ¤´ÒÌ ¶μ²¥°. �·μ¢¥·¥´Ò ¶μ²ÊÎ¥´´Ò¥ ¸ ¶μ³μÐÓÕ μ¡-
Ð¨Ì ³¥Éμ¤μ¢ ±μ´Ëμ·³´μ° É¥μ·¨¨ É·μ°´Ò¥ ¢¥·Ï¨´Ò ¢ ¸²ÊÎ ¥ É¥μ·¨¨ ¸¢μ¡μ¤-
´ÒÌ ¶μ²¥°.

� §¤. 2 ¶μ¸¢ÖÐ¥´ · ¸¸³μÉ·¥´¨Õ �ƒ’-¸μμÉ´μÏ¥´¨Ö. �ƒ’-¸μμÉ´μÏ¥´¨¥
¶μ¤· §Ê³¥¢ ¥É · ¢¥´¸É¢μ ³¥¦¤Ê ±μ´Ëμ·³´Ò³ ¡²μ±μ³ ¨ ËÊ´±Í¨¥° �¥±· ¸μ¢ 
(¸¢μ°¸É¢  ±μ´Ëμ·³´ÒÌ ¡²μ±μ¢ ¶μ¤·μ¡´μ · ¸¸³μÉ·¥´Ò ¢ · §¤. 1). �·μÍ¥-
¤Ê·  ¶μ¸É·μ¥´¨Ö ËÊ´±Í¨¨ �¥±· ¸μ¢ , ´¥μ¡Ìμ¤¨³μ° ¶·¨ · ¸¸³μÉ·¥´¨¨ �ƒ’-
¸μμÉ´μÏ¥´¨Ö, μ¶¨¸ ´  ¢ ¶. 2.1.

‚ ¤ ´´μ³ · §¤¥²¥ · ¸¸³μÉ·¥´Ò ¤¢¥ ±μ´Ë¨£Ê· Í¨¨ ¶μ²¥° ±μ´Ëμ·³´μ° É¥-
μ·¨¨. �. 2.2 ¶μ¸¢ÖÐ¥´ �ƒ’-¸μμÉ´μÏ¥´¨Õ ¤²Ö ±μ´Ëμ·³´ÒÌ ¡²μ±μ¢ ´  ¤¢Ê³¥·-
´μ° ¸Ë¥·¥. �μ¤·μ¡´μ · ¸¸³μÉ·¥´Ò ¸²ÊÎ ¨ Î¥ÉÒ·¥Ì, ¶ÖÉ¨ ¨ Ï¥¸É¨ ¢´¥Ï´¨Ì
¶μ²¥°. ˆ§ ¢Ò· ¦¥´¨° ¤²Ö ¶¥·¢ÒÌ ¶μ·Ö¤±μ¢ · §²μ¦¥´¨° ¶μ ±μμ·¤¨´ É ³ ¶μ-
²¥° ¶μ²ÊÎ¥´Ò ¸μμÉ´μÏ¥´¨Ö ³¥¦¤Ê ¶ · ³¥É· ³¨, ¨ ¶·μ¢¥·¥´μ, ÎÉμ ¶·¨ É ±μ³
¢Ò¡μ·¥ ¶ · ³¥É·μ¢ �ƒ’-¸μμÉ´μÏ¥´¨¥ ¢Ò¶μ²´Ö¥É¸Ö ¤²Ö ¢Éμ·μ£μ ¨ É·¥ÉÓ¥£μ ¶μ-
·Ö¤±μ¢ · §²μ¦¥´¨°. ’ ±¦¥ ¶μ± § ´μ, ÎÉμ ¸ ¶μ³μÐÓÕ · ¸¸³μÉ·¥´´ÒÌ ¸²ÊÎ ¥¢
³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¸¢Ö§Ó ³¥¦¤Ê ¶ · ³¥É· ³¨ É¥μ·¨° ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ Î¨¸² 
¢´¥Ï´¨Ì ¶μ²¥°. �μ± § ´μ, ÎÉμ ¶¥·¢Ò¥ É·¨ ¶μ·Ö¤±  · §²μ¦¥´¨Ö ³´μ£μÉμÎ¥Î-
´μ£μ ¸²ÊÎ Ö (± ± ±μ´Ëμ·³´μ£μ ¡²μ± , É ± ¨ ËÊ´±Í¨¨ �¥±· ¸μ¢ ) ¸¢μ¤ÖÉ¸Ö
± Î¥ÉÒ·¥Ì-, ¶ÖÉ¨- ¨ Ï¥¸É¨ÉμÎ¥Î´Ò³ ¸²ÊÎ Ö³. ‚ ¶. 2.2.6 É ±¦¥ μ¶¨¸ ´μ ³´μ-
¦¥¸É¢μ ¸¨³³¥É·¨° ¤²Ö ¸μμÉ´μÏ¥´¨° ³¥¦¤Ê ¶ · ³¥É· ³¨. ‚ ¶. 2.2.7 · ¸¸³μ-
É·¥´Ò · §²¨Î´Ò¥ ¸¶μ¸μ¡Ò ¢Ò¡μ·  ¤¨ £· ³³ ¤²Ö μ¤¨´ ±μ¢μ£μ Î¨¸²  ¶μ²¥° ¨
μ¶¨¸ ´Ò ¤¨ £· ³³Ò, ±μÉμ·Ò¥ ¸¢Ö§ ´Ò ¸ ËÊ´±Í¨Ö³¨ �¥±· ¸μ¢  ¶μ¸·¥¤¸É¢μ³
�ƒ’-¸μμÉ´μÏ¥´¨Ö.

‚ ¶. 2.3 · ¸¸³ É·¨¢ ¥É¸Ö �ƒ’-¸μμÉ´μÏ¥´¨¥ ¤²Ö ±μ´Ëμ·³´μ£μ ¡²μ±  ¤²Ö
μ¤´μ£μ ¢´¥Ï´¥£μ ¶μ²Ö ´  ¤¢Ê³¥·´μ³ Éμ·¥. �¶¨¸ ´Ò ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ±μ´-
Ëμ·³´Ò° ¡²μ± ¨ ËÊ´±Í¨Ö �¥±· ¸μ¢ . ‚ Î ¸É´μ¸É¨, ¢ ¶. 2.3.1 · ¸¸³μÉ·¥´ ¶·¥-
¤¥² ¡μ²ÓÏ¨Ì · §³¥·´μ¸É¥° ±μ´Ëμ·³´ÒÌ ¶μ²¥°. „μ± § ´μ, ÎÉμ ±μ´Ëμ·³´Ò°
¡²μ± ¢ É ±μ³ ¶·¥¤¥²¥ μ¶¨¸Ò¢ ¥É¸Ö Ëμ·³Ê²μ°

qnB(n) ∼ Λ4nQ−1
Δ ([1n], [1n]) , (‚.20)

ÎÉμ ¸μ£² ¸Ê¥É¸Ö ¸ · ¸¸Î¨É ´´Ò³ · ´¥¥ ¢ · ¡μÉ Ì [70,71]  ´ ²μ£¨Î´Ò³ ¶·¥¤¥-
²μ³ ¤²Ö ¸²ÊÎ Ö Î¥ÉÒ·¥Ì ¢´¥Ï´¨Ì ¶μ²¥° ´  ¸Ë¥·¥.

‚ · §¤. 3 · ¸¸³ É·¨¢ ¥É¸Ö ¶·μÍ¥¤Ê·  ¢ÒÎ¨¸²¥´¨Ö ±μ´Ëμ·³´μ£μ ¡²μ±  ¸ ¨¸-
¶μ²Ó§μ¢ ´¨¥³ ±μ´±·¥É´μ° ±μ´Ëμ·³´μ° É¥μ·¨¨ Å É¥μ·¨¨ ¸¢μ¡μ¤´ÒÌ ¶μ²¥°.
�É  É¥μ·¨Ö ¶μ§¢μ²Ö¥É ²¥£±μ · ¸¸Î¨É ÉÓ ¢¸¥ ´¥μ¡Ìμ¤¨³Ò¥ Ô²¥³¥´ÉÒ, ´μ μ¡² -
¤ ¥É ¸ÊÐ¥¸É¢¥´´Ò³ μ£· ´¨Î¥´¨¥³ Å ®§ ±μ´μ³ ¸μÌ· ´¥´¨Ö¯, ´ ² £ ÕÐ¨³
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¦¥¸É±¨¥ Ê¸²μ¢¨Ö ´  · §³¥·´μ¸É¨ ¶μ²¥°. „²Ö · ¸¸³μÉ·¥´¨Ö ¶·μ¨§¢μ²Ó´ÒÌ · §-
³¥·´μ¸É¥° ¢ ±μ´Ëμ·³´Ò° ¡²μ±, ¸μ£² ¸´μ · ¡μÉ ³ „μÍ¥´±μ ¨ ” É¥¥¢ , ¤μ¡ -
¢²ÖÕÉ¸Ö μ¶¥· Éμ·´Ò¥ ¢¸É ¢±¨ ¸¶¥Í¨ ²Ó´μ£μ ¢¨¤ , ±μÉμ·Ò¥ ´¥ ¨§³¥´ÖÕÉ ±μ´-
Ëμ·³´ÒÌ ¸¢μ°¸É¢ ¢Ò· ¦¥´¨°. �·¨ ÔÉμ³ ±μ´Ëμ·³´Ò° ¡²μ± ¶·¥¤¸É ¢²Ö¥É¸Ö
¸Ê³³μ° ¨´É¥£· ²μ¢, Ö¢²ÖÕÐ¨Ì¸Ö μ¡μ¡Ð¥´¨¥³ ¨§¢¥¸É´ÒÌ ¢ ³ É¥³ É¨±¥ ¨´É¥-
£· ²μ¢ ‘¥²Ó¡¥·£ . ”μ·³  ÔÉμ£μ ¨´É¥£· ²  Ì · ±É¥·´  ¤²Ö ³ É·¨Î´ÒÌ ³μ¤¥²¥°.
‚ ¶¶. 3.1Ä3.3 ¶μ¸É·μ¥´Ò ¸É·Ê±ÉÊ·´Ò¥ ±μ´¸É ´ÉÒ ¤²Ö ¸¢μ¡μ¤´μ° É¥μ·¨¨ ¸ μ¶¥-
· Éμ·´Ò³¨ ¢¸É ¢± ³¨ „μÍ¥´±μÄ” É¥¥¢  ¨ ¶·μ¢¥·¥´μ, ÎÉμ μ´¨ ¸μ£² ¸ÊÕÉ¸Ö
¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ·¥§Ê²ÓÉ É ³¨ ¨§ · §¤. 1. ‚ ¶. 3.4 μ¶¨¸ ´ ³¥Éμ¤ ¶μ¸É·μ-
¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ³ É·¨Î´μ-³μ¤¥²Ó´μ£μ ¢Ò· ¦¥´¨Ö ¤²Ö ±μ´Ëμ·³´μ£μ
¡²μ± . ‚ ¶. 3.5 · ¸¸³μÉ·¥´Ò ¸¢μ°¸É¢  ¨´É¥£· ²μ¢ ‘¥²Ó¡¥·£ .

� §¤. 4 ¶μ¸¢ÖÐ¥´ É·¥Ì³¥·´μ° É¥μ·¨¨ —¥·´ Ä‘ °³μ´¸  ¨ ¸¢Ö§ ´´Ò³ ¸ ´¥°
§ ¤ Î ³. �¶¨¸ ´Ò μ¸´μ¢´Ò¥ ³¥Éμ¤Ò ¶μ¸É·μ¥´¨Ö ¢¨²Ó¸μ´μ¢¸±¨Ì ¸·¥¤´¨Ì É¥-
μ·¨¨ —¥·´ Ä‘ °³μ´¸  ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¨³ ¶μ²¨´μ³μ¢ •�Œ”‹ˆ ¢ É¥μ-
·¨¨ Ê§²μ¢. ‚ ¶. 4.1 μ¶¨¸ ´ ¨§¢¥¸É´Ò°  ²£μ·¨É³ ¢ÒÎ¨¸²¥´¨Ö ¶μ²¨´μ³μ¢ Ê§-
²μ¢ ¢ ËÊ´¤ ³¥´É ²Ó´μ³ ¶·¥¤¸É ¢²¥´¨¨, ¨¸¶μ²Ó§ÊÕÐ¨° ¸¢μ°¸É¢  R-³ É·¨Í.
‚ ¶. 4.2 ¶·¨¢¥¤¥´ ¨§¢¥¸É´Ò° μÉ¢¥É ¤²Ö ¶μ²¨´μ³μ¢ •�Œ”‹ˆ ¤²Ö Éμ·¨Î¥¸±¨Ì
Ê§²μ¢ Å ¥¤¨´¸É¢¥´´μ° ¸¥·¨¨, ¤²Ö ±μÉμ·μ° ¨§¢¥¸É¥´ ´ ¨¡μ²¥¥ μ¡Ð¨° μÉ¢¥É
¢ ¶·μ¨§¢μ²Ó´μ³ ¶·¥¤¸É ¢²¥´¨¨.

‚ ¶. 4.3 · ¸¸³μÉ·¥´  ¸¢Ö§Ó ³¥¦¤Ê É¥μ·¨¥° —¥·´ Ä‘ °³μ´¸ , ¢ Î ¸É´μ-
¸É¨ ¶μ²¨´μ³ ³¨ •�Œ”‹ˆ, ¨ τ -ËÊ´±Í¨Ö³¨ Š�, ¢μ§´¨± ÕÐ¨³¨ ¢ ´ ¨¡μ-
²¥¥ ¨§ÊÎ¥´´ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ Ì (τ -ËÊ´±Í¨¨ É ±μ£μ É¨¶  Ö¢²ÖÕÉ¸Ö
·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨° ¨¥· ·Ì¨¨ Š� Å μ¡μ¡Ð¥´´ÒÌ Ê· ¢´¥´¨° Š ¤μ³Í¥¢ Ä
�¥É¢¨ Ï¢¨²¨). �¶¨¸ ´Ò ¸¢μ°¸É¢  τ -ËÊ´±Í¨° Š�. „²Ö μ¶·¥¤¥²¥´¨Ö ¨´É¥£·¨-
·Ê¥³ÒÌ ¸¢μ°¸É¢ ¶μ²¨´μ³μ¢ •�Œ”‹ˆ ¨¸¶μ²Ó§ÊÕÉ¸Ö É ± ´ §Ò¢ ¥³Ò¥ μ¡μ¡-
Ð¥´´Ò¥ ¶μ²¨´μ³Ò •�Œ”‹ˆ, ±μÉμ·Ò¥ ¶μ²ÊÎ ÕÉ¸Ö ¸ ¶μ³μÐÓÕ μ¡μ¡Ð¥´¨Ö
· §²μ¦¥´¨Ö ¶μ Ì · ±É¥· ³ ¤²Ö ¸É ´¤ ·É´ÒÌ ¶μ²¨´μ³μ¢ •�Œ”‹ˆ (‚.18),

HK
T =

∑
Q�n|T |

SQ{t}hT
Q(q). (‚.21)

„μ± § ´μ, ÎÉμ ¶·μ¨§¢μ¤ÖÐ Ö ËÊ´±Í¨Ö μ¡μ¡Ð¥´´ÒÌ ¶μ²¨´μ³μ¢ •�Œ”‹ˆ

HK{t|t̄} =
∑
T

HK
T {t}ST {t̄} =

∑
T,Q

hT
QSQ{t̄}ST {t} (‚.22)

¤²Ö Éμ·¨Î¥¸±¨Ì Ê§²μ¢ Ö¢²Ö¥É¸Ö É Ê-ËÊ´±Í¨¥° τ{t}. �μ± § ´μ, ÎÉμ ¤ ´´μ¥
¸¢μ°¸É¢μ ´¥ ¢Ò¶μ²´Ö¥É¸Ö ¶·¨ · ¸¸³μÉ·¥´¨¨ ¶·μ¸É¥°Ï¨Ì ´¥Éμ·¨Î¥¸±¨Ì Ê§²μ¢.

‚ ¶. 4.4 ¶μ¸É·μ¥´ ¶μ²¨´μ³ •�Œ”‹ˆ ¢ ¶·μ¨§¢μ²Ó´μ³ ¸¨³³¥É·¨Î¥¸±μ³
¶·¥¤¸É ¢²¥´¨¨ ¤²Ö Ê§² -¢μ¸Ó³¥·±¨. �·¨¢¥¤¥´Ò  ·£Ê³¥´ÉÒ ¢ ¶μ²Ó§Ê ¶·¥¤²μ-
¦¥´´μ£μ μÉ¢¥É . �μ¸É·μ¥´Ò ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶μ²¨´μ³Ò �μ£Ê·¨Ä‚ ËÒ. �μ-
¸É·μ¥´ ¶μ²¨´μ³ •�Œ”‹ˆ ¤²Ö Ê§² -¢μ¸Ó³¥·±¨ ¢ ¶·μ¨§¢μ²Ó´μ³  ´É¨¸¨³³¥-
É·¨Î¥¸±μ³ ¶·¥¤¸É ¢²¥´¨¨. �μ¸É·μ¥´Ò ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Í¢¥É´Ò¥ ¸Ê¶¥·¶μ²¨-
´μ³Ò.
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�² £μ¤ ·´μ¸É¨. �¢Éμ· ¡² £μ¤ ·¥´ ‚. ‚.	¥²μ±Ê·μ¢Ê, �.�.ˆ¸ ¥¢Ê,
�. „.Œ¨·μ´μ¢Ê ¨ …. ‘.‘Ê¸²μ¢μ° §  ±·¨É¨Î¥¸±¨¥ § ³¥Î ´¨Ö ¢ ¶·μÍ¥¸¸¥ ¶μ¤-
£μÉμ¢±¨ ¤ ´´μ£μ μ¡§μ· . ’ ±¦¥  ¢Éμ· ¡² £μ¤ ·¥´ §  ¶μ²¥§´Ò¥ μ¡¸Ê¦¤¥´¨Ö
¨ § ³¥Î ´¨Ö �.‘.�´μÌ¨´μ°, ƒ. �.�³¨´μ¢Ê, ‘.Œ.�¶¥´±μ, ‘.	. �·É ³μ´μ¢Ê,
�. ’.�Ì³¥¤μ¢Ê, �.�. 	¥² ¢¨´Ê, „. ‚. ‚ ¸¨²Ó¥¢Ê, „.Œ. ƒ ² Ìμ¢Ê, ˆ.�. „ ´¨-
²¥´±μ, ‚. ‚. „μ²μÉ¨´Ê, ˆ.�. „Ò´´¨±μ¢Ê, �.ˆ. „Ê´¨´Ê-	 ·±μ¢¸±μ³Ê, …. �. ‡¥´-
±¥¢¨ÎÊ, �. ‚. ‡μÉμ¢Ê, Œ.�.Š § ·Ö´Ê, ‘.Š. ‹ ´¤μ, �. ‚.Œ ·Ï ±μ¢Ê, ‘.�.Œ¨-
·μ´μ¢Ê, �.
.Œμ·μ§μ¢Ê, �.�.�¥³±μ¢Ê, ’. …. � ´μ¢Ê, ˆ. ‚.�μ²Õ¡¨´Ê,
”.Š.�μ¶μ¢Ê, �. ‚.�μ¶μ²¨Éμ¢Ê, �.�. �μ¸²μ³Ê, ‚.�. �Ê¡ ±μ¢Ê, �. ‚. ‘³¨·´μ-
¢Ê, �. ‚. ‘²¥¶Íμ¢Ê, ‚. ƒ. ’Ê· ¥¢Ê, …. �.”μ³¨´ÒÌ, C.Œ.• ·Î¥¢Ê, ‘.Œ.•μ·μÏ-
±¨´Ê ¨ ˜. �.˜ ±¨·μ¢Ê. „ ´´ Ö · ¡μÉ  ¢Ò¶μ²´¥´  ¢ ˆ´¸É¨ÉÊÉ¥ ¶·μ¡²¥³ ¶¥-
·¥¤ Î¨ ¨´Ëμ·³ Í¨¨ ¶·¨ Ë¨´ ´¸μ¢μ° ¶μ¤¤¥·¦±¥ �μ¸¸¨°¸±μ£μ ´ ÊÎ´μ£μ Ëμ´¤ 
(£· ´É º14-50-00150).

1. Š��”��Œ��Ÿ ’…��ˆŸ ��‹Ÿ

‚ ÔÉμ³ · §¤¥²¥ μ¶¨¸ ´Ò μ¸´μ¢´Ò¥ ¶·¨´Í¨¶Ò ¨ ¤ ´Ò μ¶·¥¤¥²¥´¨Ö μ¸´μ¢-
´ÒÌ Ô²¥³¥´Éμ¢ ±μ´Ëμ·³´μ° É¥μ·¨¨ ¶μ²Ö. ’ ±¦¥ · ¸¸³μÉ·¥´  ¸¢μ¡μ¤´ Ö É¥μ-
·¨Ö ¡μ§μ´´ÒÌ ¶μ²¥° ¨ ¢ÒÎ¨¸²¥´¨Ö ¸ ¶μ³μÐÓÕ ÔÉμ° É¥μ·¨¨.

Š·μ³¥ Éμ£μ, μ¶¨¸ ´Ò ¸¢μ°¸É¢   ²£¥¡·Ò W (3), É·μ°´ÒÌ ¢¥·Ï¨´ ¨ ±μ´-
Ëμ·³´ÒÌ ¡²μ±μ¢, ¶μ¸É·μ¥´´ÒÌ ¸ ¥¥ ¶μ³μÐÓÕ. �μ²ÊÎ¥´Ò ·¥±Ê·¸¨¢´Ò¥ Ëμ·-
³Ê²Ò ¤²Ö É·μ°´ÒÌ ¢¥·Ï¨´ ¸  ²£¥¡·μ° W (3). ‚Ò¶μ²´¥´  ¶·μ¢¥·±  ¶μ²ÊÎ¥´´ÒÌ
·¥§Ê²ÓÉ Éμ¢ ¸ ¶μ³μÐÓÕ ³¥Éμ¤μ¢ ¸¢μ¡μ¤´μ° É¥μ·¨¨ ¶μ²Ö.

Šμ´Ëμ·³´Ò³¨ ´ §Ò¢ ÕÉ¸Ö É¥μ·¨¨, ¨´¢ ·¨ ´É´Ò¥ μÉ´μ¸¨É¥²Ó´μ ±μ´Ëμ·³-
´ÒÌ ¶·¥μ¡· §μ¢ ´¨°. ‚ ¸²ÊÎ ¥ ¤¢Ê³¥·´μ° É¥μ·¨¨ ´  ¤¢Ê³¥·´μ° ¸Ë¥·¥ ÔÉ¨
¶·¥μ¡· §μ¢ ´¨Ö ³μ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ± ±

z′ =
az + b

cz + d
, z̄′ =

āz̄ + b̄

c̄z̄ + d̄
, (1.1)

£¤¥ z ¨ z̄ Å ±μμ·¤¨´ ÉÒ ´  ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨.
�¸´μ¢´Ò³ μ¡Ñ¥±Éμ³ ¨§ÊÎ¥´¨Ö ¢ ±μ´Ëμ·³´μ° É¥μ·¨¨ ¶μ²Ö Ö¢²ÖÕÉ¸Ö ¢§ -

¨³´μ ²μ± ²Ó´Ò¥ ¶μ²Ö Ai(zi, z̄i) ¨ ¨Ì ±μ··¥²ÖÉμ·Ò

〈A1(z1, z̄1)A2(z2, z̄2)A3(z3, z̄3) . . .〉CFT .

Šμ··¥²ÖÉμ·Ò § ¢¨¸ÖÉ μÉ ±μμ·¤¨´ É zi ¨ z̄i ¨ · §³¥·´μ¸É¥° ¶μ²¥° ¨ Ö¢²ÖÕÉ¸Ö
²¨´¥°´Ò³¨ ËÊ´±Í¨Ö³¨ ¶μ ¢¸¥³ ¶μ²Ö³, ¢ ´¨Ì ¢Ìμ¤ÖÐ¨³.

�μ²Ö μ¡· §ÊÕÉ  ²£¥¡·Ê ¸ μ¶¥· Éμ·´Ò³ · §²μ¦¥´¨¥³

Ai(zi, z̄i)Aj(zj , z̄j) =
∑

k

C̃k
ij(zi, z̄i; zj , z̄j)Ak(zj , z̄j). (1.2)
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�É¨ ¸μμÉ´μÏ¥´¨Ö ¸²¥¤Ê¥É ¶μ´¨³ ÉÓ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: ¢ ²Õ¡μ³ ±μ··¥²Ö-
Éμ·¥ ¶·μ¨§¢¥¤¥´¨¥ ²Õ¡ÒÌ ¤¢ÊÌ ¶μ²¥° ³μ¦´μ § ³¥´¨ÉÓ ´  ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ
¥³Ê ¸Ê³³Ê. Šμ´Ëμ·³´ Ö ¨´¢ ·¨ ´É´μ¸ÉÓ É¥μ·¨¨ ¶·¨ ÔÉμ³ ´ ±² ¤Ò¢ ¥É μ¶·¥-
¤¥²¥´´Ò¥ Ê¸²μ¢¨Ö ´  ±μÔËË¨Í¨¥´ÉÒ C̃k

ij(zi, z̄i; zj , z̄j). ˆ§ É· ´¸²ÖÍ¨μ´´μ°
¸¨³³¥É·¨¨ ¸²¥¤Ê¥É, ÎÉμ ÔÉ¨ ±μÔËË¨Í¨¥´ÉÒ ´¥ § ¢¨¸ÖÉ μÉ ±μ´±·¥É´ÒÌ ±μ-
μ·¤¨´ É,   § ¢¨¸ÖÉ Éμ²Ó±μ μÉ zij = zi − zj ¨ z̄ij = z̄i − z̄j . Šμ´Ëμ·³´ Ö
¨´¢ ·¨ ´É´μ¸ÉÓ ¤ ¥É ±μ´±·¥É´Ò° ¢¨¤ ÔÉμ° § ¢¨¸¨³μ¸É¨:

C̃k
ij(zi, z̄i; zj, z̄j) =

Ck
ij

zΔ1+Δ2−Δk

ij z̄Δ̄1+Δ̄2−Δ̄k

ij

, (1.3)

£¤¥ Ck
ij Å ±μ³¶²¥±¸´Ò¥ Î¨¸² , ´ §Ò¢ ¥³Ò¥ ¸É·Ê±ÉÊ·´Ò³¨ ±μ´¸É ´É ³¨, μ´¨

§ ¢¨¸ÖÉ μÉ ¢Ò¡μ·  ±μ´±·¥É´μ° ±μ´Ëμ·³´μ° É¥μ·¨¨.
�·μ¸É· ´¸É¢μ ¶μ²¥° ¸μ¤¥·¦¨É ¸¨³³¥É·¨Î´Ò° ¡¥¸¸²¥¤μ¢Ò° μ¶¥· Éμ· É¥´-

§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  T μν(z, z̄), Ê¤μ¢²¥É¢μ·ÖÕÐ¨° Ê· ¢´¥´¨Õ ´¥¶·¥·Ò¢´μ-
¸É¨ ∂μ 〈T μν(z, z̄)X〉 = 0. �ÉμÉ μ¶¥· Éμ· ¢μ§³μ¦´μ ¸¢¥¸É¨ ± ¤¢Ê³ ´¥§ ¢¨¸¨-
³Ò³ μ¶¥· Éμ· ³: T (z) = T zz ¨ ¸μ¶·Ö¦¥´´μ³Ê ± ´¥³Ê T̄ (z̄) = T z̄z̄. 	² £μ¤ ·Ö
¤ ´´μ³Ê ¸¢μ°¸É¢Ê μ¶¥· Éμ·  É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ ,   É ±¦¥ ¸¢μ°¸É¢ ³
±μ··¥²ÖÉμ·μ¢ É¥μ·¨¨ μ± §Ò¢ ¥É¸Ö ¢μ§³μ¦´Ò³ · ¸¸³ É·¨¢ ÉÓ ¶μ μÉ¤¥²Ó´μ¸É¨
£μ²μ³μ·Ë´ÊÕ (É. ¥. § ¢¨¸ÖÐÊÕ μÉ z) ¨  ´É¨£μ²μ³μ·Ë´ÊÕ (§ ¢¨¸ÖÐÊÕ μÉ z̄)
Î ¸É¨ É¥μ·¨¨. ’ ±, Î¥ÉÒ·¥ÌÉμÎ¥Î´Ò° ±μ··¥²ÖÉμ· (±μ··¥²ÖÉμ· Î¥ÉÒ·¥Ì ¶μ²¥°)
¶·¨ ¤μ¡ ¢²¥´¨¨ ¶·μ³¥¦ÊÉμÎ´μ£μ ¶μ²Ö · ¸¶ ¤ ¥É¸Ö ¢ ±μ³¡¨´ Í¨Õ ¸É·Ê±ÉÊ·-
´ÒÌ ±μ´¸É ´É É¥μ·¨¨,   É ±¦¥ £μ²μ³μ·Ë´μ° ¨  ´É¨£μ²μ³μ·Ë´μ° Î ¸É¥°, ±μ-
Éμ·Ò¥ ´ §Ò¢ ÕÉ¸Ö £μ²μ³μ·Ë´Ò³ ¨  ´É¨£μ²μ³μ·Ë´Ò³ ±μ´Ëμ·³´Ò³¨ ¡²μ± ³¨
¸μμÉ¢¥É¸É¢¥´´μ [72]:〈
VΔ1,Δ̄1

(z1, z̄1)VΔ2,Δ̄2
(z2, z̄2)VΔ3,Δ̄3

(z3, z̄3)VΔ4,Δ̄4
(z4, z̄4)

〉
CFT

=

=
∑
Δ,Δ̄

CΔ,Δ̄
12 CΔ,Δ̄

34 BΔ(Δ1, Δ2, Δ3, Δ4, c, z1, z2, z3, z4)×

× B̄Δ̄(Δ̄1, Δ̄2, Δ̄3, Δ̄4, c, z̄1, z̄2, z̄3, z̄4), (1.4)

£¤¥ Δi Å · §³¥·´μ¸É¨ ¶μ²¥°, μ¶·¥¤¥²¥´´Ò¥ ´¨¦¥ ¢ (1.128),   Δ ¨ Δ̄ Å · §-
³¥·´μ¸É¨ ¶·μ³¥¦ÊÉμÎ´μ£μ ¶μ²Ö, ±μÉμ·μ¥ ¤μ¡ ¢²Ö¥É¸Ö ¶·¨ ¶μ¸É·μ¥´¨¨ ±μ´-
Ëμ·³´μ£μ ¡²μ±  (¸³. ¶. 1.4). ‘É·Ê±ÉÊ·´Ò¥ ±μ´¸É ´ÉÒ, ¢Ìμ¤ÖÐ¨¥ ¢ ¤ ´´μ¥
¢Ò· ¦¥´¨¥, μ¶·¥¤¥²ÖÕÉ § ¢¨¸¨³μ¸ÉÓ μÉ ±μ´±·¥É´μ° É¥μ·¨¨,   ±μ´Ëμ·³´Ò¥
¡²μ±¨ B ¨ B̄ ³μ£ÊÉ ¡ÒÉÓ ¶μ¸É·μ¥´Ò, ¨¸Ìμ¤Ö Éμ²Ó±μ ¨§ ±μ´Ëμ·³´ÒÌ ¸¢μ°¸É¢
É¥μ·¨¨. ƒμ²μ³μ·Ë´Ò° ±μ´Ëμ·³´Ò° ¡²μ± B § ¢¨¸¨É Éμ²Ó±μ μÉ £μ²μ³μ·Ë-
´ÒÌ · §³¥·´μ¸É¥° Δ ¨ ±μμ·¤¨´ É z,   É ±¦¥ μÉ Í¥´É· ²Ó´μ£μ § ·Ö¤  É¥μ-
·¨¨ c. Šμ··¥²ÖÉμ·Ò ¡μ²ÓÏ¥£μ Î¨¸²  ¶μ²¥° ¤μ¶Ê¸± ÕÉ  ´ ²μ£¨Î´μ¥ ¶μ¸É·μ-
¥´¨¥, ¢±²ÕÎ ÕÐ¥¥ ¢ ¸¥¡Ö · §²μ¦¥´¨¥ ´  ¶·μ¨§¢¥¤¥´¨¥ £μ²μ³μ·Ë´μ£μ ¨  ´-
É¨£μ²μ³μ·Ë´μ£μ ±μ´Ëμ·³´ÒÌ ¡²μ±μ¢,   É ±¦¥ Î ¸É¨, § ¢¨¸ÖÐ¥° μÉ É¥μ·¨¨
(¢ ¤ ´´μ³ ¸²ÊÎ ¥ μ´  μ¶¨¸Ò¢ ¥É¸Ö ¶·μ¨§¢¥¤¥´¨¥³ ¤¢ÊÌ ¸É·Ê±ÉÊ·´ÒÌ ±μ´¸É ´É,



1442 Œ���‡�‚ �.�.

´μ ¶·¨ ¡μ²ÓÏ¥³ Î¨¸²¥ ¶μ²¥° ¸μ¤¥·¦¨É ¡μ²ÓÏ¥¥ Î¨¸²μ Ô²¥³¥´Éμ¢). Šμ´Ëμ·³-
´Ò° ¡²μ±, ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ±μ··¥²ÖÉμ·Ê n ¶μ²¥°, ´ §Ò¢ ÕÉ n-ÉμÎ¥Î´Ò³ ±μ´-
Ëμ·³´Ò³ ¡²μ±μ³.

‚ ¤ ´´μ³ μ¡§μ·¥ ¡Ê¤¥É · ¸¸³ É·¨¢ ÉÓ¸Ö Éμ²Ó±μ £μ²μ³μ·Ë´Ò° ±μ´Ëμ·³-
´Ò° ¡²μ±, ´μ ¢¸¥ · ¸¸Ê¦¤¥´¨Ö ¨ ¢ÒÎ¨¸²¥´¨Ö ¤²Ö  ´É¨£μ²μ³μ·Ë´μ£μ ±μ´-
Ëμ·³´μ£μ ¡²μ±  ³μ£ÊÉ ¡ÒÉÓ ¶·μ¤¥² ´Ò  ´ ²μ£¨Î´Ò³ μ¡· §μ³. �¶¥· Éμ·´μ¥
· §²μ¦¥´¨¥ ¤²Ö £μ²μ³μ·Ë´μ° Î ¸É¨ μ¶¥· Éμ·  É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  T (z)
Ê¸É·μ¥´μ ± ±

T (z1)T (z2) =
c

2z4
12

+
2

z2
12

T (z2) +
1

z12
∂T (z2) + ´¥¸¨´£Ê²Ö·´ Ö Î ¸ÉÓ. (1.5)

Šμ³¶²¥±¸´μ¥ Î¨¸²μ c ´ §Ò¢ ¥É¸Ö Í¥´É· ²Ó´Ò³ § ·Ö¤μ³ É¥μ·¨¨. �¶¥· Éμ· É¥´-
§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  § ¤ ¥É  ²£¥¡·Ê ‚¨· ¸μ·μ. �¶¥· Éμ·Ò ‚¨· ¸μ·μ Ln

μ¶·¥¤¥²¥´Ò ± ± ±μÔËË¨Í¨¥´ÉÒ ·Ö¤  ‹μ· ´  ¢ · §²μ¦¥´¨¨ ¤¥°¸É¢¨Ö μ¶¥· -
Éμ·  É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ :

T (z1)A(z2) =
∞∑

n=−∞

Ln(z)
zn+2
12

A(z2). (1.6)

ˆ¸Ìμ¤Ö ¨§ ÔÉμ£μ μ¶·¥¤¥²¥´¨Ö ³μ¦´μ ¶μ²ÊÎ¨ÉÓ É ±¦¥ ¨´É¥£· ²Ó´ÊÕ Ëμ·³Ê²Ê
¤²Ö ¤¥°¸É¢¨Ö μ¶¥· Éμ·  ‚¨· ¸μ·μ:

〈(L−nA1(z1))A2(z2) . . .〉 =
∮
z1

dx

xn−1
〈T (x)A1(z1)A2(z2) . . .〉 . (1.7)

	Ê¤¥³ ´ §Ò¢ ÉÓ μ¶¥· Éμ·Ò ‚¨· ¸μ·μ ¸ ¶μ²μ¦¨É¥²Ó´Ò³¨ n ¶μ²μ¦¨É¥²Ó´Ò³¨,
  ¸ μÉ·¨Í É¥²Ó´Ò³¨ Å μÉ·¨Í É¥²Ó´Ò³¨.

Š ± ¸²¥¤¸É¢¨¥ (1.5), μ¶¥· Éμ·Ò ‚¨· ¸μ·μ μ¡· §ÊÕÉ  ²£¥¡·Ê ‚¨· ¸μ·μ
¸ ±μ³³ÊÉ Í¨μ´´Ò³ ¸μμÉ´μÏ¥´¨¥³

[Lm, Ln] =
m(m2 − 1)

12
δn+m,0 + (m − n)Ln+m. (1.8)

�Éμ ¸μμÉ´μÏ¥´¨¥ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: ¥¸²¨ μ¶¥· Éμ·Ò ‚¨-
· ¸μ·μ ¤¥°¸É¢ÊÕÉ ´  ¶μ²¥ ¢ ´¥±μÉμ·μ° ÉμÎ±¥ z3, Éμ ¨§ Ëμ·³Ê²Ò (1.7) ¸²¥¤Ê¥É

[Lm, Ln] =
∮

z2+z3

zm+1
13 T (z1) dz1

∮
z3

zn+1
23 T (z2) dz2−

−
∮

z2+z3

zn+1
13 T (z1) dz1

∮
z3

zm+1
23 T (z2) dz2, (1.9)
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�¨¸. 1. ‚ÒÎ¨¸²¥´¨¥ ±μ³³ÊÉ Éμ·  ¸ ¶μ³μÐÓÕ ¶·μÍ¥¤Ê·Ò ¨§³¥´¥´¨Ö ±μ´ÉÊ·μ¢ ¨´É¥£·¨-

·μ¢ ´¨Ö

£¤¥ ±μ´ÉÊ· ¨´É¥£·¨·μ¢ ´¨Ö ¤²Ö μ¶¥· Éμ· , ±μÉμ·Ò° ¤¥°¸É¢Ê¥É ¢Éμ·Ò³, μÌ¢ ÉÒ-
¢ ¥É ±μ´ÉÊ· ¤²Ö ¤·Ê£μ£μ μ¶¥· Éμ· . …¸²¨ ¶μ³¥´ÖÉÓ ±μ´ÉÊ·Ò ³¥¸É ³¨ ¢ ¶¥·¢μ³
¸² £ ¥³μ³, Éμ ¶μ²ÊÎ ¥É¸Ö ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ (·¨¸. 1):

[Lm, Ln] =
∮
z3

zn+1
23 T (z2) dz2

∮
z2

dz1z
m+1
13 T (z1) dz1+

+

⎛⎝∮
z3

zm+1
13 T (z1) dz1

∮
z1+z3

zn+1
23 T (z2) dz2 −

−
∮

z2+z3

zn+1
13 T (z1) dz1

∮
z3

zm+1
23 T (z2) dz2

⎞⎠ =

=
1
2

∮
z3

dz2

∮
z2

dz1

(
zm+1
13 zn+1

23 − zn+1
13 zm+1

23

)
T (z1)T (z2) =

=
1
2

∮
z3

dz2

∮
z2

dz1

(
zm+1
13 zn+1

23 − zn+1
13 zm+1

23

)( 1
2z4

12

+
2T (z2)

z2
12

+
∂T (z2)

z12

)
. (1.10)

‘ ³ Ö ¶¥·¢ Ö ¸±μ¡±  (¶μ¸²¥ ¶¥·¢μ£μ · ¢¥´¸É¢ ) ¢ ¤ ´´μ³ ¢Ò· ¦¥´¨¨ μ¡· -
Ð ¥É¸Ö ¢ ´μ²Ó (¤²Ö ÔÉμ£μ ¤μ¸É ÉμÎ´μ ¶μ³¥´ÖÉÓ μ¡μ§´ Î¥´¨Ö ¤²Ö ¶¥·¥³¥´´ÒÌ
¨´É¥£·¨·μ¢ ´¨Ö z1 ↔ z2 ¢ μ¤´μ³ ¨§ ¸² £ ¥³ÒÌ), ¢ μ¸É ¢Ï¥¥¸Ö ¸² £ ¥³μ¥ ¤ ÕÉ
¢±² ¤ Éμ²Ó±μ · ¸Ìμ¤ÖÐ¨¥¸Ö ¶μ z12 ±μ³¶μ´¥´ÉÒ ¨§ (1.5). ’ ±¨³ μ¡· §μ³,
¶· ¢ÊÕ Î ¸ÉÓ (1.8) ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¸ ¶μ³μÐÓÕ  ¸¨³³¥É·¨§ Í¨¨ ¨ ¨´É¥£·¨·μ-
¢ ´¨Ö ¶μ z1.

‹Õ¡μ¥ ¢¥±Éμ·´μ¥ ¶μ²¥ Ö¢²Ö¥É¸Ö ¸μ¡¸É¢¥´´Ò³ ¢¥±Éμ·μ³ ´Ê²¥¢μ£μ μ¶¥-
· Éμ·  ‚¨· ¸μ·μ L0, ¶·¨ ÔÉμ³ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ ´ -
§Ò¢ ¥É¸Ö · §³¥·´μ¸ÉÓÕ ¶μ²Ö. ’ ±¨³ μ¡· §μ³, · §³¥·´μ¸ÉÓ ¶μ²Ö ¶·¨ ¤¥°¸É¢¨¨
μ¶¥· Éμ·  L−n Ê¢¥²¨Î¨¢ ¥É¸Ö ´  n. �μ²Ö, ¤¥°¸É¢¨¥ ²Õ¡Ò³¨ ¶μ²μ¦¨É¥²Ó-
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´Ò³¨ μ¶¥· Éμ· ³¨ ‚¨· ¸μ·μ ´  ±μÉμ·Ò¥ ¤ ¥É ´μ²Ó, ´ §Ò¢ ÕÉ ¶·¨³ ·´Ò³¨:

L0VΔ = ΔVΔ ¤²Ö ²Õ¡ÒÌ ¶μ²¥°,
LnVΔ = 0, ∀n > 0 ¤²Ö ¶·¨³ ·´ÒÌ ¶μ²¥°.

(1.11)

�μ²Ö, ¶μ²ÊÎ¥´´Ò¥ ¸ ¶μ³μÐÓÕ ¤¥°¸É¢¨Ö μÉ·¨Í É¥²Ó´ÒÌ μ¶¥· Éμ·μ¢ ‚¨· ¸μ·μ,
´ §Ò¢ ÕÉ¸Ö ¶μÉμ³± ³¨ ¤ ´´μ£μ ¶μ²Ö. ‚¸¥ ¶μÉμ³±¨ ¤ ´´μ£μ ¶·¨³ ·´μ£μ ¶μ²Ö
¸μ¸É ¢²ÖÕÉ ¥£μ ³μ¤Ê²Ó ‚¥·³ . �μ²Ö ³μ¤Ê²Ö ‚¥·³  ´Ê³¥·ÊÕÉ¸Ö ¤¨ £· ³³ ³¨

´£ , É. ¥. Ê¶μ·Ö¤μÎ¥´´Ò³¨ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÖ³¨ Í¥²ÒÌ Î¨¸¥²:

VΔ,Y = L−Y VΔ = L−kN . . . L−k1VΔ; Y = {k1 � k2 � . . . � kN}. (1.12)

|Y | ¡Ê¤¥É μ¡μ§´ Î ÉÓ · §³¥· ¤¨ £· ³³Ò 
´£ , É. ¥. |Y | =
∑

ki.
�´ ²μ£¨Î´Ò¥ ¶μ¸É·μ¥´¨Ö ³μ¦´μ ¶·μ¢¥¸É¨ ¨ ¤²Ö  ´É¨£μ²μ³μ·Ë´μ£μ É¥´-

§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ . „¥°¸É¢¨¥ μ¶¥· Éμ·  L̄0 ¶·¨ ÔÉμ³ ¡Ê¤¥É ¤ ¢ ÉÓ ¸μ-
¶·Ö¦¥´´ÊÕ · §³¥·´μ¸ÉÓ ¶μ²Ö Δ̄. ‚ · ³± Ì ¤ ´´μ£μ μ¡§μ·  · ¸¸³ É·¨¢ ÕÉ¸Ö
Éμ²Ó±μ £μ²μ³μ·Ë´Ò¥ ±μ´Ëμ·³´Ò¥ ¡²μ±¨, μ¤´ ±μ  ´ ²μ£¨Î´Ò¥ · ¸¸Ê¦¤¥´¨Ö
³μ¦´μ ¶·μ¢¥¸É¨ ¨ ¤²Ö  ´É¨£μ²μ³μ·Ë´μ° Î ¸É¨.

1.1. ’¥μ·¨Ö ¸¢μ¡μ¤´ÒÌ ¶μ²¥°. �·μ¸É¥°Ï Ö ±μ´Ëμ·³´ Ö ³μ¤¥²Ó Å ÔÉμ
É¥μ·¨Ö ¡¥§³ ¸¸μ¢μ£μ ¸± ²Ö·´μ£μ ¶μ²Ö. ‚ ¤¢Ê³¥·´μ³ ¸²ÊÎ ¥ ÔÉ  É¥μ·¨Ö μ¶¨-
¸Ò¢ ¥É¸Ö ¤¥°¸É¢¨¥³ −1/8π

∫
∂φ ∂̄φ d2z. �·μ¶ £ Éμ·Ò ÔÉμ° É¥μ·¨¨ · ¢´Ò

〈φ(z1, z̄1)φ(z2, z̄2)〉 = log (z12) + log (z̄12),

〈∂φ(z1, z̄1)φ(z2, z̄2)〉 =
1

z12
, 〈φ(z1, z̄1) ∂φ(z2, z̄2)〉 = −

1
z12

, (1.13)

〈∂φ(z1, z̄1) ∂φ(z2, z̄2)〉 =
1

z2
12

,

. . .

£¤¥ zij ≡ zi − zj ¨ z̄ij ≡ z̄i − z̄j . �μ μ¶·¥¤¥²¥´¨Õ ´μ·³ ²Ó´μ¥ Ê¶μ·Ö¤μÎ¥´¨¥
μ§´ Î ¥É, ÎÉμ ¢¸¥ ¸¶ ·¨¢ ´¨Ö ´μ·³ ²Ó´μ Ê¶μ·Ö¤μÎ¥´´ÒÌ μ¶¥· Éμ·μ¢ ´¥ · ¸-
¸³ É·¨¢ ÕÉ¸Ö ¶·¨ ¶·¨³¥´¥´¨¨ É¥μ·¥³Ò ‚¨± . ‘·¥¤´¥¥ §´ Î¥´¨¥ ´μ·³ ²Ó´μ
Ê¶μ·Ö¤μÎ¥´´μ£μ μ¶¥· Éμ·  · ¢´μ ¥£μ ¶μ¸ÉμÖ´´μ° (´¥ § ¢¨¸ÖÐ¥° μÉ φ) Î ¸É¨.
‚ Î ¸É´μ¸É¨,

∏
i

◦
◦ eαiφ(zi,z̄i) ◦

◦=

(∏
i<j

z
αiαj

ij z̄
αiαj

ij

)
◦
◦
∏
i

eαiφ(zi,z̄i) ◦
◦,

⇓〈∏
i

◦
◦ eαiφ(zi,z̄i) ◦

◦

〉
=

(∏
i<j

z
αiαj

ij z̄
αiαj

ij

)
δ

(∑
i

αi

)
.

(1.14)

Œ´μ¦¨É¥²Ó ¸ ¤¥²ÓÉ -ËÊ´±Í¨¥° ¢ ¶· ¢μ° Î ¸É¨ ³μ¦´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ±
´Ê²¥¢ÊÕ ³μ¤Ê ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£· ² . ‚ ¤ ´´μ³ · ¸¸³μÉ·¥´¨¨ μ´  ¨£· ¥É
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·μ²Ó ¶· ¢¨²  μÉ¡μ·  (§ ±μ´  ¸μÌ· ´¥´¨Ö), ±μÉμ·μ¥ ¢Ò¶μ²´Ö¥É¸Ö ¶·¨ · ¸¸³μ-
É·¥´¨¨ É¥μ·¨¨ ¸¢μ¡μ¤´ÒÌ ¶μ²¥°.

ˆ§ÊÎ¥´¨¥ ¶μ²¥° ∂φ(z, z̄) ¨ ¨Ì ¶·μ¨§¢μ¤´ÒÌ ¶μ z,   É ±¦¥ £μ²μ³μ·Ë´μ°
Î ¸É¨ ±μ··¥²ÖÉμ·μ¢ ¶μ²¥° eαφ(z,z̄) ¶μ§¢μ²Ö¥É · ¸¸³ É·¨¢ ÉÓ Éμ²Ó±μ £μ²μ³μ·Ë-
´ÊÕ Î ¸ÉÓ É¥μ·¨¨. �μÔÉμ³Ê ¢ ¤ ²Ó´¥°Ï¥³ § ¢¨¸¨³μ¸ÉÓ μÉ z̄ ¡Ê¤¥É μ¶Ê¸± ÉÓ¸Ö.

�¶¥· Éμ· É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢ ÔÉμ° É¥μ·¨¨ · ¢¥´ [73]

T (z) ≡ 1
2

◦
◦ (∂φ)2(z) ◦

◦ , (1.15)

¨ ¥£μ μ¶¥· Éμ·´μ¥ · §²μ¦¥´¨¥ § ¶¨¸Ò¢ ¥É¸Ö ± ±

T (z1)T (z2) =
1

2z4
12

+
1

z2
12

◦
◦ ∂φ(z1) ∂φ(z2) ◦

◦ =

=
c

2z4
12

+
2

z2
12

T (z2) +
1

z12
∂T (z2) +

∑
k�0

zk
12

(k + 2)!
◦
◦ ∂k+1φ∂φ(z2) ◦

◦ , (1.16)

É. ¥. Í¥´É· ²Ó´Ò° § ·Ö¤ É¥μ·¨¨ c · ¢¥´ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¥¤¨´¨Í¥. �¶¥· Éμ·Ò
‚¨· ¸μ·μ, É ±¨³ μ¡· §μ³, ¤¥°¸É¢ÊÕÉ ´  Ô±¸¶μ´¥´ÉÒ μÉ φ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

T (z1) ◦
◦ eαφ(z2) ◦

◦ ≡
∞∑

k=−∞

1
zk+2
12

◦
◦
(
Lkeαφ

)
(z2) ◦

◦ =

=
α2/2
z2
12

◦
◦ eαφ(z2) ◦

◦ +
1

z12

◦
◦ α ∂φ(z1) eαφ(z2) ◦

◦ + ◦
◦ T (z1)eαφ(z2) ◦

◦=

=
α2

2z2
12

◦
◦ eαφ(z2) ◦◦ +

1
z12

◦
◦
(
∂ eαφ

)
(z2) ◦◦ + ◦

◦

(
(∂φ)2

2
+ α∂2φ

)
eαφ(z2) ◦

◦ +

+
∑
k>0

zk
12

◦
◦

(
∂kT

k!
+

α ∂k+2φ

(k + 1)!

)
eαφ(z2) ◦

◦ . (1.17)

’ ±¨³ μ¡· §μ³, ¢ ± Î¥¸É¢¥ ¶·¨³ ·´ÒÌ ¶μ²¥° ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ Ô±¸¶μ-
´¥´ÉÒ μÉ φ Å ◦

◦ eαφ(z) ◦
◦. � §³¥·´μ¸É¨ É ±¨Ì ¶μ²¥° ¶·¨ ÔÉμ³ · ¢´Ò

Δα = α2/2.

1.2. ‘¢μ¡μ¤´ Ö É¥μ·¨Ö ¸ c = 1. …¸²¨ ´¥³´μ£μ ¤¥Ëμ·³¨·μ¢ ÉÓ É¥μ·¨Õ,
· ¸¸³μÉ·¥´´ÊÕ ¢ ¶. 1.1, Éμ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ É¥μ·¨Õ ¸ c = 1. „²Ö ÔÉμ£μ ´Ê¦´μ
¤¥Ëμ·³¨·μ¢ ÉÓ É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸ 

T (z) ≡ 1
2

◦
◦ (∂φ)2(z) ◦

◦ +Q∂2φ(z), (1.18)
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μ¶¥· Éμ·´μ¥ · §²μ¦¥´¨¥ ±μÉμ·μ£μ Ê¸É·μ¥´μ ± ±

T (z1)T (z2) =
1 − 12Q2

2
1

z4
12

+ 2Q
∂φ(z1) − ∂φ(z2)

z3
12

+
1

z2
12

◦
◦ ∂φ(z1) ∂φ(z2) ◦

◦ =

=
1
2

1
z4
12

+
2

z2
12

T (z2) +
1

z12
∂T (z2)+

+
∑
k�0

zk
12

(
1

(k + 2)!
◦
◦ ∂k+1φ∂φ(z2) ◦

◦ +
2Q

(k + 3)!
∂k+4φ

)
. (1.19)

’ ±¦¥, ¸μμÉ¢¥É¸É¢¥´´μ, ¨§³¥´Ö¥É¸Ö ¨ Éμ, ± ± μ´ ¤¥°¸É¢Ê¥É ´  Ô±¸¶μ´¥´ÉÒ μÉ φ:

T (z1) ◦
◦ eαφ(z2) ◦

◦=
α(α − 2Q)

2z2
12

◦
◦ eαφ(z2) ◦

◦ +
1

z12

◦
◦ α ∂φ(z1) eαφ(z2) ◦

◦ +

+ ◦
◦ T (z1) eαφ(z2) ◦

◦=
(α − Q)2 − Q2

2z2
12

◦
◦ eαφ(z2) ◦

◦ +
1

z12

◦
◦
(
∂ eαφ

)
(z2) ◦

◦ +

+ ◦
◦

(
(∂φ)2

2
+ (α + Q)∂2φ

)
eαφ(z2) ◦

◦ +

+
∑
k>0

zk
12

◦
◦

(
∂kT

k!
+

α∂k+2φ

(k + 1)!

)
eαφ(z2) ◦

◦ . (1.20)

ˆ§³¥´¨É¸Ö, ¸μμÉ¢¥É¸É¢¥´´μ, ¨ § ±μ´ ¸μÌ· ´¥´¨Ö∑
i

αi = 2Q (1.21)

´  ®¢ ±ÊÊ³´Ò° § ·Ö¤¯ 2Q.
‘μμÉ¢¥É¸É¢ÊÕÐ¨³ μ¡· §μ³ ¨§³¥´ÖÕÉ¸Ö ¨ ±μ³³ÊÉ Í¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö

μ¶¥· Éμ·μ¢ ‚¨· ¸μ·μ

[Lm, Ln] =
1 − 12Q2

12
m(m2 − 1)δm+n,0 + (m − n)Ln+m. (1.22)

‚ ± Î¥¸É¢¥ ¶·¨³ ·´ÒÌ ¶μ²¥° ¢ ¤ ´´μ° É¥μ·¨¨ · ¸¸³ É·¨¢ ÕÉ¸Ö Ô±¸¶μ´¥´ÉÒ
μÉ ¶μ²Ö φ eαφ, ±μÉμ·Ò¥ ¶ · ³¥É·¨§ÊÕÉ¸Ö ¸ ¶μ³μÐÓÕ α. ˆ§ ¶μ²ÊÎ¥´´ÒÌ
Ëμ·³Ê² ³μ¦´μ ¢Ò· §¨ÉÓ · §³¥·´μ¸É¨ ¶·¨³ ·´ÒÌ ¶μ²¥° ¨ Í¥´É· ²Ó´Ò° § ·Ö¤
Î¥·¥§ Q:

Δα =
1
2
α(α − Q), c = 1 − 12Q2. (1.23)

‚ · ¡μÉ Ì ¶μ ±μ´Ëμ·³´μ° É¥μ·¨¨ ¶μ²Ö · ¸¸³ É·¨¢ ÕÉ¸Ö · §²¨Î´Ò¥ ´μ·-
³¨·μ¢±¨ ¶ · ³¥É·μ¢ α, § ·Ö¤  Q ¨, ¸μμÉ¢¥É¸É¢¥´´μ, ¨Ì ¸¢Ö§¨ ¸ · §³¥·´μ-
¸ÉÓÕ Δ. ˜¨·μ±μ · ¸¶·μ¸É· ´¥´Ò É ±¦¥ ¤¢  ¤·Ê£¨Ì ¢ ·¨ ´É  ´μ·³¨·μ¢±¨ Å
Ê³´μ¦¥´¨¥ ´  i: φ −→ iφ, α −→ iα, ¨/¨²¨ ´ 

√
2: α −→

√
2α ¨ Q −→

√
2Q.

‚ ¤ ²Ó´¥°Ï¥³ ¢ ¤ ´´μ³ μ¡§μ·¥ ¶μ´ÖÉ¨¥ · §³¥·´μ¸É¨ ±μ´Ëμ·³´μ£μ ¶μ²Ö É ±¦¥
¡Ê¤¥É μÉ´μ¸¨ÉÓ¸Ö ± ¶ · ³¥É·Ê α, ¶·¨ ÔÉμ³ ¥£μ ¸¢Ö§Ó ¸ ±μ´Ëμ·³´μ° · §³¥·´μ-
¸ÉÓÕ μ¶¨¸ ´  ¢ (1.23).
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1.3. Šμ··¥²ÖÉμ·Ò ¢ ¸¢μ¡μ¤´μ° É¥μ·¨¨. —¥ÉÒ·¥ÌÉμÎ¥Î´Ò° ±μ··¥²ÖÉμ·
³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ ¤¢Ê³Ö · §´Ò³¨ ¸¶μ¸μ¡ ³¨: ´ ¶·Ö³ÊÕ ¨²¨ ¸ ¶μ³μÐÓÕ μ¶¥-
· Éμ·´μ£μ · §²μ¦¥´¨Ö. � ¶·¨³¥·,

〈∂φ(z1) ∂φ(z2) ∂φ(z3) ∂φ(z4)〉
¶μ É¥μ·¥³¥ ‚¨± 

=
1

z2
12z

2
34

+
1

z2
13z

2
24

+
1

z2
14z

2
23

=

=
1

z2
12z

2
34

+
1

z4
24

⎛⎜⎜⎜⎝ 1(
1 +

z12

z24
− z34

z24

)2 +
1(

1 +
z12

z24

)2(
1 − z34

z24

)2

⎞⎟⎟⎟⎠ =

=
1

z2
12z

2
34

+
1

z4
24

(
2 − 4z12

z24
+

4z34

z24
+

6z2
12

z2
24

− 10z12z34

z2
24

+
6z2

34

z2
12

+ . . .

)
.

(1.24)

‘ ¤·Ê£μ° ¸Éμ·μ´Ò,

〈∂φ(z1) ∂φ(z2) ∂φ(z3) ∂φ(z4)〉 =
〈(

∂φ(z1) ∂φ(z2)
)(

∂φ(z3) ∂φ(z4)
)〉

=

=
〈(

1
z2
12

+ ◦
◦ ∂φ(z1) ∂φ(z2) ◦

◦

)(
1

z2
34

+ ◦
◦ ∂φ(z3) ∂φ(z4) ◦

◦

)〉
=

=
1

z2
12z

2
34

+
∑

k,l�0

zk
12z

l
34

k!l!
〈◦
◦ ∂k+1φ∂φ(z2) ◦

◦
◦
◦ ∂l+1φ∂φ(z4) ◦

◦
〉 ¶μ É¥μ·¥³¥ ‚¨± 

=

=
1

z2
12z

2
34

+
∑

k,l�0

zk
12z

l
34

k!l!
(k + l + 1)! + (k + 1)!(l + 1)!

z2+k+l
24

. (1.25)

�´ ²μ£¨Î´Ò¥ ¢ÒÎ¨¸²¥´¨Ö ³μ¦´μ ¶·μ¢¥¸É¨ ¨ ¤²Ö ±μ··¥²ÖÉμ·  ¶·¨³ ·´ÒÌ
¶μ²¥°:〈

◦
◦ eα1φ(z1) ◦

◦
◦
◦ eα2φ(z2) ◦

◦
◦
◦ eα3φ(z3) ◦

◦
◦
◦ eα4φ(z4) ◦

◦

〉
=

= zα1α2
12 zα1α3

13 zα1α4
14 zα2α3

23 zα2α4
24 zα3α4

34 =

= zα1α2
12 zα3α4

34 z
(α1+α2)(α3+α4)
24 ×

×
(

1 +
z12

z24

)α1α4 (
1 − z34

z24

)α3α4 (
1 +

z12

z24
− z34

z24

)α1α3

=

= zα1α2
12 zα3α4

34 z
(α1+α2)(α3+α4)
24

(
1 + α1(α3 + α4)

z12

z24
− α3(α1 + α2)

z34

z24
+ . . .

)
(1.26)
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¨〈
◦
◦ eα1φ(z1) ◦

◦
◦
◦ eα2φ(z2) ◦

◦
◦
◦ eα3φ(z3) ◦

◦
◦
◦ eα4φ(z4) ◦

◦
〉

=

= zα1α2
12 zα3α4

34

〈
◦
◦ eα1φ(z1)+α2φ(z2) ◦

◦
◦
◦ eα3φ(z3)+α4φ(z4) ◦

◦
〉

=

= zα1α2
12 zα3α4

34

〈
◦
◦
(
1 + z12α1∂φ +

z2
12

2
(
(α1∂φ)2+ α1∂

2φ
)

+ . . .
)
e(α1+α2)φ(z2) ◦

◦

◦
◦
(
1 + z34α3 ∂φ +

z2
34

2
(
(α3 ∂φ)2 + α3 ∂2φ

)
+ . . .

)
e(α3+α4)φ(z4) ◦

◦

〉
=

= zα1α2
12 zα3α4

34 z
(α1+α2)(α3+α4)
24

(
1 + α1(α3 + α4)

z12

z24
− α3(α1 + α2)

z34

z24
+ . . .

)
.

(1.27)

‚ μ¡Ð¥° ±μ´Ëμ·³´μ° É¥μ·¨¨ ´¥É ¶·Ö³μ£μ ¸¶μ¸μ¡  ¶μ¸É·μ¥´¨Ö ³´μ£μ-
ÉμÎ¥Î´μ£μ ±μ··¥²ÖÉμ· , É ±¨³ μ¡· §μ³, μ¸É ¥É¸Ö Éμ²Ó±μ ¢Éμ·μ° ¸¶μ¸μ¡ Å
¶μ¸É·μ¥´¨¥ μÉ¢¥É  ¸ ¶μ³μÐÓÕ μ¶¥· Éμ·´μ£μ · §²μ¦¥´¨Ö. �É  ¶·μÍ¥¤Ê· 
¶μ§¢μ²Ö¥É ¢Ò· §¨ÉÓ ¶·μ¨§¢μ²Ó´Ò° ±μ··¥²ÖÉμ· Î¥·¥§ ¸É·Ê±ÉÊ·´Ò¥ ±μ´¸É ´ÉÒ
μ¶¥· Éμ·´μ£μ · §²μ¦¥´¨Ö ¨ ±μ··¥²ÖÉμ·Ò ¤¢ÊÌ ¶μ²¥°. ’¥³ ´¥ ³¥´¥¥ ¢ ¤ ´´μ°
±μ´¸É·Ê±Í¨¨ ±μ··¥²ÖÉμ·Ò μ¶·¥¤¥²ÖÕÉ¸Ö Î¥·¥§ ¡¥¸±μ´¥Î´Ò¥ ¸Ê³³Ò ¶μ ¶·μ-
³¥¦ÊÉμÎ´Ò³ ¸μ¸ÉμÖ´¨Ö³ ¨ É·¥¡ÊÕÉ §´ ´¨Ö μ¡Ð¨Ì Ëμ·³Ê² ¤²Ö ±μ··¥²ÖÉμ·μ¢
¤¢ÊÌ ¨ É·¥Ì ¶μ²¥°.

1.4. —¥ÉÒ·¥ÌÉμÎ¥Î´Ò° ±μ´Ëμ·³´Ò° ¡²μ±. Šμ´Ëμ·³´ Ö É¥μ·¨Ö ¶μ²Ö Å
ÔÉμ ¶·Ö³μ¥ μ¡μ¡Ð¥´¨¥ É¥μ·¨¨ ¸¢μ¡μ¤´ÒÌ ¶μ²¥°. �·¨ ÔÉμ³ μ¡μ¡Ð¥´¨¨ ¢³¥-
¸Éμ É¥μ·¥³Ò ‚¨± , ¨¸¶μ²Ó§μ¢ ´´μ° ¶·¨ ¢ÒÎ¨¸²¥´¨ÖÌ ¢ ¸¢μ¡μ¤´μ° É¥μ·¨¨
(¸³. ¶. 1.3), ¨¸¶μ²Ó§Ê¥É¸Ö μ¶¥· Éμ·´μ¥ · §²μ¦¥´¨¥. ’ ±¦¥ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ μÉ-
¸ÊÉ¸É¢ÊÕÉ ¶· ¢¨²  μÉ¡μ·  (§ ±μ´Ò ¸μÌ· ´¥´¨Ö), ±μÉμ·Ò¥ ¡Ò²¨ Ì · ±É¥·´Ò
¤²Ö ¸¢μ¡μ¤´μ° É¥μ·¨¨.

„²Ö ¶·¨³ ·´ÒÌ ¶μ²¥° μ¶¥· Éμ·´μ¥ · §²μ¦¥´¨¥ (1.2) § ¶¨¸Ò¢ ¥É¸Ö ± ±

V1(z1, z̄1)V2(z2, z̄2) =
∑

β̃

Cβ̃
12

z
Δ1+Δ2−Δβ̂

12 z̄
Δ̄1+Δ̄2−Δ̄β̂

12

Vβ̂(z2, z̄2). (1.28)

‘Ê³³¨·μ¢ ´¨¥ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¢¥¤¥É¸Ö ¶μ ¢¸¥³ ¢μ§³μ¦´Ò³ ¶μ²Ö³. �¤¨´ ¨§
¸¶μ¸μ¡μ¢ ¶·¥¤¸É ¢¨ÉÓ ¢¸¥ É ±¨¥ ¶μ²Ö Å · ¸¸³μÉ·¥ÉÓ ¨Ì ± ± Ô²¥³¥´ÉÒ ³μ¤Ê-
²¥° ‚¥·³ . ‚ É ±μ³ ¸²ÊÎ ¥ ¶μ²Ö ´Ê³¥·ÊÕÉ¸Ö É·¥³Ö ¢¥²¨Î¨´ ³¨: ¶ · ³¥É·μ³
β, § ¤ ÕÐ¨³ · §³¥·´μ¸ÉÓ ¶μ²Ö, ¨ ¤¨ £· ³³ ³¨ 
´£  Yβ ¨ Ȳβ , ±μÉμ·Ò¥ μ¡μ-
§´ Î ÕÉ ¤¥°¸É¢ÊÕÐ¨¥ ´  ¶·¨³ ·´μ¥ ¶μ²¥ μ¶¥· Éμ·Ò £μ²μ³μ·Ë´μ°  ²£¥¡·Ò
‚¨· ¸μ·μ L−Yβ

¨  ´É¨£μ²μ³μ·Ë´μ°  ²£¥¡·Ò ‚¨· ¸μ·μ L̄−Ȳβ
¸μμÉ¢¥É¸É¢¥´´μ.

‚ (1.28) ¢¢¥¤¥´μ μ¡μ§´ Î¥´¨¥ β̃ = {β, Yβ , Ȳβ}. �É³¥É¨³, ÎÉμ ¸Ê³³¨·μ¢ ´¨¥
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¢¥¤¥É¸Ö ¶μ μÉ¤¥²Ó´μ¸É¨ ¶μ ¢¸¥³ Yβ ¨ ¢¸¥³ Ȳβ :

V1(z1, z̄1)V2(z2, z̄2) =
∑

β

⎛⎝∑
Yβ

1

z
Δ1+Δ2−Δβ̃

12

∑
Ȳβ

1

z̄
Δ̄1+Δ̄2−Δ̄β̃

12

Cβ̃
12Vβ̃(z2, z̄2)

⎞⎠ .

(1.29)
’ ±¦¥ ¨§-§  ¸¢μ°¸É¢  ²£¥¡·Ò ‚¨· ¸μ·μ Δβ̃ ´¥ § ¢¨¸¨É μÉ Ȳβ , ¢¥·´μ ¨ μ¡· É´μ¥
ÊÉ¢¥·¦¤¥´¨¥.

…¸²¨ ¶·¨³¥´¨ÉÓ μ¶¥· Éμ·´Ò¥ · §²μ¦¥´¨Ö ± É·¥Ì- ¨ Î¥ÉÒ·¥ÌÉμÎ¥Î´Ò³
±μ··¥²ÖÉμ· ³, Éμ ¶μ²ÊÎ É¸Ö ¸²¥¤ÊÕÐ¨¥ Ëμ·³Ê²Ò:〈

V1(z1, z̄1)V2(z2, z̄2)Vβ̃(z4, z̄4)
〉

CFT
=

=
∑

β̃

Cα̃
12

zΔ1+Δ2−Δα̃
12 z̄Δ̄1+Δ̄2−Δ̄α̃

12

〈
Vα̃(z2, z̄2)Vβ̃(z4, z̄4)

〉
CFT

(1.30)

¨

〈V1(z1, z̄1)V2(z2, z̄2)V3(z3, z̄3)V4(z4, z̄4)〉CFT =

=
〈(

V1(z1, z̄1)V2(z2, z̄2)
)(

V3(z3, z̄3)V4(z4, z̄4)
)〉

CFT
=

=
∑
α̃,β̃

Cα̃
12C

β̃
34

zΔ1+Δ2−Δα̃
12 z̄Δ̄1+Δ̄2−Δ̄α̃

12 z
Δ3+Δ4−Δβ̃

34 z̄
Δ̄3+Δ̄4−Δ̄β̃

34

×

×
〈
Vα̃(z2, z̄2)Vβ̃(z4, z̄4)

〉
CFT

(1.31)

�¨¸. 2. —¥ÉÒ·¥ÌÉμÎ¥Î´Ò°
±μ´Ëμ·³´Ò° ¡²μ±

(¸³. ·¨¸. 2). �¥·¢μ¥ ¨§ ÔÉ¨Ì ¸μμÉ´μÏ¥´¨° ³μ¦´μ
¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö μ¶·¥¤¥²¥´¨Ö ¸É·Ê±ÉÊ·´ÒÌ ±μ´-
¸É ´É C, É ± ± ± μ´μ ¶μ²´μ¸ÉÓÕ § ¤ ¥É¸Ö ±μ´-
Ëμ·³´μ° ¸¨³³¥É·¨¥°. Šμ··¥²ÖÉμ· ¤¢ÊÌ ¶μ²¥°
¢ ¶· ¢μ° Î ¸É¨ · §²μ¦¥´¨Ö ¤²Ö Î¥ÉÒ·¥ÌÉμÎ¥Î-
´μ£μ ±μ´Ëμ·³´μ£μ ¡²μ±  É ±¦¥ Ê¸É·μ¥´ ¤μ-
¢μ²Ó´μ ¶·μ¸Éμ:〈

Vα̃(z2, z̄2)Vβ̃(z4, z̄4)
〉

CFT
=

=
1

z
Δα̃+Δβ̃

24 z̄
Δ̄α̃+Δ̄β̃

24

δΔα,Δβ
QΔα(Yα, Yβ)Q̄Δ̄α

(Ȳα, Ȳβ), (1.32)

£¤¥ QΔβ
(Yβ , Yγ) ¨ Q̄Δ̄β

(Ȳβ , Ȳγ) · ¢´Ò ´Ê²Õ ¶·¨ |Yβ | = |Yγ | ¨ |Ȳβ | = |Ȳγ |
¸μμÉ¢¥É¸É¢¥´´μ. ƒμ²μ³μ·Ë´Ò° ³´μ¦¨É¥²Ó QΔβ

(Yβ , Yγ) ¢ ±μ··¥²ÖÉμ·¥ ¤¢ÊÌ
¶μ²¥° ´ §Ò¢ ¥É¸Ö ³ É·¨Í¥° ˜ ¶μ¢ ²μ¢ .
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‡ ¢¨¸¨³μ¸ÉÓ ±μ··¥²ÖÉμ·μ¢ ¤¢ÊÌ ¶μ²¥° μÉ ±μμ·¤¨´ É ¶μ²´μ¸ÉÓÕ § ¤ ¥É¸Ö
±μ´Ëμ·³´μ° ¸¨³³¥É·¨¥° ¨ ¸¢Ö§ ´  ¸ · §³¥·´μ¸ÉÖ³¨ ¶μ²¥° (¸³. (1.32)). �´ -
²μ£¨Î´Ò³ ¸¢μ°¸É¢μ³ μ¡² ¤ ¥É ¨ ±μ··¥²ÖÉμ· É·¥Ì ¶μ²¥° [73]:〈

Vα̃(z1, z̄1)Vβ̃(z2, z̄2)Vγ̃(z3, z̄3)
〉

CFT
=

=
Cα̃β̃γ̃

z
Δα+Δβ−Δγ

12 z̄
Δ̄α+Δ̄β−Δ̄γ̃

12 z
Δα+Δγ−Δβ

13 z̄
Δ̄α+Δ̄γ̃−Δ̄β

12 z
Δβ+Δγ−Δα

23 z̄
Δ̄β+Δ̄γ̃−Δ̄α

12

,

(1.33)

£¤¥ Cα̃β̃γ̃ Å ¸É·Ê±ÉÊ·´Ò¥ ±μ´¸É ´ÉÒ É¥μ·¨¨. ‘É·Ê±ÉÊ·´Ò¥ ±μ´¸É ´ÉÒ ³μ¦´μ
· §¤¥²¨ÉÓ ´  É·¨ ³´μ¦¨É¥²Ö: ¸¢Ö§ ´´Ò° ¸ ¶·¨³ ·´Ò³¨ ¶μ²Ö³¨ ¨ ¸¢Ö§ ´´Ò¥
¸ £μ²μ³μ·Ë´μ° ¨  ´É¨£μ²μ³μ·Ë´μ°  ²£¥¡· ³¨ ‚¨· ¸μ·μ, É ± ± ± μ¶¥· Éμ·Ò
É ±¨Ì ¤¢ÊÌ  ²£¥¡· ‚¨· ¸μ·μ ±μ³³ÊÉ¨·ÊÕÉ ¤·Ê£ ¸ ¤·Ê£μ³:

Cα̃β̃γ̃ = CαβγCαβγ(Yα, Yβ , Yγ)Cαβγ(Ȳα, Ȳβ , Ȳγ). (1.34)

‚Ò· ¦¥´¨¥ ¤²Ö ±μ··¥²ÖÉμ·  Î¥ÉÒ·¥Ì ¶μ²¥° ¨³¥¥É ¡μ²¥¥ ¸²μ¦´Ò° ¢¨¤. �μ-
³¨³μ ³´μ¦¨É¥²¥°, § ¤ ´´ÒÌ ±μ´Ëμ·³´μ° ¸¨³³¥É·¨¥°, ¢ ¢Ò· ¦¥´¨¨ ¶·¨¸ÊÉ-

¸É¢Ê¥É É ±¦¥ ËÊ´±Í¨Ö μÉ ¤¢μ°´μ£μ μÉ´μÏ¥´¨Ö ±μμ·¤¨´ É x =
z12z34

z32z14
:

〈V1(z1, z̄1)V2(z2, z̄2)V3(z3, z̄3)V4(z4, z̄4)〉CFT =

= G(x, x̄)
4∏

i<j

z
Δ1+Δ2+Δ3+Δ4

3 −Δi−Δj

ij z̄
Δ̄1+Δ̄2+Δ̄3+Δ̄4

3 −Δ̄i−Δ̄j

ij . (1.35)

� ¸¸³μÉ·¨³ ¤·Ê£μ¥ · §²μ¦¥´¨¥ ¤²Ö ±μ´Ëμ·³´μ£μ ¡²μ± . …£μ ³μ¦´μ ¶μ²Ê-
Î¨ÉÓ ¸ ¶μ³μÐÓÕ ¶·¨³¥´¥´¨Ö μ¶¥· Éμ·´μ£μ · §²μ¦¥´¨Ö ± ¶¥·¢μ° ¶ ·¥ ¶μ²¥°
¢ Î¥ÉÒ·¥ÌÉμÎ¥Î´μ³ ±μ··¥²ÖÉμ·¥:〈(

V1(z1, z̄1)V2(z2, z̄2)
)
V3(z3, z̄3)V4(z4, z̄4)

〉
CFT

=

=
∑

β̃

z
Δβ̃

12 z̄
Δ̄β̃

12 Cβ̃
12

〈
Vβ̃(z2, z̄2)V3(z3, z̄3)V4(z4, z̄4)

〉
CFT

. (1.36)

…¸²¨ ¢Ò· §¨ÉÓ Cβ̃
12 ¸ ¶μ³μÐÓÕ (1.30), Éμ ¶μ²ÊÎ ¥É¸Ö ¢Ò· ¦¥´¨¥ ¤²Ö G(x, x̄)

Î¥·¥§ ¤¢ÊÌÉμÎ¥Î´Ò¥ ¨ É·¥ÌÉμÎ¥Î´Ò¥ ±μ··¥²ÖÉμ·Ò:

G(x, x̄) =
∑
α̃,β̃

xΔα̃ x̄Δ̄α̃δΔα,Δβ
Q−1

Δα
(Yα, Yβ)Q̄−1

Δ̄α
(Ȳα, Ȳβ)×

× C12αC12α(0, 0, Yα)C12α(0, 0, Ȳα)Cβ34Cβ34(Yβ , 0, 0)Cβ34(Ȳβ , 0, 0). (1.37)
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�É³¥É¨³, ÎÉμ ¨§-§  ¸¢μ°¸É¢ ¤¢ÊÌÉμÎ¥Î´ÒÌ ¨ É·¥ÌÉμÎ¥Î´ÒÌ ±μ··¥²ÖÉμ·μ¢ ¸Ê³³ 
¶μ £μ²μ³μ·Ë´Ò³ ¨  ´É¨£μ²μ³μ·Ë´Ò³ ¤¨ £· ³³ ³ 
´£  ³μ¦¥É ¶·μ¨§¢μ¤¨ÉÓ¸Ö
¶μ μÉ¤¥²Ó´μ¸É¨:

G(x, x̄) =
∑
α,β

xΔα x̄Δ̄αδΔα,Δβ
C12αCβ34×

×

⎛⎝ ∑
Yα,Yβ

x|Yα|Q−1
Δα

(Yα, Yβ)C12α(0, 0, Yα)Cβ34(Yβ , 0, 0)

⎞⎠×

×

⎛⎝ ∑
Ȳα,Ȳβ

x|Ȳα|Q̄−1
Δ̄α

(Ȳα, Ȳβ)C12α(0, 0, Ȳα)Cβ34(Ȳβ , 0, 0)

⎞⎠ . (1.38)

‚ ¤ ²Ó´¥°Ï¥³ ¡Ê¤¥É · ¸¸³ É·¨¢ ÉÓ¸Ö Éμ²Ó±μ £μ²μ³μ·Ë´Ò° ±μ´Ëμ·³´Ò°
¡²μ± BΔ(x) ¨ ¥£μ ¸μ¸É ¢²ÖÕÐ¨¥, É. ¥. μ¡Ñ¥±ÉÒ ¢ ¶¥·¢μ° ¸±μ¡±¥ ¢ (1.38):

BΔ(x) =
∑

Yα,Yβ

x|Yα|Q−1
Δα

(Yα, Yβ)C12α(0, 0, Yα)Cβ34(Yβ , 0, 0). (1.39)

„²Ö ¢ÒÎ¨¸²¥´¨Ö É ±μ£μ ±μ´Ëμ·³´μ£μ ¡²μ±  ¤μ¸É ÉμÎ´μ · ¸¸³μÉ·¥ÉÓ ±μ··¥²Ö-
Éμ·Ò ¸ ´Ê²¥¢Ò³¨  ´É¨£μ²μ³μ·Ë´Ò³¨ ¤¨ £· ³³ ³¨ 
´£ . ’ ±, ¤²Ö ¢ÒÎ¨¸²¥-
´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¸É·Ê±ÉÊ·´ÒÌ ±μ´¸É ´É ¤μ¸É ÉμÎ´μ · ¸¸³μÉ·¥ÉÓ É·μ°´Ò¥
¢¥·Ï¨´Ò ¸μ ¸²¥¤ÊÕÐ¨³ ¥¸É¥¸É¢¥´´Ò³ μ¡μ§´ Î¥´¨¥³:

Γφ̂ψ̂χ̂ ≡ Cφ,ψ,χCφ,ψ,χ(Yφ, Yψ, Yχ) ≡
〈
Vφ̂(0)Vψ̂(1)Vχ̂(∞)

〉
, (1.40)

£¤¥ É ±¦¥ ¢¢¥¤¥´μ μ¡μ§´ Î¥´¨¥ α̂ = {α, Yα}.
ˆ¸¶μ²Ó§ÊÖ ³ É·¨ÍÊ ˜ ¶μ¢ ²μ¢  (1.32), ´  ¶·μ¸É· ´¸É¢¥ ¢¥±Éμ·μ¢ ¸μ¸Éμ-

Ö´¨° ³μ¦´μ ¢¢¥¸É¨ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥:〈
L−YαVα|L−Yβ

Vβ

〉
= QΔα(Yα, Yβ). (1.41)

�μ¤·μ¡´¥¥ ¸¢μ°¸É¢  É ±μ£μ ¸± ²Ö·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö · ¸¸³μÉ·¥´Ò ¢ ¶. 1.5.
1.5. ”μ·³  ˜ ¶μ¢ ²μ¢ . Š ± ¡Ò²μ Ê± § ´μ · ´¥¥, ´   ²£¥¡·¥ ¶μ²¥°

³μ¦´μ ¢¢¥¸É¨ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ (1.41), ±μÉμ·μ¥ ²¨´¥°´μ ¶μ μ¡μ¨³
¢Ìμ¤ÖÐ¨³ ¢ ´¥£μ ¶μ²Ö³. ’ ±¦¥ Ê¤μ¡´μ, ÎÉμ¡Ò μ¶¥· Éμ·Ò ‚¨· ¸μ·μ ¡Ò²¨
Ô·³¨Éμ¢Ò³¨ μÉ´μ¸¨É¥²Ó´μ ¸± ²Ö·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö:〈

L−nVα̂|Vβ̂

〉
=
〈
Vα̂|LnVβ̂

〉
. (1.42)

�μ³¨³μ ¤ ´´μ£μ ¸¢μ°¸É¢ , ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¤μ²¦´μ ¡ÒÉÓ μ·Éμ£μ´ ²Ó´μ
¤²Ö ¶·¨³ ·´ÒÌ ¶μ²¥°:

〈Vα|Vβ〉 = δα,β . (1.43)
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�·¨ · ¸¸³μÉ·¥´¨¨  ²£¥¡·Ò ‚¨· ¸μ·μ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ³μ¦´μ μ¶·¥-
¤¥²¨ÉÓ ± ± ±μ··¥²ÖÉμ· ¶μ²¥° ¢ ´Ê²¥ ¨ ¡¥¸±μ´¥Î´μ¸É¨, ´μ ¢¸¥ ¥£μ §´ Î¥´¨Ö
³μ¦´μ É ±¦¥ ¶μ²ÊÎ¨ÉÓ ´ ¶·Ö³ÊÕ ¨§ Ê± § ´´ÒÌ ¢ÒÏ¥ ¸¢μ°¸É¢.

Œ É·¨Í  ˜ ¶μ¢ ²μ¢  QΔ1(Y1, Y2) ¡²μÎ´μ-¤¨ £μ´ ²Ó´  (¸³. É ¡². 1). …¥
§´ Î¥´¨Ö ³μ¦´μ μ¶·¥¤¥²¨ÉÓ, · ¸¸³μÉ·¥¢ ¤¥°¸É¢¨¥ μ¶¥· Éμ·  LYαL−Yβ

´  ¶·¨-
³ ·´μ¥ ¶μ²¥ Vβ .

’ ¡²¨Í  1. 	²¥³¥´ÉÒ ³ É·¨ÍÒ ˜ ¶μ¢ ²μ¢  ¤²Ö ¤¨ £· ³³ 
´£  |Y | � 3

Y1\Y2 ∅ [1] [2] [1, 1]

∅ 1

[1] 2Δ

[2]
1

2
(8Δ + c) 6Δ

[1, 1] 6Δ 4Δ(1 + 2Δ)

Y1\Y2 [3] [2, 1] [1, 1, 1]

[3] 6Δ + 2c 2(8Δ + c) 24Δ

[2, 1] 2(8Δ + c) 8Δ2 + (34 + c)Δ + 2c 36Δ(Δ + 1)

[1, 1, 1] 24Δ 36Δ(Δ + 1) 24Δ(Δ + 1)(2Δ + 1)

	²μÎ´μ-¤¨ £μ´ ²Ó´ Ö Ëμ·³  ³ É·¨ÍÒ ˜ ¶μ¢ ²μ¢  ¶μ§¢μ²Ö¥É, ´¥¸³μÉ·Ö
´  ¥¥, ¢μμ¡Ð¥ £μ¢μ·Ö, ¡¥¸±μ´¥Î´Ò° · §³¥·, ¶μ¸É·μ¨ÉÓ μ¡· É´ÊÕ ± ´¥° ³ -
É·¨ÍÊ. �¡· É´ Ö ³ É·¨Í  É ±¦¥ ¡Ê¤¥É ¨³¥ÉÓ ¡²μÎ´μ-¤¨ £μ´ ²Ó´ÊÕ Ëμ·³Ê,
¶·¨Î¥³ ± ¦¤Ò° ¥¥ ¡²μ± ¡Ê¤¥É μ¡· É´Ò³ ± ¸μμÉ¢¥É¸É¢ÊÕÐ¥³Ê ¡²μ±Ê ³ É·¨ÍÒ
˜ ¶μ¢ ²μ¢ . �·¨ ¶μ¤¸Î¥É¥ ±μ´Ëμ·³´ÒÌ ¡²μ±μ¢, ¸μ£² ¸´μ (1.39), ¨¸¶μ²Ó§Ê-
¥É¸Ö μ¡· É´ Ö ³ É·¨Í  ˜ ¶μ¢ ²μ¢ : DΔ(Yα, Yβ) = Q−1

Δ (Yα, Yβ).
1.6. ’·μ°´Ò¥ ¢¥·Ï¨´Ò. � ¸¸³μÉ·¨³ ¶μ¤·μ¡´¥¥ ¤¢  É¨¶  É·μ°´ÒÌ ¢¥·-

Ï¨´ Å ±μ··¥²ÖÉμ· (ÉμÎ´¥¥, ¥£μ £μ²μ³μ·Ë´ÊÕ Î ¸ÉÓ) ¨ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥-
´¨¥ É·¥Ì ¶μ²¥°:

Γφχψ(Yφ, Yχ, Yψ) =
〈
L−Yφ

Vφ(0)L−YχVχ(1)L−Yψ
Vψ(∞)

〉
,

Γ
ψ

χφ(Yχ, Yφ, Yψ) =
〈
L−Yψ

Vψ |L−YχVχ(1)L−Yφ
Vφ(0)

〉
.

(1.44)

…¸²¨ · ¸¸³ É·¨¢ ÉÓ ¶μ²Ö ¨§ ³μ¤Ê²¥° ‚¥·³ , Éμ ¸μ£² ¸´μ ¸¢μ°¸É¢ ³ μ¶¥· Éμ-
·μ¢ ‚¨· ¸μ·μ ¨ ¸± ²Ö·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö

〈L−nVα̂ |V1(1)V2(0)〉 =

〈
Vα̂

∣∣∣ ∮
0+1

xn+1dxT (x)V1(1)V2(0)

〉
=

=
∮
1

xn+1dx

(x − 1)k+2
〈Vα̂ | (LkV1)(1)V2(0)〉 +

∮
0

xn+1dx

xk+2
〈Vα̂ |V1(1) (LkV2)(0)〉 ,

(1.45)
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£¤¥ ±μ´ÉÊ·Ò ¨´É¥£·¨·μ¢ ´¨Ö μÌ¢ ÉÒ¢ ÕÉ ÉμÎ±¨ z = 0 ¨ z = 1. �´ ²μ£¨Î´Ò³
μ¡· §μ³ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¨ ±μ··¥²ÖÉμ· Γ:

〈(L−nVα̂)(0)V3(1)V4(∞)〉 =
∮
0

dx

xn−1
〈T (x)Vα̂(0)V3(1)V4(∞)〉 =

= −
∮
1

dx

xn−1(x − 1)k+2
〈Vα̂(0)(LkV3)(1)V4(∞)〉+

+
∮
∞

xk−2dx

xn−1
〈Vα̂(0)V3(1)(LkV4)(∞)〉 . (1.46)

‚ ¶μ¸²¥¤´¨° ¨´É¥£· ² ¢ Ëμ·³Ê² Ì (1.45) ¨ (1.46) ¤ ÕÉ ¢±² ¤ Éμ²Ó±μ Î²¥´Ò
¸ k = n. �É¨ Ëμ·³Ê²Ò ¶μ§¢μ²ÖÕÉ ¢Ò· §¨ÉÓ É·μ°´Ò¥ ¢¥·Ï¨´Ò ¸ ¶μ²Ö³¨ ¨§
³μ¤Ê²¥° ‚¥·³  Î¥·¥§ É·μ°´Ò¥ ¢¥·Ï¨´Ò ¸ ¶·¨³ ·´Ò³¨ ¶μ²Ö³¨:

Γφχψ(Yφ, Yχ, Yψ) = γφχψ(Yφ, Yχ, Yψ) 〈Vφ(0)Vχ(1)Vψ(∞)〉 ,

Γ
ψ

χφ(Yχ, Yφ, Yψ) = γψ
χφ(Yχ, Yφ, Yψ) 〈Vψ|Vχ(1)Vφ(0)〉 ,

(1.47)

£¤¥ γ ¨ γ μ¶¨¸Ò¢ ÕÉ¸Ö Éμ²Ó±μ ±μ´Ëμ·³´Ò³¨ ¸¢μ°¸É¢ ³¨ É¥μ·¨¨ ¨  ²£¥¡·μ°
‚¨· ¸μ·μ,   ±μ··¥²ÖÉμ·Ò ¶·¨³ ·´ÒÌ ¶μ²¥° § ¢¨¸ÖÉ μÉ ¢Ò¡μ·  ±μ´±·¥É´μ°
É¥μ·¨¨ ¨ ¸¢Ö§ ´Ò ¸μ ¸É·Ê±ÉÊ·´Ò³¨ ±μ´¸É ´É ³¨ É¥μ·¨¨.

�É³¥É¨³, ÎÉμ ¶·¨ · ¸¸³μÉ·¥´¨¨  ²£¥¡·Ò ‚¨· ¸μ·μ ¤¢  É¨¶  É·μ°´ÒÌ
¢¥·Ï¨´ ¸μ¢¶ ¤ ÕÉ: γφχψ = γψ

χφ. �Éμ ¸¢μ°¸É¢μ, μ¤´ ±μ, ´¥ ¢Ò¶μ²´Ö¥É¸Ö

¶·¨ · ¸¸³μÉ·¥´¨¨ ¡μ²¥¥ ¸²μ¦´ÒÌ ¸É·Ê±ÉÊ·, ´ ¶·¨³¥·  ²£¥¡·Ò W (3), ±μÉμ· Ö
¡Ê¤¥É · ¸¸³μÉ·¥´  ´¨¦¥.

1.6.1. ’·μ°´Ò¥ ¢¥·Ï¨´Ò Γ̄. � ¸¸³μÉ·¨³ ¶μ¤·μ¡´¥¥ ³¥Éμ¤Ò ¢ÒÎ¨¸²¥´¨Ö
É·μ°´ÒÌ ¢¥·Ï¨´. „²Ö ¶·¨³ ·´μ£μ ¶μ²Ö V1 Ëμ·³Ê²  (1.45) ¸¢μ¤¨É¸Ö ±

〈L−nVα̂|V1(1)V2(0)〉 = (n + 1)Δ1 〈Vα̂|V1(1)V2(0)〉+
+ 〈Vα̂|(L−1V1)(1)V2(0)〉 + 〈Vα̂|V1(1)(LnV2)(0)〉 . (1.48)

‚ ¸²ÊÎ ¥, ±μ£¤  ¶μ²¥ V1 ´¥ Ö¢²Ö¥É¸Ö ¶·¨³ ·´Ò³, Ëμ·³Ê²  ¨³¥¥É ´¥¸±μ²Ó±μ
¡μ²¥¥ ¸²μ¦´Ò° ¢¨¤:〈
L−nVα̂ |V1(1)V2(0)

〉
=
∑
k>0

(n + 1)!
(k + 1)!(n − k)!

〈
Vα̂ | (LkV1)(1) V2(0)

〉
+

+ (n + 1)Δ1 〈Vα̂ |V1(1)V2(0)〉 +
〈
Vα̂ | (L−1V1)(1) V2(0)

〉
+

+
〈
Vα̂ |V1(1) (LnV2)(0)

〉
. (1.49)

„μ¶μ²´¨É¥²Ó´Ò¥ ¸² £ ¥³Ò¥ ¢ ¶· ¢μ° Î ¸É¨, μ¤´ ±μ, ¶·μ¶ ¤ ÕÉ ¶·¨ n = 0.
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…¸²¨ ¶·¨³ ·´Ò³¨ Ö¢²ÖÕÉ¸Ö μ¡  ¶μ²Ö V1 ¨ V2, Éμ ¤²Ö ¢¸¥Ì n > 0 ¶μ
μ¶·¥¤¥²¥´¨Õ ¶·¨³ ·´μ£μ ¶μ²Ö LnV2 = 0. …¸²¨ ¶·¨ ÔÉμ³ · ¸¸³μÉ·¥ÉÓ Ëμ·-
³Ê²Ê (1.48) ¶·¨ n = 0, Éμ〈

Vα̂ | (L−1V1)(1) V2(0)
〉

= (Δα̂ − Δ1 − Δ2) 〈Vα̂ |V1(1)V2(0)〉 , (1.50)

É ±¨³ μ¡· §μ³,

〈L−nVα̂ |V1(1)V2(0)〉 = (Δα̂ + nΔ1 −Δ2) 〈Vα̂ |V1(1)V2(0)〉 , n > 0, (1.51)

£¤¥ É ±¦¥ ¨¸¶μ²Ó§μ¢ ²¨¸Ó ¸μμÉ´μÏ¥´¨Ö L0Vα̂ = Δα̂Vα̂ ¨ L0V2 = Δ2V2. ‡ -
³¥É¨³, ÎÉμ (1.50) μ¸É ¥É¸Ö ¢¥·´Ò³, ¤ ¦¥ ¥¸²¨ V1 ´¥ ¶·¨³ ·´μ¥ ¶μ²¥, ÎÉμ ´¥
¢¥·´μ ¤²Ö (1.51). �É³¥É¨³ É ±¦¥, ÎÉμ ¢ Ëμ·³Ê²¥ (1.51) ´¥ ´ ² £ ¥É¸Ö ´¨± ±¨Ì
μ£· ´¨Î¥´¨° ´  Vα̂, ¢ Î ¸É´μ¸É¨, Vα̂ ³μ¦¥É ¡ÒÉÓ ´¥¶·¨³ ·´Ò³ ¶μ²¥³. …¸²¨
Vα̂ = L−Y Vα Å ¶μ²¥ ¨§ ³μ¤Ê²Ö ‚¥·³ , Éμ ¨§ ¸¢μ°¸É¢  ²£¥¡·Ò ‚¨· ¸μ·μ

Δα̂ = Δα + |Y | (1.52)

¨ ¸ ¶μ³μÐÓÕ ¶μ¸²¥¤μ¢ É¥²Ó´μ£μ ¶·¨³¥´¥´¨Ö (1.51) ³μ¦´μ ¶μ²ÊÎ¨ÉÓ μ¡ÐÊÕ
Ëμ·³Ê²Ê ¤²Ö γ̄ ¤²Ö ¶·μ¨§¢μ²Ó´μ° ¤¨ £· ³³Ò 
´£  Y = {k1 � k2 � . . .}:〈

L−Y Vα |V1(1)V2(0)
〉

= 〈Vα |V1(1)V2(0)〉
∏

i

(
Δα + kiΔ1 − Δ2 +

∑
j<i

kj

)
.

(1.53)
1.6.2. ’·μ°´Ò¥ ¢¥·Ï¨´Ò Γ. „²Ö ¶·¨³ ·´ÒÌ V3 ¨ V4 Ëμ·³Ê²  (1.46)

¸¢μ¤¨É¸Ö ±

〈(L−nVα̂)(0)V3(1)V4(∞)〉 = (n − 1)Δ3 〈Vα̂(0)V3(1)V4(∞)〉 −
− 〈Vα̂(0) (L−1V3)(1)V4(∞)〉 + 〈Vα̂(0)V3(1)L−nV4(∞)〉 . (1.54)

�·¨ n = 0 ÔÉ  Ëμ·³Ê²  ¶·¨¢μ¤¨É ± ¸μμÉ´μÏ¥´¨Õ

〈Vα̂(0) (L−1V3)(1)V4(∞)〉 = −(Δα̂ + Δ3 −Δ4) 〈Vα̂)(0)V3(1)V4(∞)〉 , (1.55)

ÎÉμ ¶μ§¢μ²Ö¥É ¶μ²ÊÎ¨ÉÓ ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ n > 0

〈(L−nVα̂)(0)V3(1)V4(∞)〉 = (Δα̂ + nΔ3 − Δ4) 〈Vα̂(0)V3(1)V4(∞)〉 , (1.56)

ÎÉμ Ö¢²Ö¥É¸Ö  ´ ²μ£μ³ (1.51). ’ ±¨³ μ¡· §μ³, ¤²Ö ¶·μ¨§¢μ²Ó´μ° ¤¨ £· ³³Ò

´£  Y

〈(L−Y Vα)(0)V3(1)V4(∞)〉 =

= 〈Vα(0)V3(1)V4(∞)〉
∏

i

(
Δα + kiΔ3 − Δ4 +

∑
j<i

kj

)
, (1.57)
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�¨¸. 3. „¨ £· ³³´ Ö É¥Ì´¨±  ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ±μ´Ëμ·³´μ£μ ¡²μ± . γ ¸μμÉ¢¥É¸É¢ÊÕÉ
É·μ°´Ò³ ¢¥·Ï¨´ ³,   D Å μ¡· É´μ° ³ É·¨Í¥ ˜ ¶μ¢ ²μ¢ 

1.7. „¨ £· ³³´ Ö É¥Ì´¨± . �·¨¢¥¤¥´´Ò° ¢ ¶. 1.4 ¸¶μ¸μ¡ ¢ÒÎ¨¸²¥´¨Ö Î¥-
ÉÒ·¥ÌÉμÎ¥Î´μ£μ ±μ´Ëμ·³´μ£μ ¡²μ±  ³μ¦¥É ¡ÒÉÓ μ¡μ¡Ð¥´ ¨ ´  ¸²ÊÎ ¨ ¡μ²Ó-
Ï¥£μ Î¨¸²  ¶μ²¥°. ‘ ¶μ³μÐÓÕ μ¶¥· Éμ·´μ£μ · §²μ¦¥´¨Ö (1.2) ±μ··¥²ÖÉμ·Ò
²Õ¡μ£μ Î¨¸²  ¶μ²¥° ³μ¦´μ ¸¢¥¸É¨ ± ¶·μ¸É¥°Ï¨³ Ô²¥³¥´É ³ Å ¸± ²Ö·´Ò³
¶·μ¨§¢¥¤¥´¨Ö³ ¤¢ÊÌ ¶μ²¥° (¸³. ¶. 1.5) ¨ É·¥ÌÉμÎ¥Î´Ò³ ¢¥·Ï¨´ ³ (¸³. ¶. 1.6).
’ ±μ¥ · §²μ¦¥´¨¥ ±μ··¥²ÖÉμ·  ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ μ¶¨¸Ò¢ ¥É¸Ö ¤¨ £· ³³-
´μ° É¥Ì´¨±μ°. Šμ´±·¥É´Ò° ¢¨¤ ¤¨ £· ³³Ò § ¢¨¸¨É μÉ ±μ²¨Î¥¸É¢  ¶μ²¥° ¢ ±μ·-
·¥²ÖÉμ·¥ ¨²¨ ±μ´Ëμ·³´μ³ ¡²μ±¥ ¨ ·μ¤  · ¸¸³ É·¨¢ ¥³μ° ¶μ¢¥·Ì´μ¸É¨. „¨ -
£· ³³Ò ¸μ¸ÉμÖÉ ¨§ Ô²¥³¥´Éμ¢ ¤¢ÊÌ É¨¶μ¢: ¶·μ¶ £ Éμ·μ¢ ¨ ¢¥·Ï¨´ (·¨¸. 3),
¸¢Ö§ ´´ÒÌ ¸ μ¡· É´μ° ³ É·¨Í¥° ˜ ¶μ¢ ²μ¢  ¨ É·μ°´Ò³¨ ¢¥·Ï¨´ ³¨ ¸μμÉ-
¢¥É¸É¢¥´´μ.

�·μÍ¥¤Ê·  ¢ÒÎ¨¸²¥´¨Ö ±μ´Ëμ·³´ÒÌ ¡²μ±μ¢, É ±¨³ μ¡· §μ³, ¤ ¥É¸Ö ¸²¥-
¤ÊÕÐ¨³  ²£μ·¨É³μ³: ¸ ¶μ³μÐÓÕ Ëμ·³Ê²Ò (1.2) ±μ²¨Î¥¸É¢μ ¢´¥Ï´¨Ì ¶μ²¥°
n-ÉμÎ¥Î´μ£μ ±μ´Ëμ·³´μ£μ ¡²μ±  Ê³¥´ÓÏ ¥É¸Ö ´  1, É ±¨³ μ¡· §μ³ ¶μ²ÊÎ ¥É¸Ö
²¨´¥°´ Ö ±μ³¡¨´ Í¨Ö (n − 1)-ÉμÎ¥Î´ÒÌ ±μ´Ëμ·³´ÒÌ ¡²μ±μ¢. ‚ ¶μ²ÊÎ¥´´μ³
¢Ò· ¦¥´¨¨ ¸É·Ê±ÉÊ·´Ò¥ ±μ´¸É ´ÉÒ Ck

ij ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¸ ¶μ³μÐÓÕ Γ̄ ¨
³ É·¨ÍÒ ˜ ¶μ¢ ²μ¢ :

Γ̄χ̂

ψ̂φ̂

def=
〈
Vχ̂

∣∣Vψ̂(1)Vφ̂(0)
〉

=
∑

ξ̂

Cξ

ψ̂φ̂

〈
Vχ̂|Vξ̂

〉
,

⇓
C ξ̂

ψ̂φ̂
= Γ̄χ̂

ψ̂φ̂

(〈
Vχ̂|Vξ̂

〉)−1

,

(1.58)

C ξ̂

ψ̂φ̂
= Cξ

ψφγχ
ψφ(Yψ , Yφ, Yχ)Dξ(Yχ, Yξ). (1.59)

‘μμÉ¢¥É¸É¢¥´´μ, ¶· ¢¨²  ¶μ¸É·μ¥´¨Ö ±μ´Ëμ·³´μ£μ ¡²μ±  ¶μ ¤¨ £· ³³¥
μÉ´μ¸¨É¥²Ó´μ ¶·μ¸ÉÒ: ± ¦¤μ° ¢¥·Ï¨´¥ ¸μ¶μ¸É ¢²Ö¥É¸Ö É·μ°´ Ö ¢¥·Ï¨´ 
(¸³. ¶. 1.6),   ± ¦¤μ° ¢´ÊÉ·¥´´¥° ²¨´¨¨ Å μ¡· É´ Ö ³ É·¨Í  ˜ ¶μ¢ ²μ¢ 
(¸³. ¶. 1.5), ¶μ¸²¥ ÔÉμ£μ ´Ê¦´μ ¶·μ¨§¢¥¸É¨ ¸Ê³³¨·μ¢ ´¨¥ ¶μ ¢¸¥³ ¶μ²Ö³, ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨³ ¢´ÊÉ·¥´´¨³ ²¨´¨Ö³ ¤¨ £· ³³Ò.

1.8. �μ¤¸Î¨É ´´Ò¥ É·μ°´Ò¥ ¢¥·Ï¨´Ò. „²Ö · ¸Î¥Éμ¢ ±μ´Ëμ·³´ÒÌ ¡²μ-
±μ¢, ¶·¨¢¥¤¥´´ÒÌ ¢ ¤ ´´μ³ μ¡§μ·¥, ´¥μ¡Ìμ¤¨³μ ¢ÒÎ¨¸²¥´¨¥ · §²¨Î´ÒÌ É·μ°-
´ÒÌ ¢¥·Ï¨´ ¸ ¶μ³μÐÓÕ μ¶¨¸ ´´ÒÌ ¢ÒÏ¥ ³¥Éμ¤μ¢. ‡¤¥¸Ó ¶·¨¢¥¤¥´Ò ´¥±μÉμ-
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·Ò¥ ·¥§Ê²ÓÉ ÉÒ, ¨¸¶μ²Ó§μ¢ ´´Ò¥ ¢ ¤ ²Ó´¥°Ï¨Ì ¢ÒÎ¨¸²¥´¨ÖÌ:

γ1
23([1], ∅, ∅) = −γ1

23(∅, [1], ∅),

γ1
23([1], ∅, ∅) = (Δ1 − Δ2 − Δ3),

γ1
23(∅, [1], ∅) = (Δ3 + Δ2 − Δ1),

γ1
23(∅, ∅, [1]) = (Δ1 + Δ2 − Δ3),

γ1
23([1], [1], ∅) = −(Δ3 + Δ2 − Δ1)(Δ3 + Δ2 − Δ1 + 1),

γ1
23(∅, [1], [1]) = (Δ3 + Δ2 − Δ1)(Δ1 + Δ2 − Δ3 − 1) + 2Δ3,

γ1
23([1], ∅, [1]) = (Δ1 + Δ2 − Δ3)(Δ1 − Δ2 − Δ3 + 1),

γ1
23([1

2], ∅, ∅) = (Δ1 − Δ2 − Δ3)(Δ1 − Δ2 − Δ3 − 1),

γ1
23(∅, [12], ∅) = (Δ1 − Δ2 − Δ3)(Δ1 − Δ2 − Δ3 − 1),

γ1
23(∅, ∅, [12]) = (Δ1 + Δ2 − Δ3)(Δ1 + Δ2 − Δ3 + 1),

γ1
23(∅, ∅, [2]) = (Δ1 + 2Δ2 − Δ3),

γ1
23(∅, [2], ∅) = (Δ3 + 2Δ2 − Δ1),

γ1
23([1], [2], ∅) = (Δ1 − Δ2 − Δ3 − 2)(Δ3 + 2Δ2 − Δ1),

γ1
23(∅, [1], [2]) = (Δ3 + Δ2 − Δ1)(Δ1 + 2Δ2 − Δ3 − 1),

γ1
23(∅, [2], [1]) = (Δ3 + 2Δ2 − Δ1)(Δ1 + Δ2 − Δ3 − 2) + 3(Δ3 + Δ2 − Δ1),

γ1
23(∅, [1], [12]) = 2Δ3(Δ1 + Δ2 − Δ3) + 2Δ3(Δ1 + Δ2 − Δ3 − 1)+

+ (Δ3 + Δ2 − Δ1)(Δ1 + Δ2 − Δ3 − 1)2,

γ1
23(∅, [12], [1]) = 2(2Δ3 + 1)(Δ3 + Δ2 − Δ1)+

+ (Δ1 − Δ2 − Δ3)(Δ1 − Δ2 − Δ3 − 1)×
× (Δ1 + Δ2 − Δ3 − 2),

γ1
23([1], [1], [1]) = 2Δ3(Δ1 − Δ2 − Δ3 − 1)+

+ (Δ1 − Δ2 − Δ3)(Δ3 + Δ2 − Δ1)(Δ1 + Δ2 − Δ3 − 1),

γ1
23([1], ∅, [12]) = (Δ1 − Δ2 − Δ3 + 1)(Δ1 + Δ2 − Δ3)(Δ1 + Δ2 − Δ3 + 1),

γ1
23([1], [12], ∅) = (Δ1 − Δ2 − Δ3)(Δ1 − Δ2 − Δ3 − 1)(Δ1 − Δ2 − Δ3 − 2),

γ1
23([1

2], ∅, [1]) = (Δ1 − Δ2 − Δ3)(Δ1 − Δ2 − Δ3 − 1)(Δ1 + Δ2 − Δ3),

γ1
23(∅, [2], [2]) = (Δ3 + 2Δ2 − Δ1)(Δ1 + 2Δ2 − Δ3 − 2) + 4Δ3 +

c

2
,

γ1
23(∅, [12], [2]) = 6Δ3 + (Δ1 − Δ2 − Δ3)(Δ1 − Δ2 − Δ3 − 1)×

× (Δ1 + 2Δ2 − Δ3 − 2),

γ1
23([1], [2], [1]) = (Δ3 + 2Δ2 −Δ1)(Δ1+Δ2 −Δ3 − 2)(Δ1−Δ2 −Δ3 − 1)+

+ 3(Δ3 + Δ2 − Δ1)(Δ1 − Δ2 − Δ3 − 1),
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γ1
23([1

2], [2], ∅) = (Δ1− Δ2 − Δ3 − 3)(Δ1− Δ2 − Δ3 − 2)(Δ3 + 2Δ2 − Δ1),

γ1
23(∅, [2], [12]) = 6(Δ1 + Δ2 − Δ3 − 1)(Δ3 + Δ2 − Δ1)+

+ (Δ1 + Δ2 − Δ3 − 1)(Δ3 + 2Δ2 − Δ1)×
× (Δ1 + Δ2 − Δ3 − 2) + 6Δ3,

γ1
23([1

2], [12], ∅) = (Δ1 − Δ2 − Δ3)(Δ1 − Δ2 − Δ3 − 1)×
× (Δ1 − Δ2 − Δ3 − 2)(Δ1 − Δ2 − Δ3 − 3),

γ1
23([1], [13], ∅) = −(Δ1 − Δ2 − Δ3)(Δ1 − Δ2 − Δ3 − 1)×

× (Δ1 − Δ2 − Δ3 − 2)(Δ1 − Δ2 − Δ3 − 3),

γ1
23([1], [12], [1]) = 2(2Δ3 + 1)(Δ3 + Δ2 − Δ1)(Δ1 − Δ2 − Δ3 − 1)+

+ (Δ1 − Δ2 − Δ3)(Δ1 − Δ2 − Δ3 − 1)2×
× (Δ1 + Δ2 − Δ3 − 2),

γ1
23(∅, [12], [12]) = 2Δ2γ

1
23(∅, [12], [1]) + γ1

23([1], [12], [1])+

+ 2(2Δ3 + 1)γ1
23(∅, [1], [1]).

1.9. W (3)  ²£¥¡· . �¥±μÉμ·Ò¥ ±μ´Ëμ·³´Ò¥ ³μ¤¥²¨ ¸ ¡¥¸±μ´¥Î´Ò³ Î¨-
¸²μ³ ¶·¨³ ·´ÒÌ ¶μ²¥° ‚¨· ¸μ·μ ³μ£ÊÉ É ±¦¥ μ¡² ¤ ÉÓ ´¥±μÉμ·Ò³¨ ¤μ¶μ²-
´¨É¥²Ó´Ò³¨ ¸¨³³¥É·¨Ö³¨. ‘¨³³¥É·¨¨ É ±μ£μ É¨¶  ´ §Ò¢ ÕÉ¸Ö · ¸Ï¨·¥´´μ°
±μ´Ëμ·³´μ° ¨²¨ ±¨· ²Ó´μ°  ²£¥¡·μ°. �²£¥¡·  ‚¨· ¸μ·μ ¢¸¥£¤  Ö¢²Ö¥É¸Ö μ¤-
´μ° ¨§ ¥¥ ¸μ¸É ¢²ÖÕÐ¨Ì, ´μ ±μ´Ëμ·³´ Ö  ²£¥¡·  ³μ¦¥É ¡ÒÉÓ ¨ ¡μ²ÓÏ¥. •μ-
·μÏμ ¨§¢¥¸É´Ò° ¶·¨³¥· É ±μ°  ²£¥¡·Ò Å  ²£¥¡·  Éμ±μ¢ ¢ ³μ¤¥²¨ ‚¥¸¸ Ä
‡Ê³¨´μÄ�μ¢¨±μ¢ Ä‚¨ÉÉ¥´  [59]. ‚ ¤ ´´μ³ μ¡§μ·¥ · ¸¸³μÉ·¥´ ¤·Ê£μ° ¶·¨³¥·
±μ´Ëμ·³´μ°  ²£¥¡·Ò. ’¥μ·¨Ö ¸ r ¸¢μ¡μ¤´Ò³¨ ¶μ²Ö³¨ ´¥ μ¶·¥¤¥²Ö¥É¸Ö ¶μ²-
´μ¸ÉÓÕ  ²£¥¡·μ° ‚¨· ¸μ·μ, ¸μμÉ¢¥É¸É¢ÊÕÐ Ö  ²£¥¡·  ´μ¸¨É ´ §¢ ´¨¥ Wr+1.

‘ ¶μ³μÐÓÕ ±μ´Ëμ·³´μ°  ²£¥¡·Ò ³μ¦´μ ¢¢¥¸É¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¥° ¶·¨-
³ ·´Ò¥ ¶μ²Ö. �¤¨´ ³μ¤Ê²Ó ‚¥·³  · ¸Ï¨·¥´´μ° ±μ´Ëμ·³´μ°  ²£¥¡·Ò ³μ¦¥É
¢±²ÕÎ ÉÓ ¢ ¸¥¡Ö ¡¥¸±μ´¥Î´μ¥ Î¨¸²μ ¶·¨³ ·´ÒÌ ¶μ²¥° ‚¨· ¸μ·μ, ¨ ´μ¢Ò¥
±μ´Ëμ·³´Ò¥ ¡²μ±¨ Éμ£¤  μ± §Ò¢ ÕÉ¸Ö ¡¥¸±μ´¥Î´μ° ¸Ê³³μ° ±μ´Ëμ·³´ÒÌ ¡²μ-
±μ¢ ‚¨· ¸μ·μ∗. �²¥³¥´ÉÒ ³μ¤Ê²Ö ‚¥·³  ¶·¨ ÔÉμ³ ´Ê³¥·ÊÕÉ¸Ö μ¡μ¡Ð¥´´Ò³¨
¤¨ £· ³³ ³¨ 
´£  Y . Œ´μ£¨¥ ¨§ Ëμ·³Ê², ¶μ²ÊÎ¥´´ÒÌ ¢ÒÏ¥ ¤²Ö  ²£¥¡·Ò
‚¨· ¸μ·μ, ´¥ ¨§³¥´ÖÕÉ¸Ö ¶·¨ § ³¥Ð¥´¨¨ μ¶¥· Éμ·μ¢ L £¥´¥· Éμ· ³¨ ±μ´-
Ëμ·³´μ°  ²£¥¡·Ò ¨ ¤¨ £· ³³ Y μ¡μ¡Ð¥´´Ò³¨ ¤¨ £· ³³ ³¨ Y . ‚ ¦´μ¥
μÉ²¨Î¨¥, μ¤´ ±μ, ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ±μ´Ëμ·³´μ°  ²£¥¡·Ò ³μ¦¥É ¡ÒÉÓ ´¥¤μ-
¸É ÉμÎ´μ ¤²Ö ¸¢¥¤¥´¨Ö ¢¸¥Ì ±μ··¥²ÖÉμ·μ¢ ± ±μ··¥²ÖÉμ· ³ ¶·¨³ ·´ÒÌ ¶μ²¥°.

∗�  ¸ ³μ³ ¤¥²¥ ¢ ¡μ²ÓÏ¨´¸É¢¥ ±μ´Ëμ·³´ÒÌ ³μ¤¥²¥° ±μ··¥²ÖÉμ·Ò Å ÔÉμ ¸Ê³³Ò ¡¨²¨´¥°-
´ÒÌ ±μ³¡¨´ Í¨° £μ²μ³μ·Ë´ÒÌ ¨  ´É¨£μ²μ³μ·Ë´ÒÌ ±μ´Ëμ·³´ÒÌ ¡²μ±μ¢, É. ¥. ¢ ÔÉ¨Ì ³μ¤¥²ÖÌ ´¥É
¢§ ¨³´μ-μ¤´μ§´ Î´μ£μ ¸μμÉ¢¥É¸É¢¨Ö ³¥¦¤Ê ±μ´Ëμ·³´Ò³ ¡²μ±μ³ ¨ ±μ··¥²ÖÉμ·μ³. �Éμ μ§´ Î ¥É,
ÎÉμ, ¢μμ¡Ð¥ £μ¢μ·Ö, ¸Ê³³  £μ²μ³μ·Ë´ÒÌ ±μ´Ëμ·³´ÒÌ ¡²μ±μ¢ ´¥ ¨³¥¥É Ë¨§¨Î¥¸±μ£μ ¸³Ò¸² .
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’ ±, ¢ ¸²ÊÎ ¥  ²£¥¡·Ò W (3) ¢ μÉ¢¥É ¡Ê¤ÊÉ ¢Ìμ¤¨ÉÓ ¨ É·μ°´Ò¥ ¢¥·Ï¨´Ò ¢¨¤ 〈
(W k

−1Vα)V1V2

〉
, ±μÉμ·Ò¥ ´¥μ¡Ìμ¤¨³μ § ¤ ÉÓ ¸ ¶μ³μÐÓÕ ´¥±μÉμ·ÒÌ ¤μ¶μ²´¨-

É¥²Ó´μ ´ ²μ¦¥´´ÒÌ Ê¸²μ¢¨°. ’ ±¦¥ ¡μ²¥¥ ¸²μ¦´Ò³ Ö¢²Ö¥É¸Ö ¨ ¸μμÉ´μÏ¥´¨¥
³¥¦¤Ê γ ¨ γ̄, ¶μ ÔÉμ° ¶·¨Î¨´¥ ´¥μ¡Ìμ¤¨³μ ¶μ μÉ¤¥²Ó´μ¸É¨ · ¸¸Î¨É ÉÓ É·μ°´Ò¥
¢¥·Ï¨´Ò ¤¢ÊÌ É¨¶μ¢.

�²£¥¡·  W (3) § ¤ ¥É¸Ö μ¶¥· Éμ·μ³ W(z), ±μÉμ·Ò° Ö¢²Ö¥É¸Ö  ´ ²μ£μ³
μ¶¥· Éμ·  É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ , ´μ ¨³¥¥É ¸¶¨´ s = 3. � §²μ¦¥´¨¥ ¢ ·Ö¤
‹μ· ´  ¤²Ö μ¶¥· Éμ·  W μ¶·¥¤¥²Ö¥É £¥´¥· Éμ·Ò  ²£¥¡·Ò W (3):

WV (z) =
∞∑

n=−∞

Wn

zn+3
V (z). (1.60)

�É¨ μ¶¥· Éμ·Ò Ê¤μ¢²¥É¢μ·ÖÕÉ ±μ³³ÊÉ Í¨μ´´Ò³ ¸μμÉ´μÏ¥´¨Ö³

[Wn, Wm] =
c

3 · 5!
(n2 − 1)(n2 − 4)nδn,−m +

16
22 + 5c

(n − m)Λn+m+

+ (n − m)
(

1
15

(n + m + 2)(n + m + 3) − 1
6
(n + 2)(m + 2)

)
Ln+m, (1.61)

£¤¥ Λn Å ±¢ ¤· É¨Î´ Ö ±μ³¡¨´ Í¨Ö μ¶¥· Éμ·μ¢ ‚¨· ¸μ·μ

Λn =
∞∑

k=−∞

◦
◦ LkLn−k

◦
◦ +

1
5
xnLn,

(1.62)
x2
 = 1 − �2, x2
+1 = (2 + �)(1 − �).

’ ±¦¥ ¢μ§³μ¦´μ ¶μ¸É·μ¨ÉÓ ¨ ±μ³³ÊÉ Í¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö ³¥¦¤Ê μ¶¥· Éμ-
· ³¨ ‚¨· ¸μ·μ ¨ W :

[Ln, Wm] = (2n − m)Wn+m. (1.63)

„²Ö μ¡μ¡Ð¥´¨Ö ·¥§Ê²ÓÉ Éμ¢ ¤²Ö  ²£¥¡·Ò ‚¨· ¸μ·μ ´  ¸²ÊÎ ° W (3) ´¥-
μ¡Ìμ¤¨³μ · ¸¸³μÉ·¥ÉÓ μ¡μ¡Ð¥´¨¥ ³ É·¨ÍÒ ˜ ¶μ¢ ²μ¢  ¨ É·μ°´ÒÌ ¢¥·Ï¨´.
�²£μ·¨É³ ¢ÒÎ¨¸²¥´¨Ö ³ É·¨ÍÒ ˜ ¶μ¢ ²μ¢  ¤μ¢μ²Ó´μ ¶·μ¸É ¨ É·¥¡Ê¥É Éμ²Ó±μ
§´ ´¨Ö ±μ³³ÊÉ Í¨μ´´ÒÌ ¸μμÉ´μÏ¥´¨°. „²Ö ¤¨ £· ³³ 
´£  · §³¥·μ³ |Y | = 1,
É. ¥. ¤²Ö μ¶¥· Éμ·μ¢ L−1 ¨ W−1, μ´  Ê¸É·μ¥´  ± ±

Q =
(

2Δ 3w
3w 9DΔ/2

)
. (1.64)

‚ ¸¢Ö§¨ ¸ Ê¢¥²¨Î¥´¨¥³ Î¨¸²  μ¶¥· Éμ·μ¢ Ê¢¥²¨Î¨¢ ¥É¸Ö ¨ · §³¥· ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¨Ì ¡²μ±μ¢ ³ É·¨ÍÒ ˜ ¶μ¢ ²μ¢ . �μ ÔÉμ° ¶·¨Î¨´¥ ¢ ¤ ´´μ³ μ¡§μ·¥ ¶·¨¢¥-
¤¥´Ò Éμ²Ó±μ §´ Î¥´¨Ö ³ É·¨ÍÒ ˜ ¶μ¢ ²μ¢  ¢ ¸²ÊÎ ¥  ²£¥¡·Ò W (3) Éμ²Ó±μ ¤²Ö
¤¨ £· ³³ · §³¥·μ³ μ¤¨´ (1.64) ¨ ¤¢  (É ¡². 2). �¡μ¡Ð¥´¨¥ É·μ°´ÒÌ ¢¥·Ï¨´
É·¥¡Ê¥É ¡μ²¥¥ ¤¥É ²Ó´μ£μ · ¸¸³μÉ·¥´¨Ö.
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1.9.1. ’·μ°´Ò¥ ¢¥·Ï¨´Ò ¢  ²£¥¡·¥ W (3). ’ ± ± ± ¢ ¸²ÊÎ ¥  ²£¥¡·Ò W (s)

μ¶¥· Éμ· W , £¥´¥·¨·ÊÕÐ¨° ÔÉÊ  ²£¥¡·Ê, ¨³¥¥É ¸¶¨´ s, ¸μμÉ´μÏ¥´¨Ö (1.45)
¨ (1.46) ¨§³¥´ÖÉ¸Ö:

〈W−nVα̌ |V1(1)V2(0)〉 = 〈Vα̌

∣∣∣ ∮
0+1

xn+s−1 dx W(x)V1(1)V2(0)〉 =

=
∮
1

xn+s−1 dx

(x − 1)k+s
〈Vα̌ | (WkV1)(1)V2(0)〉+

+
∮
0

xn+s−1 dx

xk+s
〈Vα̌ |V1(1) (WkV2)(0)〉 (1.65)

¨

〈(W−nVα̌)(0)V3(1)V4(∞)〉 =
∮
0

dx

xn−s+1
〈W(x)Vα̌(0)V3(1)V4(∞)〉 =

= −
∮
1

dx

xn−s+1(x − 1)k+s
〈Vα̌(0) (WkV3)(1)V4(∞)〉+

+ (−)s

∮
∞

xk−s dx

xn−s+1
〈Vα̌(0)V3(1) (WkV4)(∞)〉. (1.66)

‚ ¸²ÊÎ ¥  ²£¥¡·Ò W (3), ±μÉμ· Ö · ¸¸³ É·¨¢ ¥É¸Ö ¢ ¤ ´´μ³ μ¡§μ·¥, s = 3,
É ±¨³ μ¡· §μ³,

〈W−nVα̌ |V1(1)V2(0)〉 = 〈Vα̌

∣∣∣ ∮
0+1

xn+2 dxW(x)V1(1)V2(0)〉 =

=
∮
1

xn+2 dx

(x − 1)k+3
〈Vα̌ | (WkV1)(1)V2(0)〉+

+
∮
0

xn+2 dx

xk+3
〈Vα̌ |V1(1) (WkV2)(0)〉 (1.67)

¨

〈(W−nVα̌)(0)V3(1)V4(∞)〉 =
∮
0

dx

xn−2
〈W(x)Vα̌(0)V3(1)V4(∞)〉 =

= −
∮
1

dx

xn−2(x − 1)k+3
〈Vα̌(0)(WkV3)(1)V4(∞)〉−

−
∮
∞

xk−3 dx

xn−2
〈Vα̌(0)V3(1)(WkV4)(∞)〉. (1.68)
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’·μ°´Ò¥ ¢¥·Ï¨´Ò Γ̄. …¸²¨ ¶μ²Ö V1 ¨ V2 ¶·¨³ ·´Ò¥, Éμ ¸μμÉ´μÏ¥-
´¨¥ (1.67) ¸¢μ¤¨É¸Ö ±

〈W−nVα̂ |V1(1)V2(0)〉 =
(n + 2)(n + 1)

2
w1 〈Vα̂ |V1(1)V2(0)〉+

+ (n + 2) 〈Vα̂ | (W−1V1)(1)V2(0)〉 + 〈Vα̂ | (W−2V1)(1)V2(0)〉+

+ 〈Vα̂ |V1(1) (WnV2)(0)〉 . (1.69)

…¸²¨ ¢ ¸²ÊÎ ¥  ²£¥¡·Ò ‚¨· ¸μ·μ ³μ¦´μ ¡Ò²μ ¢Ò· §¨ÉÓ É·μ°´Ò¥ ¢¥·Ï¨´Ò
¸ L−1V1 Î¥·¥§ É·μ°´Ò¥ ¢¥·Ï¨´Ò V1 (¸³. (1.50)), Éμ ¢ ¤ ´´μ³ ¸²ÊÎ ¥  ´ ²μ-
£¨Î´ÊÕ ¶·μÍ¥¤Ê·Ê ³μ¦´μ ¶·μ¤¥² ÉÓ Éμ²Ó±μ ¤²Ö W−2V1:

〈Vα̂|(W−2V1)(1)V2(0)〉 =

=
(
ŵα̂ − w1 − w2

)
〈Vα̂|V1(1)V2(0)〉 − 2 〈Vα̂|(W−1V1)(1)V2(0)〉 . (1.70)

ˆ§ ¶μ²ÊÎ¥´´ÒÌ Ëμ·³Ê² ¸²¥¤Ê¥É, ÎÉμ

〈W−nVα̂|V1(1)V2(0)〉 =
(

ŵα̂ +
n(n + 3)

2
w1 − w2

)
〈Vα̂|V1(1)V2(0)〉+

+ n 〈Vα̂|(W−1V1)(1)V2(0)〉 , n > 0. (1.71)

�· ¢ÊÕ Î ¸ÉÓ É ±¦¥ ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ Î¥·¥§ É·μ°´Ò¥ ¢¥·Ï¨´Ò, § ¢¨¸ÖÐ¨¥
μÉ W−1V2,   ´¥ μÉ W−1V1:

〈W−nVα̂|V1(1)V2(0)〉 = (n + 1)
(
ŵα̂ +

n

2
w1 − w2

)
〈Vα̂|V1(1)V2(0)〉+

+ n 〈Vα̂|V1(1) (W−1V2)(0)〉 , n > 0, (1.72)

¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¸μμÉ´μÏ¥´¨Ö

〈W−1Vα̂|V1(1)V2(0)〉 =

=
(
ŵα̂ − w1 − w2

)
〈Vα̂|V1(1)V2(0)〉 + 〈Vα̂|V1(1) (W−1V2)(0)〉 . (1.73)

Š²ÕÎ¥¢μ¥ μÉ²¨Î¨¥ μÉ ·¥§Ê²ÓÉ Éμ¢ ¤²Ö  ²£¥¡·Ò ‚¨· ¸μ·μ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ
¢ ¶· ¢μ° Î ¸É¨ ¸μμÉ´μÏ¥´¨° (1.71) ¨ (1.72) ¨³¥¥É¸Ö ¤¢¥ · §²¨Î´Ò¥ É·μ°´Ò¥
¢¥·Ï¨´Ò,   ´¥ μ¤´ .

…Ð¥ μ¤´μ Ê¸²μ¦´¥´¨¥ ¸μ¸Éμ¨É ¢ §´ Î¥´¨¨ ŵα̂. ”μ·³Ê²Ò (1.71) ¨ (1.72)
§ ¶¨¸ ´Ò ¢ ¸¨³¢μ²¨Î¥¸±μ° Ëμ·³¥, ¨³¥ÕÐ¥° ¸³Ò¸² Éμ²Ó±μ ¤²Ö ¶·¨³ ·´μ£μ
¶μ²Ö Vα. ‚ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥ ŵα̂Vα̂ ≡ W0Vα̂ ´¥ ¶·μ¶μ·Í¨μ´ ²Ó´μ Vα̂, ¶μ
ÔÉμ° ¶·¨Î¨´¥ ¨¸¶μ²Ó§Ê¥É¸Ö § ¶¨¸Ó ŵα̂ ¢³¥¸Éμ wα̂. ’ ±, Ê¦¥ ¤²Ö ¶μÉμ³±μ¢
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¶¥·¢μ£μ Ê·μ¢´Ö, L−1Vα ¨ W−1Vα, · §³¥·´μ¸É¨ Ê¸É·μ¥´Ò ± ±

ŵα,L−1L−1Vα ≡ W0(L−1Vα) = wα(L−1Vα) + 2(W−1Vα),
(1.74)

ŵα,W−1W−1Vα ≡ W0(W−1Vα) = wα(W−1Vα) +
9D

2
(L−1Vα).

�´¨ Ö¢²ÖÕÉ¸Ö ²¨´¥°´Ò³¨ ±μ³¡¨´ Í¨Ö³¨ ¤¢ÊÌ · §´ÒÌ ¶μÉμ³±μ¢ (§´ Î¥´¨¥ D
Ê± § ´μ ´¨¦¥ ¢ Ëμ·³Ê²¥ (1.128)). �Éμ ´¥ ¶μ§¢μ²Ö¥É § ¶¨¸ ÉÓ (1.71) ¢ ¢¨¤¥
¶·μ¸Éμ° ¨É¥· Í¨μ´´μ° Ëμ·³Ê²Ò,  ´ ²μ£¨Î´μ° (1.53).

…¸²¨ ¶μ²Ö V1 ¨/¨²¨ V2 ´¥ Ö¢²ÖÕÉ¸Ö ¶·¨³ ·´Ò³¨, Éμ ´¥μ¡Ìμ¤¨³μ É ±¦¥
¤μ¡ ¢¨ÉÓ ´¥±μÉμ·Ò¥ ¤μ¶μ²´¨É¥²Ó´Ò¥ ¸² £ ¥³Ò¥ ¢ (1.69). ’ ±, ¢ ¸²ÊÎ ¥ μ¶¥-
· Éμ·  W−1 ¶·¨ ´¥¶·¨³ ·´ÒÌ ¶μ²ÖÌ Vα̂, V1, ¨ V2 ¢Ò· ¦¥´¨¥ Ê¸É·μ¥´μ ¸²¥-
¤ÊÕÐ¨³ μ¡· §μ³:〈
W−1Vα̂|V1(1)V2(0)

〉
=
〈
W0Vα̂|V1(1)V2(0)

〉
+ 2

〈
Vα̂|(W0V1)(1) V2(0)

〉
−

−
〈
Vα̂|V1(1) (W0V2)(0)

〉
+
〈
Vα̂|(W−1V1)(1) V2(0)

〉
+

+
〈
Vα̂|(W1V1)(1) V2(0)

〉
+
〈
Vα̂|V1(1) (W1V2)(0)

〉
. (1.75)

…¸²¨ ¢¸¥ É·¨ ¶μ²Ö ¶·¨³ ·´Ò¥, Éμ ¶¥·¢Ò¥ É·¨ ¸² £ ¥³ÒÌ ¢ ¸Ê³³¥ ¤ ÕÉ Î²¥´
wα + 2w1 − w2,   ¶μ¸²¥¤´¨¥ ¤¢  μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó, É ±¨³ μ¡· §μ³ ¢μ¸¶·μ-
¨§¢μ¤Ö (1.71) ¶·¨ n = 1.

’·μ°´Ò¥ ¢¥·Ï¨´Ò Γ. …¸²¨ ¶μ²Ö V3 ¨ V4 ¶·¨³ ·´Ò¥, Éμ Ëμ·³Ê²  (1.68)
¶·¥μ¡· §Ê¥É¸Ö ¢

〈(W−nVα̂)(0)V3(1)V4(∞)〉 = − (n − 2)(n − 1)
2

w3 〈Vα̂(0)V3(1)V4(∞)〉+

+ (n − 2) 〈Vα̂(0) (W−1V3)(1)V4(∞)〉 − 〈Vα̂(0) (W−2V3)(1)V4(∞)〉 −
− 〈Vα̂(0)V3(1) (WnV4)(∞)〉 . (1.76)

�μ  ´ ²μ£¨¨ ¸μ ¸²ÊÎ ¥³ Γ̄ ³μ¦´μ ¢Ò· §¨ÉÓ É·μ°´Ò¥ ¢¥·Ï¨´Ò ¸ W−2V3 Î¥·¥§
¡μ²¥¥ ¶·μ¸ÉÒ¥ ¢¥·Ï¨´Ò:

〈Vα̂(0) (W−2V3)(1)V4(∞)〉 = −(ŵα̂ + w3 + w4) 〈Vα̂(0)V3(1)V4(∞)〉 −
− 2 〈Vα̂(0) (W−1V3)(1) V4(∞)〉 . (1.77)

�·¨ n � 0, É ±¨³ μ¡· §μ³,

〈(W−nVα̂)(0)V3(1)V4(∞)〉 =

=
(

ŵα̂ − n(n − 3)
2

w3 + w4

)
〈Vα̂(0)V3(1)V4(∞)〉+

+ n 〈Vα̂(0) (W−1V3)(1)V4(∞)〉 , n � 0. (1.78)
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�· ¢ÊÕ Î ¸ÉÓ É ±¦¥ ³μ¦´μ ¢Ò· §¨ÉÓ Î¥·¥§ W−1V4 ¢³¥¸Éμ W−1V3:

〈(W−nVα̂)(0)V3(1)V4(∞)〉 = (n+1)
(
ŵα̂ − n

2
w3 + w4

)
〈Vα̂(0)V3(1)V4(∞)〉−

− n 〈Vα̂(0)V3(1) (W−1V4)(∞)〉 , n > 0, (1.79)

¸ ¶μ³μÐÓÕ ¸μμÉ´μÏ¥´¨Ö

〈Vα̂(0) (W−1V3)(1)V4(∞)〉 = (ŵα̂ − 2w3 + w4) 〈Vα̂(0)V3(1)V4(∞)〉 −
− 〈Vα̂(0)V3(1) (W−1V4)(∞)〉 . (1.80)

‘· ¢´¥´¨¥ ¶μ²ÊÎ¥´´ÒÌ Ëμ·³Ê² ¸ (1.71) ¨ (1.72) ¶μ± §Ò¢ ¥É, ÎÉμ ¢ ¸²ÊÎ ¥
 ²£¥¡·Ò W (3) μÉ¸ÊÉ¸É¢Ê¥É ¶·Ö³ Ö ¸¢Ö§Ó ³¥¦¤Ê É·μ°´Ò³¨ ¢¥·Ï¨´ ³¨ ¤¢ÊÌ
É¨¶μ¢, ±μÉμ·ÊÕ ³μ¦´μ ¡Ò²μ ´ ¡²Õ¤ ÉÓ ¢ ¸²ÊÎ ¥  ²£¥¡·Ò ‚¨· ¸μ·μ. �É³¥É¨³
É ±¦¥, ÎÉμ ¥¸²¨ ¢Ò· §¨ÉÓ ±μ··¥²ÖÉμ· ¸ W−nV4 ¶·¨ n > 0 ¸ ¶μ³μÐÓÕ (1.76),
Éμ ¶μ²ÊÎ¥´´μ¥ ¢Ò· ¦¥´¨¥

〈Vα̂(0)V3(1)(W−nV4)(∞)〉 =
(
w4 −

n(n + 3)
2

w3 + ŵα̂

)
〈Vα̂(0)V3(1)V4(∞)〉 −

− n 〈Vα̂(0)(W−1V3)(1)V4(∞)〉 , n > 0, (1.81)

¡²¨§±μ ¶μ Ëμ·³¥, ´μ ¢¸¥ ¦¥ μÉ²¨Î´μ μÉ (1.71).

‚ ¸²ÊÎ ¥ μ¶¥· Éμ·  W−1 ¤²Ö É·¥Ì ´¥¶·¨³ ·´ÒÌ ¶μ²¥°  ´ ²μ£ ¸μμÉ´μÏ¥-
´¨Ö (1.75) Ê¸É·μ¥´ ± ±

〈(W−1Vα̂)(0)V3(1)V4(0)〉 = 〈(W0Vα̂)(0)V3(1)V4(0)〉+

+
〈
Vα̂(0) (W0V3)(1)V4(0)

〉
+ 〈Vα̂(0)V3(1) (W0V4)(0)〉+

+
〈
Vα̂(0) (W−1V3)(1) V4(0)

〉
− 〈Vα̂(0)V3(1) (W1V4)(0)〉 . (1.82)

‚ ¸²ÊÎ ¥ É·¥Ì ¶·¨³ ·´ÒÌ ¶μ²¥° ¶¥·¢Ò¥ É·¨ ¸² £ ¥³ÒÌ ¤ ÕÉ Î²¥´ wα+w3+w4,
  ¶μ¸²¥¤´¥¥ ¸² £ ¥³μ¥ μ¡· Ð ¥É¸Ö ¢ ´μ²Ó, É ±¨³ μ¡· §μ³ ¢μ¸¶·μ¨§¢μ¤Ö (1.78)
¶·¨ n = 1. ‡ ³¥É¨³, ÎÉμ, ¢ μÉ²¨Î¨¥ μÉ (1.75), ¢ ¶· ¢μ° Î ¸É¨ μÉ¸ÊÉ¸É¢Ê¥É ¸² -
£ ¥³μ¥ 〈Vα̂(0) (W1V3)(1)V4(0)〉. �Éμ ¸¢Ö§ ´μ ¸ · ¸¸³μÉ·¥´¨¥³ ¸²ÊÎ Ö n = 1.

1.9.2. ‚ÒÎ¨¸²¥´¨Ö ¢ ¸¢μ¡μ¤´μ° É¥μ·¨¨ ¶μ²Ö. „²Ö ¶·μ¢¥·±¨ ¶μ²ÊÎ¥´´ÒÌ
¤²Ö W (3)  ²£¥¡·Ò ¸μμÉ´μÏ¥´¨° §¤¥¸Ó ¶·¨¢¥¤¥´Ò  ´ ²μ£¨Î´Ò¥ ¢ÒÎ¨¸²¥´¨Ö
¢ ¸¢μ¡μ¤´μ° É¥μ·¨¨ ¶μ²Ö. „²Ö Ê¶·μÐ¥´¨Ö Ëμ·³Ê² · ¸¸³ É·¨¢ ÕÉ¸Ö Éμ²Ó±μ
¸²ÊÎ ¨ ¸ Í¥´É· ²Ó´Ò³ § ·Ö¤μ³ c = 1, 2. � ¸¸³μÉ·¥´¨¥  ²£¥¡·Ò W (3) ¶μ¤· -
§Ê³¥¢ ¥É, ÎÉμ ¥° ¸μμÉ¢¥É¸É¢Ê¥É ¸¢μ¡μ¤´ Ö É¥μ·¨Ö ¸ ¤¢Ê³Ö ¸¢μ¡μ¤´Ò³¨ ¶μ²Ö³¨.



1464 Œ���‡�‚ �.�.

� ¸¸³μÉ·¨³ ¢Ò· ¦¥´¨¥ (1.36). � ¶·Ö³ÊÕ ¨§ É¥μ·¨¨ ¸¢μ¡μ¤´ÒÌ ¶μ²¥°
³μ¦´μ ¶μ²ÊÎ¨ÉÓ, ÎÉμ ¶·¨ �α1 + �α2 + �α3 + �α4 = 0 ±μ··¥²ÖÉμ· Ê¸É·μ¥´ ± ±

x−�α1�α2
〈 ◦

◦ e�α1�φ(x) ◦
◦

◦
◦ e�α2�φ(0) ◦

◦
◦
◦ e�α3�φ(1) ◦

◦
◦
◦ e�α4�φ(∞) ◦

◦
〉
∼ (1 − x)�α1�α3 =

= 1 − (�α1�α3)x +
(�α1�α3)(�α1�α3 − 1)

2
x2 + . . . (1.83)

�´ ²μ£¨Î´μ¥ ¢Ò· ¦¥´¨¥ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ, ¢μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó Ëμ·³Ê²μ° (1.28):

〈 ◦
◦ e�α1�φ(x)+�α2�φ(0) ◦

◦
◦
◦ e�α3�φ(1) ◦

◦
◦
◦ e�α4�φ(∞) ◦

◦
〉

=

=
〈 ◦

◦ e(�α1+�α2)�φ(0) ◦
◦

◦
◦ e�α3�φ(1) ◦

◦
◦
◦ e�α4�φ(∞) ◦

◦
〉
+

+ x
〈 ◦

◦ (�α1∂�φ)e(�α1+�α2)�φ(0) ◦
◦

◦
◦ e�α3�φ(1) ◦

◦
◦
◦ e�α4�φ(∞) ◦

◦
〉
+

+
x2

2
〈 ◦

◦
(
(�α1∂�φ)2 + �α1∂

2�φ
)
e(�α1+�α2)�φ(0) ◦

◦
◦
◦ e�α3�φ(1) ◦

◦
◦
◦ e�α4�φ(∞) ◦

◦
〉

+ . . .

(1.84)

�Éμ ¢Ò· ¦¥´¨¥ ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ± ± · §²μ¦¥´¨¥ ¢ ¡ §¨¸¥ ¶μ²¥° ¨§ ³μ¤Ê²Ö
‚¥·³ , ¸¢Ö§ ´´ÒÌ ¸  ²£¥¡· ³¨ ‚¨· ¸μ·μ ¨ W (3):〈 ◦

◦ e�α1�φ(x)+�α2�φ(0) ◦
◦

◦
◦ e�α3�φ(1) ◦

◦
◦
◦ e�α4�φ(∞) ◦

◦
〉

=
= Cα

α1α2

〈 ◦
◦ e(�α1+�α2)�φ(0) ◦

◦
◦
◦ e�α3�φ(1) ◦

◦
◦
◦ e�α1�φ(∞) ◦

◦
〉
+

+x

⎧⎨⎩ C
α, L−1
α1α2

〈(
L−1

◦
◦ e(�α1+�α2)�φ(0) ◦

◦
) ◦

◦ e�α3�φ(1) ◦
◦

◦
◦ e�α4�φ(∞) ◦

◦
〉
+

+ C
α, W−1
α1α2

〈(
W−1

◦
◦ e(�α1+�α2)�φ(0) ◦

◦
) ◦

◦ e�α3�φ(1) ◦
◦

◦
◦ e�α4�φ(∞) ◦

◦
〉
+

+x2

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C
α, L−2
α1α2

〈(
L−2

◦
◦ e(�α1+�α2)�φ(0) ◦

◦
) ◦

◦ e�α3�φ(1) ◦
◦

◦
◦ e�α4�φ(∞) ◦

◦
〉
+

+ C
α, L2

−1
α1α2

〈(
L2
−1

◦
◦ e(�α1+�α2)�φ(0) ◦

◦
) ◦

◦ e�α3�φ(1) ◦
◦

◦
◦ e�α4�φ(∞) ◦

◦
〉
+

+ C
α, L−1W−1
α1α2

〈(
L−1W−1

◦
◦ e(�α1+�α2)�φ(0) ◦

◦
) ◦

◦ e�α3�φ(1) ◦
◦

◦
◦ e�α4�φ(∞) ◦

◦
〉
+

+ C
α, W−2
α1α2

〈(
W−2

◦
◦ e(�α1+�α2)�φ(0) ◦

◦
) ◦

◦ e�α3�φ(1) ◦
◦

◦
◦ e�α4�φ(∞) ◦

◦
〉
+

+ C
α, W 2

−1
α1α2

〈(
W 2

−1
◦
◦ e(�α1+�α2)�φ(0) ◦

◦
) ◦

◦ e�α3�φ(1) ◦
◦

◦
◦ e�α4�φ(∞) ◦

◦
〉
+

+ . . .
(1.85)

� ¸¸³μÉ·¨³ ¶μ¤·μ¡´¥¥ ¸¢Ö§Ó ³¥¦¤Ê ÔÉ¨³¨ · §²μ¦¥´¨Ö³¨. ‚ É¥μ·¨¨ ¸¢μ¡μ¤´ÒÌ
¶μ²¥° ³μ¦´μ · ¸¸³μÉ·¥ÉÓ ´¥ Éμ²Ó±μ · §²μ¦¥´¨¥ (1.85), ´μ ¨ (1.83), ÎÉμ ¨
¶μ§¢μ²Ö¥É ¶·μ¢¥¸É¨ ¨Ì ¸· ¢´¥´¨¥ ¢ ± ¦¤μ³ ¶μ·Ö¤±¥ · §²μ¦¥´¨Ö ¶μ x.

�¥·¢Ò° ¶μ·Ö¤μ± · §²μ¦¥´¨Ö ¤²Ö μ¤´μ£μ ¶μ²Ö ¨ c = 1. ‚ ¸²ÊÎ ¥, ±μ£¤ 
¢ ³μ¤¥²¨ ¥¸ÉÓ Éμ²Ó±μ μ¤´μ ¶μ²¥ φ, Éμ²Ó±μ ¶μ¤Î¥·±´ÊÉÒ¥ ¸² £ ¥³Ò¥ ¤ ÕÉ ¢±² ¤
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¢ (1.85), ¨, É ± ± ±

(α1 ∂φ) e(α1+α2)φ(0) =
α1

α1 + α2

(
∂ e(α1+α2)φ

)
(0), (1.86)

¸É·Ê±ÉÊ·´Ò¥ ±μ´¸É ´ÉÒ · ¢´Ò

C (α,L−1)
α1α2

=
α1

α1 + α2
δα,α1+α2 . (1.87)

�É³¥É¨³, ÎÉμ ¢ ¤ ´´μ³ ¢Ò· ¦¥´¨¨ ¶·¨¸ÊÉ¸É¢Ê¥É ¸¶¥Í¨Ë¨Î´Ò° ¤²Ö ¸¢μ¡μ¤´μ°
É¥μ·¨¨ § ±μ´ ¸μÌ· ´¥´¨Ö

α = α1 + α2. (1.88)

‚ÒÎ¨¸²¨³ É·μ°´ÊÕ ¢¥·Ï¨´Ê γαα3α4(L−1). ˆ§ μ¡Ð¥° Ëμ·³Ê²Ò ¤²Ö ±μ··¥²Ö-
Éμ·  É·¥Ì ¶·¨³ ·´ÒÌ ¶μ²¥°

〈V (z)V3(z3)V4(z4)〉 ∼ 1
(z − z3)Δ+Δ3−Δ4(z − z4)Δ+Δ4−Δ3zΔ3+Δ4−Δ

34

(1.89)

¸²¥¤Ê¥É, ÎÉμ ¥¸²¨ ¢§ÖÉÓ ¶·μ¨§¢μ¤´ÊÕ ¶μ z, Éμ

〈(∂V )(z)V3(z3)V4(z4)〉 =

= −〈V (z)V3(z3)V4(z4)〉
(

Δ + Δ3 − Δ4

z − z3
+

Δ + Δ4 − Δ3

z − z4

)
z4→∞−−−−→

z4→∞−−−−→ −Δ + Δ3 − Δ4

z − z3
〈V (z)V3(z3)V4(z4)〉 z=0−−−→

z3=1

z=0−−−→
z3=1

(Δ + Δ3 − Δ4) 〈V (z)V3(z3)V4(z4)〉 , (1.90)

ÎÉμ ¸μ£² ¸Ê¥É¸Ö ¸ (1.51),

γαα3α4(L−1) = Δ + Δ3 − Δ4. (1.91)

’ ±¨³ μ¡· §μ³, ¸· ¢´¥´¨¥ ¤¢ÊÌ ¸Éμ·μ´ (1.36) ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¶·¥¤¶μ² -
£ ¥É, ÎÉμ

−α1α3 =
∑
α

C (α,L−1)
α1α2

γαα3α4(L−1) =
α1(Δα1+α2 + Δ3 − Δ4)

α1 + α2
. (1.92)

…¸²¨ ¶μ¤¸É ¢¨ÉÓ §´ Î¥´¨¥ Δα = α2/2, Éμ

Δα1+α2 + Δ3 − Δ4 =
(α1 + α2)2 + α2

3 − α2
4

2
=

=
(α3 + α4)2 + α2

3 − α2
4

2
= α3(α3 + α4). (1.93)
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‚³¥¸É¥ ¸ μ¡Ð¨³ § ±μ´μ³ ¸μÌ· ´¥´¨Ö α1 + α2 + α3 + α4 = 0 ³μ¦´μ ¶μ± § ÉÓ,
ÎÉμ ¸μμÉ´μÏ¥´¨¥ (1.92) ¤¥°¸É¢¨É¥²Ó´μ ¢Ò¶μ²´Ö¥É¸Ö.

’ ±¨³ μ¡· §μ³, Ö¢´Ò¥ ¢ÒÎ¨¸²¥´¨Ö ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¶μ¤É¢¥·¦¤ ÕÉ ¶μ-
²ÊÎ¥´´Ò¥ · ´¥¥ Ëμ·³Ê²Ò. �É³¥É¨³, ÎÉμ ¢ ¶·μÍ¥¸¸¥ ¤ ´´μ° ¶·μ¢¥·±¨ Ö¢´μ
¨¸¶μ²Ó§μ¢ ²¨¸Ó ¸¢μ°¸É¢  ³μ¤¥²¨, É ±¨¥ ± ± § ±μ´Ò ¸μÌ· ´¥´¨Ö. ‚ Éμ ¦¥
¢·¥³Ö ¶·μ¢¥·Ö¥³Ò¥ Ëμ·³Ê²Ò, ´ ¶·¨³¥·, (1.36) ¨ (1.51), ´¥ § ¢¨¸ÖÉ μÉ ³μ-
¤¥²¨. �μ ÔÉμ° ¶·¨Î¨´¥ ¤ ´´Ò¥ ¢ÒÎ¨¸²¥´¨Ö ³μ£ÊÉ Ö¢²ÖÉÓ¸Ö ¶·μ¢¥·±μ°, ´μ ´¥
¤μ± § É¥²Ó¸É¢μ³ ¶μ²ÊÎ¥´´ÒÌ · ´¥¥ Ëμ·³Ê².

�¥·¢Ò° ¶μ·Ö¤μ± · §²μ¦¥´¨Ö ¤²Ö μ¤´μ£μ ¶μ²Ö ¨ c = 1. „ ´´μ¥ μ¡μ¡Ð¥´¨¥
·¥§Ê²ÓÉ Éμ¢ ¶. 1.9.2 É·¨¢¨ ²Ó´μ. ˆ§³¥´ÖÕÉ¸Ö Éμ²Ó±μ ¢Ò· ¦¥´¨Ö ¤²Ö · §³¥·-
´μ¸É¥°: Δα = ((α − Q)2 − Q2)/2 ¨ § ±μ´ ¸μÌ· ´¥´¨Ö α+α3 +α4 = 2Q. �·¨
ÔÉμ³ ¢Éμ·μ° § ±μ´ ¸μÌ· ´¥´¨Ö, α = α1 + α2, μ¸É ¥É¸Ö ´¥¨§³¥´´Ò³. ’ ±¨³
μ¡· §μ³, ¢³¥¸Éμ (1.93) ¶μ²ÊÎ ¥É¸Ö

Δα + Δ3 − Δ4 = Δ2Q−α3−α4 + Δ3 − Δ4 =

=
(α3 + α4 − Q)2 + (α3 − Q)2 − (α4 − Q)2 − Q2

2
=

= α3(α3 + α4 − 2Q) = −αα3 = −α3(α1 + α2), (1.94)

ÎÉμ, ¶μ¸²¥ ¶μ¤¸É ´μ¢±¨ ¢ ¶· ¢ÊÕ Î ¸ÉÓ ¸μμÉ´μÏ¥´¨Ö (1.92), μ¡· Ð ¥É¸Ö
¢ ¥¤¨´¨ÍÊ.

‚Éμ·μ° ¶μ·Ö¤μ± · §²μ¦¥´¨Ö ¤²Ö μ¤´μ£μ ¶μ²Ö ¨ c = 1. ‚μ ¢Éμ·μ° ¶μ-
·Ö¤μ± · §²μ¦¥´¨Ö ¤ ÕÉ ¢±² ¤ ¤¢  ´¥§ ¢¨¸¨³ÒÌ μ¶¥· Éμ· : ◦

◦ (∂φ)2 eαφ ◦
◦ ¨

◦
◦ ∂2φ eαφ ◦

◦. „·Ê£μ° ¢Ò¡μ· ¡ §¨¸  ¢μ ¢Éμ·μ³ ¶μ·Ö¤±¥ · §²μ¦¥´¨Ö ¤ ¥É¸Ö μ¶¥-
· Éμ· ³¨ L−2

◦
◦ eαφ ◦

◦ ¨ L2
−1

◦
◦ eαφ ◦

◦. „²Ö ¨¸¶μ²Ó§μ¢ ´¨Ö É ±μ£μ ¡ §¨¸ 
´¥μ¡Ìμ¤¨³μ μ¶¨¸ ÉÓ, ± ± μ¶¥· Éμ· L2

−1 ¤¥°¸É¢Ê¥É ´  ◦
◦ eαφ ◦

◦. „²Ö ÔÉμ£μ
· ¸¸³μÉ·¨³ μ¶¥· Éμ·´μ¥ · §²μ¦¥´¨¥

T (x)
(
L−1

◦
◦ eαφ ◦

◦
)
(0) =

1
2

◦
◦ (∂φ)2(x) ◦

◦
◦
◦ α ∂φeαφ(0) ◦

◦ =

=
α2

2x3
◦
◦ eαφ(0) ◦

◦ +
α3 + 2α

2x2
◦
◦ ∂φeαφ(0) ◦

◦ +
α

x
◦
◦ (∂2φ+α(∂φ)2) eαφ(0) ◦

◦ + . . .

(1.95)

ˆ§ ±μÔËË¨Í¨¥´Éμ¢ ¶·¨ · §²¨Î´ÒÌ ¸É¥¶¥´ÖÌ x ¸²¥¤Ê¥É, ÎÉμ

L1L−1
◦
◦ eαφ ◦

◦ =
α2

2
◦
◦ eαφ ◦

◦ = Δα
◦
◦ eαφ ◦

◦,

L0L−1
◦
◦ eαφ ◦

◦ =
α3 + 2α

2
◦
◦ ∂φ eαφ(0) ◦

◦ = (Δα + 1)L−1
◦
◦ eαφ ◦

◦, (1.96)

L2
−1

◦
◦ eαφ ◦

◦ =◦
◦

(
α∂2φ + (α ∂φ)2

)
eαφ ◦

◦ = ∂2 ◦
◦ eαφ ◦

◦,
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É. ¥. · §³¥·´μ¸ÉÓ L1Vα · ¢´  Δα + 1,   L2
−1 ¤¥°¸É¢Ê¥É ´  Vα ± ± ¢Éμ· Ö

¶·μ¨§¢μ¤´ Ö. �¡  ÊÉ¢¥·¦¤¥´¨Ö ´  ¸ ³μ³ ¤¥²¥ ¢¥·´Ò ´¥ Éμ²Ó±μ ¤²Ö ¶·¨³ ·´ÒÌ
¶μ²¥° ¨ ´¥ Éμ²Ó±μ ¢ ¸¢μ¡μ¤´μ° É¥μ·¨¨ ¶μ²Ö. ’ ±¦¥ ¨§ (1.17) ¸²¥¤Ê¥É, ÎÉμ

L−2
◦
◦ eαφ ◦

◦
(1.17)
= ◦

◦

(
1
2
(∂φ)2 + α∂2φ

)
eαφ ◦

◦ . (1.97)

’ ±¨³ μ¡· §μ³ ¨§ ¸· ¢´¥´¨Ö Ëμ·³Ê² (1.84) ¨ (1.85) ¢μ ¢Éμ·μ³ ¶μ·Ö¤±¥ ¶μ²Ê-
Î ¥É¸Ö

1
2

(
α2

1(∂φ)2 + α1∂
2φ
)

=

= Cα,L−2
α1,α2

(
1
2
(∂φ)2 + α∂2φ

)
+ C

α,L2
−1

α1,α2

(
α∂2φ + α2(∂φ)2

)
, (1.98)

¸²¥¤μ¢ É¥²Ó´μ,

C
α,L−2
α1,α2 =

α1(α1 − α)
1 − 2α2

,

C
α,L2

−1
α1,α2 =

α1(2α1α − 1)
4α3 − 2α

.

(1.99)

� ¸¸³μÉ·¨³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ É·μ°´Ò¥ ¢¥·Ï¨´Ò γ:〈(
L−2

◦
◦ e(�α1+�α2)�φ(0) ◦

◦
)

◦
◦ e�α3�φ(1) ◦

◦
◦
◦ e�α4�φ(∞) ◦

◦
〉

=

=
(

α2
3

2
− α3α

)〈
◦
◦ e(�α1+�α2)�φ(0) ◦

◦
◦
◦ e�α3�φ(1) ◦

◦
◦
◦ e�α4�φ(∞) ◦

◦
〉

,

(1.100)〈(
L2
−1

◦
◦ e(�α1+�α2)�φ(0) ◦

◦
)

◦
◦ e�α3�φ(1) ◦

◦
◦
◦ e�α4�φ(∞) ◦

◦
〉

=

=
(
(α3α)2 − α3α

) 〈◦
◦ e(�α1+�α2)�φ(0) ◦

◦
◦
◦ e�α3�φ(1) ◦

◦
◦
◦ e�α4�φ(∞) ◦

◦
〉

.

ˆ¸¶μ²Ó§ÊÖ ¶μ²ÊÎ¥´´Ò¥ ¢Ò· ¦¥´¨Ö, ¸· ¢´¨³ (1.83) ¨ (1.84) ¢μ ¢Éμ·μ³ ¶μ·Ö¤±¥:

(α1α3)(α1α3 − 1)
2

=

=
(α1(α1 − α)

1 − 2α2

)(α2
3

2
− α3α

)
+
(α1(2α1α − 1)

4α3 − 2α

)(
(α3α)2 − α3α

)
, (1.101)

ÎÉμ ¢Ò¶μ²´Ö¥É¸Ö ¶·¨ α = α1 + α2.
�¥·¢Ò° ¶μ·Ö¤μ± · §²μ¦¥´¨Ö ¢ ¸²ÊÎ ¥ ¤¢ÊÌ ¶μ²¥° ¨ c = 2. ‚ ¸²ÊÎ ¥ ³μ-

¤¥²¨ ¸ ´¥¸±μ²Ó±¨³¨ ¶μ²Ö³¨ (�α1∂�φ) e(�α1+�α2)�φ Ê¦¥ ´¥ Ö¢²Ö¥É¸Ö ¶·μ¨§¢μ¤´μ°
¶·¨³ ·´μ£μ ¶μ²Ö. ’ ±¨³ μ¡· §μ³, Ê¦¥ ¢ ¶¥·¢μ³ ¶μ·Ö¤±¥ ´¥μ¡Ìμ¤¨³μ · §²μ-
¦¨ÉÓ ¥£μ ¢ ±μ³¡¨´ Í¨Õ ´¥¸±μ²Ó±¨Ì ¶μÉμ³±μ¢. ‚ ¸²ÊÎ ¥ ¤¢ÊÌ ¶μ²¥°, r = 2,
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¢¢¥¤¥³ μ¡μ§´ Î¥´¨¥ �α�φ(z) = αφ1(z) + βφ2(z). ’μ£¤ 

T (x) ◦
◦ e�α�φ(0) ◦

◦ =
1
2

◦
◦
(
(∂φ1)2(x) + (∂φ2)2(x)

)
◦
◦

◦
◦ e(αφ1+βφ2)(0) ◦

◦ =

=
α2 + β2

2x2
◦
◦ e(αφ1+βφ2)(0) ◦

◦ +
1
x

◦
◦ (α ∂φ1 + β ∂φ2) e(αφ1+βφ2)(0) ◦

◦ +

+ ◦
◦

(
1
2
(∂φ1)2 +

1
2
(∂φ2)2 + α∂2φ1 + β∂2φ2

)
e(αφ1+βφ2)(0) ◦

◦ +O(x).

(1.102)

‚ Éμ ¦¥ ¢·¥³Ö, ¶μ μ¶·¥¤¥²¥´¨Õ μ¶¥· Éμ·μ¢ ‚¨· ¸μ·μ Ln, ¤¥°¸É¢ÊÕÐ¨Ì
¢ ÉμÎ±¥ z = 0,

T (x) ◦
◦ e�α�φ(0) ◦

◦ =
∑

k

1
xk+2

Lk
◦
◦ e�α�φ(0) ◦

◦ . (1.103)

’ ±¨³ μ¡· §μ³,

Ln
◦
◦ e�α�φ ◦

◦ = 0 ¶·¨ n > 0,

L0
◦
◦ e�α�φ ◦

◦ = Δα,β
◦
◦ e�α�φ ◦

◦ =
α2 + β2

2
◦
◦ e�α�φ ◦

◦,

(1.104)
L−1

◦
◦ e�α�φ ◦

◦ = ◦
◦ (α ∂φ1 + β ∂φ2)e(αφ1+βφ2) ◦

◦,

L−2
◦
◦ e�α�φ ◦

◦ = ◦
◦

(
1
2
(∂φ1)2 +

1
2
(∂φ2)2 + α∂2φ1 + β∂2φ2

)
e(αφ1+βφ2) ◦

◦ .

’¥³ ´¥ ³¥´¥¥ Ê¦¥ ´  ¶¥·¢μ³ Ê·μ¢´¥ μ¶¥· Éμ·μ¢ ‚¨· ¸μ·μ ´¥¤μ¸É ÉμÎ´μ ¤²Ö

μ¶¨¸ ´¨Ö ¶·μ¨§¢μ²Ó´μ£μ ¶μ²Ö ◦
◦ (A∂φ1 + B ∂φ2) e�α�φ ◦

◦, ¸ ¶μ³μÐÓÕ

L−1
◦
◦ e�α�φ ◦

◦ ³μ¦´μ μ¶¨¸ ÉÓ Éμ²Ó±μ ¸¶¥Í¨ ²Ó´Ò° ¶μ¤±² ¸¸ É ±¨Ì ¶μ²¥°, ¤²Ö
±μÉμ·ÒÌ B/A = β/α. ‚Éμ·μ° ¢¥±Éμ· ¢ ¡ §¨¸¥, ±μÉμ·Ò° ¶μ§¢μ²Ö¥É μ¶¨¸ ÉÓ

¢¸¥ ´¥¡Ìμ¤¨³Ò¥ ¶μ²Ö, Ê¸É·μ¥´ ± ± W−1
◦
◦ e�α�φ ◦

◦ ¨ ¸É·μ¨É¸Ö ¸ ¶μ³μÐÓÕ μ¶¥-
· Éμ·  ¨§  ²£¥¡·Ò W (3). ’ ± ± ± ¢ ¤ ´´μ³ μ¡§μ·¥ · ¸¸³ É·¨¢ ¥É¸Ö Éμ²Ó±μ
³μ¤¥²Ó ¸ ¤¢Ê³Ö ¶μ²Ö³¨ (¢ÒÏ¥ · ¸¸³ É·¨¢ ²¸Ö ¨ ¸²ÊÎ ° μ¤´μ£μ ¶μ²Ö, ´μ Éμ-
£¤ , ± ± ¡Ò²μ μ¶¨¸ ´μ, ´Ê¦´  Éμ²Ó±μ  ²£¥¡·  ‚¨· ¸μ·μ), ¤·Ê£¨Ì  ²£¥¡· W ´¥
É·¥¡Ê¥É¸Ö.

�¶¥· Éμ· W(z), ¸ ¶μ³μÐÓÕ ±μÉμ·μ£μ ¸É·μ¨É¸Ö  ²£¥¡·  W (3), ±Ê¡¨Î¥´
¶μ ¶·μ¨§¢μ¤´Ò³ μÉ ¶μ²¥° ∂φ(z). „μ¶μ²´¨É¥²Ó´μ¥ É·¥¡μ¢ ´¨¥ ¸μ¸Éμ¨É ¢ Éμ³,
ÎÉμ ¸ ³μ¥ ¸¨´£Ê²Ö·´μ¥ ¸² £ ¥³μ¥ ¢ μ¶¥· Éμ·´μ³ · §²μ¦¥´¨¨ ¥£μ ¶·μ¨§¢¥¤¥-
´¨Ö ¸ T (z) μÉ¸ÊÉ¸É¢Ê¥É. �¶¥· Éμ· É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¨´¢ ·¨ ´É¥´

¶·¨ ¤¥°¸É¢¨¨ £·Ê¶¶Ò SO(2) ´  ¶μ²Ö �φ, ´μ É ±¨¥ ¶μ¢μ·μÉÒ ¤μ²¦´Ò ¡ÒÉÓ
§ Ë¨±¸¨·μ¢ ´Ò ¸ ¶μ³μÐÓÕ W(z). �μÉ·¥¡Ê¥³, ÎÉμ¡Ò ÔÉμÉ μ¶¥· Éμ· ¡Ò² ¸¨³-
³¥É·¨Î¥´ μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨Ö φ2 → −φ2 ¨, ¸μμÉ¢¥É¸É¢¥´´μ,  ´-
É¨¸¨³³¥É·¨Î¥´ ¶·¨ φ1 → −φ1. ‘²¥¤μ¢ É¥²Ó´μ, ÔÉμÉ μ¶¥· Éμ· Ê¸É·μ¥´ ± ±
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W = (∂φ1)3 + h∂φ1(∂φ2)2 ¸ μ¤´¨³ ´¥μ¶·¥¤¥²¥´´Ò³ ¶ · ³¥É·μ³ h. �¶¥· -
Éμ·´μ¥ · §²μ¦¥´¨¥ ¥£μ ¶·μ¨§¢¥¤¥´¨Ö ¸ T (z) Ê¸É·μ¥´μ ± ±

T (z)W(0) =
3 + h

z4
∂φ1(0) + . . . (1.105)

„μ¶μ²´¨É¥²Ó´μ¥ É·¥¡μ¢ ´¨¥ · ¢¥´¸É¢  ´Ê²Õ ´ ¨¡μ²¥¥ ¸¨´£Ê²Ö·´μ£μ ¸² £ ¥-
³μ£μ ¸ z−4, ¨²¨, ÎÉμ Éμ ¦¥ ¸ ³μ¥, Éμ£μ, ÎÉμ¡Ò W(z) ¡Ò²μ ¶·¨³ ·´Ò³ ¶μ²¥³
 ²£¥¡·Ò ‚¨· ¸μ·μ, μ¶·¥¤¥²Ö¥É h · ¢´Ò³ −3,

W(z) ≡ (∂φ1)3 − 3 ∂φ1(∂φ2)2 = ∂φ1

(
(∂φ1)2 − 3(∂φ2)2

)
(1.106)

¨

T (z)W(0) =
3W(0)

z2
+

∂W(0)
z

+ . . . (1.107)

’ ±¨³ μ¡· §μ³, ±μ´Ëμ·³´ Ö · §³¥·´μ¸ÉÓ W(z) · ¢´  3.
�´ ²μ£ Ëμ·³Ê²Ò (1.102) ¤²Ö μ¶¥· Éμ·  W Ê¸É·μ¥´ ± ±

W(x) ◦
◦ e�α�φ(0) ◦

◦ =
α(α2 − 3β2)

x3
◦
◦ e�α�φ(0) ◦

◦ +
1
x

◦
◦ 3
(
α((∂φ1)2−

− 2β ∂φ1 ∂φ2 − α(∂φ2)2 + (α2 − β2)∂2φ1 − 2αβ∂2φ2

)
e(αφ1+βφ2) ◦

◦ +

+
1
x2

◦
◦
(
3(α2 − β2) ∂φ1 − 6αβ ∂φ2

)
e(αφ1+βφ2)(0) ◦

◦ + O(1). (1.108)

�¶¥· Éμ·Ò Wn μ¶·¥¤¥²ÖÕÉ¸Ö ¶μ  ´ ²μ£¨¨ ¸ μ¶¥· Éμ· ³¨ ‚¨· ¸μ·μ ¢ (1.103):

W (x) ◦
◦ e�α�φ(0) ◦

◦ =
∑

k

1
xk+3

Wk
◦
◦ e�α�φ(0) ◦

◦, (1.109)

¨, É ±¨³ μ¡· §μ³,

Wn
◦
◦ e�α�φ ◦

◦ = 0 ¶·¨ n > 0,

W0
◦
◦ e�α�φ ◦

◦ = wα,β
◦
◦ e�α�φ ◦

◦ = α(α2 − 3β2) ◦
◦ e�α�φ ◦

◦,

W−1
◦
◦ e�α�φ ◦

◦ = ◦
◦ 3
(
(α2 − β2) ∂φ1 − 2αβ ∂φ2

)
e(αφ1+βφ2) ◦

◦,

W−2
◦
◦ e�α�φ ◦

◦ = ◦
◦ 3
(
α(∂φ1)2 − 2β ∂φ1 ∂φ2 − α(∂φ2)2+

+ (α2 − β2)∂2φ1 − 2αβ∂2φ2

)
e(αφ1+βφ2) ◦

◦ . (1.110)

ˆ§ ¸μμÉ´μÏ¥´¨° (1.104) ¨ (1.110) ¶μ²Ö ¶¥·¢μ£μ Ê·μ¢´Ö Ê¸É·μ¥´Ò ± ±

◦
◦ ∂φ1e(αφ1+βφ2) ◦

◦ = ◦
◦

1
3(α2 − β2)

(
6αL−1 + W−1

)
e(αφ1+βφ2) ◦

◦,

(1.111)
◦
◦ ∂φ2e(αφ1+βφ2) ◦

◦ = ◦
◦

1
3β(α2 − β2)

(
3(α2 − β2)L−1 − αW−1

)
e(αφ1+βφ2) ◦

◦ .
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’ ±¨³ μ¡· §μ³, μ¶¥· Éμ·, ¢Ìμ¤ÖÐ¨° ¢ ¢Ò· ¦¥´¨¥ ¤²Ö ¶¥·¢μ£μ Ê·μ¢´Ö ¢ (1.84),
³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

◦
◦ (�α1∂�φ)e(αφ1+βφ2) ◦

◦=

=

((
6αβα1 + 3(α2 − β2)β1

)
3β(3α2 − β2)

L−1 +
α1β − αβ1

3β(3α2 − β2)
W−1

)
◦
◦ e(αφ1+βφ2) ◦

◦ .

(1.112)

’μ£¤  ¶¥·¢Ò¥ ¤¢¥ ¸É·Ê±ÉÊ·´Ò¥ ±μ´¸É ´ÉÒ ¢ (1.85), ¶μ³¨³μ É·¨¢¨ ²Ó´μ°
Cα

α1α2
= 1, · ¢´Ò:

Cα, L−1
α1α2

=

(
6αβα1 + 3(α2 − β2)β1

)
3β(3α2 − β2)

,

(1.113)

Cα, W−1
α1α2

=
α1β − αβ1

3β(3α2 − β2)
.

‘ ¶μ³μÐÓÕ ¨§¢¥¸É´ÒÌ ¢Ò· ¦¥´¨° ¤²Ö L−1
◦
◦ e�α�φ ◦

◦ ¨ W−1
◦
◦ e�α�φ ◦

◦ ³μ¦´μ Ö¢´μ
¢ÒÎ¨¸²¨ÉÓ É·¥ÌÉμÎ¥Î´Ò¥ ±μ··¥²ÖÉμ·Ò

Γ�α�α3�α4(L−1) ≡
〈(

L−1
◦
◦ e�α�φ(0) ◦

◦

)
◦
◦ e�α3�φ(1) ◦

◦
◦
◦ e�α4�φ(∞) ◦

◦

〉
(1.104)

=

=
〈
◦
◦ (�α∂�φ)e�α�φ(0) ◦

◦
◦
◦ e�α3�φ(1) ◦

◦
◦
◦ e�α4�φ(∞) ◦

◦
〉

=

= −(�α�α3)
〈
◦
◦ e�α�φ(0) ◦

◦
◦
◦ e�α3�φ(1) ◦

◦
◦
◦ e�α4�φ(∞) ◦

◦
〉

(1.114)

¨

Γ�α�α3�α4(W−1) ≡
〈(

W−1
◦
◦ e�α�φ(0) ◦

◦
)

◦
◦ e�α3�φ(1) ◦

◦
◦
◦ e�α4�φ(∞) ◦

◦
〉

(1.110)
=

=
〈
◦
◦
(
3(α2 − β2) ∂φ1 − 6αβ ∂φ2

)
e�α�φ(0) ◦

◦
◦
◦ e�α3�φ(1) ◦

◦
◦
◦ e�α4�φ(∞) ◦

◦
〉

=

= −
(
3(α2 − β2)α3 − 6αββ3

) 〈◦
◦ e�α�φ(0) ◦

◦
◦
◦ e�α3�φ(1) ◦

◦
◦
◦ e�α4�φ(∞) ◦

◦
〉

, (1.115)

£¤¥ É ±¦¥ ¡Ò²μ ÊÎÉ¥´μ, ÎÉμ ¸¶ ·¨¢ ´¨¥ ¸ ¶μ²Ö³¨ ¢ ¡¥¸±μ´¥Î´μ¸É¨ ¤ ¥É ¤μ-
¶μ²´¨É¥²Ó´Ò° ³´μ¦¨É¥²Ó (0 − ∞) ¢ §´ ³¥´ É¥²¥ ¨, É ±¨³ μ¡· §μ³, ¸μμÉ-
¢¥É¸É¢ÊÕÐ¨³¨ ¸² £ ¥³Ò³¨ ³μ¦´μ ¶·¥´¥¡·¥ÎÓ. ‘¶ ·¨¢ ´¨¥ ¸ ¶μ²¥³ ¢ ÉμÎ±¥
z3 = 1 ¤ ¥É ³´μ¦¨É¥²Ó (z − z3)−1 = −1, ÎÉμ ¶·¨¢μ¤¨É ± §´ ±Ê ³¨´Ê¸ ¢ μ¡¥¨Ì
Ëμ·³Ê² Ì. ’ ±¨³ μ¡· §μ³,

γ�α�α3�α4(L−1) = −(αα3 + ββ3),

γ�α�α3�α4(W−1) = 3
(
− (α2 − β2)α3 + 2αββ3

)
.

(1.116)
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�É¨ ¢Ò· ¦¥´¨Ö ¸μ£² ¸ÊÕÉ¸Ö ¸ (1.56) ¨ (1.78) ¸μμÉ¢¥É¸É¢¥´´μ, ÎÉμ ¸²Ê¦¨É
¶·μ¢¥·±μ° ÔÉ¨Ì μ¡Ð¨Ì Ëμ·³Ê². „¥°¸É¢¨É¥²Ó´μ, ¨§ (1.56)

γ�α�α3�α4(L−1)
(1.56)
= Δ�α + Δ�α3 − Δ�α4 =

=
(�α3 + �α4)2 + �α2

3 − �α2
4

2
= �α3(�α3 + �α4) = −�α�α3, (1.117)

£¤¥ ¤¢ ¦¤Ò ¨¸¶μ²Ó§μ¢ ²¸Ö § ±μ´ ¸μÌ· ´¥´¨Ö �α + �α3 + �α4 = �0. �´ ²μ£¨Î´μ,
¤²Ö (1.78)

γ�α�α3�α4(W−1)
(1.116)

= 3
(
− (α2 − β2)α3 + 2αββ3

) (1.56)
=

= w�α + w�α3 + w�α4 + 3
(
(α2

3 − β2
3)α − 2α3β3β

)
. (1.118)

�μ¸²¥¤´¥¥ · ¢¥´¸É¢μ Ö¢²Ö¥É¸Ö Éμ¦¤¥¸É¢μ³, ¥¸²¨ ÊÎ¥¸ÉÓ, ÎÉμ �α + �α3 + �α4 = 0.
�μ¸²¥¤´ÖÖ ¸±μ¡±  ¢ ¶· ¢μ° Î ¸É¨ Ö¢²Ö¥É¸Ö ¶·Ö³Ò³  ´ ²μ£μ³ (1.115) ¤²Ö ¤·Ê-
£μ£μ · ¸¶μ²μ¦¥´¨Ö μ¶¥· Éμ·  W−1. �ÉμÉ ¸²ÊÎ ° É ±¦¥ ¢μ§³μ¦´μ · ¸¸³μÉ·¥ÉÓ
¸ ¶μ³μÐÓÕ É¥μ·¨¨ ¸¢μ¡μ¤´ÒÌ ¶μ²¥°:〈 ◦

◦ e�α�φ(0) ◦
◦
(
W−1

◦
◦ e�α3�φ(1) ◦

◦
) ◦

◦ e�α4�φ(∞) ◦
◦
〉 (1.110)

=

=
〈 ◦

◦ e�α�φ(0) ◦
◦

◦
◦
(
3(α2

3 − β2
3) ∂φ1 − 6α3β3 ∂φ2

)
e�α3�φ(1) ◦

◦
◦
◦ e�α4�φ(∞) ◦

◦
〉

=

=
(
3(α2

3 − β2
3)α − 6α3β3β

)〈 ◦
◦ e�α�φ(0) ◦

◦
◦
◦ e�α3�φ(1) ◦

◦
◦
◦ e�α4�φ(∞) ◦

◦
〉
. (1.119)

�μ  ´ ²μ£¨¨ ¸ (1.115) ¤ ÕÉ ¢±² ¤ ¢ μÉ¢¥É Éμ²Ó±μ ¸¶ ·¨¢ ´¨Ö ¶μ²¥° ¢ ÉμÎ± Ì
z = 0 ¨ z3 = 1. �·μ¨§¢μ¤´ Ö ¢ ÔÉμ³ ¸²ÊÎ ¥ ¡¥·¥É¸Ö ¶μ z3, ¶μÔÉμ³Ê §´ ± ³¨´Ê¸
μÉ¸ÊÉ¸É¢Ê¥É.

� ±μ´¥Í, ¸μ¢³¥¸É¨¢ (1.113) ¨ (1.116), ³μ¦´μ ¶μ²ÊÎ¨ÉÓ

Cα, L−1
α1α2

γ�α�α3�α4(L−1) + Cα, W−1
α1α2

γ�α�α3�α4(W−1) =

= −(αα3 + ββ3)

(
6αβα1 + 3(α2 − β2)β1

)
3β(3α2 − β2)

+

+ 3
(
− (α2 − β2)α3 + 2αββ3

) α1β − αβ1

3β(3α2 − β2)
=

= −α1α3 − β1β3 = −�α1�α3, (1.120)

ÎÉμ ¸μ£² ¸Ê¥É¸Ö ¸ (1.83).
Œμ¤¥²¨ ¸ c = 2. ‚ ¦´μ¥ μÉ²¨Î¨¥ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¸μ¸Éμ¨É ¢ ¤¥Ëμ·³ Í¨¨

μ¶¥· Éμ·μ¢:

T =
(∂φ1)2 + (∂φ2)2

2
+ Q∂2φ2,

(1.121)

W = ∂φ1

(
(∂φ1)2 − 3(∂φ2)2

)
− 3Q

2
(
∂φ1∂

2φ2 + 3 ∂φ2∂
2φ1

)
− 3Q2

2
∂3φ2,
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£¤¥ Í¥´É· ²Ó´Ò° § ·Ö¤, ¸μμÉ¢¥É¸É¢¥´´μ, · ¢¥´ c = 2(1 − 6Q2) ¨ μ¶¥· Éμ·-
´μ¥ · §²μ¦¥´¨¥ (1.107) μ¸É ¥É¸Ö ´¥¨§³¥´´Ò³. �¶¥· Éμ· É¥´§μ·  Ô´¥·£¨¨-
¨³¶Ê²Ó¸  ¤¥°¸É¢Ê¥É ´  ¶·¨³ ·´Ò¥ ¶μ²Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

T (x) ◦
◦ e�α�φ(0) ◦

◦ =
α2 + β2 − 2Qβ

2x2
◦
◦ e�α�φ(0) ◦

◦ +
1
x

◦
◦
(
∂ e�α�φ

)
(0) ◦

◦ +

+
∑
k�0

xk ◦
◦

(
∂kT

k!
+

�α∂k+2�φ

(k + 1)!

)
e�α�φ(z2) ◦

◦ . (1.122)

’ ±¨³ μ¡· §μ³,

Ln
◦
◦ e�α�φ ◦

◦ = 0 ¶·¨ n > 0,

L0
◦
◦ e�α�φ ◦

◦ = Δα,β
◦
◦ e�α�φ ◦

◦ =
α2 + β2 − 2Qβ

2
◦
◦ e�α�φ ◦

◦ =
α2 + β̃2 − Q2

2
◦
◦ e�α�φ ◦

◦,

L−1
◦
◦ e�α�φ ◦

◦ = ◦
◦ (α ∂φ1 + β ∂φ2)e(αφ1+βφ2) ◦

◦,

L−2
◦
◦ e�α�φ ◦

◦ = ◦
◦

(
1
2
(∂φ1)2 +

1
2
(∂φ2)2 + α∂2φ1 + (β + Q)∂2φ2

)
e(αφ1+βφ2) ◦

◦,

(1.123)
L2
−1

◦
◦ e�α�φ ◦

◦ = ◦
◦
(
(α(∂φ1) + β(∂φ2))2 + α∂2φ1 + β∂2φ2

)
e(αφ1+βφ2) ◦

◦,

L−3
◦
◦ e�α�φ ◦

◦ = ◦
◦

(
∂φ1∂

2φ1 + ∂φ2∂
2φ2 +

α

2
∂3φ1+

+
(

β

2
+ Q

)
∂3φ2

)
e(αφ1+βφ2) ◦

◦ .

�´ ²μ£¨Î´μ,

Wn
◦
◦ e�α�φ ◦

◦ = 0 ¶·¨ n > 0,

W0
◦
◦ e�α�φ ◦

◦ = wα,β
◦
◦ e�α�φ ◦

◦ = α(α2 − 3β2 + 6Qβ − 3Q2) ◦
◦ e�α�φ ◦

◦ =

= α(α2 − 3β̃2) ◦
◦ e�α�φ ◦

◦,

W−1
◦
◦ e�α�φ ◦

◦ =◦
◦ 3
((

α2 − β2 +
1
2
Qβ

)
∂φ1 −

1
2
α(4β − 3Q) ∂φ2

)
e(αφ1+βφ2) ◦

◦,

(1.124)
W−2

◦
◦ e�α�φ ◦

◦ = ◦
◦ 3
(
α(∂φ1)2− 2β ∂φ1 ∂φ2 − α(∂φ2)2+ (α2− β2− Qβ)∂2φ1−

− α(2β − Q)∂2φ2

)
e(αφ1+βφ2) ◦

◦ .

— ¸Éμ Ê¤μ¡´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¸¤¢¨´ÊÉÒ¥ ¶¥·¥³¥´´Ò¥ β̃ = β − Q, É ± ± ± · §-
³¥·´μ¸É¨ ¶μ²¥° ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥ÕÉ ¡μ²¥¥ ¶·μ¸ÉÊÕ Ëμ·³Ê²Ê:

Δ =
α2 + β̃2 − Q2

2
, w = α(α2 − 3β̃2). (1.125)
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‡ ±μ´Ò ¸μÌ· ´¥´¨Ö ¤²Ö n-ÉμÎ¥Î´μ£μ ±μ··¥²ÖÉμ·  ¶·¨ ÔÉμ³ Ê¸É·μ¥´Ò ± ±
n∑

i=1

αi = 0,
n∑

i=1

β̃i = (2 − n)Q. (1.126)

‘ ¶μ³μÐÓÕ ¤¢Ê±· É´μ£μ ¶·¨³¥´¥´¨Ö μ¶¥· Éμ·  W ³μ¦´μ ¶μ²ÊÎ¨ÉÓ, ÎÉμ

W1W−1
◦
◦ e�α�φ ◦

◦ = 9(α2 + β2 − 2Qβ)
(

α2 + β2 − 2Qβ +
3Q2

4

)
◦
◦ e�α�φ ◦

◦ =

=
9DΔ

2
◦
◦ e�α�φ ◦

◦ =
9D

2
L0

◦
◦ e�α�φ ◦

◦, (1.127)

£¤¥

D = 4
(

α2 + β2 − 2Qβ +
3Q2

4

)
= 8

(
Δα,β +

3Q2

8

)
Å (1.128)

ÔÉμ μ¸μ¡ Ö ¢¥²¨Î¨´  ¢ É¥μ·¨¨ ¸  ²£¥¡·μ° W (3). ’ ±¦¥

W0W−1
◦
◦ e�α�φ ◦

◦ =

= 3α
(
α2−3β2+6Qβ−3Q2

)((
α2 − β2 +

1
2
Qβ

)
∂φ1 − 2α

(
β − 3Q

4

)
∂φ2

)
+

+ 18
(

α2 + β2 − 2Qβ +
3Q2

4

)
(α ∂φ1 + β ∂φ2) =

=
(

wW−1 +
9D

2
L−1

)
◦
◦ e�α�φ ◦

◦, (1.129)

£¤¥ D, μ¶·¥¤¥²Ö¥³μ¥ (1.128), ¢Ìμ¤¨É ¨ ¢ (1.127). �É¨ ¸μμÉ´μÏ¥´¨Ö, (1.127)
¨ (1.129), ¢¥·´Ò ¨ ¤²Ö ¶·μ¨§¢μ²Ó´μ° É¥μ·¨¨ ¸ W (3) ¸¨³³¥É·¨¥° (  ´¥ Éμ²Ó±μ
¤²Ö É¥μ·¨¨ ¸¢μ¡μ¤´ÒÌ ¶μ²¥°):

W0W−1 −→ wW−1 +
9D

2
L−1, W1W−1 −→ 9D

2
L0, (1.130)

£¤¥ ¸É·¥²±  μ¡μ§´ Î ¥É, ÎÉμ ¸μμÉ´μÏ¥´¨¥ ¢Ò¶μ²´Ö¥É¸Ö, ¥¸²¨ μ¶¥· Éμ·Ò ¤¥°-
¸É¢ÊÕÉ ´  ¶·¨³ ·´Ò¥ ¶μ²Ö. � ±μ´¥Í,

L−1W−1
◦
◦ e�α�φ ◦

◦ = 3
(

α

(
α2 − β2 +

1
2
Qβ

)
(∂φ1)2−

−
(

(α2 + β2)β − Q

2
(3α2 + β2)

)
∂φ1 ∂φ2 −

1
2
αβ(4β − 3Q)(∂φ2)2+

+
(

α2 − β2 +
1
2
Qβ

)
∂2φ1 −

1
2
α(4β − 3Q)∂2φ2

)
e(αφ1+βφ2) ◦

◦ =

= ∂
(
W−1

◦
◦ e�α�φ ◦

◦

)
(1.131)
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¨

1
9
W 2

−1
◦
◦ e�α�φ ◦

◦ =
(

α2 − β2 +
1
2
Qβ

)(
α2 − β2 + 1 +

1
2
Qβ

)
(∂φ1)2−

−
(

4αβ(α2 − β2 − 1) + Qα(−3α2 + 5β2 + 3) − 3
2
Q2αβ

)
∂φ1 ∂φ2+

+
(

4α2β2 − α2 + β2 − Qβ

(
6α2 +

1
2

)
+

9
4
Q2α2

)
(∂φ2)2+

+
(

2α(α2 + β2) − Qαβ − 3
4
Q2α

)
∂2φ1+

+
(

2β(α2 + β2) − 1
2
Q(α2 + 7β2) +

5
4
Q2β

)
∂2φ2. (1.132)

Šμ··¥²ÖÉμ·Ò ³μ£ÊÉ ¡ÒÉÓ ´ ¶·Ö³ÊÕ ¢ÒÎ¨¸²¥´Ò ¸ ¶·¨³¥´¥´¨¥³ ¶μ²ÊÎ¥´´ÒÌ
Ëμ·³Ê². ’ ±¨³ μ¡· §μ³ ³μ¦´μ ¶·μ¢¥·¨ÉÓ, ÎÉμ ¸μμÉ´μÏ¥´¨Ö ¨§ ¶. 1.9.1 ¤¥°-
¸É¢¨É¥²Ó´μ ¢Ò¶μ²´ÖÕÉ¸Ö ¢ ³μ¤¥²¨ ¸¢μ¡μ¤´ÒÌ ¶μ²¥°.

‚¥·Ï¨´Ò Γ̄ ´  ¶¥·¢μ³ Ê·μ¢´¥ ¢ ¸²ÊÎ ¥ μ¤´μ£μ ¶μ²Ö. � ¸¸³μÉ·¨³ ¶·μ-
Í¥¤Ê·Ê ¶μ¸É·μ¥´¨Ö É·μ°´ÒÌ ¢¥·Ï¨´ Γ̄ ¢ ¸¢μ¡μ¤´μ° É¥μ·¨¨. „ ´´ Ö ¶·μ¢¥·± 
´¥¸±μ²Ó±μ ¸²μ¦´¥¥, Î¥³ ¶·¥¤Ò¤ÊÐ¨¥, É ± ± ± ¢ É¥μ·¨¨ ¸¢μ¡μ¤´ÒÌ ¶μ²¥° Î¥É±μ
μ¶·¥¤¥²¥´Ò Éμ²Ó±μ ¸É·Ê±ÉÊ·´Ò¥ ±μ´¸É ´ÉÒ C. �´¨ ¸¢Ö§ ´Ò ¸ ¢¥·Ï¨´ ³¨ Γ̄
¶μ¸·¥¤¸É¢μ³ ³ É·¨ÍÒ ˜ ¶μ¢ ²μ¢ . Š ¸Î ¸ÉÓÕ, ³ É·¨Í  ˜ ¶μ¢ ²μ¢  Å Ìμ-
·μÏμ ¨§ÊÎ¥´´Ò° μ¡Ñ¥±É ¨ ¶μÉμ³Ê ´¥ É·¥¡Ê¥É É ±μ° ¶μ¤·μ¡´μ° ¶·μ¢¥·±¨,
± ± ¤·Ê£¨¥ ¢¥²¨Î¨´Ò. �´  § ¢¨¸¨É Éμ²Ó±μ μÉ ¶ · ³¥É·  α ¶·μ³¥¦ÊÉμÎ´μ£μ
¸μ¸ÉμÖ´¨Ö.

‚ ¸²ÊÎ ¥, ±μ£¤  ¢ ³μ¤¥²¨ ¥¸ÉÓ Éμ²Ó±μ μ¤´μ ¸¢μ¡μ¤´μ¥ ¶μ²¥, ¶¥·¢Ò° Ê·μ-
¢¥´Ó Ê¸É·μ¥´ ¤μ¢μ²Ó´μ ¶·μ¸Éμ. � §³¥· ³ É·¨ÍÒ ˜ ¶μ¢ ²μ¢  · ¢¥´ 1× 1, ¨ ¥¥
¥¤¨´¸É¢¥´´Ò° Ô²¥³¥´É ¶·¥¤¸É ¢²Ö¥É¸Ö

〈L−1Vα|L−1Vα〉 = 〈Vα|L1L−1Vα〉
(1.8)
=
〈
Vα|
(
L−1L1 + 2L0

)
Vα

〉 (1.104)
=

= 2Δα 〈Vα|Vα〉 = 2Δα. (1.133)

ˆ§ ÔÉμ£μ ¸μμÉ´μÏ¥´¨Ö ¨ ¸É·Ê±ÉÊ·´ÒÌ ±μ´¸É ´É (1.87) ¨§ ³μ¤¥²¨ ¸¢μ¡μ¤´ÒÌ
¶μ²¥° ¶μ²ÊÎ ÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ μÉ¢¥ÉÒ ¤²Ö γ̄:

γ̄α1α2;α(L−1) = Cα,L−1
α1α2

〈L−1Vα|L−1Vα〉
(1.87) ¨ (1.133)

=

=
α1

α
δα,α1+α2

2α(α − 2Q)
2

= α1(α1 + α2 − 2Q), (1.134)
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ÎÉμ ¸μ£² ¸Ê¥É¸Ö ¸ (1.51), ±μÉμ· Ö ¶·¥¤¶μ² £ ¥É ¸²¥¤ÊÕÐ¨° μÉ¢¥É:

γ̄α1α2;α(L−1)
(1.51)
= Δα + Δ1 − Δ2

α=α1+α2=

=
(α1 + α2)2 − 2Q(α1 + α2) + α2

1 − 2Qα1 − (α2
2 − 2Qα2)

2
=

= α1(α1 + α2 − 2Q). (1.135)

’ ±¦¥ ¸ ¶μ³μÐÓÕ É¥μ·¨¨ ¸¢μ¡μ¤´ÒÌ ¶μ²¥° ³μ¦´μ ¶·μ¢¥·¨ÉÓ ¥Ð¥ μ¤´μ
¢ ¦´μ¥ ¸μμÉ´μÏ¥´¨¥ (1.50):

〈Vα̂ | (L−1V1)(1)V2(0)〉 = (Δα̂ − Δ1 − Δ2) 〈Vα̂ |V1(1)V2(0)〉 . (1.136)

� ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  V1 = ◦
◦ eα1φ ◦

◦ ¨ V2 = ◦
◦ eα2φ ◦

◦ . ’μ£¤  L−1V1 =
◦
◦ α1 ∂φ eα1φ ◦

◦ = ∂V1 ¨ μ¶¥· Éμ·´μ¥ · §²μ¦¥´¨¥ (1.28) Ê¸É·μ¥´μ ± ±

◦
◦ α1∂φ eα1φ(z) ◦

◦
◦
◦ eα2φ(0) ◦

◦ =

= zα1α2−1
(
α1α2

◦
◦ e(α1+α2)φ(0) ◦

◦ +z ◦
◦ α1(1 + α1α2)∂φ e(α1+α2)φ(0) ◦

◦ + . . .
)
.

(1.137)

�É³¥É¨³, ÎÉμ ¨§´ Î ²Ó´μ ¶¥·¢μ¥ ¸² £ ¥³μ¥ ¢ ¶· ¢μ° Î ¸É¨ ¡Ò²μ · ¢´μ
α1α2

◦
◦ e(α1φ(z)+α2φ(0)) ◦

◦, ¨ ¥£μ · §²μ¦¥´¨¥ ¶μ ¸É¥¶¥´Ö³ z ¸μ¤¥·¦¨É ¢¸¥ Î²¥´Ò
²Õ¡μ£μ ¶μ·Ö¤±  ¢ · §²μ¦¥´¨¨ ¨ ¤ ¥É, ¢ Éμ³ Î¨¸²¥, ¶μ¶· ¢±Ê ±μ ¢Éμ·μ³Ê ¶μ-
·Ö¤±Ê · §²μ¦¥´¨Ö ¶μ z. �¡μ§´ Î¨¢ É ±¦¥ Vα = ◦

◦ eαφ ◦
◦, £¤¥ α = α1 + α2,

³μ¦´μ ¶μ²ÊÎ¨ÉÓ

(L−1V1)(z)V2(0) = zα1α2−1

(
α1α2Vα(0) + z

α1(1 + α1α2)
α1 + α2

L−1Vα(0) + . . .

)
(1.138)

¨

〈Vα̂|(L−1V1)(1)V2(0)〉 = α1α2 〈Vα̂|Vα(0)〉+ α1(1 + α1α2)
α1 + α2

〈Vα̂|L−1Vα(0)〉+ . . .

(1.139)
ˆ§-§  Éμ£μ, ÎÉμ ±μμ·¤¨´ ÉÒ ¶μ²¥° ¢ ¶· ¢μ° Î ¸É¨ Å ÔÉμ ÉμÎ±  0, ´¥μ¡Ìμ¤¨³Ò¥
³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ¢Ìμ¤ÖÉ ¢ ³ É·¨ÍÊ ˜ ¶μ¢ ²μ¢ , μ´¨ Ê± § ´Ò ¤²Ö ¶¥·¢μ£μ
Ê·μ¢´Ö ¢ÒÏ¥. �μ¤¸É ¢¨¢ Vα ¨ L−1Vα ¢³¥¸Éμ Vα̂, ³μ¦´μ ¶μ²ÊÎ¨ÉÓ

〈Vα | (L−1V1)(1)V2(0)〉 = α1α2δα,α1+α2 ,

〈L−1Vα | (L−1V1)(1)V2(0)〉 =
α1(1 + α1α2)

α1 + α2
〈L−1Vα |L−1Vα1+α2〉

(1.133)
=

=
α1(1 + α1α2)

α1 + α2
2Δαδα,α1+α2 . (1.140)
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ŠμÔËË¨Í¨¥´ÉÒ ¢ ¶· ¢μ° Î ¸É¨ ÔÉ¨Ì Ëμ·³Ê² · ¢´Ò

α1α2 = Δα −Δ1−Δ2 =
(α1+ α2)2− 2Q(α1+ α2) + α2

1− 2Qα1+ α2
2− 2Qα2

2
(1.141)

¨
α1(1 + α1α2)

α1 + α2

(
(α1 + α2)2 − 2Q(α1 + α2)

)
= (1 + α1α2)α1(α1 + α2 − 2Q) =

(1.141) ¨ (1.135)
= (Δα + 1 − Δ1 − Δ2)(Δα + Δ1 − Δ2) =

= (Δα,L−1 − Δ1 − Δ2)(Δα + Δ1 − Δ2) (1.142)

¸μμÉ¢¥É¸É¢¥´´μ, ÎÉμ ¸μ£² ¸Ê¥É¸Ö ¸ (1.136). � ²¨Î¨¥ ¤¢ÊÌ ¸² £ ¥³ÒÌ ¢ ¶· ¢μ°
Î ¸É¨ (1.142) ¸¢Ö§ ´μ ¸ É¥³, ÎÉμ (1.136) Å ÔÉμ ·¥±Ê·¸¨¢´μ¥ ¸μμÉ´μÏ¥´¨¥:

〈L−1Vα|(L−1V1)(1)V2(0)〉 (1.136)
= (Δα,L−1 − Δ1 − Δ2) 〈L−1Vα|V1(1)V2(0)〉 =

(1.51)
= (Δα,L−1 − Δ1 − Δ2)(Δα + Δ1 − Δ2) 〈Vα |V1(1)V2(0)〉 . (1.143)

‚¥·Ï¨´Ò Γ̄ ´  ¢Éμ·μ³ Ê·μ¢´¥ ¢ ¸²ÊÎ ¥ μ¤´μ£μ ¶μ²Ö. �  ¢Éμ·μ³ Ê·μ¢´¥
· §³¥· ³ É·¨ÍÒ ˜ ¶μ¢ ²μ¢  · ¢¥´ 2 × 2,   ¥¥ Ô²¥³¥´ÉÒ:〈
L2
−1Vα

∣∣L2
−1Vα

〉
=
〈
Vα

∣∣L2
1L

2
−1Vα

〉 (1.8)
=

=
〈
Vα

∣∣(L1L−1L1L−1 + 2L1L0L−1

)
Vα

〉
=

=
〈
Vα

∣∣(2L1L−1Δα + 2L1L−1 + 2L1L−1Δα

)
Vα

〉 (1.104)
=

= 8Δ2
α + 4Δα

〈
Vα

∣∣Vα

〉
= 8Δ2

α + 4Δα,

(1.144)
〈L−2Vα|L−2Vα〉 = 〈Vα|L2L−2Vα〉

(1.8)
=

=
〈

Vα

∣∣∣(L−2L2 +
1
2
− 6Q2 + 4L0

)
Vα

〉
(1.104)

=
1
2
− 6Q2 + 4Δα,

〈
L2
−1Vα|L−2Vα

〉
=
〈
L−2Vα|L2

−1Vα

〉
=

= 〈Vα|L1L1L−2Vα〉
(1.8)
= 3 〈Vα|L1L−1Vα〉 = 6Δα.

ˆ¸¶μ²Ó§ÊÖ ÔÉ¨ ¢Ò· ¦¥´¨Ö,   É ±¦¥ ¸É·Ê±ÉÊ·´Ò¥ ±μ´¸É ´ÉÒ, μ¡μ¡Ð Õ-
Ð¨¥ (1.99) ¶·¨ c = 1, ¢μ§³μ¦´μ ¶μ¸É·μ¨ÉÓ É·μ°´Ò¥ ¢¥·Ï¨´Ò Γ̄:

γ̄α1α2;α(L−2) = Cα,L−2
α1α2

〈L−2Vα|L−2Vα〉 + C
α,L2

−1
α1α2

〈
L−2Vα|L2

−1Vα

〉
=

=
(

α1α2

2α(α + Q) − 1

)(
1
2

+ 4α(α − 2Q) − 6Q2

)
+

+
(

α1(2α1(α + Q) − 1)
2α(2α(α + Q) − 1)

)(
6
α(α − 2Q)

2

)
=

α1

2
(3α1 + 2α2 − 6Q) (1.145)
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¨

γ̄α1α2;α(L2
−1) = Cα,L−2

α1α2

〈
L2
−1Vα|L−2Vα

〉
+ C

α,L2
−1

α1α2

〈
L2
−1Vα|L2

−1Vα

〉
=

=
(

α1α2

2α(α + Q) − 1

)(
6
α(α − 2Q)

2

)
+

+
(

α1(2α1(α + Q) − 1)
2α(2α(α + Q) − 1)

)(
4
α(α − 2Q)

2

(
2
α(α − 2Q)

2
+ 1

))
=

= α1(α2
1 + α1α2 − 2α1Q + 1)(α1 + α2 − 2Q), (1.146)

ÎÉμ ¸μ£² ¸Ê¥É¸Ö ¸ (1.51), ±μÉμ· Ö ¶·¥¤¶μ² £ ¥É ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¸²¥¤ÊÕÐ¨¥
¢Ò· ¦¥´¨Ö:

γ̄α1α2;α(L−2)
(1.51)
= Δα + 2Δ1 − Δ2

α=α1+α2=

=
(α1 + α2)2 − 2Q(α1 + α2) + 2α2

1 − 4Qα1 − (α2
2 − 2Qα2)

2
=

=
α1

2
(3α1 + 2α2 − 6Q) (1.147)

¨

γ̄α1α2;α(L2
−1)

(1.51)
= (Δα + Δ1 − Δ2)(Δα + Δ1 − Δ2 + 1) α=α1+α2=

=
(α1 + α2)2 − 2Q(α1 + α2) + α2

1 − 2Qα1 − (α2
2 − 2Qα2)

2
×

×
(

(α1 + α2)2 − 2Q(α1 + α2) + α2
1 − 2Qα1 − (α2

2 − 2Qα2)
2

+ 1
)

=

= α1(α2
1 + α1α2 − 2α1Q + 1)(α1 + α2 − 2Q). (1.148)

‚¥·Ï¨´Ò Γ̄ ¢ ¸²ÊÎ ¥ ¤¢ÊÌ ¶μ²¥°. ‚ ÔÉμ³ ¸²ÊÎ ¥ · §³¥· ³ É·¨ÍÒ ˜ ¶μ¢ -
²μ¢  É ±¦¥ · ¢¥´ 2 × 2,   ¥¥ §´ Î¥´¨Ö ¤ ÕÉ¸Ö ±μ³³ÊÉ Í¨μ´´Ò³¨ ¸μμÉ´μÏ¥-
´¨Ö³¨  ²£¥¡·Ò W (3):

Q =
(

2Δ 3w
3w 9DΔ/2

)
. (1.149)

‚Ò· ¦¥´¨Ö ¤²Ö Γ̄, É ±¨³ μ¡· §μ³, ³μ£ÊÉ ¡ÒÉÓ ¶μ¸É·μ¥´Ò ¸ ¶μ³μÐÓÕ ³ É·¨ÍÒ
˜ ¶μ¢ ²μ¢  ¨ (1.113), μ¡μ¡Ð¥´´μ° ´  ¸²ÊÎ ° c = 2:

γ̄α1α2;α(L−1) = Cα,L−1
α1α2

〈L−1Vα|L−1Vα〉 + Cα,W−1
α1α2

〈L−1Vα|W−1Vα〉 =

=
(
−4α1αβ + 3α1αQ − 2β1α

2 + 2β1β
2 − β1Qβ

−6α2β + 3α2Q + 2β3 − Qβ2

)(
2
α(α − 2Q)

2

)
+

+
(

2(αβ1 − α1β)
3(−6α2β + 3α2Q + 2β3 − Qβ2)

)(
3α(α2 − 3β2 + 6Qβ − 3Q2)

)
=

=
α2 + β2 + α2

1 + β2
1 − α2

2 − β2
2 − 2Qβ − 2Qβ1 + 2Qβ2

2
, (1.150)
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ÎÉμ ¸μ£² ¸Ê¥É¸Ö ¸ (1.51):

γ̄α1α2;α(L−1)
(1.51)
= Δα + Δ1 − Δ2

α=α1+α2=

=
α2 + β2 + α2

1 + β2
1 − α2

2 − β2
2 − 2Qβ − 2Qβ1 + 2Qβ2

2
. (1.151)

’ ±¦¥ ¢μ§³μ¦´μ · ¸¸³μÉ·¥ÉÓ ¨ 〈Vα̂|(W−1V1)(1)V2(0)〉. „¥°¸É¢¨É¥²Ó´μ, ¨§
³ É·¨ÍÒ ˜ ¶μ¢ ²μ¢  ¨ ¸É·Ê±ÉÊ·´ÒÌ ±μ´¸É ´É ³μ¦´μ ¶μ²ÊÎ¨ÉÓ

γ̄α1α2;α(W−1) = Cα,L−1
α1α2

〈W−1Vα|L−1Vα〉 + Cα,W−1
α1α2

〈W−1Vα|W−1Vα〉 =

=
(
−4α1αβ + 3α1αQ − 2β1α

2 + 2β1β
2 − β1Qβ

−6α2β + 3α2Q + 2β3 − Qβ2

)
×

×
(
3α(α2 − 3β2 + 6Qβ − 3Q2)

)
+

+
(

2(αβ1 − α1β)
3(−6α2β + 3α2Q + 2β3 − Qβ2)

)
×

×
(

9α(α − 2Q)
4

(
8
α(α − 2Q)

2
+ 3Q2

))
=

=
6α1α

2 − 12β1βα − 6β2α1 − 18α1Q
2 + 15Qαβ1 + 21Qα1β

2
=

= w + 2w1 − w2 +
3
2
αβ1Q − 6α1β1Q − 6ββ1α1 + 9α1β

2
1+

+
9
2
α1βQ + 3αα2

1 − 3α3
1 − 3αβ2

1 =

= w −w1−w2+ (3(α2
1− β2

1)α− 6α1β1β) +
3
2
Q(αβ1+ 8α1β1+ 3α1β − 6α1Q).

(1.152)

’ ±¨³ μ¡· §μ³, ¥¸²¨ ÊÎ¥¸ÉÓ É ±¦¥ (1.71) ¨ (1.73), Éμ

〈Vα̂|(W−1V1)(1)V2(0)〉 = 3
[αβ1Q

2
− 2α1β1Q − 2ββ1α1 + 3α1β

2
1+

+
3
2
α1βQ + αα2

1 − α3
1 − αβ2

1

]
〈Vα̂|V1(1)V2(0)〉 ,

(1.153)
〈Vα̂|V1(1) (W−1V2)(0)〉 = 3

[((
α2

1 − β2
1

)
α − 2α1β1β

)
+

+
Q

2
(αβ1 + 8α1β1 + 3α1β − 6α1Q)

]
〈Vα̂|V1(1)V2(0)〉 .

�´ ²μ£¨Î´Ò³ μ¡· §μ³ ³μ¦´μ · ¸¸³μÉ·¥ÉÓ ¨ É·μ°´Ò¥ ¢¥·Ï¨´Ò ¤²Ö ¤¨ -
£· ³³ 
´£  · §³¥·μ³ 2. ‚ ÔÉμ³ ¸²ÊÎ ¥ ³ É·¨Í  ˜ ¶μ¢ ²μ¢  ¨³¥¥É ¡μ²¥¥
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¸²μ¦´ÊÕ Ëμ·³Ê (¸³. É ¡². 2). ’¥³ ´¥ ³¥´¥¥, ¨¸¶μ²Ó§ÊÖ Ëμ·³Ê²Ò ¤²Ö ¸É·Ê±ÉÊ·-
´ÒÌ ±μ´¸É ´É ¨§ ¶. 1.9.2, ¢μ§³μ¦´μ ¶μ¢Éμ·¨ÉÓ ¶·μ¤¥² ´´Ò¥ ¢ÒÏ¥ ¢ÒÎ¨¸²¥´¨Ö
¨ ¢ ÔÉμ³ ¸²ÊÎ ¥.

1.9.3. �·¨³¥·Ò É·μ°´ÒÌ ¢¥·Ï¨´. �¨¦¥ ¶·¨¢¥¤¥´ ·Ö¤ ¢ÒÎ¨¸²¥´´ÒÌ ¸ ¶μ-
³μÐÓÕ μ¶¨¸ ´´ÒÌ §¤¥¸Ó ³¥Éμ¤μ¢ É·μ°´ÒÌ ¢¥·Ï¨´, ´¥μ¡Ìμ¤¨³ÒÌ ¤²Ö · ¸¸³μ-
É·¥´¨Ö ¶¥·¢ÒÌ ¤¢ÊÌ Ê·μ¢´¥° �ƒ’-¸μμÉ´μÏ¥´¨Ö ¢ ¸²ÊÎ ¥  ²£¥¡·Ò W (3). „²Ö
´ Î ²  ¶·¨¢¥¤¥³ μ¸´μ¢´Ò¥ ¸μμÉ´μÏ¥´¨Ö, Ê± § ´´Ò¥ · ´¥¥, ±μÉμ·Ò¥ ¨¸¶μ²Ó-
§ÊÕÉ¸Ö ¶·¨ ¢ÒÎ¨¸²¥´¨¨ É·μ°´ÒÌ ¢¥·Ï¨´.

’·μ°´Ò¥ ¢¥·Ï¨´Ò Ê¤μ¢²¥É¢μ·ÖÕÉ ·¥±Ê·¸¨¢´Ò³ ¸μμÉ´μÏ¥´¨Ö³:

〈L−nVα̌ |V1(1)V2(0)〉 (1.51)
= (Δα̌+nΔ1−Δ2)〈Vα̌ |V1(1)V2(0)〉, n > 0, (1.154)

〈(L−nVα̌)(0)V3(1)V4(∞)〉 (1.56)
= (Δα̌ + nΔ3 −Δ4)〈Vα̌(0) V3(1)V4(∞)〉, n > 0,

(1.155)
£¤¥ ¶μ²Ö V1, V2, V3 ¨ V4 Å ¶·¨³ ·´Ò¥. ’ ±¦¥ ¶μ²¥§´Ò ¶·¨ ¢ÒÎ¨¸²¥´¨ÖÌ
¸²¥¤ÊÕÐ¨¥ Ëμ·³Ê²Ò:

〈Vα̌ | (L−1V1)(1)V2(0)〉 (1.50)
= (Δα̌ − Δ1 − Δ2)〈Vα̌ |V1(1)V2(0)〉 (1.156)

¨

〈Vα̌(0) (L−1V3)(1)V4(∞)〉 (1.55)
= −(Δα̌ + Δ3 − Δ4)〈Vα̌(0)V3(1)V4(∞)〉.

(1.157)
�μ¸²¥¤´¨¥ ¤¢  ¸μμÉ´μÏ¥´¨Ö ¢Ò¶μ²´ÖÕÉ¸Ö ¨ ¤²Ö ´¥¶·¨³ ·´ÒÌ ¶μ²¥° V1 ¨ V3.

�´ ²μ£¨Î´Ò¥ ¸μμÉ´μÏ¥´¨Ö ³μ¦´μ ¶·¨¢¥¸É¨ ¨ ¤²Ö  ²£¥¡·Ò W (3):

〈W−nVα̌|V1(1)V2(0)〉 (1.71)
= 〈W0Vα̌|V1(1)V2(0)〉 + n〈Vα̌|(W−1V1)(1)V2(0)〉+

+
(

n(n + 3)
2

w1 − w2

)
〈Vα̌|V1(1)V2(0)〉, n > 0, (1.158)

〈(W−nVα̌)(0)V3(1)V4(∞)〉 (1.78)
= 〈(W0Vα̌)(0)V3(1)V4(∞)〉+

+
(
−n(n − 3)

2
w3 + w4

)
〈Vα̌(0)V3(1)V4(∞)〉+

+ n〈Vα̌(0) (W−1V3)(1)V4(∞)〉, n > 0, (1.159)

¤²Ö ¶·¨³ ·´ÒÌ ¶μ²¥° V1, V2, V3 ¨ V4. ’ ±¦¥ ¤²Ö ´¥¶·¨³ ·´ÒÌ ¶μ²¥°

〈W−1Vα̌|V1(1)V2(0)〉 (1.75)
= 〈W0Vα̌|V1(1)V2(0)〉 + 2〈Vα̌|(W0V1)(1)V2(0)〉−

− 〈Vα̌|V1(1) (W0V2)(0)〉 + 〈Vα̌|(W−1V1)(1)V2(0)〉+
+ 〈Vα̌|(W1V1)(1)V2(0)〉 + 〈Vα̌|V1(1) (W1V2)(0)〉 (1.160)
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¨

〈(W−1Vα̌)(0)V3(1)V4(0)〉 (1.82)
= 〈W0Vα̌(0)V3(1)V4(0)〉+

+ 〈Vα̌(0) (W0V3)(1)V4(0)〉 + 〈Vα̌(0)V3(1) (W0V4)(0)〉+

+ 〈Vα̌(0) (W−1V3)(1)V4(0)〉 − 〈Vα̌(0)V3(1) (W1V4)(0)〉. (1.161)

„²Ö ´¥¶·¨³ ·´ÒÌ ¶μ²¥° V1 ¨ V3 ³μ¦´μ Ê± § ÉÓ ¸μμÉ´μÏ¥´¨Ö,  ´ ²μ£¨Î-
´Ò¥ (1.156) ¨ (1.157),

〈Vα̌|(W−2V1)(1)V2(0)〉 = (ŵα̌ − w1 − w2)〈Vα̌|V1(1)V2(0)〉−
− 2〈Vα̌|(W−1V1)(1)V2(0)〉 (1.162)

¨

〈Vα̌(0) (W−2V3)(1)V4(∞)〉 = −(ŵα̌ + w3 + w4)〈Vα̌(0)V3(1)V4(∞)〉−
− 2〈Vα̌(0) (W−1V3)(1)V4(∞)〉. (1.163)

’·μ°´Ò¥ ¢¥·Ï¨´Ò Γ̄. � ¶·Ö³ÊÕ ¨§ (1.154) ¨ (1.158) ¤²Ö É·¥Ì ¶·¨³ ·´ÒÌ
¶μ²¥° Vα, V1 ¨ V2 ³μ¦´μ ¶μ²ÊÎ¨ÉÓ

〈L−1Vα |V1(1)V2(0)〉 (1.154)
= (Δα + Δ1 − Δ2)〈Vα |V1(1)V2(0)〉, (1.164)

〈W−1Vα|V1(1)V2(0)〉 (1.158)
= (wα + 2w1 − w2) 〈Vα|V1(1)V2(0)〉+

+ 〈Vα̌|(W−1V1)(1)V2(0)〉, (1.165)

〈L−2Vα |V1(1)V2(0)〉 (1.154)
= (Δα + 2Δ1 − Δ2)〈Vα |V1(1)V2(0)〉, (1.166)

〈W−2Vα̌|V1(1)V2(0)〉 (1.158)
= (wα + 5w1 − w2) 〈Vα̌|V1(1)V2(0)〉+

+ 2〈Vα̌|(W−1V1)(1)V2(0)〉. (1.167)

…¸²¨ ¶·¨³¥´¨ÉÓ (1.154) ¤¢  · § , Éμ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ

〈L2
−1Vα |V1(1)V2(0)〉 (1.154)

=
(
(Δα + 1) + Δ1 − Δ2

)
〈L−1Vα |V1(1)V2(0)〉 =

(1.154)
= (Δα + Δ1 − Δ2 + 1)(Δα + Δ1 − Δ2)〈Vα |V1(1)V2(0)〉. (1.168)

…¸²¨ ¶·¨³¥´¨ÉÓ (1.154) ¨ (1.165), Éμ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ

〈L−1W−1Vα|V1(1)V2(0)〉 (1.154)
=

(
(Δα + 1) + Δ1 − Δ2

)
〈W−1Vα|V1(1)V2(0)〉 =

(1.165)
= (Δα + Δ1 − Δ2 + 1)

(
(wα + 2w1 − w2) 〈Vα|V1(1)V2(0)〉+

+ 〈Vα̌|(W−1V1)(1)V2(0)〉
)
. (1.169)
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�·¨ ¢Ò¢μ¤¥ ¶μ¸²¥¤´¥£μ ¸μμÉ´μÏ¥´¨Ö É ±¦¥ ¨¸¶μ²Ó§Ê¥É¸Ö ¢Ò· ¦¥´¨¥ ¤²Ö ±μ´-
Ëμ·³´μ° · §³¥·´μ¸É¨ Δ(W−1Vα) = Δα + 1. ‚ ¶· ¢μ° Î ¸É¨ ¶·¨¢¥¤¥´´ÒÌ
¢Ò· ¦¥´¨° ¶μ¤Î¥·±´ÊÉÒ ¸² £ ¥³Ò¥, μÉ²¨Î´Ò¥ μÉ 〈Vα|V1(1)V2(0)〉.

„²Ö É·¥Ì ¶·¨³ ·´ÒÌ ¶μ²¥° Vα, V1, V2 ¨ ¤²Ö Vα̌ = W−1Vα ¨§ (1.160)
´ ¶·Ö³ÊÕ ¸²¥¤Ê¥É:

〈W 2
−1Vα|V1(1)V2(0)〉 (1.160)

=
= 〈W0W−1Vα|V1(1)V2(0)〉 + 2〈W−1Vα|(W0V1)(1)V2(0)〉−

− 〈W−1Vα|V1(1) (W0V2)(0)〉 + 〈W−1Vα|(W−1V1)(1)V2(0)〉+

+ 〈W−1Vα|(W1V1)(1)V2(0)〉 + 〈W−1Vα|V1(1) (W1V2)(0)〉 =

= 〈W0W−1Vα|V1(1)V2(0)〉 + (2w1 − w2)〈W−1Vα|V1(1)V2(0)〉+

+ 〈W−1Vα|(W−1V1)(1)V2(0)〉. (1.170)

�¥·¢μ¥ ¸² £ ¥³μ¥ ¢ ¶· ¢μ° Î ¸É¨ ³μ¦´μ Ê¶·μ¸É¨ÉÓ ¸ ¶μ³μÐÓÕ (1.130),  
¢Éμ·μ¥ Å ¸ ¶μ³μÐÓÕ (1.165). „²Ö Ê¶·μÐ¥´¨Ö ¶μ¸²¥¤´¥£μ ¸² £ ¥³μ£μ ´Ê¦´μ
¨¸¶μ²Ó§μ¢ ÉÓ (1.160), Éμ²Ó±μ ¸ ´¥¶·¨³ ·´Ò³ ¶μ²¥³ V1 → W−1V1 ¨ ¶·¨³ ·-
´Ò³ Vα̌ = Vα:

〈W−1Vα|(W−1V1)(1)V2(0)〉 (1.160)
=

= 〈W0Vα|W−1V1(1)V2(0)〉 + 2〈Vα|(W0W−1V1)(1)V2(0)〉−

− 〈Vα|W−1V1(1) (W0V2)(0)〉 + 〈Vα|(W 2
−1V1)(1)V2(0)〉+

+ 〈Vα|(W1W−1V1)(1)V2(0)〉 + 〈Vα|W−1V1(1) (W1V2)(0)〉 =

= (wα − w2)〈Vα|W−1V1(1)V2(0)〉 + 2〈Vα|(W0W−1V1)(1)V2(0)〉+

+ 〈Vα|(W 2
−1V1)(1)V2(0)〉 + 〈Vα|(W1W−1V1)(1)V2(0)〉. (1.171)

…¸²¨ ¢ (1.170) ¶μ¤¸É ¢¨ÉÓ (1.171) ¨ (1.130), Éμ

〈W 2
−1Vα|V1(1)V2(0)〉 =

9Dα

2
〈L−1Vα|V1(1)V2(0)〉+

+ (wα + 2w1 − w2)〈W−1Vα|V1(1)V2(0)〉+

+ (wα + 2w1 − w2)〈Vα|W−1V1(1)V2(0)〉 + 9D1〈Vα|(L−1V1)(1)V2(0)〉+

+ 〈Vα|(W 2
−1V1)(1)V2(0)〉 +

9D1Δ1

2
〈Vα|V1(1)V2(0)〉. (1.172)
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…¸²¨ É ±¦¥ ¶μ¤¸É ¢¨ÉÓ (1.165), (1.164) ¨ (1.156), Éμ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ

〈W 2
−1Vα|V1(1)V2(0)〉 =

= (wα + 2w1 − w2)
(
(wα + 2w1 − w2)〈Vα|V1(1)V2(0)〉+

+ 2〈Vα|(W−1V1)(1)V2(0)〉
)
+

+
9Dα

2
(Δα + Δ1 − Δ2)〈Vα|V1(1)V2(0)〉+

+ 9D1(Δα − Δ1 − Δ2)〈Vα|V1(1)V2(0)〉+

+
9D1Δ1

2
〈Vα|V1(1)V2(0)〉 + 〈Vα|(W 2

−1V1)(1)V2(0)〉. (1.173)

‚¥·Ï¨´Ò Γ. ˆ§ (1.155) ¨ (1.159) ¤²Ö É·¥Ì ¶·¨³ ·´ÒÌ ¶μ²¥° Vα, V3 ¨ W4

³μ¦´μ ¶μ²ÊÎ¨ÉÓ

〈(L−1Vα)(0)V3(1)V4(∞)〉 (1.155)
= (Δα + Δ3 − Δ4)〈Vα(0) V3(1)V4(∞)〉,

(1.174)

〈(W−1Vα)(0)V3(1)V4(∞)〉 (1.159)
= (wα + w3 + w4) 〈Vα(0)V3(1)V4(∞)〉+

+ 〈Vα(0) (W−1V3)(1)V4(∞)〉, (1.175)

〈(L−2Vα)(0)V3(1)V4(∞)〉 (1.155)
= (Δα + 2Δ3 − Δ4)〈Vα(0) V3(1)V4(∞)〉,

(1.176)

〈(W−2Vα)(0)V3(1)V4(∞)〉 (1.159)
= (wα + w3 + w4) 〈Vα(0)V3(1)V4(∞)〉+

+ 2〈Vα(0) (W−1V3)(1)V4(∞)〉. (1.177)

‚ ·¥§Ê²ÓÉ É¥ ¤¢ÊÌ ¶·¨³¥´¥´¨° (1.155):

〈(L2
−1Vα̌)(0)V3(1)V4(∞)〉 (1.155)

=

=
(
(Δα + 1) + Δ3 − Δ4

)
〈L−1Vα(0)V3(1)V4(∞)〉 =

(1.155)
= (Δα + Δ3 − Δ4 + 1)(Δα + Δ3 − Δ4)〈Vα(0)V3(1)V4(∞)〉. (1.178)

‚ ·¥§Ê²ÓÉ É¥ ¶·¨³¥´¥´¨Ö (1.155) ¨ (1.175):

〈(L−1W−1Vα)(0)V3(1)V4(∞)〉 (1.155)
=

=
(
(Δα + 1) + Δ3 − Δ4

)
〈W−1Vα(0) V3(1)V4(∞)〉 (1.175)

=

= (Δα + Δ3 − Δ4 + 1)
(
(wα + w3 + w4) 〈Vα(0)V3(1)V4(∞)〉+

+ 〈Vα(0) (W−1V3)(1)V4(∞)〉
)
. (1.179)
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‚ ¶μ¸²¥¤´¥³ ¸μμÉ´μÏ¥´¨¨ É ±¦¥ ¨¸¶μ²Ó§μ¢ ²μ¸Ó Δ(W−1Vα) = Δα+1. ‚ ¶· -
¢μ° Î ¸É¨ ¶μ¤Î¥·±´ÊÉÒ ¸² £ ¥³Ò¥, μÉ²¨Î´Ò¥ μÉ 〈Vα(0)V3(1)V4(0)〉.

„²Ö É·¥Ì ¶·¨³ ·´ÒÌ Vα, V3 ¨ V4 ¨ ¤²Ö Vα̌ = W−1Vα ¨§ (1.161) ¸²¥¤Ê¥É:

〈(W 2
−1Vα)(0)V3(1)V4(0)〉 (1.161)

=
= 〈(W0W−1Vα)(0)V3(1)V4(0)〉 + 〈(W−1Vα)(0) (W0V3)(1)V4(0)〉+

+ 〈(W−1Vα)(0)V3(1) (W0V4)(0)〉 + 〈(W−1Vα)(0) (W−1V3)(1)V4(0)〉−
− 〈(W−1Vα)(0)V3(1) (W1V4)(0)〉 =

= 〈(W0W−1Vα)(0)V3(1)V4(0)〉 + (w3 + w4)〈(W−1Vα)(0)V3(1)V4(0)〉+
+ 〈(W−1Vα)(0) (W−1V3)(1)V4(0)〉. (1.180)

�¥·¢μ¥ ¸² £ ¥³μ¥ ¢ ¶· ¢μ° Î ¸É¨ ³μ¦´μ Ê¶·μ¸É¨ÉÓ ¸ ¶μ³μÐÓÕ (1.130), ¢Éμ-
·μ¥ Å ¸ ¶μ³μÐÓÕ (1.175). „²Ö Ê¶·μÐ¥´¨Ö ¶μ¸²¥¤´¥£μ ¸² £ ¥³μ£μ ´Ê¦´μ ¨¸-
¶μ²Ó§μ¢ ÉÓ (1.161), ´μ ¤²Ö ´¥¶·¨³ ·´μ£μ V1 → W−1V1 ¨ ¶·¨³ ·´μ£μ Vα̌ = Vα:

〈(W−1Vα)(0) (W−1V3)(1)V4(0)〉 (1.161)
=

= 〈W0Vα(0)W−1V3(1)V4(0)〉 + 〈Vα(0) (W0W−1V3)(1)V4(0)〉+

+ 〈Vα(0)W−1V3(1) (W0V4)(0)〉 + 〈Vα(0) (W 2
−1V3)(1)V4(0)〉−

− 〈Vα(0)V3(1) (W1V4)(0)〉 =
= (wα + w4)〈W0Vα(0)W−1V3(1)V4(0)〉 + 〈Vα(0) (W0W−1V3)(1)V4(0)〉+

+ 〈Vα(0) (W 2
−1V3)(1)V4(0)〉. (1.181)

�É³¥É¨³, ÎÉμ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¸¶· ¢  ´  μ¤´μ ¸² £ ¥³μ¥ ³¥´ÓÏ¥, Î¥³ ¢ (1.171).
…¸²¨ ¢ (1.180) ¶μ¤¸É ¢¨ÉÓ (1.181) ¨ (1.130), Éμ

〈(W 2
−1Vα)(0)V3(1)V4(0)〉 =

9Dα

2
〈L−1Vα(0)V3(1)V4(0)〉+

+ (wα + w3 + w4)〈(W−1Vα)(0)V3(1)V4(0)〉+
+ (wα + w3 + w4)〈Vα(0)W−1V3(1)V4(0)〉+

+
9D3

2
〈Vα(0) (L−1V3)(1)V4(0)〉 + 〈Vα(0) (W 2

−1V3)(1)V4(0)〉. (1.182)

…¸²¨ É ±¦¥ ¶μ¤¸É ¢¨ÉÓ (1.175), (1.174) ¨ (1.157), Éμ ¢ ¨Éμ£¥ ¶μ²ÊÎ ¥É¸Ö:

〈(W 2
−1Vα)(0)V3(1)V4(0)〉 =

= (wα + w3 + w4)
(
(wα + w3 + w4) 〈Vα(0)V3(1)V4(∞)〉+

+ 2〈Vα(0) (W−1V3)(1)V4(∞)〉
)
+

9Dα

2
(Δα + Δ3 −Δ4)〈Vα(0) V3(1)V4(∞)〉−

− 9D3

2
(Δα̌ + Δ3 − Δ4)〈Vα̌)(0)V3(1)V4(∞)〉 + 〈Vα(0) (W 2

−1V3)(1)V4(0)〉.
(1.183)
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2. �ƒ’-‘��’��˜…�ˆ…

‚ ¤ ´´μ³ · §¤¥²¥ · ¸¸³μÉ·¥´μ �ƒ’-¸μμÉ´μÏ¥´¨¥ ¤²Ö ¤¢ÊÌ ±μ´Ë¨£Ê· Í¨°
¶μ²¥° ±μ´Ëμ·³´μ° É¥μ·¨¨: n ¶μ²¥° ´  ¤¢Ê³¥·´μ° ¸Ë¥·¥ ¨ μ¤´μ£μ ¶μ²Ö ´ 
¤¢Ê³¥·´μ³ Éμ·¥. ’ ±¦¥ μ¶¨¸ ´Ò ¸¶μ¸μ¡Ò ¢ÒÎ¨¸²¥´¨Ö ËÊ´±Í¨¨ �¥±· ¸μ¢  ¤²Ö
· §²¨Î´ÒÌ ±μ³¡¨´ Í¨° ³ ¸¸¨¢´ÒÌ ³Ê²ÓÉ¨¶²¥Éμ¢ ¨ · ¸¸³μÉ·¥´  ¤¨ £· ³³´ Ö
É¥Ì´¨±  ¤²Ö ËÊ´±Í¨¨ �¥±· ¸μ¢ .

2.1. ”Ê´±Í¨Ö �¥±· ¸μ¢ . „²Ö £¨¶μÉ¥§Ò �ƒ’ ´¥μ¡Ìμ¤¨³Ò ¢Ò· ¦¥´¨Ö ± ±
¤²Ö ±μ´Ëμ·³´ÒÌ ¡²μ±μ¢, · ¸¸³μÉ·¥´´Ò¥ ¢ · §¤. 1, É ± ¨ ¢Ò· ¦¥´¨Ö ¤²Ö ËÊ´±-
Í¨¨ �¥±· ¸μ¢  Å ¨´¸É ´Éμ´´μ° Î ¸É¨ ¸É É¨¸É¨Î¥¸±μ° ¸Ê³³Ò ¸Ê¶¥·¸¨³³¥-
É·¨Î´μ° É¥μ·¨¨. � ¸¸³μÉ·¨³ ¶μ¤·μ¡´¥¥ ËÊ´±Í¨Õ �¥±· ¸μ¢ .

�¨¸. 4. „¨ £· ³³ , μ¶¨¸Ò¢ ÕÐ Ö ³¥Éμ¤¨±Ê · cÎ¥É  ËÊ´±Í¨¨ �¥±· ¸μ¢ 

‘É É¨¸É¨Î¥¸± Ö ¸Ê³³  ¶μ ¨´¸É ´Éμ´´Ò³ ¸μ¸ÉμÖ´¨Ö³ ¢ É¥μ·¨¨ ‡ °¡¥·£ Ä
‚¨ÉÉ¥´  μ¶¨¸Ò¢ ¥É¸Ö · ¸Ìμ¤ÖÐ¨³¸Ö ¨´É¥£· ²μ³. „²Ö · ¸Î¥É  ÔÉμ£μ ¨´É¥£· ² 
¢ [8Ä10] ¡Ò²  ¶·¥¤²μ¦¥´  ¤¢ÊÌ¶ · ³¥É·¨Î¥¸± Ö ¤¥Ëμ·³ Í¨Ö ¸Ê¶¥·¸¨³³¥É·¨Î-
´μ° É¥μ·¨¨. �¤¨´ ¨§ ¸¶μ¸μ¡μ¢ μ¶¨¸ ÉÓ ¤ ´´ÊÕ ¤¥Ëμ·³ Í¨Õ Å · ¸¸³μÉ·¥ÉÓ
É¥μ·¨Õ ´  É ± ´ §Ò¢ ¥³μ³ Ω-Ëμ´¥. „²Ö ÔÉμ£μ · ¸¸³ É·¨¢ ÕÉ N = 1 ¸Ê¶¥·-
¸¨³³¥É·¨Î´ÊÕ É¥μ·¨Õ ¢ Ï¥¸É¨³¥·´μ³ ¶·μ¸É· ´¸É¢¥ ¸ ³¥É·¨±μ°

ds2 = Adz dz̄+gIĨ(dxI+ΩI
JxJdz+Ω̄I

JxJdz̄)(dxĨ+ΩĨ
JxJdz+Ω̄Ĩ

JdxJdz̄), (2.1)

£¤¥

ΩI
J =

⎛⎜⎜⎜⎜⎝
0 ε1 0 0

−ε1 0 0 0

0 0 0 ε2

0 0 −ε2 0

⎞⎟⎟⎟⎟⎠ . (2.2)

�μ¸²¥ ±μ³¶ ±É¨Ë¨± Í¨¨ ¶μ ±μμ·¤¨´ É ³ z ¨ z̄ ¶μ²ÊÎ ¥É¸Ö ¤¥Ëμ·³¨·μ¢ ´´ Ö
Î¥ÉÒ·¥Ì³¥·´ Ö ¸Ê¶¥·¸¨³³¥É·¨Î´ Ö N = 2 É¥μ·¨Ö.

‘É É¨¸É¨Î¥¸± Ö ¸Ê³³  ¶μ ¨´¸É ´Éμ´´Ò³ ¸μ¸ÉμÖ´¨Ö³, ¶μ²ÊÎ¥´´ Ö ¢¢¥¤¥-
´¨¥³ ¤¢ÊÌ ¤μ¶μ²´¨É¥²Ó´ÒÌ ¶ · ³¥É·μ¢ ¢ ¸Ê¶¥·¸¨³³¥É·¨Î´ÊÕ É¥μ·¨Õ Ÿ´£ Ä
Œ¨²²¸ , ¤ ¥É¸Ö ËÊ´±Í¨¥° �¥±· ¸μ¢  [8]. ƒ¨¶μÉ¥§  �ƒ’ ¶·¥¤¶μ² £ ¥É ¸ÊÐ¥-
¸É¢μ¢ ´¨¥ μ¶·¥¤¥²¥´´ÒÌ ¸μμÉ´μÏ¥´¨° ³¥¦¤Ê ±μ´Ëμ·³´Ò³¨ ¡²μ± ³¨ ¨ ËÊ´±-

Í¨Ö³¨ �¥±· ¸μ¢ . „²Ö ²¨´¥°´μ° É¥μ·¨¨ ¸
n⊗

i=1

U(2) ± ²¨¡·μ¢μÎ´Ò³¨ £·Ê¶¶ ³¨
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ËÊ´±Í¨Ö �¥±· ¸μ¢  (·¨¸. 4) ¢ÒÎ¨¸²Ö¥É¸Ö ¶μ ¸²¥¤ÊÕÐ¥° Ëμ·³Ê²¥:

Zinst =
∑

�Y1,�Y2,...,�Yn

(
n∏

i=1

q
|�Yi|
i Zvector(�ai, �Yi)

)
Zfund(�a1, �Y1, μ1)×

× Zfund(�a1, �Y1, μ2)

(
n−1∏
i=1

Zbifund(�ai, �Yi;�ai+1, �Yi+1; mi)

)
×

× Zfund(�an, �Yn, μ3)Zfund(�an, �Yn, μ4), (2.3)

£¤¥ �ai = (ai,1, ai,2) Å Ô²¥³¥´ÉÒ, ¸ÉμÖÐ¨¥ ´  ¤¨ £μ´ ²¨ ¸± ²Ö·´μ£μ ¶μ²Ö

¢ ¶·¨¸μ¥¤¨´¥´´μ³ ¶·¥¤¸É ¢²¥´¨¨; �Yi = (Yi1, Yi2) Å ¶ ·  ¤¨ £· ³³ 
´£ ,
Ë¨±¸¨·ÊÕÐ¨Ì ±μ´±·¥É´Ò° ¨´¸É ´Éμ´; qi ¸¢Ö§ ´Ò ¸ ±μ´¸É ´É ³¨ É¥μ·¨¨:

qi = e2πiτi , τi =
4πi

g2
i

+
θi

2π
; (2.4)

gi ¨ θi Å ±μ´¸É ´É  ¸¢Ö§¨ ¨ Éμ¶μ²μ£¨Î¥¸±¨° § ·Ö¤, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ i-°
£·Ê¶¶¥ U(2); mi Å ³ ¸¸  ¡¨ËÊ´¤ ³¥´É ²Ó´μ£μ ³Ê²ÓÉ¨¶²¥É , § ·Ö¦¥´´μ£μ ¶μ
μÉ´μÏ¥´¨Õ ± £·Ê¶¶ ³ U(2)i ¨ U(2)i+1; μ1,2,3,4 Å ³ ¸¸Ò ËÊ´¤ ³¥´É ²Ó´ÒÌ
¶μ²¥°, § ·Ö¦¥´´ÒÌ ¶μ μÉ´μÏ¥´¨Õ ± μ¤´μ° £·Ê¶¶¥, U(2)1 ¨²¨ U(2)n.

ˆ§-§  Éμ£μ, ÎÉμ ¨´¸É ´Éμ´´ Ö ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  Ë ±Éμ·¨§Ê¥É¸Ö, μ± -
§Ò¢ ¥É¸Ö Ê¤μ¡´Ò³ ¶·¥¤¸É ¢²ÖÉÓ ¥¥ ¸ ¶μ³μÐÓÕ ¤¨ £· ³³Ò. …¸²¨ ¢´¥Ï´ÖÖ
²¨´¨Ö ¸μ¥¤¨´Ö¥É¸Ö ¸ μ¤´μ° ¢´¥Ï´¥° ¨ μ¤´μ° ¢´ÊÉ·¥´´¥° ²¨´¨Ö³¨, Éμ ¥° ¸μ¶μ-
¸É ¢²Ö¥É¸Ö ËÊ´¤ ³¥´É ²Ó´Ò° ³Ê²ÓÉ¨¶²¥É ¨ Zfund(�a, �Y , μ),   ¥¸²¨ ¸ ¤¢Ê³Ö ¢´Ê-
É·¥´´¨³¨, Éμ ¡¨ËÊ´¤ ³¥´É ²Ó´Ò° ³Ê²ÓÉ¨¶²¥É ¨ Zbifund(�ai, �Yi,�ai+1, �Yi+1, mi).
‚´ÊÉ·¥´´¥° ²¨´¨¨ ¸μμÉ¢¥É¸É¢Ê¥É Zvector(�a, �Y ). Š ¦¤ Ö ¢´ÊÉ·¥´´ÖÖ ²¨´¨Ö ¸μ-
¤¥·¦¨É ¤¢  ¢¥±Éμ· , μ¶¨¸Ò¢ ÕÐ¨Ì ¢ ±ÊÊ³´μ¥ ¸·¥¤´¥¥ �ai ¨ ¤¨ £· ³³Ò

´£  �Yi, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ £·Ê¶¶¥ U(2)i. ’ ±, ¶·μ¸É¥°Ï¥³Ê ¸²ÊÎ Õ ¤²Ö ¶μ²¥°
´  ¤¢Ê³¥·´μ° ¸Ë¥·¥ ¸μμÉ¢¥É¸É¢Ê¥É ¤¨ £· ³³  ´  ·¨¸. 4.

„²Ö · §²¨Î´ÒÌ ¸μ¸É ¢²ÖÕÐ¨Ì ËÊ´±Í¨¨ �¥±· ¸μ¢  ¨§¢¥¸É´Ò ÉμÎ´Ò¥
μÉ¢¥ÉÒ:

Zbifund(�a, �Y ;�b, �W ; m) =
2∏

i,j=1

∏
s∈Yi

(E(ai − bj, Yi, Wj , s) − m)×

×
∏

t∈Wj

(ε − E(bj − ai, Wj , Yi, t) − m), (2.5)

E(a, Y1, Y2, s) = a + ε1
(
kT

j (Y1) − i + 1
)
− ε2(ki(Y2) − j), (2.6)

£¤¥ kT
j (Y ), ki(Y ) Å ÔÉμ ¢Ò¸μÉ  ¸Éμ²¡Í  ¨ ¤²¨´  ¸É·μ±¨ ¢ ¤¨ £· ³³¥ 
´£  Y

(·¨¸. 5), ε = ε1 + ε2. ˆ§ ÔÉμ£μ ¢Ò· ¦¥´¨Ö ³μ¦´μ ¶μ²ÊÎ¨ÉÓ μÉ¢¥ÉÒ ¤²Ö
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�¨¸. 5. „¨ £· ³³  
´£  [14, 12, 9, 8, 8, 7, 6, 2, 2, 1]. s = (α, β) Å ³Ê²ÓÉ¨¨´¤¥±¸ (±μμ·-
¤¨´ É  ±²¥É±¨ ¢ ¤¨ £· ³³¥ 
´£ ), kT

β (Y ), kα(Y ) Å ¢Ò¸μÉ  ¨ ¤²¨´  ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì
¸Éμ²¡Í  ¨ ·Ö¤  ¢ ¤¨ £· ³³¥ 
´£  (É ±, α = 3, β = 7 ¢ ¶·¨³¥·¥ ´  ·¨¸Ê´±¥)

Zadj ¨ Zvector:

Zadj(�a, �Y , m) = Zbifund(�a, �Y ,�a, �Y , m),

Zvector(�a, �Y ) =
1

Zadj(�a, �Y , 0)
,

(2.7)

Zfund(�a, �Y , m) =
2∏

i=1

∏
s∈Yi

(φ(ai, s) + m),

φ(a, s) = a + ε1(i − 1) + ε2(j − 1).

�É¢¥É ¤²Ö ¨´¸É ´Éμ´´μ° ¸É É¨¸É¨Î¥¸±μ° ¸Ê³³Ò ¸É·μ¨É¸Ö ¶μ ¤¨ £· ³³¥
¸μ£² ¸´μ ¸²¥¤ÊÕÐ¨³ ¶· ¢¨² ³: ± ¦¤μ° ¢´¥Ï´¥° ²¨´¨¨ ¸μ¶μ¸É ¢²Ö¥É¸Ö Zfund,
± ¦¤μ³Ê ¢´ÊÉ·¥´´¥³Ê ± ´ ²Ê ¸μ¶μ¸É ¢²Ö¥É¸Ö Zvector,   ± ¦¤μ° ¢´¥Ï´¥° ²¨-
´¨¨, · §¤¥²ÖÕÐ¥° ¤¢  ¢´ÊÉ·¥´´¨Ì ± ´ ² , ¸μ¶μ¸É ¢²Ö¥É¸Ö Zbifund.

2.2. �ƒ’-¸μμÉ´μÏ¥´¨¥ ¤²Ö ±μ´Ëμ·³´ÒÌ ¡²μ±μ¢ ´  ¸Ë¥·¥.
2.2.1. U(1)-Ë ±Éμ·. ‚Ò· ¦¥´¨Ö ¤²Ö ËÊ´±Í¨¨ �¥±· ¸μ¢ , μ¶¨¸ ´´Ò¥

¢ ¶. 2.1, § ¤ ÕÉ ¨´¸É ´Éμ´´ÊÕ ¸É É¨¸É¨Î¥¸±ÊÕ ¸Ê³³Ê ¸ ± ²¨¡·μ¢μÎ´μ° £·Ê¶-

¶μ°
m⊗

i=1

SU(2), £¤¥ m ¸¢Ö§ ´μ ¸ ±μ´±·¥É´μ° ±μ´Ë¨£Ê· Í¨¥° ³ ¸¸¨¢´ÒÌ ³Ê²Ó-

É¨¶²¥Éμ¢ ¸Ê¶¥·¸¨³³¥É·¨Î´μ° É¥μ·¨¨. ‚ Éμ ¦¥ ¢·¥³Ö £¨¶μÉ¥§  �ƒ’ ¶μ¤· §Ê-

³¥¢ ¥É ¸¢Ö§Ó ¸ É¥μ·¨¥° ¸ ± ²¨¡·μ¢μÎ´μ° £·Ê¶¶μ°
m⊗

i=1

U(2). ’ ±¨³ μ¡· §μ³,

¢μ§´¨± ¥É ´¥μ¡Ìμ¤¨³μ¸ÉÓ ¢ ¤μ¡ ¢²¥´¨¨ ± ËÊ´±Í¨Ö³ �¥±· ¸μ¢  ³´μ¦¨É¥²Ö,
¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ U(1)-Ë ±Éμ·Ê. ‚ · ¡μÉ¥ [11] ¶·¨¢¥¤¥´ ¢¨¤ É ±μ£μ ³´μ-
¦¨É¥²Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ËÊ´±Í¨¨ �¥±· ¸μ¢ , ¸¢Ö§ ´´μ° ¸ Î¥ÉÒ·¥ÌÉμÎ¥Î-
´Ò³ ±μ´Ëμ·³´Ò³ ¡²μ±μ³ (É. ¥. ¸ £μ²μ³μ·Ë´μ° Î ¸ÉÓÕ ±μ··¥²ÖÉμ·  Î¥ÉÒ·¥Ì
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¶μ²¥°). ‚ ¸²ÊÎ ¥ ¶·μ¨§¢μ²Ó´μ£μ Î¨¸²  ¶μ²¥° ÔÉμÉ Ë ±Éμ· Ê¸É·μ¥´ ± ±

ZU(1)
m =

m∏
i=1

i−3∏
j=1

⎛⎝1 −
i−3∏

k=i−j+1

xk

⎞⎠−νj+i(i−1)/2

. (2.8)

�·¨ ÔÉμ³ ¶·¨ · ¸¸³μÉ·¥´¨¨ �ƒ’-¸μμÉ´μÏ¥´¨Ö ¤²Ö n-ÉμÎ¥Î´μ£μ ±μ´Ëμ·³-
´μ£μ ¡²μ±  ´¥μ¡Ìμ¤¨³ U(1)-Ë ±Éμ· ¸ m = n − 3.

2.2.2. —¥ÉÒ·¥ÌÉμÎ¥Î´Ò° ±μ´Ëμ·³´Ò° ¡²μ±

	² £μ¤ ·Ö ±μ´Ëμ·³´μ° ¸¨³³¥É·¨¨ ¢μ§³μ¦´μ § Ë¨±¸¨·μ¢ ÉÓ É·¨ ÉμÎ±¨.
…¸²¨ § Ë¨±¸¨·μ¢ ÉÓ ÉμÎ±¨ z1 = 0, z2 = 1, z3 = ∞, Éμ ±μ´Ëμ·³´Ò° ¡²μ±
¡Ê¤¥É § ¢¨¸¥ÉÓ Éμ²Ó±μ μÉ μ¤´μ£μ ¶·μ¥±É¨¢´μ£μ ¨´¢ ·¨ ´É  x. ’ ±¨³ μ¡· §μ³,
¸ ¶μ³μÐÓÕ (1.2) ¶μ²ÊÎ ¥É¸Ö ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥:

〈Vα0(x)Vβ0 (0)Vα1(1)Vβ2(∞)〉 =

= x−(Δα1+Δβ0)
∑
β̂1,β̂′

x
Δβ̂1 Γ̄β̂1

α0β0
(H−1)β̂1β̂′

Γβ̂′α1β2
. (2.9)

‡¤¥¸Ó ¨ ¤ ²¥¥ ¨¸¶μ²Ó§Ê¥É¸Ö ¸²¥¤ÊÕÐ Ö ¶ · ³¥É·¨§ Í¨Ö ±μ´Ëμ·³´μ° É¥μ·¨¨:

Δα =
α(ε − α)

ε1ε2
, c = 1 +

6ε2

ε1ε2
. (2.10)

‘ ¶μ³μÐÓÕ (1.59), (1.2) ³μ¦´μ ¶·¨¢¥¸É¨ (2.9) ± ¢¨¤Ê

〈Vα0(x)Vβ0 (0)Vα1(1)Vβ2(∞)〉 =

= x−(Δα0+Δβ0)
∑
β1

xΔβ1

(
Cβ1

α0β0
Cβ2

α1β1

)
×

×
∞∑

l1=0

xl1
∑

|Y1|=l1
Y ′
1

γβ1
α0β0

(∅, Y ′
1 , ∅)Dβ1(Y

′
1 , Y1)γ

β2
α1β1

(∅, Y1, ∅) =

= x−(Δα0+Δβ0)
∑
β1

xΔβ1

(
Cβ1

α0β0
Cβ2

α1β1

)
Bα0β0α1β2

(
Y1

∣∣x) , (2.11)

£¤¥ Bα0β0α1β2

(
Y1

∣∣x) Å Î²¥´ · §²μ¦¥´¨Ö ±μ´Ëμ·³´μ£μ ¡²μ±  ¢ ·Ö¤ ¶μ ¤¨ -
£· ³³ ³ 
´£ , ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¤¨ £· ³³¥ Y1.
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”Ê´±Í¨Ö �¥±· ¸μ¢  ¤²Ö ¸²ÊÎ Ö Î¥ÉÒ·¥Ì ¢´¥Ï´¨Ì ¶μ²¥° ¤ ¥É¸Ö Ëμ·³Ê²μ°

Zinst =
∑

�Y

q|
�Y |Zvector(�a, �Y )×

× Zfund(�a, �Y , μ1)Zfund(�a, �Y , μ2)Zfund(�a, �Y , μ3)Zfund(�a, �Y , μ4). (2.12)

‚ ÔÉμ³ ¸²ÊÎ ¥ U(1)-Ë ±Éμ· ¨³¥¥É ¢¨¤ (1 − x)−ν . ‚Ò· ¦¥´¨Ö ¤²Ö ±μ´-
Ëμ·³´μ£μ ¡²μ±  ¨ ËÊ´±Í¨¨ �¥±· ¸μ¢  ¤ ÕÉ¸Ö ¸²¥¤ÊÕÐ¨³¨ Ëμ·³Ê² ³¨.

“·μ¢¥´Ó 1:
• ËÊ´±Í¨Ö �¥±· ¸μ¢ 

Z(1) = Z ([1]∅) + Z (∅[1]) + ν =

= − 1
ε1ε2

4∏
r=1

(a + μr)

2a(2a + ε)
− 1

ε1ε2

4∏
r=1

(a − μr)

2a(2a− ε)
+ ν, (2.13)

• ±μ´Ëμ·³´Ò° ¡²μ±

B(1) = γβ1
α0β0

(∅, ∅, [1])Dβ1([1], [1])γβ2
α1β1

(∅, [1], ∅) =

=
(Δβ1 + Δα0 − Δβ0)(Δβ1 + Δα1 − Δβ2)

2Δβ1

=

=
2
(

ε2

4 − a2+ α0(ε − α0) − β0(ε − β0)
)(

ε2

4 − a2+ α1(ε − α1) − β2(ε − β2)
)

ε1ε2(ε2 − 4a2)
.

(2.14)

“·μ¢¥´Ó 2:
• ËÊ´±Í¨Ö �¥±· ¸μ¢ 

Z(2) = Z ([2], ∅) + Z (∅, [2]) + Z ([1, 1], ∅) + Z (∅, [1, 1])+

+ Z ([1], [1]) + ν (Z ([1], ∅) + Z (∅, [1])) +
ν(ν + 1)

2
, (2.15)

• ±μ´Ëμ·³´Ò° ¡²μ±

B(2) = γβ1
α0β0

(∅, ∅, [2])Dβ1([2], [2])γβ2
α1β1

(∅, [2], ∅)+

+ γβ1
α0β0

(∅, ∅, [2])Dβ1([2], [12])γβ2
α1β1

(∅, [12], ∅)+

+ γβ1
α0β0

(∅, ∅, [12])Dβ1([1
2], [2])γβ2

α1β1
(∅, [2], ∅)+

+ γβ1
α0β0

(∅, ∅, [12])Dβ1([1
2], [12])γβ2

α1β1
(∅, [12], ∅). (2.16)
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“·μ¢¥´Ó 3 :
• ËÊ´±Í¨Ö �¥±· ¸μ¢ 

Z(3) = Z ([3], ∅) + Z (∅, [3]) + Z ([2, 1], ∅) + Z ([1, 1, 1], ∅)+
+ Z (∅, [2, 1]) + Z (∅, [1, 1, 1]) + Z ([2], [1]) + Z ([1], [2])+

+ Z ([1, 1], [1]) + Z ([1], [1, 1]) + ν
(
Z ([2], ∅) + Z (∅, [2])+

+ Z ([1, 1], ∅) + Z (∅, [1, 1]) + Z ([1], [1])
)
+

+
ν(ν + 1)

2
(Z ([1], ∅) + Z (∅, [1])) +

ν(ν + 1)(ν + 2)
6

, (2.17)

• ±μ´Ëμ·³´Ò° ¡²μ±

B(3) = γβ1
α0β0

(∅, ∅, [3])Dβ1([3], [3])γβ2
α1β1

(∅, [3], ∅)+

+ γβ1
α0β0

(∅, ∅, [3])Dβ1([3], [2, 1])γβ2
α1β1

(∅, [2, 1], ∅)+

+ γβ1
α0β0

(∅, ∅, [3])Dβ1([3], [13])γβ2
α1β1

(∅, [13], ∅)+

+ γβ1
α0β0

(∅, ∅, [2, 1])Dβ1([2, 1], [3])γβ2
α1β1

(∅, [3], ∅)+

+ γβ1
α0β0

(∅, ∅, [2, 1])Dβ1([2, 1], [2, 1])γβ2
α1β1

(∅, [2, 1], ∅)+

+ γβ1
α0β0

(∅, ∅, [2, 1])Dβ1([2, 1], [13])γβ2
α1β1

(∅, [13], ∅)+

+ γβ1
α0β0

(∅, ∅, [13])Dβ1([1
3], [3])γβ2

α1β1
(∅, [3], ∅)+

+ γβ1
α0β0

(∅, ∅, [13])Dβ1([1
3], [2, 1])γβ2

α1β1
(∅, [2, 1], ∅)+

+ γβ1
α0β0

(∅, ∅, [13])Dβ1([1
3], [13])γβ2

α1β1
(∅, [13], ∅). (2.18)

„²Ö μ¶·¥¤¥²¥´¨Ö ¸¢Ö§¨ ³¥¦¤Ê ¶ · ³¥É· ³¨ ¸Ê¶¥·¸¨³³¥É·¨Î´μ° ¨ ±μ´-
Ëμ·³´μ° É¥μ·¨¨ ´Ê¦´μ ·¥Ï¨ÉÓ ¸²¥¤ÊÕÐÊÕ ¸¨¸É¥³Ê Ê· ¢´¥´¨°:{

B(1) = Z(2),

B(2) = Z(2).
(2.19)

…¥ ·¥Ï¥´¨Ö Ê¸É·μ¥´Ò ± ±:

μ1 = − ε

2
+ α0 + β0, μ2 =

ε

2
+ α0 − β0, μ3 =

3ε

2
− α1 − β2,

μ4 =
ε

2
− α1 + β2, ν =

2α0(ε − α1)
ε1ε2

.

(2.20)

�Éμ ´¥ ¥¤¨´¸É¢¥´´μ¥ ¢μ§³μ¦´μ¥ ¸μμÉ´μÏ¥´¨¥ ³¥¦¤Ê ¶ · ³¥É· ³¨. ‚Ò-
· ¦¥´¨Ö ¤²Ö ±μ´Ëμ·³´μ£μ ¡²μ±  ¨ ËÊ´±Í¨¨ �¥±· ¸μ¢  μ¡² ¤ ÕÉ μ¶·¥¤¥²¥´-
´Ò³¨ ¸¨³³¥É·¨Ö³¨. ’ ±, ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¸ÊÐ¥¸É¢Ê¥É ¸¥³Ó ¢μ§³μ¦´ÒÌ ¸μμÉ-
´μÏ¥´¨° ³¥¦¤Ê ¶ · ³¥É· ³¨, ±μÉμ·Ò¥ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¨§ (2.20) ¸ ¶μ³μÐÓÕ
¸¨³³¥É·¨°, μ¶¨¸ ´´ÒÌ ´¨¦¥ ¢ ¶. 2.2.6.
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2.2.3. �ÖÉ¨ÉμÎ¥Î´Ò° ±μ´Ëμ·³´Ò° ¡²μ±

„²Ö ¶ÖÉ¨ÉμÎ¥Î´μ£μ ±μ´Ëμ·³´μ£μ ¡²μ±  ¸ÊÐ¥¸É¢Ê¥É ´¥¸±μ²Ó±μ ¢ ·¨ ´Éμ¢
¶μ¸É·μ¥´¨Ö ¤¨ £· ³³Ò, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì · §²¨Î´μ³Ê ¢Ò¡μ·Ê ÉμÎ¥±. ‡¤¥¸Ó
¶·¨¢¥¤¥´Ò Éμ²Ó±μ ¤¢  ¨§ ´¨Ì, ¤²Ö ¶μÖ¸´¥´¨Ö Éμ£μ, ± ± Ö ¤¨ £· ³³  ¸¢Ö§ ´ 
¸ ËÊ´±Í¨¥° �¥±· ¸μ¢  ¸μ£² ¸´μ £¨¶μÉ¥§¥ �ƒ’. �¥·¢Ò° ¨§ ´¨Ì ¸μμÉ¢¥É¸É¢Ê¥É
±μ´Ëμ·³´μ³Ê ¡²μ±Ê, · ¸¸³μÉ·¥´´μ³Ê ¢ [11]. ‚Ò¡¥·¥³ ÉμÎ±¨ ¸²¥¤ÊÕÐ¨³
μ¡· §μ³: z1 = 0, z2 = xy, z3 = y, z4 = 1, z5 = ∞ (± ± ¨ ¢ ¶. 2.2.2,
±μ´Ëμ·³´ Ö ¸¨³³¥É·¨Ö ¶μ§¢μ²Ö¥É § Ë¨±¸¨·μ¢ ÉÓ É·¨ ¨§ ¶ÖÉ¨ ÉμÎ¥±). ‚ ÔÉμ³
¸²ÊÎ ¥ · §²μ¦¥´¨¥ ±μ´Ëμ·³´μ£μ ¡²μ±  ¢ ·Ö¤ ¶μ x ¨ y Ê¸É·μ¥´μ ¸²¥¤ÊÕÐ¨³
μ¡· §μ³:

〈Vα1(y)Vα0 (xy)Vβ0(0)Vα2(1)Vβ3(∞)〉 =

= (xy)−(α0+β0)y−α1
∑

β1,β2

xΔβ1yΔβ2Cβ1
α0β0

Cβ2
α1β1

Cβ3
α2β2

∑
l1,l2

xl1yl2×

×
∑

|Y1|=l1,|Y2|=l2,Y ′
1 ,Y ′

2

γβ1
α0β0

(∅, ∅, Y ′
1)Dβ1(Y

′
1 , Y1)×

× γβ2
α1β1

(∅, Y1, Y
′
2)Dβ2(Y

′
2 , Y2)γ

β3
α2β2

(∅, Y2, ∅). (2.21)

„·Ê£μ° ¢ ·¨ ´É ¶μ¸É·μ¥´¨Ö ±μ´Ëμ·³´μ£μ ¡²μ±  ¸μμÉ¢¥É¸É¢Ê¥É ¢Ò¡μ·Ê Éμ-
Î¥± z1 = 0, z2 = x, z3 = ∞, z4 = y, z5 = 1:

〈Vα0(x)Vβ0 (0)Vβ3(1)Vα2(y)Vα1(∞)〉 =

= x−(Δα0+Δβ0)(y − 1)−(Δα3+Δβ3)
∑

β1,β2

xΔβ1 (y − 1)Δβ2Cβ2
α0β1

Cβ3
α2β2

Cα1
β1β2

×

×
∑
l1,l2

∑
|Y1|=l1,|Y2|=l2

Y ′
1 ,Y ′

2

xl1(y − 1)l2γβ1
α0β0

(∅, ∅, Y ′
1)×

× Dβ1(Y
′
1 , Y1)γα1

β1β2
(Y1, Y

′
2 , ∅)D̃β2(Y

′
2 , Y2)γ

β2
α2β3

(∅, Y2, ∅), (2.22)
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£¤¥ Dβ(Y ′, Y ) Å ÔÉμ μ¡· É´ Ö Ëμ·³  ˜ ¶μ¢ ²μ¢ ,   D̃β(Y, Y ′) Å μ¡· É´ Ö
¤¥Ëμ·³¨·μ¢ ´´ Ö Ëμ·³  ˜ ¶μ¢ ²μ¢ , É. ¥. Ëμ·³ , ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ¶·μ¨§-
¢¥¤¥´¨Õ ¶μ²¥° ´¥ ¢ ÉμÎ± Ì 0 ¨ ∞,   ¢ 1 ¨ ∞. ‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ Ëμ·³Ò
˜ ¶μ¢ ²μ¢  ¸¢Ö§ ´Ò ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

Q̃Δ([Y ], [Y ′]) =
∑

k

1
k!

QΔ

([
Y, 1k

]
, [Y ′]

)
. (2.23)

�É  ¤¨ £· ³³  μ¶¨¸Ò¢ ¥É · §²μ¦¥´¨¥ ±μ´Ëμ·³´μ£μ ¡²μ±  ¢ ·Ö¤ ¶μ x ¨ y− 1.
’ ± ± ± ËÊ´±Í¨Ö �¥±· ¸μ¢  Å ÔÉμ ·Ö¤ ¶μ ³ ²Ò³, ¡²¨§±¨³ ± ´Ê²Õ ¶ · ³¥-
É· ³, Éμ ²μ£¨Î´μ · ¸¸³ É·¨¢ ÉÓ ¥¥ ¸¢Ö§Ó ¸ ¶¥·¢μ° ¤¨ £· ³³μ°. ƒ¨¶μÉ¥§  �ƒ’
¶·¥¤¶μ² £ ¥É ¸¢Ö§Ó ¨³¥´´μ ¸ É ±μ° ¤¨ £· ³³μ°.

U(1)-Ë ±Éμ· ¨³¥¥É ¢¨¤ (1− x)−ν1(1− y)−ν2(1− xy)−ν3 . ‚Ò· ¦¥´¨Ö ¤²Ö
ËÊ´±Í¨¨ �¥±· ¸μ¢  ¨ ±μ´Ëμ·³´μ£μ ¡²μ±  Ê¸É·μ¥´Ò ¸²¥¤ÊÕÐ¨³ μ¡· §μ³.

“·μ¢¥´Ó [1, 0]:
• ËÊ´±Í¨Ö �¥±· ¸μ¢ 

Z(1,0) = Z([[1], ∅], [∅, ∅]) + Z([∅, [1]], [∅, ∅]) + ν1 =

= − (a1 + μ1)(a1 + μ2)(a1 − a2 + ε − m1)(a1 + a2 + ε − m1)
2ε1ε2a1(2a1 + ε)

−

− (−a1 + μ1)(−a1 + μ2)(−(a1 + a2) + ε − m1)(−a1 + a2 + ε − m1)
2ε1ε2a1(2a1 − ε)

+ ν1,

(2.24)

• ±μ´Ëμ·³´Ò° ¡²μ±

B(1,0) = γβ1
α0β0

(∅, ∅, [1])Dβ1([1], [1])γβ2
α1β1

(∅, [1], ∅) =

=
(Δβ1 + Δα0 − Δβ0)(Δβ1 + Δα1 − Δβ2)

2Δβ1

=

=
2
(

ε2

4
− a2

1 + α0(ε − α0) − β0(ε − β0)
)(

−a2
1 + α1(ε − α1) + a2

2

)
ε1ε2(ε2 − 4a2

1)
. (2.25)

“·μ¢¥´Ó [0, 1]:
• ËÊ´±Í¨Ö �¥±· ¸μ¢ 

Z([∅, ∅], [[1], ∅]) + Z([∅, ∅], [∅, [1]]) + ν2 =

= − (a2 + μ3)(a2 + μ4)(−a1 + a2 + m1)(a1 + a2 + m1)
2ε1ε2a2(2a2 + ε)

−

− (−a2 + μ3)(−a2 + μ4)(a1 + a2 − m1)(−a1 + a2 − m1)
2ε1ε2a2(2a2 − ε)

+ ν2, (2.26)
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• ±μ´Ëμ·³´Ò° ¡²μ±

B(0,1) = γβ2
α1β1

(∅, ∅, [1])Dβ2([1], [1])γβ3
α2β2

(∅, [1], ∅) =

=
(Δβ2 + Δα1 − Δβ1)(Δβ2 + Δα2 − Δβ3)

2Δβ2

=

=
2
(
−a2

2 + α1(ε − α1) + a2
1

)( ε2

4
− a2

2 + α2(ε − α2) − β3(ε − β3)
)

ε1ε2(ε2 − 4a2
2)

. (2.27)

“·μ¢¥´Ó [2, 0]:
• ËÊ´±Í¨Ö �¥±· ¸μ¢ 

Z ([[2], ∅] , [∅, ∅]) + Z ([[1], [1]] , [∅, ∅]) + Z ([∅, [2]] , [∅, ∅])+
+ Z ([[1, 1], ∅] , [∅, ∅]) + Z ([∅, [1, 1]] , [∅, ∅])+

+ ν1 (Z ([[1], ∅] , [∅, ∅]) + Z ([∅, [1]] , [∅, ∅])) +
1
2
ν1(ν1 + 1), (2.28)

• ±μ´Ëμ·³´Ò° ¡²μ±

B(2,0) = γβ1
α0β0

(∅, ∅, [2])Dβ1([2], [2])γβ2
α1β1

(∅, [2], ∅)+

+ γβ1
α0β0

(∅, ∅, [2])Dβ1([2], [12])γβ2
α1β1

(∅, [12], ∅)+

+ γβ1
α0β0

(∅, ∅, [12])Dβ1([1
2], [2])γβ2

α1β1
(∅, [2], ∅)+

+ γβ1
α0β0

(∅, ∅, [12])Dβ1([1
2], [12])γβ2

α1β1
(∅, [12], ∅). (2.29)

“·μ¢¥´Ó [0, 2]:
• ËÊ´±Í¨Ö �¥±· ¸μ¢ 

Z ([∅, ∅] , [[2], ∅]) + Z ([∅, ∅] , [∅, [2]]) + Z ([∅, ∅] , [[1], [1]])+
+ Z ([∅, ∅] , [[1, 1], ∅]) + Z ([∅, ∅] , [∅, [1, 1]])+

+ ν2 (Z ([∅, ∅] , [[1], ∅]) + Z ([∅, ∅] , [∅, [1]])) +
1
2
ν2(ν2 + 1), (2.30)

• ±μ´Ëμ·³´Ò° ¡²μ±

B(0,2) = γβ2
α1β1

(∅, ∅, [2])Dβ2([2], [2])γβ3
α2β2

(∅, [2], ∅)+

+ γβ2
α1β1

(∅, ∅, [2])Dβ2([2], [12])γβ3
α2β2

(∅, [12], ∅)+

+ γβ2
α1β1

(∅, ∅, [12])Dβ2([1
2], [2])γβ3

α2β2
(∅, [2], ∅)+

+ γβ2
α1β1

(∅, ∅, [12])Dβ2([1
2], [12])γβ3

α2β2
(∅, [12], ∅). (2.31)
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“·μ¢¥´Ó [1, 1]:

• ËÊ´±Í¨Ö �¥±· ¸μ¢ 

Z
([

[1], ∅
]
,
[
[1], ∅

])
+ Z

([
∅, [1]

]
,
[
[1], ∅

])
+ Z

([
∅, [1]

]
,
[
∅, [1]

])
+

+ Z
([

[1], ∅
]
,
[
∅, [1]

])
+ ν1

(
Z
(
[∅, ∅],

[
[1], ∅

])
+ Z

(
[∅, ∅],

[
∅, [1]

]))
+

+ ν2

(
Z
([

[1], ∅
]
, [∅, ∅]

)
+ Z

([
∅, [1]

]
, [∅, ∅]

))
+ ν1ν2 + ν3, (2.32)

• ±μ´Ëμ·³´Ò° ¡²μ±

B(1,1) =

= γβ1
α0β0

(∅, ∅, [1])Dβ1([1], [1])γβ2
α1β1

(∅, [1], [1])Dβ2([1], [1])γβ3
α2β2

(∅, [1], ∅).
(2.33)

„²Ö μ¶·¥¤¥²¥´¨Ö ¸¢Ö§¨ ³¥¦¤Ê ¶ · ³¥É· ³¨ ´Ê¦´μ ·¥Ï¨ÉÓ ¸²¥¤ÊÕÐÊÕ
¸¨¸É¥³Ê: ⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

B(1,0) = Z(1,0),

B(0,1) = Z(0,1),

B(1,1) = Z(1,1),

B(2,0) = Z(2,0),

B(0,2) = Z(0,2).

(2.34)

…¥ ·¥Ï¥´¨¥ Ê¸É·μ¥´μ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

μ1 = − ε

2
+ α0 + β0, μ2 =

ε

2
+ α0 − β0,

μ3 =
3ε

2
− α2 − β3, μ4 =

ε

2
− α2 + β3, m1 = α1, (2.35)

ν1 =
2α0(ε − α1)

ε1ε2
, ν2 =

2α1(ε − α2)
ε1ε2

, ν3 =
2α0(ε − α2)

ε1ε2
.

ˆ¸¶μ²Ó§ÊÖ ¸¨³³¥É·¨¨, · ¸¸³μÉ·¥´´Ò¥ ¢ ¶. 2.2.6, ¢μ§³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¨
¤·Ê£¨¥ ·¥Ï¥´¨Ö.

2.2.4. ˜¥¸É¨ÉμÎ¥Î´Ò° ±μ´Ëμ·³´Ò° ¡²μ±. ‚Ò¡¥·¥³ ÉμÎ±¨ z1 = y, z2 =
xy, z3 = 0, z4 = 1, z5 = ∞. ’μ£¤  ±μ´Ëμ·³´Ò° ¡²μ± ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´
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¢ ¸²¥¤ÊÕÐ¥° Ëμ·³¥:

〈Vα0(xyz)Vα1 (yz)Vα2(z)Vβ0(0)Vα3(1)Vβ4(∞)〉 =

= x−(Δβ0+Δα0)y−(Δβ0+Δα0+Δα1)z−(Δβ0+Δα0+Δα1+Δα2)×

×
∑

β1,β2,β3

xΔβ1yΔβ2 zΔβ3Cβ1
α0β0

Cβ2
α1β1

Cβ3
α2β2

Cβ4
α3β3

×

×
∑

l1,l2,l3

xl1yl2zl3
∑

|Y1|=l1,|Y2|=l2,|Y3|=l3
Y ′
1 ,Y ′

2Y ′
3

×

× γβ1
α0β0

(∅, ∅, Y ′
1)Dβ1(Y

′
1 , Y1)γ

β2
α1β1

(∅, Y1, Y
′
2)Dβ2(Y

′
2 , Y3)×

× γβ3
α2β2

(∅, Y2, Y
′
3)Dβ3(Y

′
3 , Y3)γ

β4
α3β3

(∅, Y3, ∅). (2.36)

�¨¸. 6. „¨ £· ³³ , μ¶¨¸Ò¢ ÕÐ Ö 6-ÉμÎ¥Î´Ò° ±μ´Ëμ·³´Ò° ¡²μ±

U(1)-Ë ±Éμ· ¨³¥¥É ¢¨¤ (1 − x)−ν1 (1 − y)−ν2(1 − xy)−ν3(1 − z)−ν4(1 −
yz)−ν5(1 − xyz)−ν6 . Šμ´±·¥É´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö ËÊ´±Í¨¨ �¥±· ¸μ¢  ¨ ±μ´-
Ëμ·³´μ£μ ¡²μ±  ¤μ¢μ²Ó´μ £·μ³μ§¤±¨, ¶μ ÔÉμ° ¶·¨Î¨´¥ ¨§μ¡· §¨³ ¸¨³¢μ²¨Î¥-
¸±¨, ± ±¨¥ Ô²¥³¥´ÉÒ ¶·¨¸ÊÉ¸É¢ÊÕÉ ¢ ¢Ò· ¦¥´¨ÖÌ:

• “·μ¢¥´Ó 1

• “·μ¢¥´Ó 2
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• “·μ¢¥´Ó 3

„²Ö Éμ£μ, ÎÉμ¡Ò Ê¸É ´μ¢¨ÉÓ ¸¢Ö§Ó ³¥¦¤Ê ¶ · ³¥É· ³¨ É¥μ·¨°, ´Ê¦´μ · ¸-
¸³μÉ·¥ÉÓ ¸¨¸É¥³Ê ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

B(1,0,0) = Z(1,0,0),

B(0,1,0) = Z(0,1,0),

B(0,0,1) = Z(0,0,1),

B(1,1,0) = Z(1,1,0),

B(0,1,1) = Z(0,1,1),

B(1,1,1) = Z(1,1,1).

(2.37)

ˆ§ ÔÉμ° ¸¨¸É¥³Ò ¶μ²ÊÎ ÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö ³¥¦¤Ê ³ ¸¸ ³¨ ¨ ¶ -
· ³¥É· ³¨ α:

μ1 = − ε

2
+ α0 + β0, μ2 =

ε

2
+ α0 − β0, m1 = α1,

μ3 =
3ε

2
− α3 − β4, μ4 =

ε

2
− α3 + β4 m2 = α2,

ν1 =
2α0(ε − α1)

ε1ε2
, ν2 =

2α1(ε − α2)
ε1ε2

, ν3 =
2α0(ε − α2)

ε1ε2
,

ν4 =
2α2(ε − α3)

ε1ε2
, ν5 =

2α1(ε − α3)
ε1ε2

, ν6 =
2α0(ε − α3)

ε1ε2
.

�·¨³¥´¥´¨¥ Ê± § ´´ÒÌ ¢ ¶. 2.2.6 ¸¨³³¥É·¨° ¤ ¥É ¨ ¤·Ê£¨¥ ·¥Ï¥´¨Ö.
2.2.5. n-ÉμÎ¥Î´Ò° ±μ´Ëμ·³´Ò° ¡²μ±. „²Ö ¸²ÊÎ Ö n ¢´¥Ï´¨Ì ¶μ²¥° ±μ´-

Ëμ·³´Ò° ¡²μ±, ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ·¨¸. 8, ¶·¥¤¸É ¢²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ · §²μ-
¦¥´¨¥³:

B =
∑

l1,...,ln

xl1
1 . . . xln

n B(l1,...,ln), (2.38)

B(l1,...,ln) =
∑

|Y1|=l1
...

|YN |=ln

n+1∏
i=1

∑
Y ′

i

γβi

i−1βi−1
(∅, Yi−1, Y

′
i )Dβi(Y

′
i , Yi), (2.39)

£¤¥ xn+1 = 1, ln+1 = 0, Y0 ≡ ∅, Yn+1 ≡ ∅.



1496 Œ���‡�‚ �.�.

ˆ§ · ¸¸³μÉ·¥´¨Ö ¶·¥¤Ò¤ÊÐ¨Ì ¸²ÊÎ ¥¢ ³μ¦´μ § ³¥É¨ÉÓ μ¤´Ê ¢ ¦´ÊÕ μ¸μ-
¡¥´´μ¸ÉÓ. ‚ ¸²ÊÎ ¥ n ¢´¥Ï´¨Ì ¶μ²¥° ±μ´Ëμ·³´Ò° ¡²μ± ´  Ê·μ¢´ÖÌ ¤μ
(n − 4)-£μ μ¡·¥§ ¥É¸Ö ¤μ ¸²ÊÎ ¥¢ 4, . . . , (n − 1) ¢´¥Ï´¨Ì ¶μ²¥°. �¥É·¨¢¨ ²Ó-
´Ò¥ μ¡μ¡Ð¥´¨Ö ¶μÖ¢²ÖÕÉ¸Ö Éμ²Ó±μ ´  Ê·μ¢´¥ n − 3 ¢ ¸²ÊÎ ¥, ±μ£¤  ¥¸ÉÓ ± ±
³¨´¨³Ê³ n − 3 ´¥´Ê²¥¢ÒÌ ¤¨ £· ³³Ò. ’ ±¨³ μ¡· §μ³, ¢ÒÎ¨¸²¥´¨¥ ¶¥·¢ÒÌ
n− 3 ¶μ·Ö¤±μ¢ 4, . . . , n-ÉμÎ¥Î´μ£μ ±μ´Ëμ·³´μ£μ ¡²μ±  £ · ´É¨·Ê¥É ¢Ò¶μ²´¥-
´¨¥ �ƒ’-¸μμÉ´μÏ¥´¨Ö ¨ ¤²Ö ¶¥·¢ÒÌ n− 3 ¶μ·Ö¤±μ¢ ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ Î¨¸² 
¶μ²¥°. �¥·¢Ò° Ê·μ¢¥´Ó ¢¸¥£¤  ¸¢μ¤¨É¸Ö ± Î¥ÉÒ·¥ÌÉμÎ¥Î´μ³Ê ±μ´Ëμ·³´μ³Ê
¡²μ±Ê, ¢Éμ·μ° ± Î¥ÉÒ·¥Ì- ¨ ¶ÖÉ¨ÉμÎ¥Î´Ò³ ¸²ÊÎ Ö³ ¨ É. ¤.

�Éμ ¸¢Ö§ ´μ ¸μ ¸¢μ°¸É¢ ³¨ ËÊ´±Í¨¨ �¥±· ¸μ¢  ¨ ±μ´Ëμ·³´μ£μ ¡²μ± .
‚ ¸²ÊÎ ¥, ¥¸²¨ μ¤´  ¨§ ¶ · ¤¨ £· ³³ Ö¢²Ö¥É¸Ö ´Ê²¥¢μ°, ¸μμÉ¢¥É¸É¢ÊÕÐ¨°
Ô²¥³¥´É ËÊ´±Í¨¨ �¥±· ¸μ¢  Ë ±Éμ·¨§Ê¥É¸Ö:

Zbifund(�a, �Y , 0, ∅, m) = (Zfund(�a, �Y , ε − m))2,
Zbifund(0, ∅,�a, �Y , m) = (Zfund(�a, �Y , m))2.

(2.40)

’ ±¨³ μ¡· §μ³, μ¡Ð¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¤ ´´μ£μ Ê·μ¢´Ö ËÊ´±Í¨¨ �¥±· ¸μ¢ 
· ¸¶ ¤ ¥É¸Ö ¢ ¶·μ¨§¢¥¤¥´¨¥ ¢Ò· ¦¥´¨° ¤²Ö Ë· £³¥´Éμ¢ ¤¨ £· ³³Ò, ´ Ìμ¤Ö-
Ð¨Ì¸Ö ¸²¥¢  ¨ ¸¶· ¢  μÉ ·¥¡· , ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ´Ê²¥¢μ° ¶ ·¥ ¤¨ £· ³³.
�´ ²μ£¨Î´μ¥ ¸¢μ°¸É¢μ ´ ¡²Õ¤ ¥É¸Ö ¨ Ê ±μ´Ëμ·³´μ£μ ¡²μ± , É ± ± ± Ëμ·³ 
˜ ¶μ¢ ²μ¢  ¤²Ö ´Ê²¥¢ÒÌ ¤¨ £· ³³ · ¢´  ¥¤¨´¨Í¥.

�¨¸. 7. ‚±² ¤Ò ¢ ¶¥·¢Ò° ¶μ·Ö¤μ± n-ÉμÎ¥Î´μ£μ ±μ´Ëμ·³´μ£μ ¡²μ± 

’ ±, ¤²Ö ²Õ¡μ£μ n-ÉμÎ¥Î´μ£μ ¸²ÊÎ Ö ¶¥·¢Ò° ¶μ·Ö¤μ± �ƒ’-¸μμÉ´μÏ¥´¨°
¸¢μ¤¨É¸Ö ± Î¥ÉÒ·¥ÌÉμÎ¥Î´μ³Ê ¸²ÊÎ Õ:

B =
∑

|Yi|=li

xli
∑
Y ′

i

γβi

αi−1βi−1
(∅, ∅, Y ′

i )Dβi(Y
′
i , Yi)γ

βi+1
αiβi

(∅, Yi, ∅),

(2.41)
Z = ZU(1)Zbifund(0, ∅,�ai, �Yi, mi−1)Zvector(�ai, �Yi)Zbifund(�ai, �Yi, 0, ∅, mi).

�É  Ëμ·³Ê²  ¸μμÉ¢¥É¸É¢Ê¥É ¤¨ £· ³³¥ ´  ·¨¸. 7, a. ‚Éμ·μ° ¶μ·Ö¤μ± ¤²Ö ¸²Ê-
Î Ö ¶ÖÉ¨ ¢´¥Ï´¨Ì ¶μ²¥° ¸μ¤¥·¦¨É ¥¤¨´¸É¢¥´´Ò° Ô²¥³¥´É, ´¥ ¸¢μ¤ÖÐ¨°¸Ö
± ¸²ÊÎ Õ Î¥ÉÒ·¥Ì ¢´¥Ï´¨Ì ¶μ²¥°, Å ¸² £ ¥³μ¥, · §³¥·Ò ¤¨ £· ³³, ¸μμÉ-
¢¥É¸É¢ÊÕÐ¨Ì ¢´ÊÉ·¥´´¨³ ·¥¡· ³ ±μÉμ·μ£μ, · ¢´Ò ¥¤¨´¨Í¥. ‚ Ï¥¸É¨ÉμÎ¥Î-
´μ³ ¸²ÊÎ ¥ ¸μμÉ´μÏ¥´¨Ö ¸¢μ¤ÖÉ¸Ö ± Î¥ÉÒ·¥ÌÉμÎ¥Î´Ò³ ¤¨ £· ³³ ³ (Ê·μ¢´¨



‘‚�‰‘’‚� Š��”��Œ�›• 	‹�Š�‚, ƒˆ��’…‡� �ƒ’ ˆ ��‹ˆ��Œ› “‡‹�‚ 1497

[2, 0, 0], [0, 2, 0], [0, 0, 2]), ¶·μ¨§¢¥¤¥´¨Õ ¤¢ÊÌ Î¥ÉÒ·¥ÌÉμÎ¥Î´ÒÌ ¤¨ £· ³³ (Ê·μ-
¢¥´Ó [1, 0, 1]) ¨ ± ¶ÖÉ¨ÉμÎ¥Î´μ³Ê ¸²ÊÎ Õ (Ê·μ¢´¨ [0, 1, 1], [1, 1, 0]). „²Ö É·¥-
ÉÓ¥£μ ¶μ·Ö¤±  Ï¥¸É¨ÉμÎ¥Î´μ£μ ¸²ÊÎ Ö ¶μÖ¢²Ö¥É¸Ö ¥Ð¥ μ¤¨´ ´¥É·¨¢¨ ²Ó´Ò°
Ê·μ¢¥´Ó Å [1, 1, 1]. ‚¸¥ μ¸É ²Ó´Ò¥ Ê·μ¢´¨ ¸¢μ¤ÖÉ¸Ö ± ¶·μ¨§¢¥¤¥´¨Õ Î¥ÉÒ·¥Ì-
¨ ¶ÖÉ¨ÉμÎ¥Î´ÒÌ ¸²ÊÎ ¥¢.

�μÔÉμ³Ê ¤²Ö ´ Ìμ¦¤¥´¨Ö ± ¦¤μ£μ ¨§ mi ´Ê¦´μ · ¸¸³μÉ·¥ÉÓ ¤¢¥ ¸¥·¨¨
Ê·μ¢´¥°: [0, . . . , 0, li, 0, . . . , 0], li ∈ N, ¨ [0, . . . , 0, li+1, 0, . . . , 0], li+1 ∈ N. �¥·-
¢μ° ¸¥·¨¨ ¸μμÉ¢¥É¸É¢Ê¥É ·¨¸. 7, a ¨ ¸²¥¤ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö:

B =
∑

|Yi|=li

xli
∑
Y ′

i

γβi

αi−1βi−1
(∅, ∅, Y ′

i )Dβi(Y
′
i , Yi)γ

βi+1
αiβi

(∅, Yi, ∅),

(2.42)
Z = ZU(1)Zbifund(0, ∅,�ai, �Yi, mi−1)Zvector(�ai, �Yi)Zbifund(�ai, �Yi, 0, ∅, mi).

‚Éμ·μ° ¸¥·¨¨ ¸μμÉ¢¥É¸É¢Ê¥É ·¨¸. 7, ¡ ¨ ¸²¥¤ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö:

B =
∑

|Yi+1|=li+1

xli+1
∑
Y ′

i

γ
βi+1
αiβ1

(∅, ∅, Y ′
i+1)Dβi+1(Y

′
i+1, Yi+1)×

× γ
βi+2
αi+1βi+1

(∅, Yi+1, ∅),
(2.43)

Z = ZU(1)Zbifund(0, ∅,�ai+1, �Yi+1, mi)Zvector(�ai+1, �Yi+1)×
× Zbifund(�ai+1, �Yi+1, 0, ∅, mi+1).

’ ±¨³ μ¡· §μ³, ¤²Ö ¸²ÊÎ Ö n ¢´¥Ï´¨Ì ¶μ²¥° ¶μ²ÊÎ ÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ¸μ-
μÉ´μÏ¥´¨Ö ³¥¦¤Ê ¶ · ³¥É· ³¨ É¥μ·¨°:

μ1 = − ε

2
+ α0 + β0, μ2 =

ε

2
+ α0 − β0, mi = αi,

μ3 =
3ε

2
− αn−3 − βn−2, μ4 =

ε

2
− αn−3 + βn−2, (2.44)

νij =
2αi(ε − αj)

ε1ε2
.

’ ±¦¥ ¸ ¶μ³μÐÓÕ ¶·¨³¥´¥´¨Ö Ê± § ´´ÒÌ ¢ ¶. 2.2.6 ¸¨³³¥É·¨° ³μ¦´μ
¶μ²ÊÎ¨ÉÓ ¨ ¤·Ê£¨¥ ·¥Ï¥´¨Ö.

2.2.6. ‘¨³³¥É·¨¨. Œ´μ¦¥¸É¢μ ¶ · ³¥É·μ¢, Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì �ƒ’-¸μμÉ-
´μÏ¥´¨Õ, μ¡² ¤ ¥É ´¥±μÉμ·Ò³¨ ¸¨³³¥É·¨Ö³¨. ˆ¸Ìμ¤Ö ¨§ ¨¸¶μ²Ó§μ¢ ´´μ°
¶ · ³¥É·¨§ Í¨¨ (2.10), ³μ¦´μ § ³¥É¨ÉÓ, ÎÉμ ¢Ò· ¦¥´¨Ö ´¥ ¨§³¥´ÖÉ¸Ö ¶·¨
§ ³¥´¥ α �→ (ε − α) ¤²Ö ²Õ¡μ£μ ¨§ α. „²Ö ¢¸¥Ì ±μ´Ëμ·³´ÒÌ ¡²μ±μ¢ ´ 
¤¢Ê³¥·´μ° ¸Ë¥·¥, ±·μ³¥ ¸²ÊÎ Ö Î¥ÉÒ·¥Ì ¢´¥Ï´¨Ì ¶μ²¥°, ÔÉμ ¥¤¨´¸É¢¥´´ Ö
¸¨³³¥É·¨Ö. ’ ±¨³ μ¡· §μ³, �ƒ’-¸μμÉ´μÏ¥´¨Õ Ê¤μ¢²¥É¢μ·Ö¥É 2n · §²¨Î-
´ÒÌ ´ ¡μ·μ¢ ¶ · ³¥É·μ¢ ±μ´Ëμ·³´μ° É¥μ·¨¨ ¶μ²Ö. ’ ±¦¥ ´¥ ¨§³¥´ÖÉ¸Ö
¨ ¢Ò· ¦¥´¨Ö ¤²Ö ËÊ´±Í¨¨ �¥±· ¸μ¢  ¶·¨ ¶¥·¥¸É ´μ¢±¥ ³ ¸¸ μ1 ¨ μ2 ¨²¨
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μ3 ¨ μ4, ÎÉμ ¤ ¥É Î¥ÉÒ·¥ · §²¨Î´ÒÌ ´ ¡μ·  ¤²Ö ËÊ´±Í¨¨ �¥±· ¸μ¢ . �μ-
ÔÉμ³Ê ¨³¥¥É¸Ö 2n−2 ¢¸¥¢μ§³μ¦´ÒÌ ±μ³¡¨´ Í¨° ¶ · ³¥É·μ¢, Ê¤μ¢²¥É¢μ·ÖÕ-
Ð¨Ì �ƒ’-¸μμÉ´μÏ¥´¨Õ.

‘²ÊÎ ° Î¥ÉÒ·¥Ì ¢´¥Ï´¨Ì ¶μ²¥° Ö¢²Ö¥É¸Ö ¸ ÔÉμ° ÉμÎ±¨ §·¥´¨Ö μ¸μ¡Ò³.
‚ ¤ ´´μ³ ¸²ÊÎ ¥ ¨³¥¥É¸Ö É ±¦¥ ¸¨³³¥É·¨Ö ¶·¨ ¸²¥¤ÊÕÐ¥° § ³¥´¥ ¶ · ³¥-
É·μ¢: α0 ↔ β0 ¨ α1 ↔ β2. ’ ±¨³ μ¡· §μ³, ¢ ÔÉμ³ ¸²ÊÎ ¥ �ƒ’-¸μμÉ´μÏ¥´¨Õ
Ê¤μ¢²¥É¢μ·ÖÕÉ ¢μ¸¥³Ó · §²¨Î´ÒÌ ±μ³¡¨´ Í¨°. �¡ÑÖ¸´Ö¥É¸Ö ´ ²¨Î¨¥ É ±μ°
¸¨³³¥É·¨¨ É¥³, ÎÉμ ±μ´Ëμ·³´Ò° ¡²μ± § ¢¨¸¨É μÉ ¶¥·¥³¥´´ÒÌ, Ö¢²ÖÕÐ¨Ì¸Ö

¤¢μ°´Ò³¨ μÉ´μÏ¥´¨Ö³¨: x =
zα0β0zβ2α1

zα1β0zβ2α0

. ‚ ¸²ÊÎ ¥ Î¥ÉÒ·¥Ì ¢´¥Ï´¨Ì ¶μ²¥°

μ´ § ¢¨¸¨É Éμ²Ó±μ μÉ μ¤´μ° ¶¥·¥³¥´´μ° x,   ¶μÉμ³Ê ¢Ò· ¦¥´¨Ö ´¥ ¨§³¥-
´ÖÉ¸Ö ¶·¨ ¤ ´´μ° § ³¥´¥ ¶ · ³¥É·μ¢. „²Ö ¸²ÊÎ ¥¢ ³´μ£¨Ì ¶μ²¥° · §²μ¦¥´¨¥
¶·μ¨§¢μ¤¨É¸Ö ¶μ ´¥¸±μ²Ó±¨³ ¶¥·¥³¥´´Ò³ É ±μ£μ É¨¶ , ¢ Éμ ¢·¥³Ö ± ± ¶·¥-
μ¡· §μ¢ ´¨Ö É ±μ£μ ¢¨¤  ³μ£ÊÉ ¸μÌ· ´ÖÉÓ Éμ²Ó±μ μ¤´Ê ¨§ ´¨Ì, §´ Î¨É, ¤ ´´ Ö
¸¨³³¥É·¨Ö ¸ÊÐ¥¸É¢Ê¥É Éμ²Ó±μ ¤²Ö ¸²ÊÎ Ö Î¥ÉÒ·¥Ì ¢´¥Ï´¨Ì ¶μ²¥°.

2.2.7. ‚Ò¡μ· ¤¨ £· ³³. 	² £μ¤ ·Ö ´ ²¨Î¨Õ ±μ´Ëμ·³´μ° ¸¨³³¥É·¨¨
n-ÉμÎ¥Î´Ò° ±μ´Ëμ·³´Ò° ¡²μ± § ¢¨¸¨É Éμ²Ó±μ μÉ n − 3 ¶·μ¥±É¨¢´ÒÌ ¨´-
¢ ·¨ ´Éμ¢. Šμ´Ëμ·³´Ò° ¡²μ± ³μ¦¥É ¡ÒÉÓ § ¤ ´ ¤²Ö ²Õ¡ÒÌ ´¥¸μ¢¶ ¤ ÕÐ¨Ì
±μμ·¤¨´ É, ¢ Éμ ¢·¥³Ö ± ± ËÊ´±Í¨Ö �¥±· ¸μ¢  § ¤ ´  Éμ²Ó±μ ¢ μ¶·¥¤¥²¥´´μ°
μ¡² ¸É¨ ¶·μ¸É· ´¸É¢  ³μ¤Ê²¥°. ‚ ÔÉμ° μ¡² ¸É¨ ¶ · ³¥É·Ò qi ³ ²Ò (qi � 1).
’ ±¨³ μ¡· §μ³, ¶μ²ÊÎ ¥É¸Ö, ÎÉμ ËÊ´±Í¨Ö �¥±· ¸μ¢  Å ÔÉμ ·Ö¤ ¶μ ³ ²Ò³ qi,
¢ Éμ ¢·¥³Ö ± ± ±μ´Ëμ·³´Ò° ¡²μ± Å ·Ö¤ ¶μ ¶·μ¥±É¨¢´Ò³ ¨´¢ ·¨ ´É ³ xi.
‘μμÉ¢¥É¸É¢¥´´μ, ¶·¨ ¸μ¶μ¸É ¢²¥´¨¨ xi = qi ¶μ²ÊÎ ¥É¸Ö, ÎÉμ ¶μ²Ö ¶·¨ ¶μ¤-
¸Î¥É¥ ±μ´Ëμ·³´μ£μ ¡²μ±  ¤μ²¦´Ò ¡ÒÉÓ ¢§ÖÉÒ ¢ ÉμÎ± Ì, Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì

�¨¸. 8. „¨ £· ³³ , μ¶·¥¤¥²ÖÕÐ Ö ¶μ·Ö¤μ± ¶¥·¥³´μ¦¥´¨Ö ¶μ²¥° ¢ ±μ´Ëμ·³´μ³ ¡²μ±¥.
„¨ £· ³³  É ±μ£μ É¨¶  ´ §Ò¢ ¥É¸Ö £·¥¡¥´±μ°. �ƒ’-£¨¶μÉ¥§  § ¤ ¥É ¸μμÉ´μÏ¥´¨Ö
Éμ²Ó±μ ¤²Ö ¤¨ £· ³³ É ±μ£μ É¨¶ 

�¨¸. 9. „¨ £· ³³Ò, § ¤ ÕÐ¨¥ ´¥¶· ¢¨²Ó´Ò° ¶μ·Ö¤μ± ¶¥·¥³´μ¦¥´¨Ö ¶μ²¥° ¤²Ö ¶ÖÉ¨-
ÉμÎ¥Î´μ£μ ( ) ¨ Ï¥¸É¨ÉμÎ¥Î´μ£μ (¡) ±μ´Ëμ·³´ÒÌ ¡²μ±μ¢
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μ¸μ¡Ò³ Ê¸²μ¢¨Ö³:

∞, 1, xn−3, xn−3xn−4, . . . ,

n−3∏
i=1

xi, 0, xi � 1, (2.45)

£¤¥ n Å ±μ²¨Î¥¸É¢μ ¢´¥Ï´¨Ì ¶μ²¥° ¢ ±μ´Ëμ·³´μ³ ¡²μ±¥. „ ´´μ¥ Ê¸²μ¢¨¥
¶·¨¢μ¤¨É ± Éμ³Ê, ÎÉμ · ¸¸³μÉ·¥´¨Õ ¶μ¤²¥¦ É Éμ²Ó±μ ¤¨ £· ³³Ò É¨¶  £·¥-
¡¥´±¨ (¸³. ·¨¸. 8). ‚ ¸²ÊÎ ¥ ¶ÖÉ¨ ¢´¥Ï´¨Ì ¶μ²¥° ¶·¨ ¶μ¶ÒÉ±¥ ¶μ¤¸Î¥É 
±μ´Ëμ·³´μ£μ ¡²μ±  ¤²Ö ¤¨ £· ³³Ò, ¶·¥¤¸É ¢²¥´´μ° ´  ·¨¸. 9, a, ³μ¦¥É ¡ÒÉÓ
¶μ²ÊÎ¥´μ Éμ²Ó±μ · §²μ¦¥´¨¥ ¢μ§²¥ ÉμÎ¥± y = 1 ¨ x = 0, ÎÉμ ´¥ ¸μ£² ¸Ê¥É¸Ö
¸ ´Ê¦´Ò³ ¤²Ö ¸· ¢´¥´¨Ö ¸ ËÊ´±Í¨¥° �¥±· ¸μ¢  ·Ö¤μ³. „²Ö Ï¥¸É¨ÉμÎ¥Î´μ£μ
±μ´Ëμ·³´μ£μ ¡²μ±  É ±¦¥ ¸ÊÐ¥¸É¢Ê¥É ¤¨ £· ³³ , ´¥ Ö¢²ÖÕÐ Ö¸Ö ¤¨ £· ³-
³μ° É¨¶  £·¥¡¥´±¨ (¸³. ·¨¸. 9, ¡). �ƒ’-¸μμÉ´μÏ¥´¨¥ ¤²Ö ´¥£μ É ±¦¥ ´¥ Ê¸É -
´μ¢²¥´μ.

2.2.8. Ÿ¢´Ò¥ ¢ÒÎ¨¸²¥´¨Ö ¤²Ö �ƒ’-¸μμÉ´μÏ¥´¨Ö.
—¥ÉÒ·¥ÌÉμÎ¥Î´Ò° ±μ´Ëμ·³´Ò° ¡²μ±

• “·μ¢¥´Ó 1

Šμ´Ëμ·³´Ò° ¡²μ± = ”Ê´±Í¨Ö �¥±· ¸μ¢ 

a4 −2 = −2 (2.46)

a2 ε2 − 2(α2
0 − β2

0 + α2
1 − β2

2)− = −2σ2 + εσ1 + 4νε1ε2 (2.47)

−2ε(α0 − β0 + α1 − β2)

a0 −2
(
ε2/2 + ε(α0 − β0) − (α2

1 − β2
0)
)
× = −2σ4 + εσ3 − νε1ε2ε

2

×
(
ε2/2 + ε(α1 − β2) − (α2

3 − β2
2)
)

(2.48)

• “·μ¢¥´Ó 2

Šμ´Ëμ·³´Ò° ¡²μ± = ”Ê´±Í¨Ö �¥±· ¸μ¢ 

a10 16 = 16 (2.49)

a8 −
{
32ε2 + 18ε1ε2+ = 16(2σ2 − εσ1 − ε2)−

+32(ε(α0 − β0 + α1 − β2)+ − 18ε1ε2 − 64νε1ε2 (2.50)

+α2
0 − β2

0 + α2
1 − β2

2)
}
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�ÖÉ¨ÉμÎ¥Î´Ò° ±μ´Ëμ·³´Ò° ¡²μ±

• “·μ¢¥´Ó [1, 0]

Šμ´Ëμ·³´Ò° ¡²μ± = ”Ê´±Í¨Ö �¥±· ¸μ¢ 

a4
1a

0
2 2 = 2 (2.51)

a2
1a

2
2 −2 = −2 (2.52)

a2
1a

0
2 −ε2/2 + 2(α2

0 + β2
0 − α2

2)− = 2μ1μ2+
−2ε(α0 + β0 − α2) + (μ1 + μ2)(3ε − 4m1)+

+ 2m1(m1 − ε) − 4ν1ε1ε2 (2.53)

a0
1a

2
2 ε2/2 − 2(β0 − α2)(β0 + α2 − ε) = ε(μ1 + μ2) − 2μ1μ2 (2.54)

a0
1a

0
2 α0(ε − α0)(ε2/2+ = 2m1μ1μ2(m1 − ε)−

+2(β0 − α2)(ε − (β0 + α2))) − ε(μ1 + μ2)(m1 − ε)2+

+ ν1ε1ε2ε
2 (2.55)

• “·μ¢¥´Ó [0, 1]

Šμ´Ëμ·³´Ò° ¡²μ± = ”Ê´±Í¨Ö �¥±· ¸μ¢ 

a0
1a

4
2 2 = 2 (2.56)

a2
1a

2
2 −2 = −2 (2.57)

a0
1a

2
2 −ε2/2 + 2(α2

0 + β2
3 − α2

1)− = 2μ3μ4+
−2ε(α0 + β3 − α1) + (μ3 + μ4)(4m1 − ε)+

+ 2m1(m1 − ε) − 4ν2ε1ε2
(2.58)

a2
1a

0
2 ε2/2 − 2(β3 − α1)(β3 + α1 − ε) = ε(μ3 + μ4) − 2μ3μ4 (2.59)

a0
1a

0
2 α0(ε − α0)× = 2m1μ3μ4(m1 − ε)−

×(ε2/2 + 2(β3 − α1)(ε − β3 − α1)) − ε(μ3 + μ4)m2
1 + ν2ε1ε2ε

2

(2.60)
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˜¥¸É¨ÉμÎ¥Î´Ò° ±μ´Ëμ·³´Ò° ¡²μ±
• “·μ¢¥´Ó [1, 0, 0]

Šμ´Ëμ·³´Ò° ¡²μ± = ”Ê´±Í¨Ö �¥±· ¸μ¢ 

a4
1a

0
2a

0
3 2 = 2 (2.61)

a2
1a

2
2a

0
3 −2 = −2 (2.62)

a2
1a

0
2a

0
3 ε2/2 − 2ε(α0 + α1 − β0)+ = 2m2

1− 4ν1ε1ε2− 2ε1m1− 2ε2m1+

+2α2
1 − 2β2

0 +(3ε2−4m1+3ε1)σ1+2σ2 (2.63)

a0
1a

2
2a

0
3 ε2/2 + 2(α0 − β0)(ε − α0 − β0) = εσ1 − 2σ2 (2.64)

a0
1a

0
2a

0
3 1/2α1(ε − α1)

(
ε2− = ν1ε1ε

3
2 + ν1ε

3
1ε2 + 2ν1ε

2
1ε

2
2+

−4ε(β0 − α0) − 4(α2
0 + β2

0)
)

+ (−ε32 − ε31 − m2
1ε2 − 3ε1ε

2
2+

+ 2ε21m1 − m2
1ε1+

+ 2ε22m1 − 3ε21ε2 + 4ε1m1ε2)σ1+

+ (−2ε2m1 − 2ε1m1 + 2m2
1)σ2

(2.65)

• “·μ¢¥´Ó [0, 1, 0]
Šμ´Ëμ·³´Ò° ¡²μ± = ”Ê´±Í¨Ö �¥±· ¸μ¢ 

a0
1a

4
2a

0
3 2 = 2 (2.66)

a2
1a

2
2a

0
3 −2 = −2 (2.67)

a0
1a

2
2a

2
3 −2 = −2 (2.68)

a2
1a

0
2a

2
3 2 = 2 (2.69)

a2
1a

0
2a

0
3 2α2(ε − α2) = 2m2(ε − m2) (2.70)

a0
1a

2
2a

0
3 2(α2

1 + α2
2) − 2ε(α1 + α2) = 2m2

2 + 2m2
1 − 2ε1m2 − 2ε2m2+

+ 6ε1m1 + 6ε2m1 − 8m1m2 − 4ν2ε1ε2
(2.71)

a0
1a

0
2a

2
3 2α1(ε − α1) = −2m2

1 + 2ε1m1 + 2ε2m1 (2.72)

a0
1a

0
2a

0
3 2α1α2(ε − α1)(ε − α2) = 8m1ε1m2ε2 + 2m2

1m
2
2 − 2m2

1ε1m2−
− 2m2

1ε2m2 − 6m1ε
2
1ε2 − 6m1ε1ε

2
2+

+ 4m1ε
2
1m2 + 4m1ε

2
2m2−

− 2m1m
2
2ε1 − 2m1m

2
2ε2+

+ ν2ε
3
1ε2 + 2ν2ε

2
1ε

2
2 + ν2ε1ε

3
2−

− 2m1ε
3
1 − 2m1ε

3
2 (2.73)
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• “·μ¢¥´Ó [0, 0, 1]

Šμ´Ëμ·³´Ò° ¡²μ± = ”Ê´±Í¨Ö �¥±· ¸μ¢ 

a0
1a

0
2a

4
3 2 = 2 (2.74)

a0
1a

2
2a

2
3 −2 = −2 (2.75)

a0
1a

2
2a

0
3 ε2/2 + 2(α3 − β4)(ε − α3 − β4) = τ1ε − 2τ2 (2.76)

a2
1a

0
2a

2
3 −ε2/2 − 2ε(α2 + α3 − β4) + 2(α2

3 − β2
4) = −4ν3ε1ε2 − 2ε1m2−

− 2ε2m2 + 2m2
2 − τ1ε2+

+ 4τ1m2 − τ1ε1 + 2τ2

(2.77)

• “·μ¢¥´Ó [1, 1, 1]

Šμ´Ëμ·³´Ò° ¡²μ± = ”Ê´±Í¨Ö �¥±· ¸μ¢ 

a6
1a

4
2a

2
3 2 = 2 (2.78)

a6
1a

4
2a

0
3 8τ2 − 4ετ1 = 2ε2 − 8(α3 − β4)(ε − α3 − β4) (2.79)

a6
1a

2
2a

2
3 4ε2 + 2ε1ε2+ = 8ε1ε2 + 16ν3ε1ε2 − 16τ1m2+

+16(α3 − β4)(ε − α3 − β4) + 8τ1ε − 16τ2 (2.80)

a4
1a

4
2a

4
3 32 = 32 (2.81)

etc.

2.3. �ƒ’-¸μμÉ´μÏ¥´¨¥ ¤²Ö ±μ´Ëμ·³´ÒÌ ¡²μ±μ¢ ´  Éμ·¥. Šμ··¥²ÖÉμ·
μ¤´μ£μ ¢´¥Ï´¥£μ ¶μ²Ö ´  ¤¢Ê³¥·´μ³ Éμ·¥ μ¶¨¸Ò¢ ¥É¸Ö ¤¨ £· ³³μ° ¨§ μ¤´μ°
É·μ°´μ° ¢¥·Ï¨´Ò ¨ μ¤´μ° ¶¥É²¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¶·μ¶ £ Éμ·Ê (·¨¸. 10).

�¨¸. 10. „¨ £· ³³  ¤²Ö ¸²ÊÎ Ö μ¤´μ£μ ¢´¥Ï´¥£μ ¶μ²Ö ´  Éμ·¥
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’ ±¨³ μ¡· §μ³, ±μ´Ëμ·³´Ò° ¡²μ± ¢ ÔÉμ³ ¸²ÊÎ ¥ ¶·¥¤¸É ¢²Ö¥É¸Ö Ëμ·³Ê²μ°

B(q) =
∑

n

qnB(n) =
∑

Y1,Y2

q|Y1| 〈L−Y1V1

∣∣Vext(1)L−Y2V2(0)
〉
Q−1

Δ (Y1, Y2).

�μ³¨³μ q ±μ´Ëμ·³´Ò° ¡²μ± ¢ ¤ ´´μ³ ¸²ÊÎ ¥ § ¢¨¸¨É μÉ · §³¥·´μ¸É¥° ¤¢ÊÌ
¶μ²¥° Δ ¨ Δext ¨ μÉ Í¥´É· ²Ó´μ£μ § ·Ö¤  c.

‘μ£² ¸´μ £¨¶μÉ¥§¥ �ƒ’ ¤ ´´Ò° ±μ´Ëμ·³´Ò° ¡²μ± ¤μ²¦¥´ ¡ÒÉÓ ¸μ¶μ¸É -
¢²¥´ ¸²¥¤ÊÕÐ¥° ËÊ´±Í¨¨ �¥±· ¸μ¢ :

Zinst =
∑
Y

q|Y |Zadj(�a, �Y , m)Zvector(�a, �Y ). (2.82)

ˆ¸Ìμ¤Ö ¨§ · ¢¥´¸É¢  ¶¥·¢ÒÌ ¶μ·Ö¤±μ¢ · §²μ¦¥´¨Ö ¶μ q B(1) = Z(1)

B(1) =
Δ2

ext

2Δ
− Δext

2Δ
+ 1,

(2.83)

Z(1) =
(ε1 − m)(ε2 − m)

ε1ε2(ε2 − 4a2)
(−8a2 + 2ε2 − 2εm + 2m2),

³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¸²¥¤ÊÕÐ¥¥ ¸μμÉ´μÏ¥´¨¥ ³¥¦¤Ê ¶ · ³¥É· ³¨ ±μ´Ëμ·³´μ° ¨
¸Ê¶¥·¸¨³³¥É·¨Î´μ° É¥μ·¨°:

Δext =
m(ε − m)

ε1ε2
, ν = 1 − 2m(ε − m)

ε1ε2
. (2.84)

ˆ¸¶μ²Ó§ÊÖ ¤ ´´μ¥ ¸μμÉ´μÏ¥´¨¥, ³μ¦´μ ¶·μ¢¥·¨ÉÓ £¨¶μÉ¥§Ê �ƒ’ ¢ ¤ ´´μ³
¸²ÊÎ ¥ ¶ÊÉ¥³ ¸· ¢´¥´¨Ö ¢Éμ·ÒÌ ¶μ·Ö¤±μ¢ · §²μ¦¥´¨Ö ¤²Ö ±μ´Ëμ·³´μ£μ ¡²μ± 
¨ ËÊ´±Í¨¨ �¥±· ¸μ¢ .

�·¥¤¥² ¡μ²ÓÏ¨Ì ³ ¸¸. �ƒ’-¸μμÉ´μÏ¥´¨¥ ¤²Ö  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤-
´μ° ± ²¨¡·μ¢μÎ´μ° É¥μ·¨¨ ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´μ ¶ÊÉ¥³ Ê¸É·¥³²¥´¨Ö ³ ¸¸
¶μ²¥° ¸Ê¶¥·¸¨³³¥É·¨Î´μ° É¥μ·¨¨ ± ¡¥¸±μ´¥Î´μ¸É¨. ‚ · ¸¸³ É·¨¢ ¥³μ³ ¸²Ê-
Î ¥ ¶·¨ ÔÉμ³ ¸μÌ· ´Ö¥É¸Ö ¶μ¸ÉμÖ´´Ò³ ¶·μ¨§¢¥¤¥´¨¥ qm4 = Λ4. ˆ¸Ìμ¤Ö ¨§
¸μμÉ´μÏ¥´¨Ö ³¥¦¤Ê ¶ · ³¥É· ³¨ É¥μ·¨¨ (2.84), ¶·¥¤¥² ¡μ²ÓÏ¨Ì ³ ¸¸ É ±¦¥
¸μμÉ¢¥É¸É¢Ê¥É ¶·¥¤¥²Ê ¡μ²ÓÏμ° Δext.

’ ±¨³ μ¡· §μ³, ¢ ¤ ´´μ³ ¶·¥¤¥²¥ ¢Ò· ¦¥´¨Ö ¤²Ö ±μ´Ëμ·³´μ£μ ¡²μ± 
¶¥·¥Ìμ¤ÖÉ ¢

B(1) �
m−→∞

Δ2
ext

2Δ
= Δ2

extQ
−1
Δ ([1], [1]), B(2) �

m−→∞
Δ4

extQ
−1
Δ ([12], [12]). (2.85)

�μ¤¸É ¢¨¢ ¢ ÔÉ¨ Ëμ·³Ê²Ò ¢Ò· ¦¥´¨¥ ¤²Ö Δ2
ext ∼ −Λ4/q, ³μ¦´μ ¶·¥¤²μ¦¨ÉÓ

¸²¥¤ÊÕÐ¥¥ ¨Ì μ¡μ¡Ð¥´¨¥ ´  ¶·μ¨§¢μ²Ó´Ò° ¶μ·Ö¤μ± · §²μ¦¥´¨Ö ¶μ q:

qnB(n) ∼ Λ4nQ−1
Δ ([1n], [1n]) , (2.86)
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ÎÉμ ¤ ¥É ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö ±μ´Ëμ·³´μ£μ ¡²μ± :

lim
m−→∞

qm4=Λ4=const

B(x) =
∞∑

n=0

Λ4nQ−1
Δ ([1n], [1n]) . (2.87)

„μ± ¦¥³ ¶· ¢¨²Ó´μ¸ÉÓ Ëμ·³Ê²Ò (2.86). ‚ ¶·¥¤¥²¥ ¡μ²ÓÏ¨Ì ³ ¸¸ ¨, ¸μ-
μÉ¢¥É¸É¢¥´´μ, ¡μ²ÓÏμ° Δext ¢ ¦¥´ ²¨¤¨·ÊÕÐ¨° Î²¥´ ¶μ Δext. B(n) ¤ ¥É¸Ö
Ëμ·³Ê²μ°

B(n) =
∑

|Yi|=|Yj|=n

〈
L−YiV1

∣∣V2(1)L−Yj V3(0)
〉
Q−1

Δ (Yi, Yj). (2.88)

Œμ¦´μ § ³¥É¨ÉÓ, ÎÉμ Q § ¢¨¸¨É Éμ²Ó±μ μÉ Δ, ¶μÔÉμ³Ê ¢¸Ö § ¢¨¸¨³μ¸ÉÓ μÉ Δext

¸μ¤¥·¦¨É¸Ö ¢ γ. „μ± ¦¥³ É¥μ·¥³Ê μ Éμ³, ÎÉμ ´ ¨¡μ²ÓÏ Ö ¸É¥¶¥´Ó Δext ¢〈
L−YiV1

∣∣V2(1)L−YjV3(0)
〉

(2.89)

· ¢´  ¶μ²´μ³Ê Î¨¸²Ê μ¶¥· Éμ·μ¢ ‚¨· ¸μ·μ ¢ Yi ¨ Yj . …¸²¨ ÔÉ  É¥μ·¥³  ¢¥·´ ,
Éμ ´ ¨¡μ²ÓÏ Ö ¸É¥¶¥´Ó Δext ¸μ¤¥·¦¨É¸Ö ¢ Î²¥´¥ Yi = Yj = [1n]. ’ ±¦¥ ¤μ± -
¦¥³, ÎÉμ ±μÔËË¨Í¨¥´É ¶·¨ ÔÉμ³ Î²¥´¥ · ¢¥´ ¥¤¨´¨Í¥. ’ ±¨³ μ¡· §μ³, ¢¥¤Ê-
Ð¨° Î²¥´ ¢ B(n) ¶·¨ ¡μ²ÓÏ¨Ì Δext ¤¥°¸É¢¨É¥²Ó´μ · ¢¥´ Δ2n

extQ
−1
Δ ([1n], [1n]).

ˆ¸¶μ²Ó§ÊÖ Ëμ·³Ê²Ê (1.49) ¨ ¶μ¤¸É ¢¨¢ ¢ ´¥¥ n = 0, ³μ¦´μ ¶μ²ÊÎ¨ÉÓ, ÎÉμ〈
V1

∣∣L−1V2(1)V3(0)
〉

= Δ̃ext

〈
V1

∣∣V2(1)V3(0)
〉

(2.90)(
§¤¥¸Ó ¨ ¤ ²¥¥ Δ̃ext = Δext + ¶·μ¨§¢μ²Ó´ Ö ËÊ´±Í¨Ö μÉ Δ, ¢ ¤ ´´μ³ · ¸¸³μ-

É·¥´¨¨ ¢ ¦´  Éμ²Ó±μ ´ ¨¡μ²ÓÏ Ö ¸É¥¶¥´Ó Δext, ¶μÔÉμ³Ê ¤ ²¥¥ ¡Ê¤¥É ¨¸¶μ²Ó-
§μ¢ ÉÓ¸Ö Δ̃ext ¢³¥¸Éμ Δext

)
.

ˆ¸¶μ²Ó§ÊÖ ³¥Éμ¤ ³ É¥³ É¨Î¥¸±μ° ¨´¤Ê±Í¨¨, ¤μ± ¦¥³ É¥μ·¥³Ê. 	 §μ° ¨´-
¤Ê±Í¨¨ ¢Ò¡¥·¥³ Ê·μ¢¥´Ó 0 Å ¥¸²¨ ´¥É μ¶¥· Éμ·μ¢ ‚¨· ¸μ·μ, Éμ γ ´¥ § ¢¨¸¨É
μÉ Δext ¶μÉμ³Ê, ÎÉμ μ´  · ¢´  ¥¤¨´¨Í¥. �·μ ´ ²¨§¨·Ê¥³ ¶μ¢¥¤¥´¨¥ ¸² £ -
¥³ÒÌ ¢ ¶· ¢μ° Î ¸É¨ Ëμ·³Ê²Ò (1.49). �¥·¢μ¥ ¸² £ ¥³μ¥ · ¢´Ö¥É¸Ö ´Ê²Õ,
¶μÉμ³Ê ÎÉμ ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ V2 Å ÔÉμ ¶·¨³ ·´μ¥ ¶μ²¥. ˆ¸Ìμ¤Ö ¨§
Ê· ¢´¥´¨Ö (2.90), ³μ¦´μ ¸²μ¦¨ÉÓ ¢Éμ·μ¥ ¨ É·¥ÉÓ¥ ¸² £ ¥³Ò¥, Ê³¥´ÓÏ¨¢ ±μ²¨-
Î¥¸É¢μ μ¶¥· Éμ·μ¢ ‚¨· ¸μ·μ ¶·¨ ¶μ²¥ V1 ´  1 ¨ ¶μ²ÊÎ¨¢ ³´μ¦¨É¥²Ó nΔ̃ext.
‘ ¶μ³μÐÓÕ ±μ³³ÊÉ Í¨μ´´ÒÌ ¸μμÉ´μÏ¥´¨° μ¶¥· Éμ·μ¢ ‚¨· ¸μ·μ ¢ ¶μ¸²¥¤-

´¥³ ¸² £ ¥³μ³ LnL−kV3 = L−kLnV3 + (n + k)Ln−kV3 + δn,k
cn(n2 − 1)

12
.

�μÔÉμ³Ê, ¥¸²¨ V3 Å ¶·¨³ ·´μ¥ ¶μ²¥, ± ±μ¢Ò³ μ´μ Ö¢²Ö¥É¸Ö ¢ · ¸¸³ É·¨-
¢ ¥³μ³ ¸²ÊÎ ¥, Éμ LnL−Y V3 ¸μ¤¥·¦¨É ¸Éμ²Ó±μ ¦¥ μ¶¥· Éμ·μ¢ ‚¨· ¸μ·μ,
¸±μ²Ó±μ ¨ L−Y V3 ¸ ±μÔËË¨Í¨¥´Éμ³, ´¥ § ¢¨¸ÖÐ¨³ μÉ Δext, ¨, ¸μμÉ¢¥É-
¸É¢¥´´μ, ¤ ¥É ³¥´ÓÏ¨° ¶μ·Ö¤μ± ¶μ Δext, Î¥³ ¤·Ê£¨¥ ¸² £ ¥³Ò¥. ’ ±¨³ μ¡· -
§μ³, ¥¸²¨ Yi = {n1, n2, . . . , nN}, Éμ · ¸¸³ É·¨¢ ¥³Ò° ±μ··¥²ÖÉμ· ¶·μ¶μ·-

Í¨μ´ ²¥´
N∏

i=1

niΔ̃ext, ÎÉμ ¨ ¤μ± §Ò¢ ¥É ¤ ´´Ò° · ´¥¥ μÉ¢¥É. �´ ²μ£¨Î´μ¥

· ¸¸Ê¦¤¥´¨¥ ³μ¦´μ ¶·μ¢¥¸É¨ ¨ ¤²Ö Yj .
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�ÉμÉ ·¥§Ê²ÓÉ É ¨´É¥·¥¸¥´ ¥Ð¥ ¨ ¶μÉμ³Ê, ÎÉμ ¶μ²ÊÎ¥´´Ò° ¢ ±μ´Ëμ·³´μ°
É¥μ·¨¨ ¶μ²Ö μÉ¢¥É ¸μ¢¶ ¤ ¥É ¸  ´ ²μ£¨Î´Ò³ ¶·¥¤¥²μ³ ¤²Ö ¸²ÊÎ Ö ±μ··¥²ÖÉμ· 
Î¥ÉÒ·¥Ì ¶μ²¥° ´  ¸Ë¥·¥, ¶μ²ÊÎ¥´´Ò³ · ´¥¥ ¢ · ¡μÉ Ì [70, 71]. �É¨ ¤¢ 
¶·¥¤¥²  ¤μ²¦´Ò ¸μ¢¶ ¤ ÉÓ ¸μ£² ¸´μ ¸¢μ°¸É¢ ³ ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ É¥μ·¨°,
´μ ¤ ´´μ¥ ¸¢μ°¸É¢μ ¤ ²¥±μ ´¥ μÎ¥¢¨¤´μ ¢ ±μ´Ëμ·³´μ° É¥μ·¨¨. ’ ±¨³ μ¡· §μ³,
¤ ´´Ò° ·¥§Ê²ÓÉ É Ö¢²Ö¥É¸Ö ¢ Éμ³ Î¨¸²¥ ±μ¸¢¥´´μ° ¶·μ¢¥·±μ° £¨¶μÉ¥§Ò �ƒ’.

3. ’…��ˆŸ ‘‚���„�›• ��‹…‰ ˆ ˆ�’…ƒ��‹› ‘…‹œ�…�ƒ�

‚ ¤ ´´μ³ · §¤¥²¥ ¨§ÊÎ ¥É¸Ö ¢μ§³μ¦´μ¸ÉÓ ¶μ¸É·μ¥´¨Ö ±μ´Ëμ·³´μ£μ ¡²μ± 
¢ ÔÉμ° É¥μ·¨¨ ¨ ¶·μ¡²¥³Ò, ¸¢Ö§ ´´Ò¥ ¸ ´ ²¨Î¨¥³ ¢ ´¥° ®§ ±μ´  ¸μÌ· ´¥´¨Ö¯.
�± §Ò¢ ¥É¸Ö, ÎÉμ ¤²Ö Éμ£μ, ÎÉμ¡Ò ¶μ¸É·μ¨ÉÓ ±μ´Ëμ·³´Ò° ¡²μ± ¸ ¶·μ¨§¢μ²Ó-
´Ò³¨ · §³¥·´μ¸ÉÖ³¨ ¶μ²¥°, ´¥μ¡Ìμ¤¨³μ ¢¢μ¤¨ÉÓ ¤μ¶μ²´¨É¥²Ó´Ò¥ ³´μ¦¨É¥²¨.
�μ¸²¥ ¢¢¥¤¥´¨Ö ÔÉ¨Ì ³´μ¦¨É¥²¥° ±μ´Ëμ·³´Ò° ¡²μ± ¶·¥¤¸É ¢²Ö¥É¸Ö ¸ ¶μ³μ-
ÐÓÕ ´¥É·¨¢¨ ²Ó´ÒÌ ¨´É¥£· ²μ¢, ´ §Ò¢ ¥³ÒÌ ¨´É¥£· ² ³¨ ‘¥²Ó¡¥·£ . �μ¤μ¡-
´Ò¥ ±μ´¸É·Ê±Í¨¨ ¢¸É·¥Î ÕÉ¸Ö ¶·¨ ¨§ÊÎ¥´¨¨ ³ É·¨Î´ÒÌ ³μ¤¥²¥°.

‚ ¶. 1.1 μ¡¸Ê¦¤ ² ¸Ó ±μ´±·¥É´ Ö ³μ¤¥²Ó ±μ´Ëμ·³´μ° É¥μ·¨¨ Å É¥μ·¨Ö
¸¢μ¡μ¤´ÒÌ ¶μ²¥°. …¥ ¶·¥¨³ÊÐ¥¸É¢  § ±²ÕÎ ÕÉ¸Ö ¢ Éμ³, ÎÉμ ²Õ¡ Ö ¨´É¥·¥¸Ê-
ÕÐ Ö ¢¥²¨Î¨´  ³μ¦¥É ¡ÒÉÓ ´ ¶·Ö³ÊÕ ¢ÒÎ¨¸²¥´  ¸ ¶μ³μÐÓÕ É¥μ·¥³Ò ‚¨± .
�¤´ ±μ ¶·μ¡²¥³  ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¢ μÉ²¨Î¨¥ μÉ μ¡Ð¨Ì ¢Ò· ¦¥´¨°, · ¸-
¸³μÉ·¥´´ÒÌ ¢ · §¤. 1, ¢ ¸¢μ¡μ¤´μ° É¥μ·¨¨ ´ ±² ¤Ò¢ ÕÉ¸Ö ¸ÊÐ¥¸É¢¥´´Ò¥ μ£· -
´¨Î¥´¨Ö ´  · §³¥·´μ¸É¨ ¶μ²¥°. �Éμ ¸¢Ö§ ´μ ¸ ´ ²¨Î¨¥³ § ±μ´  ¸μÌ· ´¥´¨Ö∑

α = 0.
„²Ö Éμ£μ, ÎÉμ¡Ò ´¥¸±μ²Ó±μ · ¸Ï¨·¨ÉÓ ³´μ¦¥¸É¢μ ¨§ÊÎ ¥³ÒÌ ±μ··¥²ÖÉμ-

·μ¢, ¢³¥¸Éμ ¸É ´¤ ·É´μ° Ëμ·³Ê²Ò ¤²Ö ¶μ²ÊÎ¥´¨Ö ¸É·Ê±ÉÊ·´ÒÌ ±μ´¸É ´É

◦
◦ L−Y1VΔ1(0) ◦

◦
◦
◦ L−Y2VΔ2(q)

◦
◦=

∑
Δ

qΔ−Δ1−Δ2−|Y1|−|Y2|SΔ
Δ1Δ2

×

×
∑
Y

q|Y |CΔ,Y
Δ1,Y1; Δ2,Y2

◦
◦ L−Y VΔ(0) ◦

◦ (3.1)

¶·¥¤¸É ¢²Ö¥É¸Ö ¢μ§³μ¦´Ò³ ¨¸¶μ²Ó§μ¢ ÉÓ ¸²¥¤ÊÕÐÊÕ ¥¥ ³μ¤¨Ë¨± Í¨Õ:

◦
◦ L−Y1e

α1φ(0) ◦
◦

◦
◦ L−Y2e

α2φ(q) ◦
◦

⎛⎝ q∫
0

◦
◦ ebφ(z) ◦

◦ dz

⎞⎠N

=

= Sα1+α2+bN
α1α2

∑
Y

q|Y |Cα1+α2+bN,Y
α1,Y1; α2,Y2

◦
◦ L−Y e(α1+α2+bN)φ(0) ◦

◦, (3.2)

£¤¥ b Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ Q = b − 1/b. ’ ±¨³ μ¡· §μ³, · §³¥·´μ¸ÉÓ ¤μ-
¡ ¢²¥´´ÒÌ ¶μ²¥° ´Ê²¥¢ Ö ¨ ¶μÉμ³Ê ´¥ ¨§³¥´Ö¥É ±μ´Ëμ·³´ÒÌ ¸¢μ°¸É¢. ˆ¤¥Ö
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¤μ¡ ¢²¥´¨Ö ¶μ²¥° É ±μ£μ ¢¨¤  ¢ ±μ´Ëμ·³´Ò° ¡²μ± ¡Ò²  ¢Ò¸± § ´  ¢ · ¡μÉ¥
„μÍ¥´±μ ¨ ” É¥¥¢  [17]. �·¥¤¸É ¢²¥´´Ò° §¤¥¸Ó ¢Ò¡μ· ±μ´ÉÊ·μ¢ ¨´É¥£·¨·μ¢ -
´¨Ö ¡Ò² ¶·¥¤²μ¦¥´ ¢ · ¡μÉ Ì [74,75]. ‚ ¤ ´´μ³ μ¡§μ·¥ ¶·¨¢¥¤¥´  ¶·μ¢¥·± 
Éμ£μ, ÎÉμ ¤²Ö ¤¨ £· ³³ 
´£  · §³¥·μ³ |Y | � 3 ¶μ²ÊÎ¥´´Ò¥ É ±¨³ μ¡· §μ³
±μ´¸É ´ÉÒ ¸¢Ö§¨ ¶·¨¢μ¤ÖÉ ± É ±¨³ ¦¥ μÉ¢¥É ³, ± ± ¨ · ¸Î¥ÉÒ, μ¸´μ¢ ´´Ò¥ ´ 
μ¡Ð¨Ì ±μ´Ëμ·³´ÒÌ ¸¢μ°¸É¢ Ì (¸³. · §¤. 1).

‘ ¶μ³μÐÓÕ ¶·¥¤²μ¦¥´´μ£μ ¸¶μ¸μ¡  ¢μ§³μ¦´μ ¨§³¥´¨ÉÓ § ±μ´ ¸μÌ· ´¥-
´¨Ö α = α1 + α2 + bN . �¡μ¡Ð¨¢ ¶μ²ÊÎ¥´´Ò¥ ¤ ´´Ò³ ¸¶μ¸μ¡μ³ μÉ¢¥ÉÒ ´ 
¶·μ¨§¢μ²Ó´μ¥, ´¥ μ¡Ö§ É¥²Ó´μ Í¥²μ¥, N , ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¶·μ¨§¢μ²Ó´ÊÕ ¸¢Ö§Ó
³¥¦¤Ê · §³¥·´μ¸ÉÖ³¨ ¶μ²¥°.

� ¸¸³μÉ·¨³ ¶μ¤·μ¡´¥¥ Ê¸É·μ°¸É¢μ É ±¨Ì ¤¥Ëμ·³¨·μ¢ ´´ÒÌ ¸É·Ê±ÉÊ·´ÒÌ
±μ´¸É ´É:

◦
◦ eα1φ(0) ◦

◦
◦
◦ eα2φ(q) ◦

◦

N∏
i=1

◦
◦ ebφ(zi) ◦

◦ =

= q2α1α2

N∏
i<j

(zi − zj)2b2
N∏

i=1

z2bα1
i (q − zi)2bα2×

× ◦
◦ exp

[
α1φ(0) + α2φ(q) + b

∑
i

φ(zi)
]

◦
◦ =

= q2α1α2

N∏
i<j

(zi − zj)2b2
N∏

i=1

z2bα1
i (q − zi)2bα2 ◦

◦

(
1 +

(
α2q + b

N∑
i=1

zi

)
∂φ(0)+

+

(
α2q + b

N∑
i=1

zi

)2

(∂φ(0))2

2!
+

(
α2q

2 + b

N∑
i=1

z2
i

)
∂2φ(0)

2!
+ (3.3)

+

(
α2q + b

N∑
i=1

zi

)3

(∂φ(0))3

3!
+

+ 3

(
α2q + b

N∑
i=1

zi

)(
α2q

2+ b

N∑
i=1

z2
i

)
∂φ(0)∂2φ(0)

3!
+

+

(
α2q

3 + b

N∑
i=1

z3
i

)
∂3φ(0)

3!
+ . . .

)
e(α1+α2+bN)φ(0) ◦

◦ =

= q2α1α2

N∏
i<j

(zi − zj)2b2
N∏

i=1

z2bα1
i (q − zi)2bα2 ◦

◦

(
1 +

α2q + b
N∑

i=1

zi

α1 + α2 + bN
L−1+
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+
(4(α1+α2+bN)+2Q)

(
α2q+b

N∑
i=1

zi

)2

−
(

α2q
2+b

N∑
i=1

z2
i

)
2(α1+α2+bN)(4(α1+α2+bN)2+2Q(α1+α2+bN)−1)

L2
−1+ (3.4)

+2
(α1+α2+bN)

(
α2q

2+b
N∑

i=1

z2
i

)
−
(

α2q+b
n∑

i=1

zi

)2

4(α1 + α2 + bN)2 + 2Q(α1 + α2 + bN) − 1
L−2+

+
AL3

−1 + 2(α1 + α2 + bN)BL−1L−2 + 2(α1 + α2 + bN)CL−3

6(α1+α2+bN)(4(α1+α2+bN)2+2Q(α1+α2+bN)−1)((α1+α2+bN)2+Q(α1+α2+bN)−1)
+

+ . . .

)
e(α1+α2+bN)φ(0) ◦

◦, (3.5)

£¤¥

A =

(
α2q

3 + b

N∑
i=1

z3
i

)
− (α1 + α2 + bN + Q)

(
α2q + b

N∑
i=1

zi

)
×

×
(

α2q
2 + b

N∑
i=1

z2
i

)
+
(
4(α1 + α2 + bN)2 + 6Q(α1 + α2 + bN)+

+ 2Q2(α1 + α2 + bN) − 2
)(

α2q + b
N∑

i=1

zi

)3

, (3.6)

B = −4(α1 + α2 + bN)2
(

α2q
3 + b

N∑
i=1

z3
i

)
+

+4(α1+α2+bN)2((α1+α2+bN)+Q)

(
α2q + b

N∑
i=1

zi

)(
α2q

2 + b

N∑
i=1

z2
i

)
+

+ 4
(
1 − 3(α1 + α2 + bN)2 − 3Q(α1 + α2 + bN)

)(
α2q + b

N∑
i=1

zi

)3

, (3.7)

C = 2(4(α1 + α2 + bN)2 + 2Q(α1 + α2 + bN) − 1)

(
(α1 + α2 + bN)2×

×
(

α2q
3 + b

N∑
i=1

z3
i

)
− (α1 +α2 + bN)

(
α2q + b

N∑
i=1

zi

)(
α2q

2 + b

N∑
i=1

z2
i

)
+

+ 2

(
α2q + b

N∑
i=1

zi

)3)
. (3.8)
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�¤´μ°, ¤¢Ê³Ö ¨ É·¥³Ö ²¨´¨Ö³¨ ¶μ¤Î¥·±´ÊÉÒ ¢±² ¤Ò ¢ ¶¥·¢Ò°, ¢Éμ·μ° ¨ É·¥É¨°
¶μ·Ö¤μ± · §²μ¦¥´¨Ö ±μ´Ëμ·³´μ£μ ¡²μ±  ¸μμÉ¢¥É¸É¢¥´´μ. ‚ μ¡Ð¥³ ¢¨¤¥ ÔÉμ
¢Ò· ¦¥´¨¥ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ±

◦
◦ eα1φ(0) ◦

◦
◦
◦ eα2φ(q) ◦

◦

N∏
i=1

◦
◦ ebφ(zi) ◦

◦=

=

⎧⎨⎩q2α1α2

N∏
i<j

(zi − zj)2b2
N∏

i=1

z2bα1
i (q − zi)2bα2

⎫⎬⎭×

× ◦
◦ exp

[
α1φ(0)+α2φ(q)+b

∑
i

φ(zi)

]
◦
◦

◦
◦ exp

[
α1φ(0)+α2φ(q)+b

∑
i

φ(zi)

]
◦
◦=

=
∑
Y,Y ′

q|Y |−|Y ′|HY ′Y zY ′ ◦
◦ L−Y e(α1+α2+Nb)φ(0) ◦

◦, (3.9)

£¤¥ ¨¸¶μ²Ó§ÊÕÉ¸Ö μ¡μ§´ Î¥´¨Ö zY =
∏
i

zki

i , ¥¸²¨ Y = {k1 � k2 � . . .},  

HY ′Y Å ÔÉμ ´¥±μÉμ·Ò° ´ ¡μ· ´¥ § ¢¨¸ÖÐ¨Ì μÉ z ±μÔËË¨Í¨¥´Éμ¢, ¶·¨³¥·Ò
±μÉμ·ÒÌ ¶·¨¢¥¤¥´Ò ¢ · §²μ¦¥´¨¨ ¢ÒÏ¥. ’ ±¨³ μ¡· §μ³, É ± ± ± ¶μ ¢¸¥³
¶¥·¥³¥´´Ò³ z ¶·μ¨§¢μ¤¨É¸Ö ¨´É¥£·¨·μ¢ ´¨¥, ¸É·Ê±ÉÊ·´Ò¥ ±μ´¸É ´ÉÒ ¢Ò· -
¦ ÕÉ¸Ö Î¥·¥§ ¨´É¥£· ²Ò ¸²¥¤ÊÕÐ¥£μ ¢¨¤ :

IY =
N∏

i=1

q∫
0

dzi

⎧⎨⎩zY
N∏

i<j

(zi − zj)2b2
N∏

i=1

z2bα1
i (q − zi)2bα2

⎫⎬⎭ . (3.10)

�É¨ ¨´É¥£· ²Ò Ö¢²ÖÕÉ¸Ö μ¡μ¡Ð¥´¨¥³ ¨§¢¥¸É´ÒÌ ¢ ³ É¥³ É¨±¥ ¨´É¥£· ²μ¢
‘¥²Ó¡¥·£  (¢ ±² ¸¸¨Î¥¸±¨Ì ¨´É¥£· ² Ì ‘¥²Ó¡¥·£  Y = {1, 1, . . .} [76Ä79]).
‘μμÉ¢¥É¸É¢¥´´μ, ¸É·Ê±ÉÊ·´Ò¥ ±μ´¸É ´ÉÒ Ê¸É·μ¥´Ò ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

Ca,Y
α1;α2

=
∑

|Y ′|�|Y |
HY Y ′IY ′

∣∣∣∣∣∣
q=1

. (3.11)

3.1. C̃ α1+α2+bN
α1α2

´  ¶¥·¢μ³ Ê·μ¢´¥. „²Ö ¶μ¸É·μ¥´¨Ö μÉ¢¥Éμ¢ ´  ¶¥·¢μ³
Ê·μ¢´¥, É. ¥. μÉ¢¥Éμ¢, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶¥·¢μ° ¸É·μ±¥ ¢ μ¶¥· Éμ·´μ³ · §²μ-
¦¥´¨¨ (3.3), ´¥μ¡Ìμ¤¨³Ò ¨´É¥£· ²Ò ‘¥²Ó¡¥·£ , μ¶¨¸ ´´Ò¥ ¢ · ¡μÉ Ì [76Ä79]
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(¸³. É ±¦¥ ¶. 3.5):

q2α1α2

N∏
i=1

q∫
0

dzi z2bα1
i (q − zi)2bα2

N∏
i<j

(zi − zj)2b2 =

= qN+b2N(N+1) q2(α1+Nb)(α2+Nb)
N∏

i=1

1∫
0

dziz
2bα1
i (1−zi)2bα2

N∏
i<j

(zi−zj)2b2 (3.32)
=

= qN+b2N(N+1) q2(α1+Nb)(α2+Nb)×

×
N−1∏
j=0

Γ
(
1 + 2bα1 + jb2

)
Γ
(
1 + 2bα2 + jb2

)
Γ
(
1 + (j + 1)b2

)
Γ
(
2 + 2bα1 + 2bα2 + (j + N − 1)b2

)
Γ
(
1 + b2

) (3.12)

¨

q2α1α2

N∏
i=1

q∫
0

dzi z2bα1
i (q − zi)2bα2

N∏
i<j

(zi − zj)2b2
(
qα2 + b

N∑
i=1

zi

)
=

= q(N+1)(1+b2N) q2(α1+Nb)(α2+Nb)
N∏

i=1

1∫
0

dziz
2bα1
i (1 − zi)2bα2×

×
N∏

i<j

(zi − zj)2b2
(
α2 + b

N∑
i=1

zi

)
(3.32) ¨ (3.33)

=

= q(N+1)(1+b2N) q2(α1+Nb)(α2+Nb)×

×
N−1∏
j=0

Γ
(
1 + 2bα1 + jb2

)
Γ
(
1 + 2bα2 + jb2

)
Γ
(
1 + (j + 1)b2

)
Γ
(
2 + 2bα1 + 2bα2 + (N − 1 + j)b2

)
Γ
(
1 + b2

) ×

×
(

α2 + Nb
1 + 2bα1 + (N − 1)b2

2 + 2bα1 + 2bα2 + 2(N − 1)b2

)
. (3.13)

‘ ¶μ³μÐÓÕ ÔÉ¨Ì Ëμ·³Ê² ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¢Ò· ¦¥´¨Ö ¤²Ö ¸É·Ê±ÉÊ·´ÒÌ ±μ´-
¸É ´É. � ¸¸³μÉ·¨³ ¸´ Î ²  ¡μ²¥¥ ¶·μ¸Éμ° ¸²ÊÎ ° N = 1,   ¶μÉμ³ ¥£μ μ¡μ¡-
Ð¥´¨¥ ´  ¸²ÊÎ ° ¶·μ¨§¢μ²Ó´μ£μ N .

�·¨ N = 1 ÔÉ¨ ¨´É¥£· ²Ò Å ¡¥É -ËÊ´±Í¨¨ �°²¥· :

〈1〉 =

1∫
0

dz z2bα1(1 − z)2bα2 =
Γ(1 + 2bα1)Γ(1 + 2bα2)

Γ(2 + 2bα1 + 2bα2)
,

〈α2 + bz〉 =

1∫
0

dz z2bα1(1 − z)2bα2(α2 + bz) =

(3.14)

=
Γ(1 + 2bα1)Γ(1 + 2bα2)

Γ(2 + 2bα1 + 2bα2)

(
α2 + b

1 + 2bα1

2 + 2bα1 + 2bα2

)
.
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‘μ£² ¸´μ (3.2) ¨ (3.3), ¶¥·¢ Ö ¨§ ÔÉ¨Ì Ëμ·³Ê² § ¤ ¥É §´ Î¥´¨¥

S̃α1+α2+b
α1α2

(3.14)
=

Γ(1 + 2bα1)Γ(1 + 2bα2)
Γ(2 + 2bα1 + 2bα2)

, (3.15)

  ¢Éμ· Ö ¶·μ¶μ·Í¨μ´ ²Ó´  ¶·μ¨§¢¥¤¥´¨Õ S̃α1+α2+b
α1α2

C̃
α1+α2+b,L−1
α1α2 . ’ ±¨³ μ¡-

· §μ³, ®¤¥Ëμ·³¨·μ¢ ´´ Ö¯ ¸É·Ê±ÉÊ·´ Ö ±μ´¸É ´É  C̃
α1+α2+b,L−1
α1α2 § ¤ ¥É¸Ö μÉ-

´μÏ¥´¨¥³ ¤¢ÊÌ ¨´É¥£· ²μ¢:

C̃α1+α2+b,L−1
α1α2

=
〈α2 + bz〉

〈1〉
1

α1 + α2 + b

(3.14)
=

=
(

α2 + b
1 + 2bα1

2 + 2bα1 + 2bα2

)
1

α1 + α2 + b
. (3.16)

‚ÒÎ¨¸²¥´¨Ö, μ¶¨· ÕÐ¨¥¸Ö ´  μ¡Ð¨¥ ±μ´Ëμ·³´Ò¥ ¸¢μ°¸É¢ , ¤ ÕÉ ¢ ¤ ´´μ³
¸²ÊÎ ¥ ¸²¥¤ÊÕÐ¨° μÉ¢¥É:

Cα1+α2+b,L−1
α1α2

=
Δ2 + Δ − Δ1

2Δ
(1.23)
=

=
α2(α2 − Q) + (α1 + α2 + b)(α1 + α2 + b − Q) − α1(α1 − Q)

2(α1 + α2 + b)(α1 + α2 + b − Q)
=

=
2α2(α1 + α2) + 2bα1 + 2α2/b + 1
2(α1 + α2 + b)(α1 + α2 + 1/b)

=

=
(

α2 + b
1 + 2bα1

2 + 2bα1 + 2bα2

)
1

α1 + α2 + b
=

(3.14)
=

〈α2 + bz〉
〈1〉

1
α1 + α2 + b

(3.16)
= C̃α1+α2+b,L−1

α1α2
. (3.17)

�´ ²μ£¨Î´μ, ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ N :

Cα1+α2+bN,L−1
α1α2

=
Δ2 + Δ − Δ1

2Δ
=

=
α2(α2 − Q) + (α1 + α2 + bN)(α1 + α2 + bN − Q) − α1(α1 − Q)

2(α1 + α2 + bN)(α1 + α2 + bN − Q)
=

=
(

α2 + bN
1 + 2bα1 + (N − 1)b2

2 + 2bα1 + 2bα2 + 2(N − 1)b2

)
1

α1 + α2 + bN
=

=

〈
α2 + b

∑
i

zi

〉
〈1〉

1
α1 + α2 + bN

= C̃α1+α2+bN,L−1
α1α2

(3.18)



‘‚�‰‘’‚� Š��”��Œ�›• 	‹�Š�‚, ƒˆ��’…‡� �ƒ’ ˆ ��‹ˆ��Œ› “‡‹�‚ 1511

¨

S̃α1+α2+bN
α1α2

(3.12)
=

=
N−1∏
j=0

Γ
(
1 + 2bα1 + jb2

)
Γ
(
1 + 2bα2 + jb2

)
Γ
(
2 + 2bα1 + 2bα2 + (N − 1 + j)b2

) N∏
j=1

Γ(1 + jb2)
Γ(1 + b2)

. (3.19)

�μ²ÊÎ¥´´Ò¥ μÉ¢¥ÉÒ ¤²Ö ¸É·Ê±ÉÊ·´ÒÌ ±μ´¸É ´É C̃ ³μ£ÊÉ ¡ÒÉÓ  ´ ²¨É¨Î¥¸±¨
¶·μ¤μ²¦¥´Ò ´  ¶·μ¨§¢μ²Ó´Ò¥ (´¥ μ¡Ö§ É¥²Ó´μ Í¥²Ò¥) §´ Î¥´¨Ö N ¨, É ±¨³
μ¡· §μ³, ´  ¶·μ¨§¢μ²Ó´Ò¥ · §³¥·´μ¸É¨ α = α1 + α2 + bN . �´ ²¨É¨Î¥-
¸±μ¥ ¶·μ¤μ²¦¥´¨¥ μÉ¢¥É  ¤²Ö S̃ ´¥¸±μ²Ó±μ ¸²μ¦´¥¥, É ±¦¥ ±μÔËË¨Í¨¥´ÉÒ
S ¸¶¥Í¨Ë¨Î´Ò ¤²Ö ¤ ´´μ° É¥μ·¨¨ ¨, ¢μμ¡Ð¥ £μ¢μ·Ö, ´¥ ¢¸¥£¤  · §² £ ÕÉ¸Ö
¢ ¶·μ¨§¢¥¤¥´¨¥ £μ²μ³μ·Ë´μ° ¨  ´É¨£μ²μ³μ·Ë´μ° Î ¸É¨. �μ ÔÉμ° ¶·¨Î¨´¥
¢Ò· ¦¥´¨Ö, ¸ ±μÉμ·Ò³¨ ¨³¥¥É ¸³Ò¸² ¸· ¢´¨¢ ÉÓ ¶μ²ÊÎ¥´´Ò¥ μÉ¢¥ÉÒ ¤²Ö S̃,
´¥ Ö¸´Ò.

3.2. C̃ α1+α2+bN
α1α2

´  ¢Éμ·μ³ Ê·μ¢´¥. �  ¢Éμ·μ³ Ê·μ¢´¥ ´¥ ¤μ¸É ÉμÎ´μ ±² ¸-
¸¨Î¥¸±¨Ì ¨´É¥£· ²μ¢ ‘¥²Ó¡¥·£  (3.32) ¨ (3.33), É ±¦¥ ´Ê¦´Ò ¨ μ¡μ¡Ð¥´-
´Ò¥ ¨´É¥£· ²Ò (3.35), μ¶¨¸ ´´Ò¥ ¢ ¶. 3.5. „¢  ¨´É¥£· ² , ¢Ìμ¤ÖÐ¨¥ ¢ (3.4),
· ¢´Ò

q2α1α2

N∏
i=1

q∫
0

dzi z2bα1
i (q − zi)2bα2

N∏
i<j

(zi − zj)2b2
(
α2q

2 + b
N∑

i=1

z2
i

)
=

= q(N+1)(1+b2N)+1 q2(α1+Nb)(α2+Nb)
N∏

i=1

1∫
0

dzi z2bα1
i (1 − zi)2bα2×

×
N∏

i<j

(zi − zj)2b2
(
α2 + b

N∑
i=1

z2
i

)
(3.32) ¨ (3.35)

=

= q(N+1)(1+b2N)+1 q2(α1+Nb)(α2+Nb)×

×
N−1∏
j=0

Γ
(
1 + 2bα1 + jb2

)
Γ
(
1 + 2bα2 + jb2

)
Γ
(
1 + (j + 1)b2

)
Γ
(
2 + 2bα1 + 2bα2 + (N − 1 + j)b2

)
Γ
(
1 + b2

) ×

×

⎡⎢⎢⎢⎢⎣
α2 + Nb×

× (4α2
1b2+4α1α2b2+6α1b3N−8α1b3+4b3α2N−4b3α2+8α1b+

2(2α1b+2α2b+2b2N−3b2+2)(2α1b+2α2b+2b2N−2b2+3)(α1b+α2b+b2N−b2+1)

→ +4α2b+4+3b4N2−7b4N+4b4+7b2N−9b2)(2α1b+b2N−b2+1)
2(2α1b+2α2b+2b2N−3b2+2)(2α1b+2α2b+2b2N−2b2+3)(α1b+α2b+b2N−b2+1)

⎤⎥⎥⎥⎥⎦
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¨

q2α1α2

N∏
i=1

q∫
0

dzi z−2bα1
i (q − zi)−2bα2

N∏
i<j

(zi − zj)−2b2
(
α2q + b

N∑
i=1

zi

)2

=

= q(N+1)(1+b2N)+1 q2(α1+Nb)(α2+Nb)
N∏

i=1

1∫
0

dzi z2bα1
i (1 − zi)2bα2×

×
N∏

i<j

(zi − zj)2b2
(
α2 + b

N∑
i=1

zi

)2 (3.32) ¨ (3.35)
=

= q(N+1)(1+b2N)+1 q2(α1+Nb)(α2+Nb)×

×
N−1∏
j=0

Γ
(
1 + 2bα1 + jb2

)
Γ
(
1 + 2bα2 + jb2

)
Γ
(
1 + (j + 1)b2

)
Γ
(
2 + 2bα1 + 2bα2 + (N − 1 + j)b2

)
Γ
(
1 + b2

) ×

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

×α2
2 + 2Nα2b

1+2bα1+(N−1)b2

2+2bα1+2bα2+2(N−1)b2 + N(N − 1)b2×

× (2α1b+b2N−b2+1)(2α1b+b2N−2b2+1)
2(α1b+α2b+b2N−b2+1)(2α1b+2α2b+2b2N−3b2+2) + Nb2×

× (4α2
1b2+4α1α2b2+6α1b3N−8α1b3+4b3α2N−4b3α2+

2(2α1b+2α2b+2b2N−3b2+2)(2α1b+2α2b+2b2N−2b2+3)(α1b+α2b+b2N−b2+1)

→ +8α1b+4α2b+4+3b4N2−7b4N+4b4+7b2N−9b2)(2α1b+b2N−b2+1)
2(2α1b+2α2b+2b2N−3b2+2)(2α1b+2α2b+2b2N−2b2+3)(α1b+α2b+b2N−b2+1)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

3.3. �¡μ¡Ð¥´¨¥ ´  ¢Ò¸Ï¨¥ Ê·μ¢´¨. Šμ´±·¥É´Ò¥ Ëμ·³Ê²Ò ´  Ê·μ¢´ÖÌ
¢ÒÏ¥ ¢Éμ·μ£μ ¸²¨Ï±μ³ £·μ³μ§¤±¨ ¤²Ö Éμ£μ, ÎÉμ¡Ò ¶·¨¢μ¤¨ÉÓ ¨Ì §¤¥¸Ó. �¤-
´ ±μ ¢ ²Õ¡μ³ Î ¸É´μ³ ¸²ÊÎ ¥ Ê· ¢´¥´¨Ö (3.2) ³μ£ÊÉ ¡ÒÉÓ ²¥£±μ ¶·μ¢¥·¥´Ò
¸ ¶μ³μÐÓÕ μÉ´μ¸¨É¥²Ó´μ ¶·μ¸ÉÒÌ ±μ³¶ÓÕÉ¥·´ÒÌ ¢ÒÎ¨¸²¥´¨° ¶·¨ Ê¸²μ¢¨¨,
ÎÉμ ¨§¢¥¸É¥´ ¸²¥¤ÊÕÐ¨° ´ ¡μ· μ¡Ñ¥±Éμ¢.

Œ É·¨Í  LY Y ′ μ¶¨¸Ò¢ ¥É ¤¥°¸É¢¨¥ μ¶¥· Éμ·μ¢ ‚¨· ¸μ·μ ´  ¶·¨³ ·´Ò¥
¶μ²Ö ¸¢μ¡μ¤´μ° É¥μ·¨¨:

L−Y eαφ =
∑

|Y ′|=|Y |
LY Y ′(α) ◦

◦ JY ′
eαφ ◦

◦, (3.20)

£¤¥ JY = ∂n1φ∂n2φ . . .
‚¥±Éμ· EY μ¶¨¸Ò¢ ¥É · §²μ¦¥´¨¥

exp

[
α1φ(0) + α2φ(q) + b

∑
i

φ(zi)

]
=
∑
Y

EY (q, �z)JY (0)e(α1+α2+bN)φ(0).

(3.21)
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„μ É·¥ÉÓ¥£μ Ê·μ¢´Ö ¢±²ÕÎ¨É¥²Ó´μ Ô²¥³¥´ÉÒ ÔÉμ£μ ¢¥±Éμ·  ¶·¨¢¥¤¥´Ò ¢ Ö¢´μ°
Ëμ·³¥ ¢ Ëμ·³Ê² Ì (3.3)Ä(3.5).

…¸²¨ Y1 ¨ Y2 ¢ (3.2) Å ÔÉμ ´¥É·¨¢¨ ²Ó´Ò¥ ¤¨ £· ³³Ò, Éμ ¢³¥¸Éμ EY

´¥μ¡Ìμ¤¨³ ¡μ²¥¥ ¸²μ¦´Ò° μ¡Ñ¥±É EY1Y2
Y , μ¶¨¸Ò¢ ÕÐ¨° · §²μ¦¥´¨¥

◦
◦ JY1eα1φ(0) ◦

◦
◦
◦ JY2eα2φ(q) ◦

◦
◦
◦ e

b
∑

i

φ(zi) ◦
◦ =

=
∑
Y

EY1Y2
Y (q, �z) ◦

◦ JY (0) e(α1+α2+bN)φ(0) ◦
◦ . (3.22)

‚¥±Éμ·Ò EY ´  ¸ ³μ³ ¤¥²¥ Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ μÉ ¶¥·¥³¥´´ÒÌ {zi}, É. ¥.
μ¶¨¸Ò¢ ÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

EY =
∑
Y ′

ÊY Y ′ zY ′
. (3.23)

�·¨ ÔÉμ³ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ · §³¥·Ò ¤¨ £· ³³ ³μ£ÊÉ ¡ÒÉÓ ¨ · §´Ò³¨, ¤μ²¦´μ
Éμ²Ó±μ ¢Ò¶μ²´ÖÉÓ¸Ö Ê¸²μ¢¨¥ |Y ′| � |Y |.

‚ ·¥§Ê²ÓÉ É¥ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ ¶¥·¥³¥´´Ò³ z Ëμ·³Ê²  (3.23) ¶¥·¥-
Ìμ¤¨É ¢

〈EY 〉 =
∑
Y ′

ÊY Y ′IY , (3.24)

£¤¥ IY =
〈
zY
〉

Å ÔÉμ μ¡μ¡Ð¥´´Ò¥ ¨´É¥£· ²Ò ‘¥²Ó¡¥·£ , μ¶¨¸ ´´Ò¥ ¢ ¶. 3.5.
Ÿ¢´ Ö ¶·μ¢¥·±  ¸μμÉ´μÏ¥´¨Ö

C̃Y
Y1Y2

= CY
Y1Y2

(3.25)

´  ¶¥·¢ÒÌ ¤¢ÊÌ Ê·μ¢´ÖÌ ¡Ò²  ¶·μ¤¥² ´  ¢ÒÏ¥, ¢ ¶. 3.1 ¨ 3.2. ’ ± ± ± ¢ ¤ ´´μ³
μ¡§μ·¥ ¶·¨¢¥¤¥´Ò ¢¸¥ Ëμ·³Ê²Ò ¨ ¤²Ö É·¥ÉÓ¥£μ Ê·μ¢´Ö, Éμ ¢μ§³μ¦´μ É ±¦¥
¶·μ¢¥·¨ÉÓ, ÎÉμ ÔÉμ ¸μμÉ´μÏ¥´¨¥ ¢Ò¶μ²´Ö¥É¸Ö ¨ ´  ÔÉμ³ Ê·μ¢´¥.

3.4. �¥·¥Ìμ¤ μÉ μ¶¥· Éμ·´μ£μ · §²μ¦¥´¨Ö ± ±μ´Ëμ·³´μ³Ê ¡²μ±Ê. ‚Ò-
· ¦¥´¨¥ (3.2) ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ´¥ Éμ²Ó±μ ³μ¤¨Ë¨Í¨·μ-
¢ ´´ÒÌ ¸É·Ê±ÉÊ·´ÒÌ ±μ´¸É ´É, ´μ ¨ ±μ´Ëμ·³´ÒÌ ¡²μ±μ¢ ¢ Í¥²μ³. …¸²¨ μ¡μ-
§´ Î¨ÉÓ μ¶¥· Éμ·´μ¥ · §²μ¦¥´¨¥ ¢ ²¥¢μ° Î ¸É¨ (3.2) ± ± V1(0) ∗N V2(q), Éμ
±μ´Ëμ·³´Ò° ¡²μ± ¸μμÉ¢¥É¸É¢Ê¥É ±μ³¡¨´ Í¨¨ É ±¨Ì ¶·μ¨§¢¥¤¥´¨°. � ¶·¨³¥·,〈((

V1(x1) ∗N12 V2(x2)
)
∗N(12)3 V3(x3)

)
∗N((12)3)4 V4(x4) ∗ . . .

〉
(3.26)

¢ ¸²ÊÎ ¥ ¶ÖÉ¨ÉμÎ¥Î´μ£μ ¡²μ± , ¨§μ¡· ¦¥´´μ£μ ´  ·¨¸. 11, ¨²¨〈((
V1(x1) ∗N12 V2(x2)

)
∗N(12)(34)

(
V3(x3) ∗N34 V4(x4)

))
∗N((12)(34))5 V5(x5) ∗ . . .

〉
(3.27)
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�¨¸. 11. Šμ´Ëμ·³´Ò° ¡²μ± É¨¶  £·¥¡¥´±¨, · ¸¸³μÉ·¥´´Ò°, ¢ Î ¸É´μ¸É¨, ¢ ¶. 2.2 ¨ [11].
�¥·¥³¥´´Ò¥ x §¤¥¸Ó Ê¤μ¢²¥É¢μ·ÖÕÉ Ê¸²μ¢¨Õ 0 = x1 � x2 � x3 � x4 � . . . “± § ´Ò
¶ · ³¥É·Ò α, ±μ´Ëμ·³´Ò¥ · §³¥·´μ¸É¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶μ²¥° ¶·¨ ÔÉμ³ · ¢´Ò Δ =
α(α−b+1/b). �·μ³¥¦ÊÉμÎ´Ò¥ · §³¥·´μ¸É¨ μ¶·¥¤¥²ÖÕÉ¸Ö ¢ Éμ³ Î¨¸²¥ ¨ ¶¥·¥³¥´´Ò³
N , ¨ Éμ²Ó±μ ¶μ¸²¥  ´ ²¨É¨Î¥¸±μ£μ ¶·μ¤μ²¦¥´¨Ö ´  ¶·μ¨§¢μ²Ó´Ò¥ §´ Î¥´¨Ö N μ´¨
³μ£ÊÉ ¶·¨´¨³ ÉÓ ¶·μ¨§¢μ²Ó´Ò¥ §´ Î¥´¨Ö

�¨¸. 12. Šμ´Ëμ·³´Ò° ¡²μ± É¨¶  §¢¥§¤Ò, ¤²Ö ±μÉμ·μ£μ ´  ¤ ´´Ò° ³μ³¥´É ´¥ μ¶·¥¤¥²¥´μ
�ƒ’-¸μμÉ´μÏ¥´¨¥ (´¥¨§¢¥¸É¥´ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ´ ¡μ· ËÊ´±Í¨° �¥±· ¸μ¢ ). ’¥³ ´¥
³¥´¥¥ ¢μ§³μ¦´μ ´ ¶¨¸ ÉÓ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ É ±μ³Ê ±μ´Ëμ·³´μ³Ê ¡²μ±Ê ¶·¥¤¸É ¢²¥´¨¥
„μÍ¥´±μÄ” É¥¥¢ , ¸³. (3.27)

¢ Ï¥¸É¨ÉμÎ¥Î´μ³ ¸²ÊÎ ¥, ¨§μ¡· ¦¥´´μ³ ´  ·¨¸. 12. „²Ö ¶μ²ÊÎ¥´¨Ö ¶μ²´μ£μ
¢Ò· ¦¥´¨Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¶·μ¨§¢μ²Ó´Ò³ · §³¥·´μ¸ÉÖ³, ¢Ò· ¦¥´¨Ö, ¶μ-
²ÊÎ¥´´Ò¥ ¨§ (3.26) ¨ (3.27), ´Ê¦´μ  ´ ²¨É¨Î¥¸±¨ ¶·μ¤μ²¦¨ÉÓ ´  ¶·μ¨§¢μ²Ó´Ò¥
§´ Î¥´¨Ö ¢¸¥Ì N .

‘·¥¤´¥¥ §´ Î¥´¨¥ ¢ Ëμ·³Ê² Ì (3.26) ¨ (3.27) μ¶·¥¤¥²¥´μ ¸μ£² ¸´μ ¸¢μ°-
¸É¢ ³ É¥μ·¨¨ ¸¢μ¡μ¤´ÒÌ ¶μ²¥°

〈
L−Y eαφ(x)

〉
∼ δY,∅δα,Q. (3.28)

�É³¥É¨³, ÎÉμ ¶·μ¨§¢¥¤¥´¨¥ ∗N μ¶·¥¤¥²¥´μ ¢ (3.2)  ¸¨³³¥É·¨Î´Ò³ μ¡· -
§μ³: ¢ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ ¥É¸Ö μ¶¥· Éμ· ¢ ÉμÎ±¥ 0, É. ¥. ¢ Éμ° ÉμÎ±¥, £¤¥ ´ Ìμ-
¤¨²μ¸Ó ¶¥·¢μ¥ ¨§ Ê³´μ¦ ¥³ÒÌ ¶μ²¥°. �μ ÔÉμ° ¶·¨Î¨´¥ ¶·μ¨§¢¥¤¥´¨¥ ∗N ´¥
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Ö¢²Ö¥É¸Ö  ¸¸μÍ¨ É¨¢´Ò³:(
V1(x1) ∗N V2(x2)

)
∗M V3(x3) ≡

≡ V1(x1)V2(x2)V3(x3)

⎛⎝ x2∫
x1

◦
◦ ebφ ◦

◦

⎞⎠N ⎛⎝ x3∫
x1

◦
◦ ebφ ◦

◦

⎞⎠M

, (3.29)

Éμ£¤  ± ±

V1(x1) ∗N

(
V2(x2) ∗M V3(x3)

)
≡

≡ V1(x1)V2(x2)V3(x3)

⎛⎝ x2∫
x1

◦
◦ ebφ ◦

◦

⎞⎠N ⎛⎝ x3∫
x2

◦
◦ ebφ ◦

◦

⎞⎠M

. (3.30)

�É²¨Î¨¥ ¸μ¸Éμ¨É ¢ ±μ´ÉÊ· Ì ¨´É¥£·¨·μ¢ ´¨Ö ¢ ¶μ¸²¥¤´¥³ ³´μ¦¨É¥²¥. ’ ±¨³
μ¡· §μ³, ¸ÊÐ¥¸É¢¥´´  · ¸¸É ´μ¢±  ¸±μ¡μ± ¢ ¢Ò· ¦¥´¨ÖÌ (3.26) ¨ (3.27). � 
¶· ±É¨±¥ ¢ÒÎ¨¸²¥´¨Ö ¢ ±μ´Ëμ·³´μ° É¥μ·¨¨ μ¶·¥¤¥²ÖÕÉ¸Ö, ± ± ¡Ò²μ μ¶¨¸ ´μ
¢ ¶. 2.2.6, Ê¶μ·Ö¤μÎ¥´¨¥³ ¶μ ¶μ·Ö¤±Ê ³ ²μ¸É¨ ¶¥·¥³¥´´ÒÌ x: 0 = x1 � x2 �
x3 � x4 � . . . ¢ (3.26) ¨ 0 = x1 � x2 � x3 � x5, x4 − x3 � x3 ¢ (3.27),
¨, É ±¨³ μ¡· §μ³, ¤¨ £· ³³Ò É ±¨Ì ¤¢ÊÌ É¨¶μ¢ ¸μμÉ¢¥É¸É¢ÊÕÉ · §²¨Î´Ò³
μ¡² ¸ÉÖ³ §´ Î¥´¨° ¶¥·¥³¥´´ÒÌ, ¢ ±μÉμ·ÒÌ ¢ÒÎ¨¸²Ö¥É¸Ö ±μ´Ëμ·³´Ò° ¡²μ±.

3.5. ˆ´É¥£· ²Ò ‘¥²Ó¡¥·£  ¨ ¨Ì μ¡μ¡Ð¥´¨¥. ˆ´É¥£· ²Ò ‘¥²Ó¡¥·£ , μ¶·¥-
¤¥²¥´´Ò¥ ± ±

IY =
N∏

i=1

q∫
0

dzi

⎧⎨⎩zY
N∏

i<j

(zi − zj)2β
N∏

i=1

za
i (q − zi)c

⎫⎬⎭ , (3.31)

£¤¥ zY = zn1
1 zn2

2 . . ., Y = {n1 � n2 � . . .}, Å ÔÉμ ¶·Ö³μ¥ μ¡μ¡Ð¥´¨¥ ¡¥É -
ËÊ´±Í¨¨ �°²¥· , ¶·¥¤¸É ¢¨³μ° É ±¦¥ ¶·μ¨§¢¥¤¥´¨¥³ £ ³³ -ËÊ´±Í¨°. ˆ´É¥-
£· ²Ò ‘¥²Ó¡¥·£  ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ´Ê³¥·ÊÕÉ¸Ö ¤¨ £· ³³ ³¨ 
´£  Y , ´μ
Ìμ·μÏμ ¨§ÊÎ¥´Ò Éμ²Ó±μ ¢ ¸²ÊÎ ¥ ¤¨ £· ³³, ¸μ¸ÉμÖÐ¨Ì ¨§ μ¤´μ£μ ¸Éμ²¡Í  [1n].
‚ ¸²ÊÎ ¥ ¡μ²¥¥ ¸²μ¦´ÒÌ ¤¨ £· ³³ ¨´É¥£· ²Ò ¸μ¤¥·¦ É ¤μ¶μ²´¨É¥²Ó´Ò¥ ¶μ-
²¨´μ³¨ ²Ó´Ò¥ ³´μ¦¨É¥²¨, ±μÉμ·Ò¥ ´¥ · §² £ ÕÉ¸Ö ¢ ¶·μ¨§¢¥¤¥´¨¥ ²¨´¥°´ÒÌ
Ô²¥³¥´Éμ¢. �¤´ ±μ ¤²Ö ¶·μ¢¥·μ±, ¶·¨¢¥¤¥´´ÒÌ ¢ ¤ ´´μ³ μ¡§μ·¥ ¢ ¶¶. 3.2 ¨ 3.3,
´¥μ¡Ìμ¤¨³Ò μÉ¢¥ÉÒ ¨ ¤²Ö ¨´É¥£· ²μ¢ É ±μ£μ É¨¶ .

‚ [76Ä79] ¡Ò²μ ¶μ²ÊÎ¥´μ, ÎÉμ

I[0] =
N∏

j=1

Γ(βj + 1)
Γ(β + 1)

N−1∏
j=0

Γ(a + βj + 1)Γ(c + βj + 1)
Γ
(
a + c + (N − 1 + j)β + 2

) , (3.32)

I[1] =
a + (N − 1)β + 1

a + c + (2N − 2)β + 2
I[0] (3.33)
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¨, ¢ ¡μ²¥¥ μ¡Ð¥³ ¸²ÊÎ ¥,

I[1n] = I[0]
n∏

j=1

a + (N − j)β + 1
a + c + (2N − j − 1)β + 2

. (3.34)

…¸²¨ ¤¨ £· ³³  
´£  Y ¸μ¸Éμ¨É ¨§ k > 1 ¸Éμ²¡Íμ¢, Éμ ·¥§Ê²ÓÉ Éμ¢
[76Ä79] ´¥ ¤μ¸É ÉμÎ´μ, ¨ I[Y ] ¸μ¤¥·¦¨É ¤μ¶μ²´¨É¥²Ó´Ò¥ ³´μ¦¨É¥²¨, ¶μ²¨-
´μ³Ò ¸É¥¶¥´¨ 2k − 2. ‚ Î ¸É´μ¸É¨, ¸ ¶μ³μÐÓÕ μ¡μ¡Ð¥´¨Ö ·¥§Ê²ÓÉ Éμ¢ ¤²Ö
±μ´±·¥É´ÒÌ §´ Î¥´¨° N ³μ¦´μ ¶μ²ÊÎ¨ÉÓ:

I[2] = a2+ac+(3N−4)aβ+2(N−1)βc+4a+2c+4+(N−1)(3N−4)β2+(7N−9)β
(a+c+(2N−3)β+2)(a+c+(2N−2)β+3) I[1] =

= (a+(N−1)β+1)(a2+ac+(3N−4)aβ+2(N−1)βc+(N−1)(3N−4)β2+4a+2c+(7N−9)β+4)
(a+c+(2N−3)β+2)(a+c+(2N−2)β+2)(a+c+(2N−2)β+3)

×I[0], (3.35)

I[21] =

= (a+(N−2)β+1)(a+(N−1)β+1) I[0]
(a+c+(2N−4)β+2)(a+c+(2N−3)β+2)(a+c+(2N−2)β+2)(a+c+(2N−2)β+3)×

×(a2 + ac + (3N − 5)aβ + (2N − 3)βc+

+3(N − 1)(N − 2)β2 + 4a + 2c + (7N − 12)β + 4) (3.36)
¨, ¢ μ¡Ð¥³ ¸²ÊÎ ¥,

I[21n] = I[0]×

×
(

a2+ac+(3N−4)(N−1)β2+(3N−4)aβ+2(N−1)cβ+4a+2c+(7N−9)β+4
a+c+(2N−2)β+3 − nβ

)
×

×

n+1∏
j=1

(a + (N − j)β + 1)

n+2∏
j=1

(a + c + (2N − j − 1)β + 2)
.

(3.37)

‚ ¸²ÊÎ ¥ É·¥Ì ¸Éμ²¡Íμ¢

I[3] =
[
(a + (N − 1)β + 1) I[0] P [3]

]/[
(a+c+(2N−4)β+2)×

× (a+c+(2N−3)β+2)(a+c+(2N−2)β+2)(a+c+(2N−2)β+3)×
× (a+c+(2N−2)β+4)

]
, (3.38)
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£¤¥

P [3] = (a + 3)(a + 2)(a + c − β + 2)(a + c − 2β + 2)+

+ (N − 1)β
(
(a + c + 2)(6a2 + 5ac + 32a + 11c + 40 + 4β2)+

+ 2β(a + 2c + 2)(2a + c + 5)
)
+

+ (N − 1)(N − 2)β2
(
(16a2 + 21ac + 5c2 + 80a + 52c + 98)+

+ 2β(20a + 16c + 51) + 36β2
)
+

+ 2(N − 1)(N − 2)(N − 3)β3(10a + 24β + 7c + 26)+

+ 10(N − 1)(N − 2)(N − 3)(N − 4)β4. (3.39)

‚μ§³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¢Ò· ¦¥´¨Ö ¨ ¡¥§ ´¥¶·¨¢μ¤¨³ÒÌ ¶μ²¨´μ³μ¢ ¤²Ö I[Y ]
¸ ¶μ³μÐÓÕ · ¸¸³μÉ·¥´¨Ö ²¨´¥°´ÒÌ ±μ³¡¨´ Í¨° É ±¨Ì ¨´É¥£· ²μ¢. ’ ±,

I[2] +
(N − 1)β

1 + β
I[11] =

=
1 + Nβ

1 + β

(a + (N − 1)β + 1)(a + (N − 1)β + 2)
(a + c + (2N − 2)β + 2)(a + c + (2N − 2)β + 3)

I[0]. (3.40)

�É³¥É¨³, ÎÉμ É ±¨³ μ¡· §μ³ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ Éμ²Ó±μ · §²μ¦¥´¨Ö ´  ²¨´¥°´Ò¥
³´μ¦¨É¥²¨. Œ´μ¦¨É¥²Ó (a+c+(2N−3)β+2), ±μÉμ·Ò° ¢Ìμ¤¨² ¢ §´ ³¥´ É¥²¨
± ± I[2], É ± ¨ I[11], ¸μ±· Ð ¥É¸Ö ¶·¨ · ¸¸³μÉ·¥´¨¨ É ±μ° ±μ³¡¨´ Í¨¨.

ˆ´É¥£· ²Ò ‘¥²Ó¡¥·£  I[Y ] Ê¤μ¢²¥É¢μ·ÖÕÉ ·Ö¤Ê ¸μμÉ´μÏ¥´¨°. ˆ§-§  Éμ£μ,

ÎÉμ
N∏
i

(1 − zi) = 1 −
N∑

i=1

zi +
N∑

i<j

zizj − . . . , ¢Ò¶μ²´Ö¥É¸Ö ¸²¥¤ÊÕÐ¥¥ Ê¸²μ¢¨¥:

Ic+1[0] = Ic[0] − NIc[1] +
N(N − 1)

2
Ic[11]− . . . =

=
N∑

n=0

(−)nN !
n!(N − n)!

Ic[1n], (3.41)

ÎÉμ ¢¥·´μ ¤²Ö ¨´É¥£· ²μ¢ ¨§ (3.34). ’ ±μ¥ ¸μμÉ´μÏ¥´¨¥ ¢±²ÕÎ ¥É ¢ ¸¥¡Ö
Éμ²Ó±μ ¤¨ £· ³³Ò 
´£  ¨§ μ¤´μ£μ ¸Éμ²¡Í .

�´ ²μ£¨Î´Ò³ μ¡· §μ³ ¨§ · §²μ¦¥´¨Ö

N∏
i

(1 − zi)2 = 1 − 2
N∑

i=1

zi +
N∑

i=1

z2
i + 2

N∑
i<j

zizj − . . .

¸²¥¤Ê¥É, ÎÉμ

Ic+2[0] = Ic[0] − 2NIc[1] + NIc[2] + N(N − 1)Ic[11]− . . . (3.42)
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�Éμ ¸μμÉ´μÏ¥´¨¥ ¢±²ÕÎ ¥É ¢ ¸¥¡Ö Éμ²Ó±μ ¤¨ £· ³³Ò 
´£  ¨§ ¤¢ÊÌ ¸Éμ²¡Íμ¢
(¤¨ £· ³³Ò ¨§ μ¤´μ° ¸É·μ±¨ Å ÔÉμ Î ¸É´Ò° ¸²ÊÎ ° ¶·¨ k2 = 0).

�μ  ´ ²μ£¨¨ ¸ ¶·¨¢¥¤¥´´Ò³¨ ¶·¨³¥· ³¨, ¨§ · ¸¸³μÉ·¥´¨Ö · §²μ¦¥´¨Ö

¤²Ö
N∏
i

(1 − zi)m ³μ¦´μ ¶μ¸É·μ¨ÉÓ · §²μ¦¥´¨¥ ¨´É¥£· ²  Ic+m[0] ¢ ¸Ê³³Ê

¨´É¥£· ²μ¢ ¸ ¤¨ £· ³³ ³¨ 
´£  ¸ m′-¸Éμ²¡Í ³¨, £¤¥ m′ � m. 	μ²¥¥ Éμ£μ,
 ´ ²μ£¨Î´Ò¥ ¸μμÉ´μÏ¥´¨Ö ³μ¦´μ ´ ¶¨¸ ÉÓ ¨ ¤²Ö Ic+m[Y ] ¸ ¶·μ¨§¢μ²Ó´μ°
¤¨ £· ³³μ° 
´£  Y .

4. ’…��ˆŸ —…���Ä‘�‰Œ��‘�

‚ ¤ ´´μ³ · §¤¥²¥ μ¶¨¸ ´Ò μ¸´μ¢´Ò¥ ¸¢μ°¸É¢  É¥μ·¨¨ —¥·´ Ä‘ °³μ´¸ 
¨ ¥¥ ¸¢Ö§Ó ¸ É¥μ·¨¥° Ê§²μ¢. ’ ±¦¥ ¶·¨¢¥¤¥´ ³¥Éμ¤ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¢¨²Ó¸μ-
´μ¢¸±¨Ì ¸·¥¤´¨Ì. �·¨¢¥¤¥´ ¨§¢¥¸É´Ò° μÉ¢¥É ¤²Ö ¶μ²¨´μ³μ¢ Éμ·¨Î¥¸±¨Ì
Ê§²μ¢.

’¥μ·¨Ö —¥·´ Ä‘ °³μ´¸  Å ÔÉμ É·¥Ì³¥·´ Ö Éμ¶μ²μ£¨Î¥¸± Ö ± ²¨¡·μ¢μÎ-
´ Ö É¥μ·¨Ö ¶μ²Ö c ¢¥±Éμ·´Ò³ ¶μ²¥³ A. �´  μ¶¨¸Ò¢ ¥É¸Ö Éμ¶μ²μ£¨Î¥¸±¨
¨´¢ ·¨ ´É´Ò³, É. ¥. ´¥ § ¢¨¸ÖÐ¨³ μÉ ³¥É·¨±¨, ² £· ´¦¨ ´μ³:

LCS =
k

4π

(
A ∧ dA +

2
3
A ∧A∧A

)
=

=
k

4π
εijk

(
δabAa

i ∂jAb
k +

2
3
λabcAa

i Ab
jAc

k

)
. (4.1)

„ ´´ Ö É¥μ·¨Ö ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¶·¥¤¸É ¢²Ö¥É ¡μ²ÓÏμ° ¨´É¥·¥¸, É ± ± ±
ÔÉμ ¶·μ¸É¥°Ï Ö É¥μ·¨Ö, μ¡² ¤ ÕÐ Ö ´¥É·¨¢¨ ²Ó´Ò³¨ Éμ¶μ²μ£¨Î¥¸±¨³¨ ¸¢μ°-
¸É¢ ³¨.

ˆ§ Éμ£μ, ÎÉμ É¥μ·¨Ö —¥·´ Ä‘ °³μ´¸  ± ²¨¡·μ¢μÎ´μ ¨´¢ ·¨ ´É´ , ¸²¥-
¤Ê¥É ¢μ§³μ¦´μ¸ÉÓ ¢Ò¡μ·  ±μ´±·¥É´μ° ± ²¨¡·μ¢±¨. � ¨¡μ²¥¥ · ¸¶·μ¸É· ´¥´Ò
¤¢  ¢Ò¡μ·  ± ²¨¡·μ¢±¨: ¢·¥³¥´´ Ö Aa

0 = 0 ¨ £μ²μ³μ·Ë´ Ö Aa
z = Aa

1 +
iAa

2 = 0. ‚ μ¡μ¨Ì ¸²ÊÎ ÖÌ É¥μ·¨Ö ¢Ò·μ¦¤ ¥É¸Ö ¢ É¥μ·¨Õ ¡¥§ ¢§ ¨³μ¤¥°-
¸É¢¨Ö, ¶μÔÉμ³Ê ¨§ÊÎ¥´¨¥ ±μ··¥²ÖÉμ·μ¢ ¢¨¤  〈A1(x1)A2(x2) . . .〉 ´¥ ¶·¥¤¸É -
¢²Ö¥É¸Ö ¨´É¥·¥¸´μ° § ¤ Î¥°. �¤´ ±μ ¢ É·¥Ì³¥·´μ° Éμ¶μ²μ£¨Î¥¸±μ° É¥μ·¨¨ ¸Ê-
Ð¥¸É¢Ê¥É ´¥É·¨¢¨ ²Ó´Ò° ±μ··¥²ÖÉμ· ¤·Ê£μ£μ É¨¶  Å ¸·¥¤´¥¥ §´ Î¥´¨¥ ¶¥É²¨
‚¨²Ó¸μ´ :

〈WK〉 =
1
Z

∫
M

[DA] Tr P exp

⎛⎝∮
K

A dx

⎞⎠ exp

⎛⎝ i

h

∫
M

L[A]

⎞⎠ . (4.2)
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‡¤¥¸Ó Z Å ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  É¥μ·¨¨:

Z =
∫
M

[DA] exp

⎛⎝ i

h

∫
M

L[A]

⎞⎠ , (4.3)

  K Å ±μ´ÉÊ·, ¢¤μ²Ó ±μÉμ·μ£μ ¸Î¨É ¥É¸Ö ¶¥É²Ö ‚¨²Ó¸μ´ . ˆ§-§  Éμ£μ, ÎÉμ
¨¸¸²¥¤Ê¥³ Ö É¥μ·¨Ö É·¥Ì³¥·´ , ¤ ¦¥ ¶·¨ É·¨¢¨ ²Ó´μ° Éμ¶μ²μ£¨¨ ¶·μ¸É· ´-
¸É¢ , ´ ¶·¨³¥·, M = S3, ¢μ§³μ¦´Ò ±μ´ÉÊ·Ò K, ±μÉμ·Ò¥ Éμ¶μ²μ£¨Î¥¸±¨ · §-
²¨Î´Ò. ’ ±¨³ μ¡· §μ³, μ¸´μ¢´μ° μ¡Ñ¥±É ¨¸¸²¥¤μ¢ ´¨Ö ¢ É·¥Ì³¥·´μ° É¥μ·¨¨
—¥·´ Ä‘ °³μ´¸  Å ÔÉμ ¸·¥¤´¨¥ §´ Î¥´¨Ö ¶¥É¥²Ó ‚¨²Ó¸μ´  ¤²Ö · §²¨Î´ÒÌ
±μ´ÉÊ·μ¢ K.

‚ 1989 £. �.‚¨ÉÉ¥´ ¶·¥¤¶μ²μ¦¨² [59], ÎÉμ ¸·¥¤´¨¥ §´ Î¥´¨Ö ¶¥É¥²Ó ‚¨²Ó-
¸μ´  É·¥Ì³¥·´μ° É¥μ·¨¨ —¥·´ Ä‘ °³μ´¸  ¸ ¶μ²¥³ A, ¶·¥μ¡· §ÊÕÐ¨³¸Ö ¶μ
± ²¨¡·μ¢μÎ´μ° £·Ê¶¶¥ SU(2), · ¢´Ò ¶μ²¨´μ³ ³ „¦μ´¸  ¨§ ³ É¥³ É¨Î¥¸±μ°
É¥μ·¨¨ Ê§²μ¢ [60]. „²Ö ¶·μ¨§¢μ²Ó´μ° £·Ê¶¶Ò SU(N) ¤ ´´μ¥ ¶·¥¤¶μ²μ¦¥-
´¨¥ ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ μ¡μ¡Ð ¥É¸Ö ´  · ¢¥´¸É¢μ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¢¨²Ó-
¸μ´μ¢¸±¨Ì ¸·¥¤´¨Ì ¨ ¶μ²¨´μ³μ¢ •μ¸É¥Ä�±´¥ ´ÊÄŒ¨²²¥Ä”·¥°¤ Ä‹¨±μ·¨Ï Ä
‰¥ÉÉ¥·  (•�Œ”‹ˆ) [62, 63]. �·¥¤¶μ²μ¦¥´¨¥ μ ¸¢Ö§¨ É·¥Ì³¥·´μ° É¥μ·¨¨
—¥·´ Ä‘ °³μ´¸  ¨ ³ É¥³ É¨Î¥¸±μ° É¥μ·¨¨ Ê§²μ¢ ¨, ¢ Î ¸É´μ¸É¨, ¢¨²Ó¸μ´μ¢-
¸±¨Ì ¸·¥¤´¨Ì ¨ ¶μ²¨´μ³μ¢ Ê§²μ¢ ²μ£¨Î´μ ¢ ¸¢¥É¥ Éμ¶μ²μ£¨Î´μ¸É¨ É¥μ·¨¨
—¥·´ Ä‘ °³μ´¸  ¨ ¸μμÉ¢¥É¸É¢¨Ö ¢¨²Ó¸μ´μ¢¸±¨Ì ¸·¥¤´¨Ì ±μ´ÉÊ·Ê ¢ É·¥Ì³¥·-
´μ³ ¶·μ¸É· ´¸É¢¥ Å Ê§²Ê.

‚ ³ É¥³ É¨Î¥¸±μ° É¥μ·¨¨ Ê§²μ¢ ¶μ²¨´μ³Ò •�Œ”‹ˆ HK(A, q) μ¶·¥¤¥-
²ÖÕÉ¸Ö ¶·¨ ¶μ³μÐ¨ É ± ´ §Ò¢ ¥³ÒÌ ¸±¥°´-¸μμÉ´μÏ¥´¨°. �É¨ ¸μμÉ´μÏ¥´¨Ö
Ê¸É ´ ¢²¨¢ ÕÉ ¸¢Ö§Ó ³¥¦¤Ê ¶μ²¨´μ³ ³¨ É·¥Ì Ê§²μ¢/§ Í¥¶²¥´¨°∗, ¶²μ¸±¨¥ ¤¨ -
£· ³³Ò ±μÉμ·ÒÌ ¸¢Ö§ ´Ò ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. �  ± ¦¤μ° ¨§ ´¨É¥° ¢Ò¡¨· -
¥É¸Ö ´¥±μÉμ·μ¥ ´ ¶· ¢²¥´¨¥, ¶μ¸²¥ Î¥£μ ¢Ò¡¨· ¥É¸Ö ´¥±μÉμ·μ¥ ¶¥·¥¸¥Î¥´¨¥
¢ ¶²μ¸±μ° ¤¨ £· ³³¥ Ê§² . ’·¨ ¸· ¢´¨¢ ¥³ÒÌ Ê§² /§ Í¥¶²¥´¨Ö ¶·¨ ÔÉμ³ ¸μμÉ-
¢¥É¸É¢ÊÕÉ § ³¥´¥ ¤ ´´μ£μ ¶¥·¥¸¥Î¥´¨Ö ´  ¸²¥¤ÊÕÐ¨¥ Ë· £³¥´ÉÒ:

K ←→
��

, K′ ←→
� �

, K′′ ←→
� �

. (4.4)

‘±¥°´-¸μμÉ´μÏ¥´¨Ö ¢ ÔÉμ³ ¸²ÊÎ ¥ £² ¸ÖÉ:

AHK(A, q) − A−1HK′
(A, q) = (q − q−1)HK′′

(A, q). (4.5)

‚³¥¸É¥ ¸ § ¤ ´¨¥³ ¶μ²¨´μ³  •�Œ”‹ˆ ¤²Ö ¶·μ¸É¥°Ï¥£μ Ê§²  Å ®´¥Ê§² ¯,
H◦(A, q) = 1, ¸±¥°´-¸μμÉ´μÏ¥´¨Ö ¶μ§¢μ²ÖÕÉ μ¤´μ§´ Î´μ μ¶·¥¤¥²¨ÉÓ ¶μ²¨-
´μ³ •�Œ”‹ˆ ²Õ¡μ£μ Ê§²  ¨²¨ § Í¥¶²¥´¨Ö. �μ²¨´μ³ •�Œ”‹ˆ Å ÔÉμ

∗‡ Í¥¶²¥´¨¥³ ´ §Ò¢ ÕÉ ¸μ¢μ±Ê¶´μ¸ÉÓ ´¥¸±μ²Ó±¨Ì (¤¢ÊÌ ¨ ¡μ²¥¥) ±μ´ÉÊ·μ¢, ±μÉμ·Ò¥ ³μ£ÊÉ
¡ÒÉÓ ¸Í¥¶²¥´Ò ¤·Ê£ ¸ ¤·Ê£μ³.
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²μ· ´μ¢ ¶μ²¨´μ³ ¶μ ¶¥·¥³¥´´Ò³ A ¨ q. ‘μ£² ¸´μ [62, 63] ¶μ¸É·μ¥´´Ò¥ É -
±¨³ μ¡· §μ³ ¶μ²¨´μ³Ò •�Œ”‹ˆ ¤¥°¸É¢¨É¥²Ó´μ Ö¢²ÖÕÉ¸Ö Éμ¶μ²μ£¨Î¥¸±¨³¨
¨´¢ ·¨ ´É ³¨. �ÉμÉ Ë ±É μ¸´μ¢Ò¢ ¥É¸Ö ´  Éμ³, ÎÉμ ¤¢¥ ¤¢Ê³¥·´Ò¥ ¤¨ £· ³³Ò
¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° μ¤¨´ ¨ ÉμÉ ¦¥ É·¥Ì³¥·´Ò° Ê§¥² ¨²¨ § Í¥¶²¥´¨¥, ¥¸²¨, ¨
Éμ²Ó±μ ¥¸²¨, μ¤´  ³μ¦¥É ¡ÒÉÓ ¶·¥μ¡· §μ¢ ´  ¢ ¤·Ê£ÊÕ ¸ ¶μ³μÐÓÕ ¶² ¢´ÒÌ
¤¥Ëμ·³ Í¨° ¨ É·¥Ì ¤¢¨¦¥´¨° �¥¤¥³¥°¸É¥· :

I: ←→

II: ←→

III: ←→

(4.6)

‡ Ë¨±¸¨·Ê¥³ ¢·¥³¥´´ÊÕ ± ²¨¡·μ¢±Ê ¢ É¥μ·¨¨ —¥·´ Ä‘ °³μ´¸  Aa
0 = 0.

‚ ÔÉμ³ ¸²ÊÎ ¥ ² £· ´¦¨ ´ É¥μ·¨¨ ¶·¥¢· Ð ¥É¸Ö ¢

L̃CS =
k

4π
δab

(
Aa

1∂0Ab
2 −Aa

2∂0Ab
1

)
. (4.7)

’¥³ ¸ ³Ò³, ¢ ¤ ´´μ° É¥μ·¨¨ ´¥É ¢§ ¨³μ¤¥°¸É¢¨Ö, ¨ ¶·μ¶ £ Éμ· É·¨¢¨ ²¥´:

D(x, y) ∼ δ(x1 − y1)δ(x2 − y2)θ(x0 − y0). (4.8)

ˆ§-§  ¢Ò¡· ´´μ° ± ²¨¡·μ¢±¨ ´¥ ¢ ¦´μ, ± ± ±μ´ÉÊ· ¶¥É²¨ ‚¨²Ó¸μ´  § ¢¨¸¨É μÉ
x0. ’¥³ ¸ ³Ò³ ±μ´ÉÊ· (Ê§¥²) ³μ¦´μ § ³¥´¨ÉÓ ´  ¥£μ ¤¢Ê³¥·´ÊÕ ¶·μ¥±Í¨Õ ´ 
¶²μ¸±μ¸ÉÓ x0 = 0. ’μ£¤  μÉ¢¥É ¤²Ö ¢¨²Ó¸μ´μ¢¸±μ£μ ¸·¥¤´¥£μ ¤ ¥É¸Ö ¶·μ¨§¢¥¤¥-
´¨¥³ ¶·μ¶ £ Éμ·μ¢, ´ Ìμ¤ÖÐ¨Ì¸Ö ¢ ÉμÎ± Ì ¶¥·¥¸¥Î¥´¨° ¤¢Ê³¥·´μ° ¶·μ¥±Í¨¨.
ˆ¸Ìμ¤Ö ¨§ Éμ¶μ²μ£¨Î¥¸±μ° ¨´¢ ·¨ ´É´μ¸É¨ μÉ¢¥É  ¤²Ö ¸·¥¤´¥£μ §´ Î¥´¨Ö ¶¥-
É²¨ ‚¨²Ó¸μ´  (±μÉμ· Ö μ¡Ê¸²μ¢²¥´  Éμ¶μ²μ£¨Î¥¸±μ° ¨´¢ ·¨ ´É´μ¸ÉÓÕ ¸ ³μ°
É¥μ·¨¨) ¶·μ¨§¢¥¤¥´¨¥ ¶·μ¶ £ Éμ·μ¢ ¤μ²¦´μ Ê¤μ¢²¥É¢μ·ÖÉÓ ¤¢¨¦¥´¨Ö³ �¥¤¥-
³¥°¸É¥·  (4.6). ’·¥ÉÓ¥ ¤¢¨¦¥´¨¥ �¥¤¥³¥°¸É¥·  ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° Ê· ¢´¥´¨¥
Ÿ´£ Ä	 ±¸É¥·  ´  μ¶¥· Éμ·Ò, ¸μ¶μ¸É ¢²¥´´Ò¥ ¶·μ¥±Éμ· ³:

R1R2R1 = R2R1R2. (4.9)

�¥Ï¥´¨Ö³¨ ¤ ´´μ£μ Ê· ¢´¥´¨Ö Ö¢²ÖÕÉ¸Ö R-³ É·¨ÍÒ [80]. ’ ±¨³ μ¡· §μ³,
¶¥É²Õ ‚¨²Ó¸μ´  ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ± ¶·μ¨§¢¥¤¥´¨¥ ´¥±μÉμ·μ£μ Î¨¸²  R-
³ É·¨Í, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶¥·¥¸¥Î¥´¨Ö³ ¤¢Ê³¥·´μ° ¤¨ £· ³³Ò Ê§² . ’¥μ·¨¨
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�¨¸. 13. �·¨³¥· ±μ¸Ò ¨§ É·¥Ì ´¨É¥°. �É¢¥É ¤²Ö ¶μ²¨´μ³  Ê§²  ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¸ ¨¸-
¶μ²Ó§μ¢ ´¨¥³ ¢Ò· ¦¥´¨Ö R1R2R3R4R5R6

—¥·´ Ä‘ °³μ´¸  ¸ ± ²¨¡·μ¢μÎ´μ° £·Ê¶¶μ° SUq(N) ¨ ±μ´¸É ´Éμ° ¸¢Ö§¨ k ¶·¨
ÔÉμ³ ¸μμÉ¢¥É¸É¢ÊÕÉ ¶μ²¨´μ³Ò •�Œ”‹ˆ μÉ ¸²¥¤ÊÕÐ¨Ì A ¨ q:

q = exp
(

k + N

4π

)
, A = qN . (4.10)

�·μÐ¥ ¢¸¥£μ μ¶¨¸ ÉÓ ¤ ´´Ò° ³¥Éμ¤ ¶μ¸É·μ¥´¨Ö ¶μ²¨´μ³μ¢ Ê§²μ¢ ¶·¨
¶μ³μÐ¨ ¶·¥¤¸É ¢²¥´¨Ö Ê§²  ¢ Ëμ·³¥ ±μ¸Ò (·¨¸. 13). ˆ§ É·¥ÉÓ¥£μ ¤¢¨¦¥´¨Ö
�¥¤¥³¥°¸É¥·  ¸²¥¤Ê¥É, ÎÉμ μÉ¢¥É ¶·¥¤¸É ¢²Ö¥É¸Ö ¶·μ¨§¢¥¤¥´¨¥³ R-³ É·¨Í:
R1R2R3R4R5R6. �μ É·¥ÉÓ¥£μ ¤¢¨¦¥´¨Ö �¥¤¥³¥°¸É¥·  ´¥¤μ¸É ÉμÎ´μ ¤²Ö
Éμ£μ, ÎÉμ¡Ò μÉ¢¥É ¡Ò² Éμ¶μ²μ£¨Î¥¸±¨³ ¨´¢ ·¨ ´Éμ³. „²Ö ÔÉμ£μ ´¥μ¡Ìμ¤¨³μ,
ÎÉμ¡Ò ¢Ò¶μ²´Ö²¨¸Ó ¢¸¥ É·¨ ¤¢¨¦¥´¨Ö. ˆ§ ¢Éμ·μ£μ ¤¢¨¦¥´¨Ö ¸²¥¤Ê¥É, ÎÉμ
³ É·¨Í , ¸μμÉ¢¥É¸É¢ÊÕÐ Ö μ¡· É´μ³Ê ¶¥·¥¸¥Î¥´¨Õ, Å ÔÉμ μ¡· É´ Ö ³ É·¨Í :
R3 = R−1

4 . � ¨¡μ²¥¥ ¸²μ¦´Ò³ Ö¢²Ö¥É¸Ö ¶¥·¢μ¥ ¤¢¨¦¥´¨¥ �¥¤¥³¥°¸É¥· . �´μ
¸μμÉ¢¥É¸É¢Ê¥É ¨§³¥´¥´¨Õ Î¨¸²  ´¨É¥° ¢ ±μ¸¥. ˆ§ ´¥μ¡Ìμ¤¨³μ¸É¨ ¢Ò¶μ²´¥´¨Ö
¶¥·¢μ£μ ¤¢¨¦¥´¨Ö �¥¤¥³¥°¸É¥·  ³μ¦´μ ¶μ²ÊÎ¨ÉÓ [62,63], ÎÉμ μ±μ´Î É¥²Ó´Ò°
μÉ¢¥É ¤ ¥É¸Ö · §²μ¦¥´¨¥³ ¶μ Ì · ±É¥· ³ £·Ê¶¶Ò SUq(N). �·¨ · ¸¸³μÉ·¥´¨¨
¢¨²Ó¸μ´μ¢¸±μ£μ ¸·¥¤´¥£μ ±μ¸Ò ¸ m ´¨ÉÖ³¨ μÉ ¸¢Ö§´μ¸É¨, ¶·¥μ¡· §ÊÕÐ¥°¸Ö
¶μ ¶·¥¤¸É ¢²¥´¨Õ T ± ²¨¡·μ¢μÎ´μ° £·Ê¶¶Ò SUq(N), ¢ · §²μ¦¥´¨¥ ¢Ìμ¤ÖÉ
¶·¥¤¸É ¢²¥´¨Ö ¸ ¤¨ £· ³³ ³¨ 
´£  · §³¥·μ³ m|T |, £¤¥ |T | Å · §³¥· ¤¨ -
£· ³³Ò T :

HK
T =

∑
Q�n|T |

S∗
Q(A, q)TrQ

(∏
i

Ri

)
=

∑
Q�n|T |

S∗
Q(A, q)hT

R(q), (4.11)

£¤¥ TrQ Å ÔÉμ ¸²¥¤ ¶μ ¶·¥¤¸É ¢²¥´¨Õ Q; S∗
Q Å ÔÉμ Ì · ±É¥· ¶·¥¤¸É ¢²¥´¨Ö

Q £·Ê¶¶Ò SUq(N), ¢§ÖÉÒ° ¢ ¸¶¥Í¨ ²Ó´μ° ÉμÎ±¥, ´ §Ò¢ ¥³μ° Éμ¶μ²μ£¨Î¥¸±¨³
²μ±Ê¸μ³,   hT

R Å ±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö ¶μ Ì · ±É¥· ³.
• · ±É¥· SQ Ê¤μ¡´¥¥ ¢¸¥£μ ¶·¥¤¸É ¢²ÖÉÓ ± ± ËÊ´±Í¨Õ μÉ ¢·¥³¥´´�ÒÌ

¶¥·¥³¥´´ÒÌ, É. ¥. ¸²¥¤μ¢ ¸É¥¶¥´¥° £·Ê¶¶μ¢μ£μ Ô²¥³¥´É  ¢ ËÊ´¤ ³¥´É ²Ó´μ³
¶·¥¤¸É ¢²¥´¨¨:

SQ = SQ{t}, tk =
∑

xk. (4.12)

�·¨ ¶μ¤¸É ´μ¢±¥ (4.12) ¢ (4.11) ¤²Ö Éμ¶μ²μ£¨Î¥¸±μ° ¨´¢ ·¨ ´É´μ¸É¨ ¶·¨ ¶¥·-
¢μ³ ¤¢¨¦¥´¨¨ �¥¤¥³¥°¸É¥·  (¨§³¥´¥´¨¨ Î¨¸²  ´¨É¥° ¢ ±μ¸¥) ´¥μ¡Ìμ¤¨³μ ¶μ¤-
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¸É ¢²ÖÉÓ ¸¶¥Í¨ ²Ó´Ò¥ §´ Î¥´¨Ö tk, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Éμ¶μ²μ£¨Î¥¸±μ³Ê ²μ±Ê¸Ê:

S∗
Q(A, q) = SQ

{
t∗k =

Ak − A−k

qk − q−k

}
. (4.13)

• · ±É¥·Ò ´  Éμ¶μ²μ£¨Î¥¸±μ³ ²μ±Ê¸¥, ´¥¸³μÉ·Ö ´  ³¥´ÓÏÊÕ μ¡Ð´μ¸ÉÓ,
μ¡² ¤ ÕÉ μÉ´μ¸¨É¥²Ó´μ ¶·μ¸ÉÒ³  ²£μ·¨É³μ³ ¨Ì ¢ÒÎ¨¸²¥´¨Ö. �ÉμÉ  ²£μ·¨É³
μ¶¨¸Ò¢ ¥É¸Ö É ± ´ §Ò¢ ¥³μ° Ëμ·³Ê²μ° ±·Õ±μ¢ [81]:

S∗
Q(A, q) =

∏
(i,j)∈Q

Aqi−j− A−1qj−i

qhi,j − q−hi,j (4.14)

’μ ¥¸ÉÓ Ì · ±É¥· ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ³μ¦´μ ´ °É¨ ¸ ¶μ³μÐÓÕ ¶·μ¨§¢¥¤¥´¨Ö
¶μ ¢¸¥³ ±²¥É± ³ ¤¨ £· ³³Ò 
´£ . Š ¦¤Ò° ³´μ¦¨É¥²Ó ¶·¨ ÔÉμ³ ¸É·μ¨É¸Ö,
¨¸Ìμ¤Ö ¨§ ¶μ²μ¦¥´¨Ö ±²¥É±¨ ¢ ¤¨ £· ³³¥ 
´£ . hi,j · ¢´μ ¸Ê³³¥ · ¸¸ÉμÖ´¨°
¤μ ±μ´Í  ¸Éμ²¡Í  ¨ ±μ´Í  ¸É·μ±¨.

4.1. •�Œ”‹ˆ ¢ ËÊ´¤ ³¥´É ²Ó´μ³ ¶·¥¤¸É ¢²¥´¨¨. �¶¨· Ö¸Ó ´  É¥μ·¨Õ
¶·¥¤¸É ¢²¥´¨°, ³μ¦´μ ´ °É¨, ± ± Ê¸É·μ¥´Ò ±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö ¶μ
Ì · ±É¥· ³ ¤²Ö · §²¨Î´μ£μ Î¨¸²  ´¨É¥° ¢ ±μ¸¥ [82]. …¸²¨ · ¸¸³ É·¨¢ ÉÓ
Ê§²Ò, ¶·¥¤¸É ¢¨³Ò¥ ±μ¸μ° ¸ m = 2 ´¨ÉÖ³¨, ±μÉμ·Ò¥ Ì · ±É¥·¨§ÊÕÉ¸Ö μ¤´¨³
¶ · ³¥É·μ³ n Å Î¨¸²μ³ ¶¥·¥¸¥Î¥´¨° ¢ ±μ¸¥ (¥¸²¨ · ¸¸³ É·¨¢ ¥³ Ö ±μ¸ 
¸μ¸Éμ¨É ¨§ μ¡· É´ÒÌ ¶¥·¥¸¥Î¥´¨°, Éμ n < 0), Éμ μÉ¢¥É ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥

H
(n)
[1] = qnS∗

2 (A) +
(
−1

q

)n

S∗
11(A) = qnS∗

2 (A) +
(

q −→ −1
q

)
. (4.15)

‚Ò· ¦¥´¨Ö ¤²Ö Ê§²μ¢, ¶·¥¤¸É ¢¨³Ò¥ ±μ¸μ° ¸ É·¥³Ö ´¨ÉÖ³¨, ¨³¥ÕÉ ´¥¸±μ²Ó±μ
¡μ²¥¥ ¸²μ¦´ÊÕ Ëμ·³Ê. ‚ É ±μ° ±μ¸¥ ¢μ§³μ¦´Ò ¶¥·¥¸¥Î¥´¨Ö ¤¢ÊÌ É¨¶μ¢
(¸³. ·¨¸. 13) Å ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶¥·¥¸¥Î¥´¨Õ ¤¢ÊÌ ¢¥·Ì´¨Ì ²¨´¨° (R1, R3

¨ R4 ´  ·¨¸Ê´±¥) ¨ ¤¢ÊÌ ´¨¦´¨Ì ²¨´¨° (R2, R5 ¨ R6 ´  ·¨¸Ê´±¥). …¸²¨ ¶ · -
³¥É·¨§μ¢ ÉÓ ÔÉÊ ±μ¸Ê ´ ¡μ·μ³ Î¨¸¥² {a1, b1, a2, b2, . . .}, £¤¥ ai ¨ bi μ¡μ§´ Î ÕÉ
Î¨¸²μ ¢¥·Ì´¨Ì ¨ ´¨¦´¨Ì ¶¥·¥¸¥Î¥´¨° (´  ·¨¸. 13 ¨§μ¡· ¦¥´  ±μ¸ , ¶ · ³¥-
É·¨§ÊÕÐ Ö¸Ö ¢ ÔÉμ³ ¸²ÊÎ ¥ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓÕ {1,−1, 0,−2}), Éμ μÉ¢¥É ¤²Ö
¶μ²¨´μ³  •�Œ”‹ˆ ¤ ¥É¸Ö Ëμ·³Ê²μ°

H
(a1,b1,a2,b2,...)
[1] = q

∑

i

(ai+bi)
S∗

3 (A) +
(
−1

q

)∑
i

(ai+bi)

S∗
111(A)+

+
(
Tr2×2R̂a1

2 U2R̂b1
2 U †

2R̂a2
2 U2R̂b2

2 U †
2 . . .

)
S∗

21(A). (4.16)
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‚Ò· ¦¥´¨Ö ¤²Ö ±μ¸Ò ¸ m = 4 ´¨ÉÖ³¨ ³μ£ÊÉ ¡ÒÉÓ ¶μ¸É·μ¥´Ò  ´ ²μ£¨Î´Ò³
μ¡· §μ³:

B = (R⊗ I ⊗ I)a1(I ⊗R⊗ I)b1(R⊗ I ⊗ ssI)c1×
× (R⊗ I ⊗ I)a2(I ⊗R⊗ I)b2(R⊗ I ⊗ I)c2 . . . :

H
(a1,b1,c1,a2,b2,c2,...)
[1] = q

∑

i

(ai+bi+ci)
S∗

4 (A) +
(
−1

q

)∑
i

(ai+bi+ci)

S∗
1111(A)+

+
(
Tr2×2R̂a1

2 U2R̂b1
2 U †

2R̂c1+a2
2 U2R̂b2

2 U †
2R̂c2+a3

2 . . .
)
S∗

22(A)+

+
{(

Tr3×3R̂a1
3 U3R̂b1

3 V3U3R̂c1
3 U †

3V †
3 U †

3R̂a2
3 U3R̂b2

3 V3U3R̂c2
3 U †

3V †
3 U †

3 . . .
)
S∗

31(A)+

+ (q −→ −1/q)
}

. (4.17)

Œ É·¨ÍÒ, ¢Ìμ¤ÖÐ¨¥ ¢ ÔÉ¨ Ëμ·³Ê²Ò, ³μ£ÊÉ ¡ÒÉÓ ¶μ²ÊÎ¥´Ò ¸ ¶μ³μÐÓÕ É¥μ·¨¨
¶·¥¤¸É ¢²¥´¨°. R-³ É·¨ÍÒ ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö Ÿ´£ Ä
	 ±¸É¥·  (4.9),   ³ É·¨ÍÒ U ¨ V Å ÔÉμ ³ É·¨ÍÒ ¸³¥Ï¨¢ ´¨Ö, ¸¢Ö§ ´´Ò¥
¸ ±μÔËË¨Í¨¥´É ³¨ � ± :

R̂2 =
(

q
−1/q

)
, R̂3 =

⎛⎝ q
q

−1/q

⎞⎠ ,

U2 =
(

c2 s2

−s2 c2

)
, U3 =

⎛⎝ 1
c2 s2

−s2 c2

⎞⎠ , V3 =

⎛⎝ c3 s3

−s3 c3

1

⎞⎠ .

(4.18)
ˆ´¤¥±¸Ò ¸¢Ö§ ´Ò ¸ · §³¥· ³¨ ³ É·¨Í, ±μÔËË¨Í¨¥´ÉÒ ¢ ³ É·¨Í Ì ¸³¥Ï¨¢ ´¨Ö
U ¨ V · ¢´Ò:

ck =
1

[k]q
, sk =

√
1 − c2

k =

√
[k − 1]q[k + 1]q

[k]q
, (4.19)

£¤¥ ¢¢¥¤¥´μ μ¡μ§´ Î¥´¨¥ ¤²Ö ±¢ ´Éμ¢μ£μ Î¨¸²  [k]q =
qk − q−k

q − q−1
. �É¨ Ëμ·³Ê²Ò

¶μ§¢μ²ÖÕÉ ¶μ²ÊÎ¨ÉÓ ¶μ²¨´μ³Ò •�Œ”‹ˆ ¢ ËÊ´¤ ³¥´É ²Ó´μ³ ¶·¥¤¸É ¢²¥´¨¨
¤²Ö ¶·μ¨§¢μ²Ó´μ£μ Ê§² , μ¶¨¸Ò¢ ¥³μ£μ ±μ¸μ° ¸ ¤¢Ê³Ö, É·¥³Ö ¨²¨ Î¥ÉÒ·Ó³Ö
´¨ÉÖ³¨.

4.2. �μ²¨´μ³Ò •�Œ”‹ˆ Éμ·¨Î¥¸±¨Ì Ê§²μ¢. �μ²¨´μ³Ò •�Œ”‹ˆ
¢ ¸É ·Ï¨Ì (´¥ËÊ´¤ ³¥´É ²Ó´ÒÌ) ¶·¥¤¸É ¢²¥´¨ÖÌ ´μ¸ÖÉ ´ §¢ ´¨¥ Í¢¥É´ÒÌ ¶μ-
²¨´μ³μ¢ •�Œ”‹ˆ. � ¨¡μ²¥¥ Ìμ·μÏμ ¨§ÊÎ¥´´Ò° ±² ¸¸ Ê§²μ¢ Å ÔÉμ Éμ·¨Î¥-
¸±¨¥ Ê§²Ò. ’μ·¨Î¥¸±¨³ Ê§²μ³ T [m, n] ´ §Ò¢ ¥É¸Ö Ê§¥², ±μÉμ·Ò° ¶μ²ÊÎ ¥É¸Ö



1524 Œ���‡�‚ �.�.

¸ ¶μ³μÐÓÕ ´ ³μÉ±¨ ´¨É¨ ´  Éμ· m ¨ n · § ¶μ μ¤´μ³Ê ¨ ¤·Ê£μ³Ê ´ ¶· ¢²¥-
´¨Õ ¸μμÉ¢¥É¸É¢¥´´μ. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¨§¢¥¸É¥´ ÉμÎ´Ò° ¢¨¤ ±μÔËË¨Í¨¥´Éμ¢ hQ

R

¢ μ¡Ð¥³ ¢¨¤¥, É. ¥. ¤²Ö ¢¸¥Ì Éμ·¨Î¥¸±¨Ì Ê§²μ¢ [m, n] [83Ä85]:

hQ
R = q

n
m κQCQ

R , (4.20)

£¤¥ CQ
R ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¸ ¶μ³μÐÓÕ ®¶·μÍ¥¤Ê·Ò �¤ ³¸ ¯:

SR(p[m]) =
∑
Q

CQ
R SQ(p), p

[m]
k = pmk, (4.21)

  κQ μ¶·¥¤¥²Ö¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥³ (¤¨ £· ³³μ° 
´£ ) Q = {Q1, Q2, ..}:

κQ =
1
2

∑
i

Qi(Qi − 2i + 1) =
∑

(i,j)∈Q

(i − j). (4.22)

4.3. �¡μ¡Ð¥´´Ò¥ •�Œ”‹ˆ ¨ τ -ËÊ´±Í¨¨. Š ± ¡Ò²μ ¸± § ´μ ¢ÒÏ¥,
Ì · ±É¥· ¶·¥¤¸É ¢²¥´¨Ö μ¡ÒÎ´μ ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³ μÉ ¢·¥³¥´´ÒÌ ¶¥·¥³¥´-
´ÒÌ t. �μ ÔÉμ° ¶·¨Î¨´¥ ¶μ²¨´μ³ •�Œ”‹ˆ ¨³¥¥É ²μ£¨Î´μ¥ μ¡μ¡Ð¥´¨¥ Å
μ¡μ¡Ð¥´´Ò° ¶μ²¨´μ³ •�Œ”‹ˆ HK

R, ±μÉμ·Ò° ¶μ²ÊÎ ¥É¸Ö ¨§ ¢Ò· ¦¥-
´¨Ö (4.11) § ³¥´μ° ¶¥·¥³¥´´ÒÌ t∗ → t:

HK
T =

∑
Q�n|T |

SQ{t}hT
Q(q). (4.23)

‚¢¥¤¥³ É ±¦¥ ¶·μ¨§¢μ¤ÖÐÊÕ ËÊ´±Í¨Õ μ¡μ¡Ð¥´´ÒÌ ¶μ²¨´μ³μ¢ •�Œ”‹ˆ
¤²Ö ¤ ´´μ£μ Ê§² , μ¶¨¸Ò¢ ÕÐÊÕ μÉ¢¥É ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ ¶·¥¤¸É ¢²¥´¨Ö:

HK{t|t̄} =
∑
T

HK
T {t}ST{t̄} =

∑
T,Q

hT
QSQ{t̄}ST{t}. (4.24)

�´ ²μ£¨Î´ÊÕ ËÊ´±Í¨Õ ³μ¦´μ ¶μ¸É·μ¨ÉÓ ¨ ¤²Ö § Í¥¶²¥´¨Ö. �¸´μ¢´μ¥ μÉ²¨-
Î¨¥ ÔÉμ£μ ¸²ÊÎ Ö μÉ ¸²ÊÎ Ö Ê§²μ¢ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ Ê ± ¦¤μ° ±μ³¶μ´¥´ÉÒ
§ Í¥¶²¥´¨Ö ³μ¦¥É ¡ÒÉÓ ¸¢μ¥ ¶·¥¤¸É ¢²¥´¨¥, ¶μÔÉμ³Ê ¸Ê³³¨·μ¢ ´¨¥ ´ ¤μ ¶·μ-
¨§¢μ¤¨ÉÓ ¶μ ¢¸¥³ ¢μ§³μ¦´Ò³ ¶·¥¤¸É ¢²¥´¨Ö³ ¤²Ö ± ¦¤μ° ±μ³¶μ´¥´ÉÒ:

HK{t|t̄(a)} =
∑

T1T2..Tl

HK
T1T2..Tl

{t}
l∏

a=1

STa{t̄(a)} =

=
∑
T,Q

hT
QSQ{t}

l∏
a=1

STa{t̄(a)}, (4.25)

£¤¥ l Å Î¨¸²μ ±μ³¶μ´¥´É § Í¥¶²¥´¨Ö.
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4.3.1. τ -ËÊ´±Í¨¨. τ -ËÊ´±Í¨Ö³¨ Š�, ±μÉμ·Ò¥ · ¸¸³ É·¨¢ ÕÉ¸Ö ¢ ¤ ´´μ³
μ¡§μ·¥, ´ §Ò¢ ÕÉ¸Ö ·¥Ï¥´¨Ö ¡¨²¨´¥°´μ£μ Ê· ¢´¥´¨Ö •¨·μÉÒ [86Ä97]:∮

dz exp

[∑
k

(tk − t′k)z−k

]
τ

(
tk +

zk

k

)
τ

(
t′k − zk

k

)
= 0. (4.26)

Š ± ËÊ´±Í¨¨ μÉ ¢·¥³¥´´ÒÌ ¶¥·¥³¥´´ÒÌ, μ´¨ ³μ£ÊÉ ¡ÒÉÓ ¶·¥¤¸É ¢²¥´Ò · §-
²μ¦¥´¨¥³ ¶μ Ì · ±É¥· ³ SR{t}, É ± ± ± Ì · ±É¥·Ò μ¡· §ÊÕÉ ¡ §¨¸ ¢ ¶·μ-
¸É· ´¸É¢¥ ËÊ´±Í¨° μÉ ¢·¥³¥´´ÒÌ ¶¥·¥³¥´´ÒÌ:

τ{p |g} =
∑
Q

gQSQ{p }. (4.27)

ˆ§ Ê· ¢´¥´¨Ö •¨·μÉÒ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ, ÎÉμ ±μÔËË¨Í¨¥´ÉÒ gQ É ±μ£μ · §²μ-
¦¥´¨Ö ¤μ²¦´Ò Ê¤μ¢²¥É¢μ·ÖÉÓ ¡¥¸±μ´¥Î´μ³Ê ´ ¡μ·Ê ¡¨²¨´¥°´ÒÌ ¸μμÉ´μÏ¥´¨°
�²Õ±±¥· :

g[22]g[0] − g[21]g[1] + g[2]g[11] = 0,

g[32]g[0] − g[31]g[1] + g[3]g[11] = 0,

g[221]g[0] − g[211]g[1] + g[2]g[111] = 0,

g[42]g[0] − g[41]g[1] + g[4]g[11] = 0,

g[33]g[0] − g[31]g[2] + g[3]g[21] = 0,

g[321]g[0] − g[311]g[1] + g[3]g[111] = 0,

g[222]g[0] − g[211]g[11] + g[21]g[111] = 0,

g[2211]g[0] − g[2111]g[1] + g[2]g[1111] = 0,

. . .

(4.28)

4.3.2. ‘· ¢´¥´¨¥ HK{t|t̄} ¨ τ{t}. ’ ± ± ± μ¡μ¡Ð¥´´Ò¥ ¶μ²¨´μ³Ò •�Œ-
”‹ˆ ¨ τ -ËÊ´±Í¨¨ Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ μÉ ¢·¥³¥´´ÒÌ ¶¥·¥³¥´´ÒÌ, Éμ ²μ-
£¨Î´μ ¶·μ¢¥¸É¨ ¨Ì ¸· ¢´¥´¨¥. “¸²μ¢¨¥ · ¢¥´¸É¢  ÔÉ¨Ì ¤¢ÊÌ ¢¥²¨Î¨´ HK{t|t̄} =
τ{t̄} Ô±¢¨¢ ²¥´É´μ, ¸μ£² ¸´μ Ê· ¢´¥´¨Ö³ (4.24) ¨ (4.27), Ê¸²μ¢¨Õ

gQ =
∑
R

hQ
RSR(t̄). (4.29)

’μ·¨Î¥¸±¨¥ Ê§²Ò. � ¸¸³μÉ·¨³ ¢Ò· ¦¥´¨Ö ¤²Ö Éμ·¨Î¥¸±¨Ì Ê§²μ¢. ”Ê´±-
Í¨¨ κQ, ¢Ìμ¤ÖÐ¨¥ ¢ ¢Ò· ¦¥´¨¥ (4.20), Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨
Ì · ±É¥·μ¢ SQ ¶·¨ ¤¥°¸É¢¨¨ ´  ´¨Ì ¶·μ¸É¥°Ï¨³ μ¶¥· Éμ·μ³ · §·¥§ ´¨Ö-
¸±²¥°±¨ [98,99]

Ŵ[2]SQ(t) = κQSQ(t). (4.30)
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�ÉμÉ μ¶¥· Éμ· § ¤ ¥É¸Ö Ëμ·³Ê²μ°

Ŵ[2] =
1
2

∑
a,b

[
(a + b)papb

∂

∂pa+b
+ abpa+b

∂2

∂pa∂pb

]
, pn = tn/n. (4.31)

ˆ¸¶μ²Ó§ÊÖ Ëμ·³Ê²Ê ŠμÏ¨ ¤²Ö Ì · ±É¥·μ¢∑
R

SR{t}SR{t̄} = exp
∑

k

ktk t̄k, (4.32)

³μ¦´μ ¶μ²ÊÎ¨ÉÓ, ÎÉμ ¶·μ¨§¢μ¤ÖÐ Ö ËÊ´±Í¨Ö μ¡μ¡Ð¥´´ÒÌ ¶μ²¨´μ³μ¢
•�Œ”‹ˆ ¤²Ö Éμ·¨Î¥¸±¨Ì Ê§²μ¢ μ¶¨¸Ò¢ ¥É¸Ö Ëμ·³Ê²μ°

H[m,n]{t, t̄} = q−
n
m Ŵ (t)exp

(∑
k

mktmk t̄k

)
. (4.33)

�±¸¶μ´¥´É  μÉ t-¶¥·¥³¥´´ÒÌ Å ÔÉμ ¶·μ¸É¥°Ï Ö τ -ËÊ´±Í¨Ö Ê· ¢´¥´¨Ö Š�.
ˆ§-§  Éμ£μ, ÎÉμ μ¶¥· Éμ· · §·¥§ ´¨Ö-¸±²¥°±¨ Ŵ Ö¢²Ö¥É¸Ö Ô²¥³¥´Éμ³ £·Ê¶¶Ò
GL(∞), ¥£μ ¤¥°¸É¢¨¥ ¸μÌ· ´Ö¥É Š�-¨´É¥£·¨·Ê¥³μ¸ÉÓ ¶μ ¶¥·¥³¥´´μ° t [97,
100Ä102], É. ¥. ¶·¨ ¤¥°¸É¢¨¨ ´  ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö •¨·μÉÒ ¶μ²ÊÎ ¥É¸Ö Éμ¦¥
·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö •¨·μÉÒ. ’ ±¨³ μ¡· §μ³, ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ Éμ·¨Î¥¸±μ£μ
Ê§²  ¶·μ¨§¢μ¤ÖÐ Ö ËÊ´±Í¨Ö H[m,n]{t, t̄} ¤¥°¸É¢¨É¥²Ó´μ Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥°
Š� ¶μ ¶¥·¥³¥´´Ò³ t (´μ ´¥ ¶μ ¶¥·¥³¥´´Ò³ t̄).

�´ ²μ£¨Î´Ò¥ · ¸¸Ê¦¤¥´¨Ö ³μ£ÊÉ ¡ÒÉÓ ¶·μ¢¥¤¥´Ò ¨ ¤²Ö Éμ·¨Î¥¸±¨Ì § -
Í¥¶²¥´¨°. H{t|t̄(a)} É ±¦¥ Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° ¸ ¶¥·¥μ¶·¥¤¥²¥´´Ò³¨ ¶ · -

³¥É· ³¨ t̄k →
l∑

a=1
t̄
(a)
k :

H[m,n]{t|t̄(a)} = q−
n
m Ŵ (t)exp

[∑
k

mktmk

(
l∑

a=1

t̄
(a)
k

)]
. (4.34)

�¥Éμ·¨Î¥¸±¨¥ Ê§²Ò. ‚ ¸²ÊÎ ¥ ´¥Éμ·¨Î¥¸±¨Ì Ê§²μ¢ É ± Ö ¶·μ¨§¢μ¤ÖÐ Ö
ËÊ´±Í¨Ö, ¢μμ¡Ð¥ £μ¢μ·Ö, ´¥ Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° Š�. „²Ö Éμ£μ, ÎÉμ¡Ò
¶·μ¢¥·¨ÉÓ ÔÉμÉ Ë ±É, · ¸¸³μÉ·¨³ ¶¥·¢μ¥ ´¥É·¨¢¨ ²Ó´μ¥ ¸μμÉ´μÏ¥´¨¥ �²Õ±-
±¥·  (4.28) ¤²Ö gQ =

∑
T

hQ
T ST (t̄) ¨ 4-´¨É¥¢μ° Ê§¥². ’ ± ± ± ¢ ¤ ´´μ³ ¸²ÊÎ ¥

g0 = 1, g[1] = g[2] = g[11] = g[21] = 0, Éμ ¤²Ö Éμ£μ, ÎÉμ¡Ò ¸μμÉ´μÏ¥´¨¥ (4.28)

¢Ò¶μ²´Ö²μ¸Ó, ´¥μ¡Ìμ¤¨³μ, ÎÉμ¡Ò g[22] = h
[22]
[1] = 0. �Éμ ¸μμÉ´μÏ¥´¨¥ ¢Ò-

¶μ²´Ö¥É¸Ö ¤²Ö Éμ·¨Î¥¸±¨Ì Ê§²μ¢, ´μ ´¥ ¢¸¥£¤  ¢Ò¶μ²´Ö¥É¸Ö ¤²Ö ¤·Ê£¨Ì Ê§²μ¢.
„¥°¸É¢¨É¥²Ó´μ, ¤²Ö ¶·μ¸É¥°Ï¨Ì 4-´¨É¥¢ÒÌ Ê§²μ¢ ¨§ É ¡²¨ÍÒ �μ²ÓË¸¥´  (¤μ
¢μ¸Ó³¨ ¶¥·¥¸¥Î¥´¨°) ÔÉ¨ ±μÔËË¨Í¨¥´ÉÒ ´¥ · ¢´Ò ´Ê²Õ, ¸³. É ¡². 3 [82].

’ ±¨³ μ¡· §μ³, ¤²Ö ¢¸¥Ì ÔÉ¨Ì Ê§²μ¢ ¸μμÉ´μÏ¥´¨¥ �²Õ±±¥·  (4.28) ´¥
Ê¤μ¢²¥É¢μ·Ö¥É¸Ö (Éμ·¨Î¥¸±¨¥ Ê§²Ò ¸ Î¥ÉÒ·Ó³Ö ´¨ÉÖ³¨ ¨³¥ÕÉ ¡μ²¥¥ ¢μ¸Ó³¨
¶¥·¥¸¥Î¥´¨°).
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’ ¡²¨Í  3. ŠμÔËË¨Í¨¥´ÉÒ h
[22]
[1] ¤²Ö 4-´¨É¥¢ÒÌ Ê§²μ¢ ¤μ ¢μ¸Ó³¨ ¶¥·¥¸¥Î¥´¨°

“§¥² h
[22]
[1]

61 q−1 − q1

72 −q7 + q5 − 2q3 + 3q1 − 3q−1 + 2q−3 − q−5 + q−7

74 (q − q−1)(q6 − q4 + 3q2 − 1 + 3q−2 − q−4 + q−6)

76 −q7 + 2q5 − 3q3 + 3q1 − 3q−1 + 3q−3 − 2q−5 + q−7

77 −q7 + 3q5 − 4q3 + 5q1 − 5q−1 + 4q−3 − 3q−5 + q−7

84 (q − q−1)(q4 − q2 + 1 − q−2 + q−4)

86 (q − q−1)(q2 + 1 + q−2)(q2 − 1 + q−2)

811 −q3 + q−3

813 (q − q−1)(q4 − q2 + 1 − q−2 + q−4)

814 (q − q−1)(q2 + 1 + q−2)(q2 − 1 + q−2)

815 (q − q−1)(q6 − 2q4 + 2q2 − 3 + 2q−2 − 2q−4 + q−6)

4.4. –¢¥É´Ò¥ ¶μ²¨´μ³Ò •�Œ”‹ˆ ¤²Ö Ê§²  41. ‚ ±μ´É¥±¸É¥ · ¸¸³μÉ·¥-
´¨Ö ¨´É¥£·¨·Ê¥³ÒÌ ¸¢μ°¸É¢ Ê§²μ¢ (¸³. ¶. 4.3),   É ±¦¥ ¤·Ê£¨Ì ¸¢μ°¸É¢ Í¢¥É´ÒÌ
¶μ²¨´μ³μ¢ Ê§²μ¢ ¢μ§´¨± ¥É ¢μ¶·μ¸ μ ¢ÒÎ¨¸²¥´¨¨ Í¢¥É´ÒÌ ¶μ²¨´μ³μ¢ (É. ¥.
¶μ²¨´μ³μ¢ ¢ ´¥ËÊ´¤ ³¥´É ²Ó´ÒÌ ¶·¥¤¸É ¢²¥´¨ÖÌ) · §²¨Î´ÒÌ Ê§²μ¢ ¨ § Í¥¶-
²¥´¨°. Š ´ ¸ÉμÖÐ¥³Ê ¢·¥³¥´¨ μ¡Ð¨¥ μÉ¢¥ÉÒ ¨§¢¥¸É´Ò ¤²Ö μÎ¥´Ó ³ ²μ£μ Î¨¸² 
Ê§²μ¢, ´ ¶·¨³¥·, ¤²Ö ±² ¸¸  Éμ·¨Î¥¸±¨Ì Ê§²μ¢ (¸³. ¶. 4.2).

�¨¸. 14. “§¥²-¢μ¸Ó³¥·±  ¨ ¥£μ ¶·μ¸É¥°Ï¥¥ ¶·¥¤¸É ¢²¥´¨¥ ¢ ¢¨¤¥ ±μ¸Ò

�·μ¸É¥°Ï¨° ´¥Éμ·¨Î¥¸±¨° Ê§¥² ´ §Ò¢ ¥É¸Ö Ê§²μ³-¢μ¸Ó³¥·±μ° (¢ É ¡²¨Í¥
Ê§²μ¢ μ´ ´μ¸¨É ´ §¢ ´¨¥ 41). �´ ¶·¥¤¸É ¢²Ö¥É¸Ö ±μ¸μ° ¸ É·¥³Ö ´¨ÉÖ³¨
(¸³. ·¨¸. 14). ‘ ¶μ³μÐÓÕ ³¥Éμ¤μ¢, μ¶¨¸ ´´ÒÌ ¢ ¶. 4.1,   É ±¦¥ ¨Ì μ¡μ¡-
Ð¥´¨Ö ´  ¸²ÊÎ ° ¸¨³³¥É·¨Î¥¸±¨Ì ¶·¥¤¸É ¢²¥´¨° [103, 104], ³μ¦´μ ¶μ²ÊÎ¨ÉÓ
¶μ²¨´μ³Ò •�Œ”‹ˆ ¤²Ö ¶·μ¸É¥°Ï¨Ì ´¥ËÊ´¤ ³¥´É ²Ó´ÒÌ ¶·¥¤¸É ¢²¥´¨°:

H41
[0](A| q)

S∗
[0](A| q) = 1,

H41
[1](A| q)

S∗
[1](A| q) = A2 − q2 + 1 − q−2 + A−2 = 1 + {Aq}{Aq−1},
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H41
[2](A| q)

S∗
[2](A| q) = q4A4 − (q6 + q4 − q2 + q−2)A2 + (q6 − q4 + 3 − q−4 + q−6)−

− (q2 − q−2 + q−4 + q−6)A−2 + q−4A−4 = (4.35)

= 1 + [2]{Aq2}{Aq−1} + {Aq3}{Aq2}{A}{Aq−1},
H41

[3](A| q)
S∗

[3](A| q) = 1 + [3]{Aq3}{Aq−1} + [3]{Aq4}{Aq3}{A}{Aq−1}+

+ {Aq5}{Aq4}{Aq3}{Aq}{A}{Aq−1}.

‡¤¥¸Ó ¨ ¤ ²¥¥ ¨¸¶μ²Ó§Ê¥É¸Ö μ¡μ§´ Î¥´¨¥ {x} = x − x−1,   É ±¦¥ μ¡μ§´ Î¥-

´¨¥ ¤²Ö ±¢ ´Éμ¢ÒÌ Î¨¸¥², ¨¸¶μ²Ó§μ¢ ´´μ¥ ¢ ¶. 4.3: [k]q =
qk − q−k

q − q−1
. ˆ§ ÔÉ¨Ì

Ëμ·³Ê² ³μ¦´μ ¶μ¸É·μ¨ÉÓ μ¡μ¡Ð¥´´ÊÕ Ëμ·³Ê²Ê ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ ¸¨³³¥-
É·¨Î¥¸±μ£μ ¶·¥¤¸É ¢²¥´¨Ö:

H41
[p](A| q) = S∗

[p](A| q)
(

1 +
p∑

k=1

[p]q!
[k]q![p − k]q!

k−1∏
i=0

{Aqp+i}{Aqi−1}
)

. (4.36)

�μ¤ [k]q! ¶μ´¨³ ¥É¸Ö ±¢ ´Éμ¢Ò° Ë ±Éμ·¨ ², É. ¥. [k]q! =
k∏

i=1

[i]q.

4.4.1. •�Œ”‹ˆ ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ  ´É¨¸¨³³¥É·¨Î´μ£μ ¶·¥¤¸É ¢²¥-
´¨Ö. �μ²¨´μ³Ò •�Œ”‹ˆ ¨ ¨Ì · §²μ¦¥´¨¥ ¶μ Ì · ±É¥· ³ μ¡² ¤ ÕÉ Z2-
¸¨³³¥É·¨¥° ¶·¨ ¶·¥μ¡· §μ¢ ´¨¨

A, q, S∗
Q ←→ A, −1

q
, S∗

Q′ , (4.37)

£¤¥ Q′ Å ÔÉμ É· ´¸¶μ´¨·μ¢ ´´ Ö ¤¨ £· ³³  
´£  Q. ‘ÊÐ¥¸É¢¥´´Ò³ ¤²Ö
¤ ´´μ° ¸¨³³¥É·¨¨ Ö¢²Ö¥É¸Ö ¸¢μ°¸É¢μ Ì · ±É¥·μ¢, ¸μ¸ÉμÖÐ¥¥ ¢ Éμ³, ÎÉμ Ì -
· ±É¥·Ò, ± ± ËÊ´±Í¨¨ μÉ ¢·¥³¥´´ÒÌ ¶¥·¥³¥´´ÒÌ (¸³. (4.12) ¨ (4.13)), Ê¤μ-
¢²¥É¢μ·ÖÕÉ Ëμ·³Ê²¥ SQ′{tk} = SQ

{
(−1)k−1tk

}
. �É  ¸¨³³¥É·¨Ö ¶μ§¢μ²Ö¥É

¶·¥μ¡· §μ¢ ÉÓ μÉ¢¥É (4.36) ¤²Ö ¤¨ £· ³³Ò 
´£  ¸ μ¤´μ° ¸É·μ±μ° Q = [p]
¢ μÉ¢¥É ¤²Ö É· ´¸¶μ´¨·μ¢ ´´μ° ¤¨ £· ³³Ò, É. ¥. ¤²Ö ¶·μ¨§¢μ²Ó´μ° ¤¨ £· ³³Ò
Q = [1p] = [1, 1, . . . , 1︸ ︷︷ ︸

p Ô²¥³¥´Éμ¢

]:

H41
[1p](A|q) = S∗

[1p](A|q)

⎛⎝1 +
p∑

k=1

[p]q!
[k]q![p − k]q!

k−1∏
j=0

{Aq−p−j}{Aq−j+1}

⎞⎠ .

(4.38)
‚¸¥ ¤μ¶μ²´¨É¥²Ó´Ò¥ §´ ±¨, ¶μÖ¢²ÖÕÐ¨¥¸Ö ¶·¨ É· ´¸¶μ´¨·μ¢ ´¨¨ ¤¨ £· ³³Ò
¢ Ì · ±É¥· Ì S∗

Q, ´¥ ¶·μÖ¢²ÖÕÉ¸Ö ¢ ±μ´¥Î´μ³ μÉ¢¥É¥. ‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ Ì -
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· ±É¥·Ò ´  Éμ¶μ²μ£¨Î¥¸±μ³ ²μ±Ê¸¥ · ¢´Ò

S∗
[1p](A|q) =

p∏
j=1

{Aq1−j}
{qj} . (4.39)

�¥¸±μ²Ó±μ ¶·¨³¥·μ¢ (4.38) ¶·¨¢¥¤¥´Ò ´¨¦¥:

H41
[11](A|q)

S∗
[11](A|q) = 1 + [2]{Aq−2}{Aq} + {Aq−3}{Aq−2}{A}{Aq},

H41
[111](A|q)

S∗
[111](A|q) = 1 + [3]{Aq−3}{Aq1} + [3]{Aq−4}{Aq−3}{A}{Aq}+ (4.40)

+ {Aq−5}{Aq−4}{Aq−3}{Aq−1}{A}{Aq}.

�· ¢Ò¥ Î ¸É¨ ÔÉ¨Ì ¢Ò· ¦¥´¨° ¢Ò·μ¦¤ ÕÉ¸Ö ¢ ¥¤¨´¨ÍÊ ¶·¨ A = q2 ¨ A = q3

¸μμÉ¢¥É¸É¢¥´´μ. S∗
111(A|q) É ±¦¥ · ¢´μ ´Ê²Õ ¶·¨ A = q2.

4.4.2. �·μ¢¥·±  Í¢¥É´μ£μ •�Œ”‹ˆ. �·¨¢¥¤¥³ ´¥¸±μ²Ó±μ  ·£Ê³¥´Éμ¢
¢ ¶μ²Ó§Ê (4.36). ‚μ-¶¥·¢ÒÌ, μÉ¢¥É (4.36) μ¡μ¡Ð ¥É ¨§¢¥¸É´Ò¥ ¶·¨³¥·Ò (4.35),
¶μ²ÊÎ¥´´Ò¥ · ´¥¥ ¢ · ¡μÉ Ì [103,105] (¤²Ö [p] = [2]) ¨ [104] (¤²Ö [p] = [3], [4]).

‚μ-¢Éμ·ÒÌ, ¢ ¶·¥¤¥²¥ q → 1 ÔÉμ ¢Ò· ¦¥´¨¥ § ¢¨¸¨É μÉ ¶·¥¤¸É ¢²¥´¨Ö
¸¶¥Í¨ ²Ó´Ò³ μ¡· §μ³. ’ ±μ° ¶·¥¤¥² ¶μ²¨´μ³  •�Œ”‹ˆ ´μ¸¨É ´ §¢ ´¨¥
¸¶¥Í¨ ²Ó´μ£μ ¶μ²¨´μ³ :

HK
T (A) = lim

q→1

HK
T (A|q)

S∗
T (A|q) . (4.41)

ˆ§¢¥¸É´μ, ÎÉμ ¸¶¥Í¨ ²Ó´Ò° ¶μ²¨´μ³ ¤²Ö ²Õ¡μ£μ ¶·¥¤¸É ¢²¥´¨Ö Ö¢²Ö¥É¸Ö ¶·μ-
¸Éμ ¸É¥¶¥´ÓÕ ¸¶¥Í¨ ²Ó´μ£μ ¶μ²¨´μ³  ËÊ´¤ ³¥´É ²Ó´μ£μ ¶·¥¤¸É ¢²¥´¨Ö [106]:

HK
T (A) =

(
HK

[1](A)
)|T |

. (4.42)

�Éμ ¸¢μ°¸É¢μ ¢Ò¶μ²´Ö¥É¸Ö ¤²Ö ¢¸¥Ì K ¨ T [107Ä113]. �É³¥É¨³, ÎÉμ ¶·¥¤¥²
¡¥·¥É¸Ö ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ §´ Î¥´¨¨ A, ¨ ± ± ¶μ²¨´μ³Ò •�Œ”‹ˆ HT , É ±
¨ Ì · ±É¥·Ò S∗

T ¢ ÔÉμ³ ¶·¥¤¥²¥ ¨³¥ÕÉ ¸¨´£Ê²Ö·´μ¸ÉÓ ¢¨¤  (q − q−1)−|T |, £¤¥
|T | Å ÔÉμ ±μ²¨Î¥¸É¢μ ±²¥Éμ± ¢ ¤¨ £· ³³¥ 
´£  T . ‘¶¥Í¨ ²Ó´Ò° ¶μ²¨´μ³,
Ö¢²ÖÕÐ¨°¸Ö ¨Ì μÉ´μÏ¥´¨¥³, μ¤´ ±μ, ¨³¥¥É ¢¶μ²´¥ μ¶·¥¤¥²¥´´ÊÕ Ëμ·³Ê.

‚-É·¥ÉÓ¨Ì, ¶· ¢¨²Ó´Ò³ μ¡· §μ³ Ê¸É·μ¥´ ¨ ¶·¥¤¥² ÔÉμ£μ ¢Ò· ¦¥´¨Ö ¶·¨
A → 1, ±μÉμ·Ò° ´μ¸¨É ´ §¢ ´¨¥ ¶μ²¨´μ³  �²¥±¸ ´¤¥·  [61,106]:

AK
T (q) = lim

A→1

HK
T (A|q)

S∗
T (A|q) . (4.43)
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�μ²¨´μ³Ò �²¥±¸ ´¤¥·  É ±¦¥ ¨³¥ÕÉ ¢¥¸Ó³  ¶·μ¸ÉÊÕ § ¢¨¸¨³μ¸ÉÓ μÉ ¶·¥¤¸É -
¢²¥´¨Ö T , ¥¸²¨ μ´μ μ¶¨¸Ò¢ ¥É¸Ö ¤¨ £· ³³μ°-±·Õ±μ³ (¤¨ £· ³³μ°, ¢¸¥ ±²¥É±¨
±μÉμ·μ° ´ Ìμ¤ÖÉ¸Ö ¢ ¶¥·¢μ³ ¸Éμ²¡Í¥ ¨²¨ ¶¥·¢μ° ¸É·μ±¥) [103,106,111]:

AK
T (q) = AK

[1]

(
q|T |

)
. (4.44)

’μ ¥¸ÉÓ ¶μ²¨´μ³ �²¥±¸ ´¤¥·  ¢ ¶·¥¤¸É ¢²¥´¨¨ T Å ÔÉμ ¶μ²¨´μ³ ¢ ËÊ´¤ -
³¥´É ²Ó´μ³ ¶·¥¤¸É ¢²¥´¨¨, ´μ μÉ ¶¥·¥³¥´´μ° q|T |. �μ²ÊÎ¥´´Ò° μÉ¢¥É Ê¤μ-
¢²¥É¢μ·Ö¥É ¤ ´´μ³Ê Ê¸²μ¢¨Õ.

‚-Î¥É¢¥·ÉÒÌ, ¢ ¶·¥¤¥²¥ A = q2 ¶·¨¢¥¤¥´´Ò° μÉ¢¥É ¢μ¸¶·μ¨§¢μ¤¨É ¨§¢¥¸É-
´Ò¥ μÉ¢¥ÉÒ ¤²Ö ¶μ²¨´μ³μ¢ „¦μ´¸ .

‚-¶ÖÉÒÌ, ¢ ÉμÎ±¥ A = qN , q = exp
(

πi

N + p − 1

)
, μ´ ¢μ¸¶·μ¨§¢μ¤¨É

Ëμ·³Ê²Ê ¨§ [114]:

∗H41
[p]

∗S[p]

(
A = qN

∣∣∣q = exp
(

iπ

N + p − 1

))
=

⎛⎝1 +
p∑

j=1

j−1∏
i=0

(
2 sin

(p − i)π
N + p − 1

)2
⎞⎠ .

(4.45)
‚-Ï¥¸ÉÒÌ, ¢Ò· ¦¥´¨¥ (4.38), ´ ¶·Ö³ÊÕ ¸¢Ö§ ´´μ¥ ¶·¥μ¡· §μ¢ ´¨¥³ ¸¨³-

³¥É·¨¨ ¸ Ëμ·³Ê²μ° (4.36), · ¢´μ ´Ê²Õ ¶·¨ A = qN , ¥¸²¨ N < p, ¨ · ¢´  ¶μ-
²¨´μ³ ³ ´¥Ê§²μ¢ ¶·¨ N = p. �Éμ ¸¢μ°¸É¢μ ¸²¥¤Ê¥É ¨§ É¥μ·¨¨ ¶·¥¤¸É ¢²¥´¨°.
�·¨ · ¸¸³μÉ·¥´¨¨ ±μ´±·¥É´μ° £·Ê¶¶Ò SU(N) ¸²¥¤Ê¥É ¶μ²μ¦¨ÉÓ A = qN .
‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¢ £·Ê¶¶¥ SU(N) μÉ¸ÊÉ¸É¢ÊÕÉ ¢¸¥ ¶·¥¤¸É ¢²¥´¨Ö [1p] ¶·¨
N < p,   ¶·¨ N = p ¶·¥¤¸É ¢²¥´¨Ö É·¨¢¨ ²Ó´Ò.

‚-¸¥¤Ó³ÒÌ, ¶μ²ÊÎ¥´´Ò° μÉ¢¥É ¸μ£² ¸Ê¥É¸Ö ¸ £¨¶μÉ¥§μ° �μ£Ê·¨Ä‚ ËÒ
(¸³. ¶. 4.4.3).

�¥·¢Ò¥ ¤¢  ÊÉ¢¥·¦¤¥´¨Ö ¨§ ÔÉμ£μ ¸¶¨¸±  Å ÔÉμ ´¥ ´¥§ ¢¨¸¨³Ò¥ ¶·μ¢¥·±¨,
É ± ± ± μ´¨ ¨¸¶μ²Ó§μ¢ ²¨¸Ó ¶·¨ ¢Ò¢μ¤¥ Ëμ·³Ê²Ò (4.36). �¤´ ±μ μ¸É ²Ó´Ò¥
¶ÖÉÓ ÊÉ¢¥·¦¤¥´¨° ´¥§ ¢¨¸¨³Ò μÉ ¢Ò¢μ¤  Ëμ·³Ê²Ò.

4.4.3. �·μ¢¥·±  £¨¶μÉ¥§Ò �μ£Ê·¨Ä‚ ËÒ. ˆ§ Í¢¥É´ÒÌ ¶μ²¨´μ³μ¢
•�Œ”‹ˆ ³μ¦´μ ¶μ¸É·μ¨ÉÓ É ±¦¥ ¤·Ê£μ° ±² ¸¸ ¶μ²¨´μ³μ¢ fK

T , ´ §Ò¢ ¥³Ò°
¶μ²¨´μ³ ³¨ �μ£Ê·¨Ä‚ ËÒ (�‚) [58, 115Ä117]. ‚ ¸²ÊÎ ¥ Ê§² -¢μ¸Ó³¥·±¨ ¶μ-
²¨´μ³Ò �‚ Î ¸É¨Î´μ Ë ±Éμ·¨§ÊÕÉ¸Ö ¨, É ±¨³ μ¡· §μ³, ¨Ì Ëμ·³  ´¥¸±μ²Ó±μ
¶·μÐ¥, Î¥³ Ê ¶μ²¨´μ³μ¢ •�Œ”‹ˆ. �´¨ μ¶·¥¤¥²ÖÕÉ¸Ö ¶·μ¨§¢μ¤ÖÐ¨³¨
ËÊ´±Í¨Ö³¨ ¤²Ö ¢¸¥Ì ¶·¥¤¸É ¢²¥´¨°

log

(∑
T

HK
T

{
tk|q

}
SR{t̄k}

)
=
∑

n

∑
T

1
n

fK
T

{
t
(n)
k

∣∣qn
}
ST

{
t̄
(n)
k

}
, (4.46)

£¤¥ HK
T Å ÔÉμ μ¡μ¡Ð¥´´Ò° ¶μ²¨´μ³ •�Œ”‹ˆ (¸³. ¶. 4.3), {t̄k} Å ÔÉμ

¤μ¶μ²´¨É¥²Ó´Ò° ´ ¡μ· ¢·¥³¥´´ÒÌ ¶¥·¥³¥´´ÒÌ,   t̄
(n)
k ≡ p̄nk Å ÔÉμ ¨Ì ¶·¥-

μ¡· §μ¢ ´¨¥ �¤ ³¸  [83]. �  Éμ¶μ²μ£¨Î¥¸±μ³ ²μ±Ê¸¥ (4.13) ÔÉμ ¸μμÉ´μÏ¥´¨¥
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¢Ò·μ¦¤ ¥É¸Ö ¤μ

log

(∑
T

HK
T (A|q)ST {t̄k}

)
=
∑

n

∑
T

1
n

fK
T

∗
(An|qn)ST

{
t̄
(n)
k

}
. (4.47)

ƒ¨¶μÉ¥§  �μ£Ê·¨Ä‚ ËÒ ¶·¥¤¶μ² £ ¥É [58, 115Ä117], ÎÉμ, ± ± ¨ μÉ´μÏ¥´¨¥
HT /S∗

T , μÉ´μÏ¥´¨¥ f∗
T /S∗

[1] Å ÔÉμ ¢¸¥£¤  ¶μ²¨´μ³ ¸ Í¥²Ò³¨ ±μÔËË¨Í¨¥´-
É ³¨. �Éμ μ§´ Î ¥É, ÎÉμ f∗

T ¢¸¥£¤  ¶·μ¶μ·Í¨μ´ ²¥´ S∗
[1] ¢ ¶·¥¤¥²¥ q → 1 ¶·¨

Ë¨±¸¨·μ¢ ´´μ³ A (¶·¥¤¥²¥ ¸¶¥Í¨ ²Ó´μ£μ ¶μ²¨´μ³ ). ’ ±¨³ μ¡· §μ³, ¶μ²¨-
´μ³Ò �‚ ¢ ¤ ´´μ³ ¶·¥¤¥²¥ ³¥´¥¥ ¸¨´£Ê²Ö·´Ò, Î¥³ ¶μ²¨´μ³Ò •�Œ”‹ˆ H∗

T ,
±μÉμ·Ò¥ ¶·μ¶μ·Í¨μ´ ²Ó´Ò S∗

T .
�·μ¸É¥°Ï¨¥ ¶μ²¨´μ³Ò �μ£Ê·¨Ä‚ ËÒ · ¢´Ò

f[1] = H[1],

f[2] = H[2] −
1
2
H2

[1] −
1
2
H(2)

[1] ,

(4.48)

f[3] = H[3] −H[1]H[2] +
1
3
H3

[1] −
1
3
H(3)

[1] ,

f[4] = H[4] −H[1]H[3] −
1
2
H2

[2] + H2
[1]H[2] −

1
4
H4

[1] +
1
2
H(2)

[2] +
1
4

(
H(2)

[1]

)2

,

£¤¥ H(n)
T {tk|q}) ≡ HT {t(n)

k |qn} ¨ H
(n)
T (A|q) ≡ HT (An|qn).

ˆ§ ¢Ò· ¦¥´¨Ö (4.36) ¶·μ¸É¥°Ï¨¥ ¶μ²¨´μ³Ò �μ£Ê·¨Ä‚ ËÒ ¤²Ö Ê§² -¢μ¸Ó-
³¥·±¨ · ¢´Ò:

f41
[0]

∗
(A|q)

S∗
[1](A|q) = 0,

f41
[1]

∗
(A| q)

S∗
[1](A| q) = A2 − (q2 − 1 + q−2) + A−2,

f41
[2]

∗
(A| q)

S∗
[1](A| q) = {A}{A/q}{Aq2}{A2q2},

f41
[3]

∗
(A| q)

S∗
[1](A| q) = {A}{A/q}{Aq}{Aq2}×

×
(
(q8 + q4 + q2)A4 − (q6 − q4 − 1)A2−

− (q2− 2 + q−2)− (q−6− q−4− 1)A−2+ (q−8+ q−4+ q−2)A−4
)
,

(4.49)
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f41
[4]

∗
(A| q)

S∗
[1](A| q) = {A}{A/q}{Aq}{Aq2}×

×
(
(q19 + q15 + q13 + 2q11 + q9 + 2q7 + q5 + q3)A7−

−(q17 + q15 + q13 + 2q11 + 2q9 + 2q7 + q5)A5+

+ (q13 + q9 − q5 − q3 − 2q−1)A3+

+(q7 + q5 + q3 + 2q − q−5)A+

+(q−7 + q−5 + q−3 + 2q−1 − q5)A−1+

+(q−13 + q−9 − q−5 − q−3 − 2q1)A−3−
−(q−17 + q−15 + q−13 + 2q−11 + 2q−9 + 2q−7 + q−5)A−5+

+ (q−19+ q−15+ q−13+ 2q−11+ q−9+ 2q−7+ q−5+ q−3)A−7
)

. . .

„²Ö ÔÉ¨Ì ¶μ²¨´μ³μ¢ £¨¶μÉ¥§  �μ£Ê·¨Ä‚ ËÒ μÎ¥¢¨¤´μ ¢Ò¶μ²´Ö¥É¸Ö.
‚ ¸¶¥Í¨ ²Ó´μ³ ¶·¥¤¥²¥ q → 1 ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¸¶¥Í¨ ²Ó´Ò¥ ¶μ²¨´μ³Ò

�μ£Ê·¨Ä‚ ËÒ fT (A) ≡ lim
q→1

f∗
T (A| q)

S∗
[1](A| q) · ¢´Ò

f[0](A) = 1,

f[1](A) = 1 + {A}2,

f[2](A) = {A}3{A2}, (4.50)

f[3](A) = {A}4
(
3A4 + A2 + A−2 + 3A−4

)
,

f[4](A) = 2{A}3{A2}
(
5A6 − 10A4 + 9A2 − 7 + 9A−2 − 10A−4 + 5A−6

)
,

. . .

�É¨ ¶μ²¨´μ³Ò μ¡² ¤ ÕÉ ´¥É·¨¢¨ ²Ó´μ° § ¢¨¸¨³μ¸ÉÓÕ μÉ ¶·¥¤¸É ¢²¥´¨Ö ¨
´¥ ³μ£ÊÉ ¡ÒÉÓ ¢Ò· ¦¥´Ò Î¥·¥§ ¸¶¥Í¨ ²Ó´Ò¥ ¶μ²¨´μ³Ò HT (A): ¶μ¶· ¢±¨
¢Ò¸Ï¨Ì ¶μ·Ö¤±μ¢ ¶μ 1 − q É ±¦¥ ¤ ÕÉ ¢±² ¤ ¢ f[T ](A).

4.4.4. –¢¥É´Ò¥ ¸Ê¶¥·¶μ²¨´μ³Ò Ê§² -¢μ¸Ó³¥·±¨. ”μ·³Ê²  (4.36) ¤μ¶Ê¸-
± ¥É · §²¨Î´Ò¥ μ¡μ¡Ð¥´¨Ö. �É  Ëμ·³Ê²  ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¸Ê³³Ê ¶μ
¶μ¤¤¨ £· ³³ ³ ¤¨ £· ³³Ò 
´£  T . �¨¦¥ ¡Ê¤¥É · ¸¸³μÉ·¥´  ¢μ§³μ¦´μ¸ÉÓ
¸Ê¶¥·¶μ²¨´μ³¨ ²Ó´μ° (β-) ¤¥Ëμ·³ Í¨¨ (4.36).

β-¤¥Ëμ·³ Í¨Ö ¶μ¤· §Ê³¥¢ ¥É, ÎÉμ ¸¤¢¨£¨ ¶μ £μ·¨§μ´É ²Ó´μ° ¨ ¢¥·É¨± ²Ó-
´μ° μ¸Ö³ ¢ ¤¨ £· ³³¥ 
´£  ¤ ÕÉ ³´μ¦¨É¥²¨ q ¨ t−1,   ´¥ q ¨ q−1, ± ± ¢ ¸²ÊÎ ¥
¶μ²¨´μ³μ¢ •�Œ”‹ˆ. “´¨¢¥·¸ ²Ó´μ£μ ¶· ¢¨²  § ³¥´Ò ¢ ¡¨´μ³¨ ²Ó´ÒÌ ±μ-
ÔËË¨Í¨¥´É Ì, μ¤´ ±μ, ´¥ ¨§¢¥¸É´μ. β-¤¥Ëμ·³ Í¨Ö ¨³¥²  ¡Ò ¶·μ¸ÉÊÕ Ëμ·³Ê,
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¥¸²¨ ¡Ò ¸Ê³³  ¶μ ±²¥É± ³ ¤¨ £· ³³Ò 
´£  ¸μ¤¥·¦ ²  Éμ²Ó±μ ¥¤¨´¨Î´Ò¥
±μÔËË¨Í¨¥´ÉÒ. �Éμ μ§´ Î ¥É, ÎÉμ ¤²Ö Éμ£μ, ÎÉμ¡Ò É ± Ö ¤¥Ëμ·³ Í¨Ö ¡Ò² 
¶·Ö³μ²¨´¥°´μ°, Ëμ·³Ê²Ê (4.36) ´Ê¦´μ ¸´ Î ²  ¶·¨¢¥¸É¨ ± É ±μ° Ëμ·³¥.

‚ ¤ ´´μ³ ¸²ÊÎ ¥ É ± Ö ¢μ§³μ¦´μ¸ÉÓ ¥¸ÉÓ. ’ ±,

[p]q{Aqp+i}{Aai−1} =
p∑

i=1

{Aq2(p−i)+1}{Aq−1}, (4.51)

É. ¥. ÔÉμÉ ¢±² ¤ ³μ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´ ± ± ¸Ê³³  ¶μ ±²¥É± ³ ¤¨ £· ³³Ò

´£  ¸ ¥¤¨´¨Î´Ò³¨ ±μÔËË¨Í¨¥´É ³¨. �É  Ëμ·³Ê²  ¶·¥¤¶μ² £ ¥É, ÎÉμ ± -
¦¤μ° ±²¥É±¥ ¤¨ £· ³³Ò 
´£  [p] ¸ ±μμ·¤¨´ É ³¨ (i, 1) ∈ [p] ¸μμÉ¢¥É¸É¢Ê¥É
¶·μ¨§¢¥¤¥´¨¥ Zi(A) = {Aq2(p−i)+1}{Aq−1}. „ ²¥¥,

[p][p − 1]
[2]

{Aqp+i+1}{Aqp+i}{A}{Aq−1} =

=
∑

1�i<i′�p

{Aq2(p−i)+1}{Aq−1}{Aq2(p−i′)+2}{A} =
∑

1�i<i′�p

Zi(A)Zi′(Aq),

(4.52)

É. ¥. ¶ · ³¥É· ¢μ ¢Éμ·μ³ ³´μ¦¨É¥²¥ ¢ Zi′ ¸¤¢¨£ ¥É¸Ö ´  q. ‚ μ¡Ð¥³ ¢¨¤¥ (4.36)
³μ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´  ¢ ¸²¥¤ÊÕÐ¥° Ëμ·³¥:

H41
[p](A|q)

S∗
[p](A|q) =

p∑
k=0

[p]q!
[k]q![p − k]q!

k∏
i=1

Zi(A) =

=
p∑

k=0

∑
1�i1<...<ik�p

Zi1(A)Zi2(Aq)Zi3 (Aq2) . . . Zik
(Aqk−1). (4.53)

�É  Ëμ·³Ê²  μ¡² ¤ ¥É ¶·μ¸Éμ° β-¤¥Ëμ·³ Í¨¥°, ¤²Ö ÔÉμ£μ ¤μ¸É ÉμÎ´μ ¶·μ¨§-
¢¥¸É¨ § ³¥´Ê Zi(A) = {Aq2(p−i)+1}{Aq−1} ´  Zi(A) = {Aq2(p−i)+1}{At−1}.
�μ²ÊÎ¥´´ Ö Ëμ·³Ê²  μ¶¨¸Ò¢ ¥É Í¢¥É´μ° ¸Ê¶¥·¶μ²¨´μ³ Ê§² -¢μ¸Ó³¥·±¨ ¢ ¶·μ-
¨§¢μ²Ó´μ³ ¸¨³³¥É·¨Î¥¸±μ³ ¶·¥¤¸É ¢²¥´¨¨ [p]:

P41
[p]

∗
(A|q, t)

M∗
[p](A|q, t) =

p∑
k=0

∑
1�i1<...<ik�p

Zi1(A)Zi2 (Aq)Zi3 (Aq2) . . . Zik
(Aqk−1).

(4.54)
(‡´ ³¥´ É¥²Ó ¢ ²¥¢μ° Î ¸É¨ Å ÔÉμ §´ Î¥´¨¥ ¶μ²¨´μ³  Œ ±¤μ´ ²Ó¤  ´  Éμ¶μ-
²μ£¨Î¥¸±μ³ ²μ±Ê¸¥. �Éμ μ¡ÒÎ´Ò° ¢Ò¡μ· ¤²Ö ¸Ê¶¥·¶μ²¨´μ³  ´¥Ê§² , ¸³. [106].)
�·¨¢¥¤¥³ ¤¢   ·£Ê³¥´É  ¢ ¶μ²Ó§Ê ¤ ´´μ£μ ¢Ò· ¦¥´¨Ö.

‚μ-¶¥·¢ÒÌ, ¶·¨ t = q ¢Ò· ¦¥´¨¥ (4.54) ¢μ¸¶·μ¨§¢μ¤¨É μÉ¢¥É ¤²Ö ¶μ²¨´μ-
³μ¢ •�Œ”‹ˆ (4.36).
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‚μ-¢Éμ·ÒÌ, ¶μ¸²¥ ¸É ´¤ ·É´μ° § ³¥´Ò ¶¥·¥³¥´´ÒÌ [106,118]

t = q, q = −qt, A = a
√
−t (4.55)

¸Ê¶¥·¶μ²¨´μ³ (4.54) ¤¥°¸É¢¨É¥²Ó´μ Ö¢²Ö¥É¸Ö ¶μ²¨´μ³μ³ ¶μ ¢¸¥³ ¸¢μ¨³ ¶¥-
·¥³¥´´Ò³ a±1, q±1, t±1 ¸ ¶μ²μ¦¨É¥²Ó´Ò³¨ ±μÔËË¨Í¨¥´É ³¨, ÎÉμ Ö¢²Ö¥É¸Ö
μ¤´μ° ¨§ ±²ÕÎ¥¢ÒÌ Ì · ±É¥·¨¸É¨± ¸Ê¶¥·¶μ²¨´μ³ , É ± ± ± ± ¦¤Ò° ³´μ¦¨-
É¥²Ó Zi(Aqs) ¶μ²μ¦¨É¥²¥´ ¢ ´μ¢ÒÌ ¶¥·¥³¥´´ÒÌ:

Zi(Aqs) =

(
1 − A2q4(p−i)+2+2s

) (
t2 − A2q2s

)
(A2tq) q2(p−i+s)

=

=

(
1 + a2t(qt)4(p−i)+2+2s

) (
q2 + a2t(qt)2s

)
a2 · (qt)2(p−i+s+1)

. (4.56)

‘¨³³¥É·¨Ö (4.37) É ±¦¥ ¤μ¶Ê¸± ¥É ¥¸É¥¸É¢¥´´μ¥ μ¡μ¡Ð¥´¨¥ ´  ¸²ÊÎ °
β-¤¥Ëμ·³ Í¨¨ (¸³. É ±¦¥ [119,120]):

(q, t) −→ (−t−1,−q−1) ¨²¨ (q, t) −→ (1/qt, t). (4.57)

�Éμ ¶μ§¢μ²Ö¥É ¶μ²ÊÎ¨ÉÓ ¨§ (4.54)  ´ ²μ£¨Î´ÊÕ Ëμ·³Ê²Ê ¤²Ö ¸Ê¶¥·¶μ²¨´μ³μ¢
¢  ´É¨¸¨³³¥É·¨Î´ÒÌ ¶·¥¤¸É ¢²¥´¨ÖÌ:

∗P41
[1p](A|q, t)

∗M[1p](A|q, t) =
p∑

k=0

∑
1�i1<...<ik�p

Z̄i1(A)Z̄i2 (At−1)Z̄i3(At−2) . . . Z̄ik
(At−k+1),

(4.58)
£¤¥

Z̄i(At−s) =

(
1 − A2t−4(p−i)−2−2s

) (
q−2 − A2t−2s

)
(A2/tq) t−2(p−i+s)

=

=

(
1 + a2tq−4(p−i)−2−2s

) (
1 + a2t3q2(1−s)

)
a2 · t2q−2(p−i+s)

. (4.59)

”Ê´±Í¨Ö Z̄i É ±¦¥ Ö¢²Ö¥É¸Ö ¶μ²¨´μ³μ³ ¸ ¶μ²μ¦¨É¥²Ó´Ò³¨ ±μÔËË¨Í¨¥´É ³¨
¶μ ¶¥·¥³¥´´Ò³ (4.55). „²Ö ¨²²Õ¸É· Í¨¨ ¶·¨¢¥¤¥³ ´¥¸±μ²Ó±μ ¶·μ¸É¥°Ï¨Ì
¶·¨³¥·μ¢ ¸Ê¶¥·¶μ²¨´μ³μ¢ Ê§² -¢μ¸Ó³¥·±¨:

∗P41
[1](A|q, t)

∗M[1](A| q, t) = 1 + {Aq}{At−1} = 1 + t2a2 + q−2t−1 + q2t + t−2a−2,
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∗P41
[2](A|q, t)

∗M[2](A| q, t) =

= 1 + {Aq}{At−1} + {Aq3}{At−1} + {Aq3}{At−1}{Aq2}{Aqt−1} =

= a4q4t8 + a2(q−2t + t2 + t3 + q2t4 + q4t5 + q6t7) + q6t4 + q4t3+

+ q2t2 + q2t + 3 + q−2t−1 + q−2t−2 + q−4t−3 + q−6t−4 + a−2(q2t−1+

+ t−2 + t−3 + q−2t−4 + q−4t−5 + q−6t−7) + a−4q−4t−8,

∗P41
[11](A|q, t)

∗M[11](A| q, t) =

= 1 + {Aq}{At−1} + {Aq}{At−3} + {Aq}{At−3}{At−2}{Aqt−1} =

= a4q−4t4 + a2(q2t3 + t2 + t3 + q−2t2 + q−4t + q−6t) + q−6t−2+

+ q−4t−1 + q−2 + q−2t−1 + 3 + q2t + q2 + q4t + q6t2 + a−2(q−2t−3+

+ t−2 + t−3 + q2t−2 + q4t−1 + q6t−1) + a−4q4t−4, (4.60)

∗P41
[3](A|q, t)

∗M[3](A| q, t) =

= a6q12t18 + a4(t7q2 + t8q4 + t9q4 + t10q6 + t11q6 + t12q8+

+ t13q10 + t15q12 + t17q14) + a2(t−2q−6 + t−1q−4 + q−4 + 2tq−2+

+ t2q−2 + 2t2 + 2t3 + 3t4q2 + t5q2 + t5q4 + 4t6q4 + 2t7q6 + 2t8q6+

+ 2t9q8 + t10q8 + t10q10 + t11q10 + t12q12 + t14q14) + t−9q−12+

+ t−8q−10 + t−7q−8 + t−6q−8 + 3t−5q−6 + t−4q−6 + t−4q−4 + 4t−3q−4+

+ 3t−2q−2 + 3t−1q−2 + t−1 + 5 + t + 3tq2 + 3t2q2 + 4t3q4 + t4q4 + t4q6+

+ 3t5q6 + t6q8 + t7q8 + t8q10 + t9q12 + a−2(t−14q−14 + t−12q−12+

+ t−11q−10+ t−10q−10+ t−10q−8+2t−9q−8+2t−8q−6+2t−7q−6+4t−6q−4+

+ t−5q−4 + t−5q−2 + 3t−4q−2 + 2t−3 + 2t−2 + t−2q2 + 2t−1q2 +q4 + tq4+

+ t2q6) + a−4(t−17q−14 + t−15q−12 + t−13q−10 + t−12q−8 + t−11q−6+

+ t−10q−6 + t−9q−4 + t−8q−4) + t−7q−2) + a−6t−18q−12,

. . .

‡ ³¥É¨³, ÎÉμ ÔÉ¨ ¢Ò· ¦¥´¨Ö ¤²Ö ¸Ê¶¥·¶μ²¨´μ³μ¢, ´¥¸³μÉ·Ö ´  Éμ, ÎÉμ μ´¨
Ö¢²ÖÕÉ¸Ö ¥¸É¥¸É¢¥´´Ò³ μ¡μ¡Ð¥´¨¥³ ¶μ²¨´μ³μ¢ •�Œ”‹ˆ, ´¥ ´ ¸Éμ²Ó±μ Ìμ-
·μÏμ ¶·μ¢¥·¥´Ò, ± ± (4.36), É ± ± ± ¶μ±  ´¥É μÉ¢¥Éμ¢, ¸ ±μÉμ·Ò³¨ ³μ¦´μ
¡Ò²μ ¡Ò ¨Ì ¸· ¢´¨ÉÓ. �¤´ ±μ ¨§¢¥¸É´ Ö Ëμ·³Ê²  „ ´Ë¥²Ó¤ ÄƒÊ±μ¢ Ä� ¸³Ê¸-
¸¥´  [121] ¤²Ö ¸Ê¶¥·¶μ²¨´μ³μ¢ ¢ ËÊ´¤ ³¥´É ²Ó´μ³ ¶·¥¤¸É ¢²¥´¨¨ R = [1]
¢μ¸¶·μ¨§¢μ¤¨É¸Ö (4.36), ± ± ¨ μÉ¢¥ÉÒ ¤²Ö ¤¨ £· ³³ ¸ ¤¢Ê³Ö ±²¥É± ³¨, R = [2]
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¨ R = [11] (μ´¨ ¸¢Ö§ ´Ò ¶·¥μ¡· §μ¢ ´¨¥³ ¸¨³³¥É·¨¨ (4.57)) [120]. �ÉμÉ ¸¶¨-
¸μ±  ·£Ê³¥´Éμ¢, μ¤´ ±μ, ³¥´ÓÏ¥ ¶μ ¸· ¢´¥´¨Õ ¸ ¶·¨¢¥¤¥´´Ò³ ¤²Ö ¶μ²¨´μ³μ¢
•�Œ”‹ˆ ¢ ¶. 4.4.2, ¨ ´¥μ¡Ìμ¤¨³Ò ¤ ²Ó´¥°Ï¨¥ ¶·μ¢¥·±¨.

4.5. � §´μ¸É´Ò¥ Ê· ¢´¥´¨Ö ´  ¶μ²¨´μ³Ò •�Œ”‹ˆ ¨ ¸Ê¶¥·¶μ²¨´μ³Ò.
–¢¥É´Ò¥ ¶μ²¨´μ³Ò „¦μ´¸  ¢ ¶·¥¤¸É ¢²¥´¨¨ T = [p], ± ± ¨§¢¥¸É´μ, Ê¤μ¢²¥-
É¢μ·ÖÕÉ ²¨´¥°´Ò³ · §´μ¸É´Ò³ Ê· ¢´¥´¨Ö³ ¶μ ¶¥·¥³¥´´μ° p [119,122Ä125]∗.
‚μ§´¨± ¥É ¥¸É¥¸É¢¥´´Ò° ¢μ¶·μ¸ μ ¸ÊÐ¥¸É¢μ¢ ´¨¨ É ±¨Ì Ê· ¢´¥´¨° ¤²Ö ¸Ê-
¶¥·¶μ²¨´μ³μ¢ (4.54). Š ± μ¦¨¤ ¥É¸Ö, ¤μ²¦¥´ ¸ÊÐ¥¸É¢μ¢ ÉÓ ´ ¡μ· É ±¨Ì
Ê· ¢´¥´¨°, § ³¥´ÖÕÐ¨° ¸μ¡μ° ´ ¡μ· Ê¸²μ¢¨° ‚¨· ¸μ·μ ¢ ³ É·¨Î´ÒÌ ³μ-
¤¥²ÖÌ [86Ä95]. �ÉμÉ ´ ¡μ· μ¶·¥¤¥²Ö¥É (±¢ ´Éμ¢ÊÕ) ¸¶¥±É· ²Ó´ÊÕ ±·¨¢ÊÕ ¨
¸²Ê¦¨É ´ Î ²Ó´μ° ÉμÎ±μ° ¤²Ö Éμ¶μ²μ£¨Î¥¸±μ° ·¥±Ê·¸¨¨ [31, 34, 35, 126Ä131].
Š ´ ¸ÉμÖÐ¥³Ê ¢·¥³¥´¨ ´ ¨¡μ²ÓÏ¨° ¶·μ£·¥¸¸ ¢ ÔÉμ³ ´ ¶· ¢²¥´¨¨ ¤μ¸É¨£-
´ÊÉ ¤²Ö Í¢¥É´ÒÌ (¸Ê¶¥·)¶μ²¨´μ³μ¢ „¦μ´¸ , ¢ Î ¸É´μ¸É¨, ·¥±Ê·¸¨Ö ¤²Ö Ê§² -
¢μ¸Ó³¥·±¨ 41 ¨¸¸²¥¤μ¢ ² ¸Ó ¢ [132] ¸ ¶μ³μÐÓÕ A-¶μ²¨´μ³μ¢. �¥·¢μ¥ ¨§ Ê· ¢-
´¥´¨° É ±μ£μ É¨¶  ¤²Ö ¸Ê¶¥·¶μ²¨´μ³μ¢ ´ ¶¨¸ ´μ ¢ [119] ¤²Ö É·¨²¨¸É´¨± 
31 (¨ ¤²Ö ¸¥·¨¨ Éμ·¨Î¥¸±¨Ì Ê§²μ¢ (2, 2k + 1)), £¤¥ μ´μ ¶μ²ÊÎ¥´μ ¨§ Ö¢´μ£μ
¢Ò· ¦¥´¨Ö ¤²Ö Í¢¥É´ÒÌ ¸Ê¶¥·¶μ²¨´μ³μ¢, μ¶·¥¤¥²¥´´ÒÌ ¸ ¶μ³μÐÓÕ ³¥Éμ¤ 
®Ô¢μ²ÕÍ¨¨¯ [106].

�´ ²μ£¨Î´ÊÕ ¶·μÍ¥¤Ê·Ê ³μ¦´μ ¶·μ¤¥² ÉÓ ¨ ¤²Ö Ö¢´μ£μ ¢Ò· ¦¥´¨Ö (4.54).
’ ±¦¥ ¢μ§³μ¦´μ ¨¸¸²¥¤μ¢ ÉÓ ÔÉ¨ Ê· ¢´¥´¨Ö ¤²Ö ¶·μ¨§¢μ²Ó´ÒÌ A. �± §Ò¢ -
¥É¸Ö, ÎÉμ ´ ¨¡μ²¥¥ ¥¸É¥¸É¢¥´´μ¥ ²¨´¥°´μ¥ Ê· ¢´¥´¨¥ ¨³¥¥É Ëμ·³Ê, μÉ²¨Î´ÊÕ
μÉ · ¸¸³ É·¨¢ ¥³μ° μ¡ÒÎ´μ: μ´¨ ¢±²ÕÎ ÕÉ ¢ ¸¥¡Ö ¢ ·¨ Í¨Õ ´¥ Éμ²Ó±μ ¶μ
p, ´μ ¨ ¶μ A. ’ ±¨¥ ®¡ §μ¢Ò¥¯ Ê· ¢´¥´¨Ö Ö¢²ÖÕÉ¸Ö Ê· ¢´¥´¨Ö³¨ ¶¥·¢μ£μ
¶μ·Ö¤± , ¢ Éμ ¢·¥³Ö ± ± ¶·¨ A = qN ¨ Ë¨±¸¨·μ¢ ´´μ³ N  ´ ²μ£¨Î´Ò¥
Ê· ¢´¥´¨Ö Ö¢²ÖÕÉ¸Ö · §´μ¸É´Ò³¨ Ê· ¢´¥´¨Ö³¨ ¶μ·Ö¤±  N ¶μ ¶¥·¥³¥´´μ° p.
‚ ¸²ÊÎ ¥ ¸Ê¶¥·¶μ²¨´μ³μ¢ É ±¦¥ ¥¸É¥¸É¢¥´´μ μ¦¨¤ ÉÓ, ÎÉμ ¡Ê¤¥É ¸ÊÐ¥¸É¢μ¢ ÉÓ
¤¢  ®¡ §μ¢ÒÌ¯ Ê· ¢´¥´¨Ö, ¸¢Ö§ ´´ÒÌ ¸μ ¸¤¢¨£ ³¨ ¶μ ¢¥·É¨± ²¨ ¨ ¶μ £μ·¨§μ´-
É ²¨ ¢ ¤¨ £· ³³¥ 
´£  T . ’¥³ ´¥ ³¥´¥¥ Éμ²Ó±μ μ¤´μ ¨§ ÔÉ¨Ì Ê· ¢´¥´¨°
³μ¦´μ ´ ¶·Ö³ÊÕ ¶μ²ÊÎ¨ÉÓ ¨§ ¶·¨¢¥¤¥´´ÒÌ ¢ÒÏ¥ ¢Ò· ¦¥´¨°, É ± ± ± μ´¨ § -
¶¨¸ ´Ò Éμ²Ó±μ ¤²Ö ¤¨ £· ³³, ¸μ¸ÉμÖÐ¨Ì ¨§ μ¤´μ° ¸É·μ±¨ T = [p]∗∗. „²Ö Éμ£μ,
ÎÉμ¡Ò ¶μ²ÊÎ¨ÉÓ É ±μ¥ · §´μ¸É´μ¥ Ê· ¢´¥´¨¥, ¢¢¥¤¥³ ´μ¢μ¥ μ¡μ§´ Î¥´¨¥, ¢Ò-
Ö¢²ÖÕÐ¥¥ § ¢¨¸¨³μ¸ÉÓ μÉ p. � ¨³¥´´μ, ¢³¥¸Éμ Zi(A) = {Aq2(p−i)+1}{At−1}
¢¢¥¤¥³ ZI|J = {AqI}{At−J}, É ±¨³ μ¡· §μ³, Zi = Z2p−2i+1|1. ’ ±¦¥ ¤²Ö

μ¶¨¸ ´¨Ö Ê· ¢´¥´¨Ö ¶μ´ ¤μ¡¨É¸Ö μ¶¥· Éμ· ¤¨² É Í¨¨ D̂q: A → qA,

Z
(s)
I|J(A) = D̂s

qZI|J(A) = ZI|J(qsA) = {AqI+s}{Aqst−J}. (4.61)

∗…Ð¥ ¡μ²¥¥ ¨´É¥·¥¸´Ò³ Ö¢²Ö¥É¸Ö ¢μ¶·μ¸ μ ¸ÊÐ¥¸É¢μ¢ ´¨¨ ´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨°, μ¡μ¡Ð -
ÕÐ¨Ì ¡¨²¨´¥°´Ò¥ Ê· ¢´¥´¨Ö •¨·μÉÒ, · ¸¸³μÉ·¥´´Ò¥ ¢ ¸²ÊÎ ¥ Éμ·¨Î¥¸±¨Ì Ê§²μ¢ ¢ ¶. 4.3.

∗∗„·Ê£μ¥ Ê· ¢´¥´¨¥, ¢ ´ ¶· ¢²¥´¨¨ t, ³μ¦´μ ¸μμÉ¢¥É¸É¢¥´´μ ¶μ²ÊÎ¨ÉÓ ¨§ ´ ¡μ·  ¶μ²¨´μ³μ¢
¤²Ö ¤¨ £· ³³ T = [1p] ¢ (4.58), ´μ ¤²Ö Éμ£μ, ÎÉμ¡Ò · ¸¸³μÉ·¥ÉÓ μ¡  Ê· ¢´¥´¨Ö μ¤´μ¢·¥³¥´´μ,
´¥μ¡Ìμ¤¨³μ ¨¸¸²¥¤μ¢ ÉÓ μÉ¢¥É ¤²Ö ¶·μ¨§¢μ²Ó´μ° ¤¨ £· ³³Ò T .
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‚ ÔÉ¨Ì μ¡μ§´ Î¥´¨ÖÌ ¶·μ¸É¥°Ï¨¥ ´μ·³¨·μ¢ ´´Ò¥ ¸Ê¶¥·¶μ²¨´μ³Ò P[p] =
∗P41

[p](A|q, t)
∗M[p](A|q, t) , ¶μ¸É·μ¥´´Ò¥ ¸ ¶μ³μÐÓÕ (4.54), · ¢´Ò:

P[0] = 1,
P[1] = 1 + Z1|1,

P[2] = 1 +
(
Z3|1 + Z1|1

)
+ Z3|1Z

(1)
1|1,

(4.62)

P[3] = 1 +
(
Z5|1+ Z3|1+ Z1|1

)
+
(
Z5|1Z

(1)
3|1+ Z5|1Z

(1)
1|1+ Z3|1Z

(1)
1|1

)
+ Z5|1Z

(1)
3|1Z

(2)
1|1,

. . .

’μ£¤ 

P[1] − P[0] = Z1|1 = Z1|1P[0],

P[2] − P[1] = Z3|1

(
1 + Z

(1)
1|1

)
= Z3|1P

(1)
[1] ,

P[3] − P[2] = Z5|1

(
1 + Z

(1)
1|1 + Z

(1)
3|1 + Z

(1)
3|1Z

(2)
1|1

)
= Z5|1P

(1)
[2] ,

. . .

(4.63)

¨ ¢ μ¡Ð¥³ ¢¨¤¥

P[p+1](A)−P[p](A) = Z2p+1|1(A)P (1)
[p] (A) = {Aq2p+1}{At−1}P[p](qA), (4.64)

£¤¥ t Å ¶ · ³¥É· ¢ Ê· ¢´¥´¨¨. �´ ²μ£¨Î´Ò¥ Ê· ¢´¥´¨Ö ´  ´μ·³¨·μ¢ ´´Ò¥
¶μ²¨´μ³Ò •�Œ”‹ˆ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ, ¶μ²μ¦¨¢ t = q:

h(A, p + 1) − h(A, p) −
(

A2q2p +
1

A2q2p
− q2p+2 − 1

q2p+2

)
h(qA, p) = 0,

(4.65)
£¤¥ h(A, p) = H41

[p](A)/S∗
[p](A). �Éμ Ê· ¢´¥´¨¥ ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¢ É¥·³¨´ Ì

®±¢ ´Éμ¢ÒÌ A-¶μ²¨´μ³μ¢¯,

Â
(∗H41

[p](A|q)
∗S[p](A|q)

)
= 0, Â ≡ l̂ − 1 −

(
A2m̂2 +

1
A2m̂2

− q2m̂2 − 1
q2m̂2

)
D̂,

(4.66)
£¤¥ l̂ ¨ m̂ Å ÔÉμ μ¶¥· Éμ·Ò, ¤¥°¸É¢ÊÕÐ¨¥ ± ± l̂f(A, p) = f(A, p + 1) ¨
m̂f(A, p) = qpf(A, p). Š ± Ê¦¥ ¡Ò²μ ¸± § ´μ, ÔÉμ Ê· ¢´¥´¨¥ μÉ²¨Î ¥É¸Ö μÉ
¸É ´¤ ·É´μ£μ Ê· ¢´¥´¨Ö ´  ¶μ²¨´μ³Ò „¦μ´¸ , É ± ± ± μ´μ ¢±²ÕÎ ¥É ¢ ¸¥¡Ö
¤¢¥ ¶¥·¥³¥´´ÒÌ: p (¶·¥¤¸É ¢²¥´¨¥) ¨ A (£·Ê¶¶Ê), ¸ ¤·Ê£μ° ¸Éμ·μ´Ò, ÔÉμ
· §´μ¸É´μ¥ Ê· ¢´¥´¨¥ ¶¥·¢μ£μ ¶μ·Ö¤± , Éμ£¤  ± ± Ê· ¢´¥´¨¥ ´  ¶μ²¨´μ³Ò
„¦μ´¸  Å · §´μ¸É´μ¥ Ê· ¢´¥´¨¥ ¢Éμ·μ£μ ¶μ·Ö¤±  ¶μ μ¤´μ° ¶¥·¥³¥´´μ° p.
Œμ¦´μ μ¦¨¤ ÉÓ, ÎÉμ μ¡μ¡Ð¥´¨¥³ ÔÉ¨Ì Ê· ¢´¥´¨° μÉ μ¤´μ° ¶¥·¥³¥´´μ° ´ 
¸²ÊÎ ° A = qN ¶·¨ N > 2 ¡Ê¤ÊÉ Ê· ¢´¥´¨Ö ¡μ²¥¥ ¢Ò¸μ±¨Ì ¶μ·Ö¤±μ¢, μ¤´ ±μ
¤²Ö ¶·μ¨§¢μ²Ó´μ£μ A ´¥ Ö¸´μ, ¸ÊÐ¥¸É¢Ê¥É ²¨ ¢μμ¡Ð¥ Ê· ¢´¥´¨¥ É ±μ£μ É¨¶ .
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�¶¨¸ ´´Ò¥ ¢ ¤ ´´μ³ μ¡§μ·¥ ·¥§Ê²ÓÉ ÉÒ ± ¸ ÕÉ¸Ö ¤¢ÊÌ É¥μ·¨° Å É·¥Ì-
³¥·´μ° É¥μ·¨¨ —¥·´ Ä‘ °³μ´¸  ¨ ¤¢Ê³¥·´μ° ±μ´Ëμ·³´μ° É¥μ·¨¨ ¶μ²Ö,  
É ±¦¥ ¸¢Ö§¨ ¶μ¸²¥¤´¥° ¸ ¸Ê¶¥·¸¨³³¥É·¨Î´Ò³¨ É¥μ·¨Ö³¨. ˆ§ÊÎ¥´´Ò¥ ¢μ¶·μ¸Ò,
¸¢Ö§ ´´Ò¥ ¸ ¤¢Ê³¥·´μ° ±μ´Ëμ·³´μ° É¥μ·¨¥°, ¶μ§¢μ²ÖÕÉ · ¸¸³ É·¨¢ ÉÓ ·Ö¤
§ ¤ Î ± ± ¢ ±μ´Ëμ·³´μ°, É ± ¨ ¢ ¸Ê¶¥·¸¨³³¥É·¨Î´μ° É¥μ·¨¨. ‘μμÉ´μÏ¥´¨¥
³¥¦¤Ê ÔÉ¨³¨ ¤¢Ê³Ö É¥μ·¨Ö³¨, ¸ μ¤´μ° ¸Éμ·μ´Ò, ¤ ¥É ¢μ§³μ¦´μ¸ÉÓ §´ Î¨É¥²Ó´μ
Ê¶·μ¸É¨ÉÓ ¢ÒÎ¨¸²¥´¨¥ ±μ··¥²ÖÉμ·μ¢ ±μ´Ëμ·³´μ° É¥μ·¨¨, É ± ± ± ¢ÒÎ¨¸²¥-
´¨¥ ¸É É¸Ê³³Ò ¸Ê¶¥·¸¨³³¥É·¨Î´μ° É¥μ·¨¨ ¤ ¥É¸Ö §´ Î¨É¥²Ó´μ ¡μ²¥¥ ¶·μ¸ÉÒ³
 ²£μ·¨É³μ³, ´¥¦¥²¨ · ¢´Ò° ¥° ±μ´Ëμ·³´Ò° ¡²μ±. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, É -
±μ¥ ¸μμÉ´μÏ¥´¨¥ ¶μ§¢μ²Ö¥É · ¸¸³ É·¨¢ ÉÓ ·Ö¤ ¶·¥¤¥²Ó´ÒÌ ¸²ÊÎ ¥¢, ±μÉμ·Ò¥
Ê¸É·μ¥´Ò ¤μ¢μ²Ó´μ ¸²μ¦´μ ¢ ¸Ê¶¥·¸¨³³¥É·¨Î´μ³ ¸²ÊÎ ¥, ´μ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥
¢Ò· ¦¥´¨Ö ³μ£ÊÉ ¡ÒÉÓ ¶μ¸É·μ¥´Ò ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ±μ´Ëμ·³´μ° É¥μ·¨¨.

�´ ²μ£¨Î´μ° Í¥²¨ ¸²Ê¦¨É ¨ · ¸¸³μÉ·¥´´μ¥ ¨´É¥£· ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥
±μ´Ëμ·³´μ£μ ¡²μ± . �μ¸É·μ¥´´Ò¥ ¢Ò· ¦¥´¨Ö ³μ£ÊÉ ¡ÒÉÓ ²¥£±μ μ¡μ¡Ð¥´Ò ´ 
¸²ÊÎ ° ¶·μ¨§¢μ²Ó´ÒÌ  ²£¥¡·, ÎÉμ ¶μ§¢μ²Ö¥É · ¸¸³ É·¨¢ ÉÓ · §²¨Î´Ò¥ μ¡μ¡-
Ð¥´¨Ö ± ± ±μ´Ëμ·³´μ° É¥μ·¨¨, É ± ¨ ¸μμÉ´μÏ¥´¨° ¸ ¸Ê¶¥·¸¨³³¥É·¨Î´μ°
É¥μ·¨¥°. ’ ±¦¥ ¸Ìμ¤¸É¢μ É ±μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¸ ¨´É¥£· ² ³¨ ³ É·¨Î´ÒÌ ³μ-
¤¥²¥° μÉ±·Ò¢ ¥É ·Ö¤ § ¤ Î μ ¸¢Ö§ÖÌ ¸ É¥μ·¨Ö³¨, ¶·¥¤¸É ¢¨³Ò³¨ ¢ É ±μ³ ¢¨¤¥.

�¥§Ê²ÓÉ ÉÒ, ¶μ²ÊÎ¥´´Ò¥ ¢ · ³± Ì ¨§ÊÎ¥´¨Ö É¥μ·¨¨ —¥·´ Ä‘ °³μ´¸ , μÉ-
´μ¸ÖÉ¸Ö ± ¡μ²ÓÏμ³Ê ¶² ¸ÉÊ § ¤ Î, ¸¢Ö§ ´´ÒÌ ¸ ¨§ÊÎ¥´¨¥³ ¢¨²Ó¸μ´μ¢¸±¨Ì ¸·¥¤-
´¨Ì ¨ ¶μ²¨´μ³μ¢ Ê§²μ¢. ’·¥Ì³¥·´ Ö É¥μ·¨Ö —¥·´ Ä‘ °³μ´¸  Å ÔÉμ Éμ¶μ²μ-
£¨Î¥¸± Ö É¥μ·¨Ö. ‚ É·¥Ì³¥·´μ³ ¶·μ¸É· ´¸É¢¥ ¢ μÉ²¨Î¨¥ μÉ ¡μ²ÓÏ¨Ì · §-
³¥·´μ¸É¥° ¸ÊÐ¥¸É¢ÊÕÉ § ³±´ÊÉÒ¥ ±μ´ÉÊ·Ò ¸ ´¥É·¨¢¨ ²Ó´μ° Éμ¶μ²μ£¨¥°. �Éμ
μÉ±·Ò¢ ¥É ·Ö¤ § ¤ Î μ ¸¢μ°¸É¢ Ì ±μ··¥²ÖÉμ·μ¢, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì É ±¨³ ±μ´-
ÉÊ· ³, Å ¢¨²Ó¸μ´μ¢¸±¨Ì ¸·¥¤´¨Ì. �¤´ ±μ ± ´ ¸ÉμÖÐ¥³Ê ¢·¥³¥´¨ ¤ ¦¥ μ¡Ð¨¥
μÉ¢¥ÉÒ ¤²Ö É ±¨Ì ¢¨²Ó¸μ´μ¢¸±¨Ì ¸·¥¤´¨Ì ¨§¢¥¸É´Ò Éμ²Ó±μ ¤²Ö μ¤´μ£μ ±² ¸¸ 
±μ´ÉÊ·μ¢ Å Éμ·¨Î¥¸±¨Ì Ê§²μ¢. ‚ ¤ ´´μ³ μ¡§μ·¥ ¡Ò²  · ¸¸³μÉ·¥´  ¸¢Ö§Ó É -
±¨Ì ¨§¢¥¸É´ÒÌ μÉ¢¥Éμ¢ ¤²Ö Éμ·¨Î¥¸±¨Ì Ê§²μ¢ ¨ ¨´É¥£·¨·Ê¥³ÒÌ ¸¢μ°¸É¢. �μ-
²ÊÎ¥´´μ¥ ¸μμÉ´μÏ¥´¨¥ ¶·¨ μ¡μ¡Ð¥´¨¨ ¥£μ ´  ¤·Ê£¨¥ Ê§²Ò ³μ¦¥É ¶·¨¢¥¸É¨
± ¢Ò· ¦¥´¨Õ ¨Ì Î¥·¥§ ¨§¢¥¸É´Ò¥ μ¶¥· Éμ·Ò · §·¥§ ´¨Ö-¸±²¥°±¨, ÎÉμ §´ Î¨-
É¥²Ó´μ Ê¶·μ¸É¨É ¨Ì μ¶¨¸ ´¨¥. Š ¸μ¦ ²¥´¨Õ, É ±μ¥ μ¡μ¡Ð¥´¨¥ ¶μ±  ´¥ Ö¸´μ.
’ ±¦¥ ¡Ò²¨ ¶μ²ÊÎ¥´Ò ¶¥·¢Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤²Ö ¢¨²Ó¸μ´μ¢¸±¨Ì ¸·¥¤´¨Ì ¢ ¢Ò¸-
Ï¨Ì ¶·¥¤¸É ¢²¥´¨ÖÌ ¤²Ö ¶·μ¸É¥°Ï¥£μ ´¥Éμ·¨Î¥¸±μ£μ Ê§²  Å Ê§² -¢μ¸Ó³¥·±¨.
�Éμ μÉ±·Ò¢ ¥É ¢μ§³μ¦´μ¸É¨ ¤²Ö ¤ ²Ó´¥°Ï¥£μ · ¸Ï¨·¥´¨Ö ³´μ¦¥¸É¢  ¨§¢¥¸É-
´ÒÌ μÉ¢¥Éμ¢ ´  ´¥Éμ·¨Î¥¸±¨¥ Ê§²Ò.
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