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RENORMALIZATION OF POSITION SPACE
AMPLITUDES IN A MASSLESS QFT
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Ultraviolet renormalization of position space massless Feynman amplitudes has been
shown to yield associate homogeneous distributions. Their degree is determined by the
degree of divergence while their order Å the highest power of logarithm in the dilation
anomaly Å is given by the number of (sub)divergences. In the present paper we review
these results and observe that (convergent) integration over internal vertices does not alter
the total degree of (superˇcial) ultraviolet divergence. For a conformally invariant theory,
internal integration is also proven to preserve the order of associate homogeneity. The
renormalized 4-point amplitudes in the ϕ4 theory (in four space-time dimensions) are
written as (non-analytic) translation invariant functions of four complex variables with
calculable conformal anomaly.

Our conclusion concerning the (off-shell) infrared ˇniteness of the ultraviolet renor-
malized massless ϕ4 theory agrees with the old result of Lowenstein and Zimmermann
(Lowenstein J. H., Zimmermann W. On the Formulation of Theories with Zero-Mass Prop-
agators // Nucl. Phys. B. 1975. V. 86. P. 77Ä103).

“²ÓÉ· Ë¨μ²¥Éμ¢ Ö ¶¥·¥´μ·³¨·μ¢±  ¡¥§³ ¸¸μ¢ÒÌ  ³¶²¨ÉÊ¤ ”¥°´³ ´  ¢ ±μμ·¤¨-
´ É´μ³ ¶·μ¸É· ´¸É¢¥ ¶·¨¢μ¤¨É ± μ¤´μ·μ¤´Ò³ · ¸¶·¥¤¥²¥´¨Ö³. ˆÌ ¸É¥¶¥´Ó μ¶·¥¤¥-
²Ö¥É¸Ö ¸É¥¶¥´ÓÕ · ¸Ìμ¤¨³μ¸É¨, ¢ Éμ ¢·¥³Ö ± ± ¨Ì ¶μ·Ö¤μ± Å ´ ¨¢Ò¸Ï Ö ¸É¥¶¥´Ó
²μ£ ·¨Ë³  ¢ ¤¨² Éμ´´μ°  ´μ³ ²¨¨ Å § ¤ ¥É¸Ö Î¨¸²μ³ (¶μ¤)· ¸Ìμ¤¨³μ¸É¥°. ‚ · -
¡μÉ¥ ¶·¥¤¸É ¢²¥´ μ¡§μ· ÔÉ¨Ì ·¥§Ê²ÓÉ Éμ¢ ¨ ¶μ± § ´μ, ÎÉμ (¸Ìμ¤ÖÐ¨°¸Ö) ¨´É¥£· ² ¶μ
¢´ÊÉ·¥´´¨³ ¢¥·Ï¨´ ³ ´¥ ¨§³¥´Ö¥É ¶μ²´ÊÕ ¸É¥¶¥´Ó (¶μ¢¥·Ì´μ¸É´μ°) Ê²ÓÉ· Ë¨μ²¥-
Éμ¢μ° · ¸Ìμ¤¨³μ¸É¨. ’ ±¦¥ ¶μ¤É¢¥·¦¤¥´μ, ÎÉμ ¢ ±μ´Ëμ·³´μ-¨´¢ ·¨ ´É´μ° É¥μ·¨¨
¢´ÊÉ·¥´´¥¥ ¨´É¥£·¨·μ¢ ´¨¥ ¸μÌ· ´Ö¥É ¶μ·Ö¤μ±  ¸¸μÍ¨¨·μ¢ ´´μ° μ¤´μ·μ¤´μ¸É¨. �¥·¥-
´μ·³¨·μ¢ ´´Ò¥ Î¥ÉÒ·¥ÌÉμÎ¥Î´Ò¥  ³¶²¨ÉÊ¤Ò ¢ É¥μ·¨¨ ϕ4 (¢ Î¥ÉÒ·¥Ì ¶·μ¸É· ´¸É¢¥´´μ-
¢·¥³¥´´ÒÌ ¨§³¥·¥´¨ÖÌ) § ¶¨¸ ´Ò ± ± (´¥ ´ ²¨É¨Î´Ò¥) É· ´¸²ÖÍ¨μ´´μ-¨´¢ ·¨ ´É´Ò¥
ËÊ´±Í¨¨ Î¥ÉÒ·¥Ì ±μ³¶²¥±¸´ÒÌ ¶¥·¥³¥´´ÒÌ ¸ ¢ÒÎ¨¸²Ö¥³μ° ±μ´Ëμ·³´μ°  ´μ³ ²¨¥°.

�μ²ÊÎ¥´´Ò° ¢Ò¢μ¤ μÉ´μ¸¨É¥²Ó´μ (¢´¥³ ¸¸μ¢μ°) ¨´Ë· ±· ¸´μ° μ£· ´¨Î¥´´μ¸É¨
Ê²ÓÉ· Ë¨μ²¥Éμ¢μ ¶¥·¥´μ·³¨·Ê¥³μ° ¡¥§³ ¸¸μ¢μ° É¥μ·¨¨ ϕ4 ¸μ£² ¸Ê¥É¸Ö ¸ ¨³¥ÕÐ¨³¸Ö
·¥§Ê²ÓÉ Éμ³ ‹μÊÔ´ÏÉ¥°´  ¨ –¨³³¥·³ ´  (Lowenstein J. H., Zimmermann W. On the
Formulation of Theories with Zero-Mass Propagators // Nucl. Phys. B. 1975. V. 86.
P. 77Ä103).
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