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�·μ¢¥¤¥´ μ¡§μ· É¥μ·¥É¨Î¥¸±¨Ì ³μ¤¥²¥°, μ¶¨¸Ò¢ ÕÐ¨Ì Ëμ·³¨·μ¢ ´¨¥ ¨ · ¸¶·μ-
¸É· ´¥´¨¥ Ô²¥±É·μ³ £´¨É´ÒÌ ¨  ±Ê¸É¨Î¥¸±¨Ì Ï¨·μ±μ¶μ²μ¸´ÒÌ ¨³¶Ê²Ó¸μ¢ ¸μ²¨Éμ´´μ°
¶·¨·μ¤Ò ¢ ±μ´¤¥´¸¨·μ¢ ´´ÒÌ ¸·¥¤ Ì ¢ É¥· £¥·Íμ¢μ³ ¤¨ ¶ §μ´¥ Î ¸ÉμÉ. �·μ ´ ²¨-
§¨·μ¢ ´Ò · §²¨Î´Ò¥ É¨¶Ò ¸μ²¨Éμ´μ¢,   É ±¦¥ ¸¶μ¸μ¡Ò Ê¶· ¢²¥´¨Ö ¨Ì ¶ · ³¥É· ³¨
§  ¸Î¥É ³μ¤¨Ë¨± Í¨¨ ´¥²¨´¥°´μ° ¸·¥¤Ò. � ¸¸³μÉ·¥´Ò ´¥²¨´¥°´Ò¥ ³μ²¥±Ê²Ö·´Ò¥
¢μ§¡Ê¦¤¥´¨Ö ¢ ¡¨μ¶μ²¨³¥· Ì, Î ¸ÉμÉÒ ±μÉμ·ÒÌ ¶μ¶ ¤ ÕÉ ¢ É¥· £¥·Íμ¢Ò° ¤¨ ¶ §μ´.
�¡¸Ê¦¤ ¥É¸Ö ³¥Ì ´¨§³ ¨Ì ¢§ ¨³μ¤¥°¸É¢¨Ö ¸ ¢´¥Ï´¨³¨ ¶μ²Ö³¨ ·¥§μ´ ´¸´μ° Î ¸ÉμÉÒ.

The theoretical models describing the formation and propagation of electromagnetic
and acoustic broadband pulses of soliton nature in condensed media in the terahertz fre-
quency range are reviewed. Various types of solitons are analyzed, as well as ways to
control their parameters by modifying a nonlinear medium. Nonlinear molecular excita-
tions in biopolymers whose frequencies fall into the terahertz range are considered. The
mechanism of their interaction with external ˇelds of the resonant frequency is discussed.

PACS: 05.45.Yv; 07.57.Hm; 42.50.Md; 43.35.+d; 63.20.-e; 87.15.ht

‚‚…„…�ˆ…

ˆ§²ÊÎ¥´¨¥ É¥· £¥·Íμ¢μ£μ ¤¨ ¶ §μ´  Î ¸ÉμÉ ¸¥£μ¤´Ö ´ Ìμ¤¨É ³´μ¦¥¸É¢μ
¶·¨³¥´¥´¨° ¢ ¸¶¥±É·μ¸±μ¶¨¨ ¨ ¤¨ £´μ¸É¨±¥ ³ É¥·¨ ²μ¢, μ¡´ ·Ê¦¥´¨¨ ¢§·Ò¢-
Î ÉÒÌ ¢¥Ð¥¸É¢,  ¸É·μ´μ³¨¨, ¸¨¸É¥³ Ì ¸¢Ö§¨ ¨ μ¡· ¡μÉ±¨ ¨§μ¡· ¦¥´¨°, ¡¨μ-
²μ£¨¨ ¨ ³¥¤¨Í¨´¥ [1]. ‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¤¨ ¶ §μ´ ¢μ²´ ¸ Î ¸ÉμÉ ³¨
0,1Ä10 ’ƒÍ, É. ¥. ¤²¨´ ³¨ ¢μ²´ ¶μ·Ö¤±  0,01Ä1 ³³, μ¸É ¢ ²¸Ö ¸· ¢´¨É¥²Ó´μ
³ ²μ¨§ÊÎ¥´´Ò³ ¢ ¸¢Ö§¨ ¸ É·Ê¤´μ¸ÉÓÕ ¥£μ ¶μ²ÊÎ¥´¨Ö. �Éμ ¸¢Ö§ ´μ ¸ É¥³,
ÎÉμ É· ¤¨Í¨μ´´Ò¥ ¨¸ÉμÎ´¨±¨ ±μ£¥·¥´É´ÒÌ ˆŠ-¨§²ÊÎ¥´¨Ö (² §¥·Ò) ¨ ³¨±·μ-
¢μ²´μ¢μ£μ ¨§²ÊÎ¥´¨Ö (¢ ±ÊÊ³´ Ö Ô²¥±É·μ´¨± ) ¶²μÌμ ¶μ¤Ìμ¤ÖÉ ¤²Ö £¥´¥· Í¨¨
Ô²¥±É·μ³ £´¨É´ÒÌ ¢μ²´ ¢ ¤ ´´μ³ ¤¨ ¶ §μ´¥. ‚ ¸²ÊÎ ¥ ² §¥·μ¢ ÔÉμ ¸¢Ö§ ´μ ¸μ
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¸²μ¦´μ¸ÉÓÕ ¶μ¤¤¥·¦ ´¨Ö ¨´¢¥·¸¨¨ ±¢ ´Éμ¢ÒÌ Ê·μ¢´¥° ¨§-§  É¥¶²μ¢ÒÌ ÔË-
Ë¥±Éμ¢ (±¢ ´ÉÊ 1 ’ƒÍ ¸μμÉ¢¥É¸É¢Ê¥É É¥³¶¥· ÉÊ·  ¶·¨³¥·´μ 47 Š),   ¢ ¸²ÊÎ ¥
Ô²¥±É·μ´´ÒÌ ¶·¨¡μ·μ¢ Å ¸ μ£· ´¨Î¥´¨¥³ ´  ¢·¥³Ö ¶·μ²¥É  Ô²¥±É·μ´μ¢.

ˆ¸¶μ²Ó§μ¢ ´¨¥ ·¥²ÖÉ¨¢¨¸É¸±¨Ì Ô²¥±É·μ´μ¢ ¢ Ê¸±μ·¨É¥²Ó´ÒÌ ¸¨¸É¥³ Ì ¶μ-
§¢μ²Ö¥É ·¥Ï¨ÉÓ ¶μ¸²¥¤´ÕÕ ¶·μ¡²¥³Ê. ƒ¥´¥· Í¨Ö ´ ¨¡μ²¥¥ ¨´É¥´¸¨¢´ÒÌ É¥-
· £¥·Íμ¢ÒÌ ¨³¶Ê²Ó¸μ¢ ¢ ¡μ²ÓÏ¨´¸É¢¥ Ê¸É ´μ¢μ± [2Ä4] ¶·μ¨¸Ìμ¤¨É ¶μ ¸²¥¤ÊÕ-
Ð¥³Ê ¶·¨´Í¨¶Ê. ”¥³Éμ¸¥±Ê´¤´Ò° ² §¥·´Ò° ¨³¶Ê²Ó¸ § ¶Ê¸± ÕÉ ¢ ³¨Ï¥´Ó ¤²Ö
£¥´¥· Í¨¨ ¸¢¥·Ì±μ·μÉ±μ£μ Ô²¥±É·μ´´μ£μ ¶ÊÎ± . �μ¸²¥ Ê¸±μ·¥´¨Ö ¤μ ·¥²ÖÉ¨-
¢¨¸É¸±μ° ¸±μ·μ¸É¨ Ô²¥±É·μ´´Ò° ¶ÊÎμ± Éμ·³μ§¨É¸Ö ¢ ³¥É ²²¨Î¥¸±μ° ³¨Ï¥´¨
¨²¨ ¶μ¤ ¥É¸Ö ¢ ´ ±μ¶¨É¥²Ó ¸ ³ £´¨É´Ò³ ¶μ²¥³, ÎÉμ ¨ ¶·¨¢μ¤¨É ± £¥´¥· Í¨¨
±μ£¥·¥´É´μ£μ É¥· £¥·Íμ¢μ£μ ¨§²ÊÎ¥´¨Ö Éμ·³μ§´μ° ¨²¨ ¸¨´Ì·μÉ·μ´´μ° ¶·¨-
·μ¤Ò ¸μμÉ¢¥É¸É¢¥´´μ.

‚ ¶μ¸²¥¤´¨¥ £μ¤Ò ´ ³¥É¨²¸Ö ¸ÊÐ¥¸É¢¥´´Ò° ¶·μ£·¥¸¸ ¢ ¸μ§¤ ´¨¨ ±μ³-
¶ ±É´ÒÌ ¨¸ÉμÎ´¨±μ¢, μ¸´μ¢ ´´ÒÌ ´  ¨¸¶μ²Ó§μ¢ ´¨¨ ´¥²¨´¥°´ÒÌ ¸Ì¥³ ¶·¥-
μ¡· §μ¢ ´¨Ö Î ¸ÉμÉÒ ¨§²ÊÎ¥´¨Ö ³μÐ´ÒÌ Ë¥³Éμ¸¥±Ê´¤´ÒÌ ² §¥·μ¢ ¢¨¤¨³μ£μ
¨ ˆŠ-¤¨ ¶ §μ´μ¢ [5, 6]. �¤´¨³ ¨§ ±²ÕÎ¥¢ÒÌ ´¥²¨´¥°´ÒÌ ÔËË¥±Éμ¢ §¤¥¸Ó
Ö¢²Ö¥É¸Ö μ¶É¨Î¥¸±μ¥ ¢Ò¶·Ö³²¥´¨¥ [7]. ‘ÊÐ´μ¸ÉÓ ¤ ´´μ£μ Ö¢²¥´¨Ö ¸μ¸Éμ¨É ¢
¢μ§´¨±´μ¢¥´¨¨ ¢ ±¢ ¤· É¨Î´μ-´¥²¨´¥°´μ° ¸·¥¤¥ ¶·¨ ¶·μÌμ¦¤¥´¨¨ Î¥·¥§ ´¥¥
¨´É¥´¸¨¢´μ£μ μ¶É¨Î¥¸±μ£μ ¨³¶Ê²Ó¸  ´¥²¨´¥°´μ° ¶μ²Ö·¨§ Í¨¨, ¶μ¢Éμ·ÖÕÐ¥°
Ëμ·³Ê μ£¨¡ ÕÐ¥° ¨´É¥´¸¨¢´μ¸É¨ ¤ ´´μ£μ ¨³¶Ê²Ó¸  [8]. — ¸ÉμÉ  ¨§²ÊÎ¥´¨Ö ¢
É ±μ³ ¸²ÊÎ ¥ ¡Ê¤¥É μ¶·¥¤¥²ÖÉÓ¸Ö ¤²¨É¥²Ó´μ¸ÉÓÕ ¢¸¶²¥¸±  ¶μ²Ö·¨§ Í¨¨. ’ ±¨³
μ¡· §μ³, ² §¥·´Ò° ¨³¶Ê²Ó¸ ¤²¨É¥²Ó´μ¸ÉÓÕ ∼ 100 Ë¸ ¸¶μ¸μ¡¥´ ¶μ·μ¤¨ÉÓ ¨§²Ê-
Î¥´¨¥ ¸ Î ¸ÉμÉμ° ∼ 1 ’ƒÍ, É. ¥. ´  · §´μ¸É¨ ±· °´¨Ì Î ¸ÉμÉ ¸¢μ¥£μ Ï¨·μ±μ£μ
¸¶¥±É· .

�·μ£·¥¸¸ ¢ ² §¥·´μ° É¥Ì´¨±¥ ¢ ¶μ¸²¥¤´¨¥ £μ¤Ò ¶·¨¢¥² ± · §¢¨É¨Õ ¶¨±μ-
¸¥±Ê´¤´μ°  ±Ê¸É¨±¨. �·¨ ¶μ£²μÐ¥´¨¨ ¨´É¥´¸¨¢´μ£μ Ê²ÓÉ· ±μ·μÉ±μ£μ ² §¥·-
´μ£μ ¨³¶Ê²Ó¸  ³¥É ²²¨Î¥¸±μ° ¶²¥´±μ°, ¶μ³¥Ð¥´´μ° ´  ¨¸¸²¥¤Ê¥³Ò° μ¡· §¥Í,
Î ¸ÉÓ ¶¥·¥¤ ´´μ° Ô´¥·£¨¨ ¨¤¥É ´  Ëμ·³¨·μ¢ ´¨¥ ¢ ´¥³ ¨³¶Ê²Ó¸  Ê¶·Ê£μ°
¤¥Ëμ·³ Í¨¨ (¸³. μ¡§μ· [9]). ‚ ¶μ¸²¥¤´¨¥ £μ¤Ò ¶μ²ÊÎ¥´Ò Ï¨·μ±μ¶μ²μ¸-
´Ò¥  ±Ê¸É¨Î¥¸±¨¥ ¨³¶Ê²Ó¸Ò ¸μ ¸Éμ²Ó ³ ²Ò³¨ ¤²¨É¥²Ó´μ¸ÉÖ³¨ ± ± 200 Ë¸,
ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É ¶·μ¸É· ´¸É¢¥´´μ³Ê ³ ¸ÏÉ ¡Ê 3 ´³ [10]. Ÿ¸´μ, ÎÉμ Ì -
· ±É¥·´ Ö ¸¶¥±É· ²Ó´ Ö Ï¨·¨´  É ±¨Ì ¸¨£´ ²μ¢ § Ì¢ ÉÒ¢ ¥É É¥· £¥·Íμ¢ÊÕ
μ¡² ¸ÉÓ Î ¸ÉμÉ. �Éμ μÉ±·Ò¢ ¥É ´μ¢Ò¥ ¢μ§³μ¦´μ¸É¨ ¶μ ¨¸¸²¥¤μ¢ ´¨Õ ´ -
´μ¸É·Ê±ÉÊ·¨·μ¢ ´´ÒÌ ³ É¥·¨ ²μ¢ [11Ä13], μ¸ÊÐ¥¸É¢²¥´¨Õ ³ £´¨É´μ£μ ¶¥·¥-
±²ÕÎ¥´¨Ö [14,15],   É ±¦¥ Ê¶· ¢²¥´¨Õ ¤¨´ ³¨±μ° ´μ¸¨É¥²¥° § ·Ö¤  [16,17].
�É³¥É¨³ É ±¦¥, ÎÉμ ¢μ§¤¥°¸É¢¨¥ É¥· £¥·Íμ¢ÒÌ ¢μ²´ Ô²¥±É·μ³ £´¨É´μ° ¨²¨
 ±Ê¸É¨Î¥¸±μ° ¶·¨·μ¤Ò ´  ¡¨μ¶μ²¨³¥·Ò ´¥ Éμ²Ó±μ ¶·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ ¸
ÉμÎ±¨ §·¥´¨Ö ¨§ÊÎ¥´¨Ö ¨Ì ËÊ´±Í¨μ´¨·μ¢ ´¨Ö, ´μ ¨ ¶μ¤´¨³ ¥É ¢μ¶·μ¸ μ ¡¥-
§μ¶ ¸´μ¸É¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¢μ§¤¥°¸É¢¨° [18Ä20].

�¨±μ¢Ò¥ ¢¥²¨Î¨´Ò Ô²¥±É·μ³ £´¨É´ÒÌ ¶μ²¥° ¢ É¥· £¥·Íμ¢ÒÌ ¨³¶Ê²Ó¸ Ì
¶·¨¡²¨¦ ÕÉ¸Ö ± ¢´ÊÉ·¨³μ²¥±Ê²Ö·´Ò³ ¶μ²Ö³ [21],   Ê¶·Ê£¨¥ ¤¥Ëμ·³ Í¨¨ ¢
¶¨±μ¸¥±Ê´¤´ÒÌ  ±Ê¸É¨Î¥¸±¨Ì ¸¨£´ ² Ì ¡²¨§±¨ ± ¶¥·¥Ìμ¤Ê ± ¶² ¸É¨Î¥¸±¨³ [10].
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‚¸¥ ÔÉμ, ´¥¸μ³´¥´´μ, μÉ±·Ò¢ ¥É ¢μ§³μ¦´μ¸É¨ ¤²Ö ´ ¡²Õ¤¥´¨Ö ´¥²¨´¥°´ÒÌ
Ö¢²¥´¨°. ‘·¥¤¨ ´¨Ì ¢ ¶¥·¢ÊÕ μÎ¥·¥¤Ó ¶·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ Ëμ·³¨·μ¢ ´¨¥
¸μ²¨Éμ´μ¢. ’¥·³¨´ ¸μ²¨Éμ´ ¢ ¸É·μ£μ³ ¸³Ò¸²¥ μ¡μ§´ Î ¥É ´¥±μÉμ·μ¥ ´¥¸¨´£Ê-
²Ö·´μ¥ ·¥Ï¥´¨¥ ´¥²¨´¥°´μ£μ ¶μ²¥¢μ£μ Ê· ¢´¥´¨Ö (¸¨¸É¥³Ò Ê· ¢´¥´¨°), ¶²μÉ-
´μ¸ÉÓ Ô´¥·£¨¨ ±μÉμ·μ£μ ²μ± ²¨§μ¢ ´  ¨ ±μ´¥Î´ ,   É ±¦¥ μ¡² ¤ ¥É ¸¢μ°¸É¢μ³
¢μ¸¸É ´μ¢²¥´¨Ö ¸¢μ¥° ¶¥·¢μ´ Î ²Ó´μ° Ëμ·³Ò ¨ ¸±μ·μ¸É¨ ¶·¨ ¸Éμ²±´μ¢¥-
´¨ÖÌ [22]. ˆ³¥´´μ ¶μ¸²¥¤´¥¥ ¸¢μ°¸É¢μ ¸É·Ê±ÉÊ·´μ° Ê¸Éμ°Î¨¢μ¸É¨ μÉ²¨Î ¥É
¸μ²¨Éμ´Ò μÉ ¡μ²¥¥ Ï¨·μ±μ£μ ±² ¸¸  Ê¥¤¨´¥´´ÒÌ ´¥²¨´¥°´ÒÌ ¢μ²´. Š·μ³¥
Éμ£μ, μÉ²¨Î¨É¥²Ó´μ° μ¸μ¡¥´´μ¸ÉÓÕ ¸μ²¨Éμ´´ÒÌ Ê· ¢´¥´¨° Ö¢²Ö¥É¸Ö ¨Ì ¨´É¥-
£·¨·Ê¥³μ¸ÉÓ, É. ¥. ¢μ§³μ¦´μ¸ÉÓ ´ °É¨ ÉμÎ´μ¥  ´ ²¨É¨Î¥¸±μ¥ ·¥Ï¥´¨¥ § ¤ Î¨
ŠμÏ¨. ‚ ·¥ ²Ó´ÒÌ Ë¨§¨Î¥¸±¨Ì ¸¨¸É¥³ Ì ´ ¡²Õ¤ ÕÉ¸Ö ¸±μ·¥¥ Ê¥¤¨´¥´´Ò¥
¢μ²´Ò, Î¥³ ¨¸É¨´´Ò¥ ¸μ²¨Éμ´Ò, ÌμÉÖ ¶·¨¢²¥± É¥²Ó´μ¸ÉÓ ¶μ¸²¥¤´¥£μ É¥·³¨´ 
¶·¨¢¥²  ± · ¸¶·μ¸É· ´¥´¨Õ ¥£μ ´  μ¡  ±² ¸¸  ·¥Ï¥´¨°. � ¨¡μ²¥¥ ¤¥É ²Ó´μ
¨§ÊÎ¥´Ò ¸μ²¨Éμ´´Ò¥ Ö¢²¥´¨Ö ¢ É¥μ·¨¨ ¢μ²´ ´  ¢μ¤¥ [23], Ë¨§¨±¥ ¶² §³Ò [24],
´¥²¨´¥°´μ° ¢μ²μ±μ´´μ° μ¶É¨±¥ [25].

–¥²ÓÕ ´ ¸ÉμÖÐ¥° · ¡μÉÒ Ö¢²Ö¥É¸Ö μ¡¸Ê¦¤¥´¨¥ ¸μ²¨Éμ´´ÒÌ ÔËË¥±Éμ¢,
¢μ§´¨± ÕÐ¨Ì ¢ Ìμ¤¥ £¥´¥· Í¨¨ ¨ · ¸¶·μ¸É· ´¥´¨Ö ¨´É¥´¸¨¢´ÒÌ É¥· £¥·Íμ¢ÒÌ
¢μ²´ Ô²¥±É·μ³ £´¨É´μ° ¨  ±Ê¸É¨Î¥¸±μ° ¶·¨·μ¤Ò ¢ ±μ´¤¥´¸¨·μ¢ ´´ÒÌ ¸·¥¤ Ì.

1. ‚‡�ˆŒ�„…‰‘’‚ˆ… ‹�‡…���ƒ� ˆ‡‹“—…�ˆŸ
‘ ‚…™…‘’‚�Œ

1.1. �¶É¨Î¥¸±μ¥ ¢Ò¶·Ö³²¥´¨¥ ² §¥·´ÒÌ ¨³¶Ê²Ó¸μ¢. „μ¸É¨£´ÊÉÒ° ¢ ¶μ-
¸²¥¤´¨¥ ¤¥¸ÖÉ¨²¥É¨Ö ¶·μ£·¥¸¸ ¢ £¥´¥· Í¨¨ ¨´É¥´¸¨¢´μ£μ É¥· £¥·Íμ¢μ£μ ¨§²Ê-
Î¥´¨Ö ¶ÊÉ¥³ ¢§ ¨³μ¤¥°¸É¢¨Ö ² §¥·´ÒÌ ¨³¶Ê²Ó¸μ¢ ¢¨¤¨³μ£μ ¨ ˆŠ-¤¨ ¶ §μ´μ¢
¸ ¢¥Ð¥¸É¢μ³ ¶μ§¢μ²Ö¥É £μ¢μ·¨ÉÓ μ É¥· £¥·Íμ¢μ° ´¥²¨´¥°´μ° μ¶É¨±¥. …¸É¥-
¸É¢¥´´μ μ¦¨¤ ÉÓ, ÎÉμ Ëμ·³¨·μ¢ ´¨¥ ¸μ²¨Éμ´μ¢ ¨§ ¨¸Ìμ¤´μ£μ ¸¨£´ ²  ³μ¦¥É
´ Î ÉÓ¸Ö Ê¦¥ ´  ¸É ¤¨¨ ¥£μ £¥´¥· Í¨¨. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ · ¸¸³μÉ·¨³ ¡μ²¥¥ ¤¥-
É ²Ó´μ μ¸μ¡¥´´μ¸É¨ Ê¶μ³¨´ ¢Ï¥£μ¸Ö ¢ÒÏ¥ Ö¢²¥´¨Ö μ¶É¨Î¥¸±μ£μ ¢Ò¶·Ö³²¥´¨Ö
² §¥·´ÒÌ ¨³¶Ê²Ó¸μ¢.

“¸²μ¢¨¥ ¤²Ö ÔËË¥±É¨¢´μ£μ ¶·μÉ¥± ´¨Ö · ¸¸³ É·¨¢ ¥³μ£μ ¶·μÍ¥¸¸  ´¥-
É·Ê¤´μ ¶μ²ÊÎ¨ÉÓ ¨§ § ±μ´μ¢ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨ ¨ ¨³¶Ê²Ó¸  ¤²Ö Ô²¥³¥´É ·-
´ÒÌ ¶·μÍ¥¸¸μ¢ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Î ¸É¨Í (ËμÉμ´μ¢, Ëμ´μ´μ¢)
¢ ´¥²¨´¥°´μ° ¤¨¸¶¥·£¨·ÊÕÐ¥° ¸·¥¤¥. �Ê¸ÉÓ § ±μ´ ¤¨¸¶¥·¸¨¨ ¤²Ö μ¶É¨Î¥¸±μ°
±μ³¶μ´¥´ÉÒ § ¤ ¥É¸Ö § ¢¨¸¨³μ¸ÉÓÕ ω(k), £¤¥ ω Å Î ¸ÉμÉ ,   k Å ¸μμÉ-
¢¥É¸É¢ÊÕÐ¨° ¤ ´´μ° Î ¸ÉμÉ¥ ¢μ²´μ¢μ° ¢¥±Éμ·. — ¸ÉμÉÊ ¨ ¢μ²´μ¢μ° ¢¥±Éμ·
É¥· £¥·Íμ¢μ£μ ¸¨£´ ²  μ¡μ§´ Î¨³ ¸μμÉ¢¥É¸É¢¥´´μ ωT (q) ¨ q. ’μ£¤  § ±μ´
¸μÌ· ´¥´¨Ö Ô´¥·£¨¨-¨³¶Ê²Ó¸  § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥

ω(k) = ω(k − q) + ωT (q). (1)



188 	“ƒ�‰ �.�.

�μ¸±μ²Ó±Ê q � k ¨ ωT � ω, Éμ

ω(k − q) ≈ ω(k) − q
∂ω

∂k
= ω(k) − qvg, (2)

£¤¥ vg ≡ ∂ω/∂k Å ¢¥±Éμ· £·Ê¶¶μ¢μ° ¸±μ·μ¸É¨ ±μ·μÉ±μ¢μ²´μ¢μ£μ ¸¨£´ ² 
¸ ¢μ²´μ¢Ò³ ¢¥±Éμ·μ³ k. ‚¢¥¤Ö Ê£μ² θ ³¥¦¤Ê ¢¥±Éμ· ³¨ q ¨ vg , ¶μ²ÊÎ¨³
¨§ (1), (2)

vph = vg cos θ, (3)

£¤¥ vph = ωT /q Å ¢¥²¨Î¨´  Ë §μ¢μ° ¸±μ·μ¸É¨ ¤²¨´´μ¢μ²´μ¢μ£μ ¸¨£´ ² .
�μ²ÊÎ¥´´μ¥ ¸μμÉ´μÏ¥´¨¥ ¢ É¥μ·¨¨ ´¥²¨´¥°´ÒÌ ¢μ²´ Î ¸Éμ ´ §Ò¢ ÕÉ

Ê¸²μ¢¨¥³ ·¥§μ´ ´¸  ‡ Ì ·μ¢ Ä	¥´´¨ (�‡	) [26, 27]. ‘·¥¤¨ ¶¥·¢ÒÌ Ë¨§¨Î¥-
¸±¨Ì ¸¨¸É¥³, £¤¥ ¡Ò² ¢ÒÖ¢²¥´ ¶μ¤μ¡´Ò° ÔËË¥±É, ³μ¦´μ μÉ³¥É¨ÉÓ ¢§ ¨³μ¤¥°-
¸É¢¨¥ ³¥¦¤Ê ²¥´£³Õ·μ¢¸±¨³¨ μ¸Í¨²²ÖÍ¨Ö³¨ ¨ ¨μ´´Ò³ §¢Ê±μ³ ¢ ¶² §³¥ [26],
¢§ ¨³μ¤¥°¸É¢¨¥ ± ¶¨²²Ö·´ÒÌ ³μ¤ ¸ £· ¢¨É Í¨μ´´Ò³¨ ¢ É¥μ·¨¨ ¢μ²´ ´ 
¢μ¤¥ [27], ¢§ ¨³μ¤¥°¸É¢¨¥ Ô²¥±É·μ´´ÒÌ ¨  ±Ê¸É¨Î¥¸±¨Ì ¢μ§¡Ê¦¤¥´¨° ¶μ²¨-
³¥·μ¢ ¢ ³μ¤¥²¨ α-¸¶¨· ²¨ [28].

‚ ² §¥·´μ° Ë¨§¨±¥ ¨ ´¥²¨´¥°´μ° μ¶É¨±¥ ¤²Ö (3) μ¡ÒÎ´μ ¨¸¶μ²Ó§ÊÕÉ
É¥·³¨´ Ê¸²μ¢¨¥ ¸¨´Ì·μ´¨§³ . Š·μ³¥ Éμ£μ, ¤²Ö Ì · ±É¥·¨§ Í¨¨ ¢Ò¶μ²´¥´¨Ö
Ê¸²μ¢¨Ö (3) É ±¦¥ μÍ¥´¨¢ ÕÉ ÔËË¥±É¨¢´ÊÕ ¤²¨´Ê ±μ£¥·¥´É´μ¸É¨ [29]

Lcoh =
πc

ω|ng − nT |
, (4)

£¤¥ c Å ¸±μ·μ¸ÉÓ ¸¢¥É  ¢ ¢ ±ÊÊ³¥; ng Å £·Ê¶¶μ¢μ° ¶μ± § É¥²Ó ¶·¥²μ³²¥´¨Ö
² §¥·´μ£μ ¨³¶Ê²Ó¸  ´ ± Î±¨ ¸ Î ¸ÉμÉμ° ω; nT Å ¶μ± § É¥²Ó ¶·¥²μ³²¥´¨Ö ¢
É¥· £¥·Íμ¢μ³ ¤¨ ¶ §μ´¥.

ˆ§ (3) ¸²¥¤Ê¥É, ÎÉμ ±μ£¤  £·Ê¶¶μ¢ Ö ¸±μ·μ¸ÉÓ ² §¥·´μ£μ ¨³¶Ê²Ó¸  ¶·¥¢Ò-
Ï ¥É Ë §μ¢ÊÕ ¸±μ·μ¸ÉÓ ¸¢¥É  ¢ É¥· £¥·Íμ¢μ³ ¤¨ ¶ §μ´¥, ¶μ·μ¦¤ ¥³μ¥ ´¥²¨-
´¥°´μ° ¶μ²Ö·¨§ Í¨¥° ¨§²ÊÎ¥´¨¥ ¨³¥¥É Î¥·¥´±μ¢¸±ÊÕ ¶·¨·μ¤Ê [30]. ˆ³¥´´μ
¢ ¤ ´´μ³ ¶·¨¡²¨¦¥´¨¨ ¡Ò²  · §¢¨É  É¥μ·¨Ö [31] ¨ ¢Ò¶μ²´¥´Ò ¶¥·¢Ò¥ Ô±¸-
¶¥·¨³¥´ÉÒ [32, 33] ¶μ £¥´¥· Í¨¨ É¥· £¥·Íμ¢μ£μ ¨§²ÊÎ¥´¨Ö ³¥Éμ¤μ³ μ¶É¨Î¥-
¸±μ£μ ¢Ò¶·Ö³²¥´¨Ö. �¥¸³μÉ·Ö ´  É·Ê¤´μ¸ÉÓ ¸¡μ·  ¸£¥´¥·¨·μ¢ ´´μ£μ ¨§²ÊÎ¥-
´¨Ö ¢ ¤ ´´μ° £¥μ³¥É·¨¨ ¨¸¶μ²Ó§μ¢ ´¨¥ ¸²μ¨¸ÉÒÌ ³¥É ³ É¥·¨ ²μ¢ ¶μ§¢μ²Ö¥É
¤μ¸É¨ÎÓ ¤μ¸É ÉμÎ´μ ¢Ò¸μ±μ° Ô´¥·£¥É¨Î¥¸±μ° ÔËË¥±É¨¢´μ¸É¨ ¶·¥μ¡· §μ¢ -
´¨Ö 10−3 [34].

�É³¥É¨³, ÎÉμ Ê¤μ¢²¥É¢μ·¨ÉÓ Ê¸²μ¢¨Õ �‡	 (3) ¶·¨ ±μ²²¨´¥ ·´μ³ · ¸-
¶·μ¸É· ´¥´¨¨ ¨³¶Ê²Ó¸μ¢ ¨§²ÊÎ¥´¨Ö ¨ ´ ± Î±¨ Ê¤ ¥É¸Ö ²¨ÏÓ ¢ μ¡² ¸É¨ ¶·μ-
§· Î´μ¸É¨ ´¥±μÉμ·ÒÌ ¶μ²Ê¶·μ¢μ¤´¨±μ¢ÒÌ (ZnTe, GaAs, GaSe, GaP, ZnGeP2

¨ ¤·.) ¨²¨ μ·£ ´¨Î¥¸±¨Ì (DAST, HMQ-T, OH1) ±·¨¸É ²²μ¢, ¸ÊÐ¥¸É¢¥´´Ò³¨
´¥¤μ¸É É± ³¨ ±μÉμ·ÒÌ Ö¢²ÖÕÉ¸Ö ´¨§±¨° ¶μ·μ£ ¶·μ¡μÖ (¢ ¶μ²Ê¶·μ¢μ¤´¨± Ì),
  É ±¦¥ § ÉÊÌ ´¨¥ ¨³¶Ê²Ó¸  ´ ± Î±¨ (¢ μ·£ ´¨±¥). �¥±μ·¤´Ò¥ ¢¥²¨Î¨´Ò Ô´¥·-
£¥É¨Î¥¸±μ° ÔËË¥±É¨¢´μ¸É¨ ¶·¥μ¡· §μ¢ ´¨Ö (¤²Ö ±·¨¸É ²²μ¢ DAST) ¤μ¸É¨-
£ ÕÉ 2,2 · 10−2 [21].
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‚ ¸²ÊÎ ÖÌ ³ ²μ° ¤²¨´Ò ±μ£¥·¥´É´μ¸É¨ ¨¸¶μ²Ó§ÊÕÉ ¤¢  ¶·¨´Í¨¶¨ ²Ó´μ
· §²¨Î´ÒÌ ¸¶μ¸μ¡  ·¥ ²¨§ Í¨¨ Ê¸²μ¢¨Ö ¸¨´Ì·μ´¨§³ . �¥·¢Ò° ¨§ ´¨Ì (±¢ §¨-
¸¨´Ì·μ´¨§³) [35] μ¸´μ¢ ´ ´  ³μ¤¨Ë¨± Í¨¨ ´¥²¨´¥°´μ° ¸·¥¤Ò ¶ÊÉ¥³ ¶¥·¨μ-
¤¨Î¥¸±μ° ¨´¢¥·¸¨¨ ´¥²¨´¥°´μ° ¢μ¸¶·¨¨³Î¨¢μ¸É¨ ¢Éμ·μ£μ ¶μ·Ö¤± , ¶·μ¸É· ´-
¸É¢¥´´Ò° ¶¥·¨μ¤ ±μÉμ·μ° ´¥ ¶·¥¢ÒÏ ¥É ¢¥²¨Î¨´Ò Lcoh. ’μ£¤  ¶¥·¥± Î± 
Ô´¥·£¨¨ ¢ É¥· £¥·Íμ¢μ¥ ¨§²ÊÎ¥´¨¥ ¡Ê¤¥É ¶·μ¨¸Ìμ¤¨ÉÓ ¢ Ë §¥ ´  ± ¦¤μ³ É -
±μ³ ÊÎ ¸É±¥,   ·¥§Ê²ÓÉ¨·ÊÕÐ¥¥ ¨§²ÊÎ¥´¨¥ ¸É ´¥É ±¢ §¨³μ´μÌ·μ³ É¨Î¥¸±¨³.
Œ ±¸¨³ ²Ó´μ ¤μ¸É¨¦¨³ Ö ÔËË¥±É¨¢´μ¸ÉÓ ¶·¥μ¡· §μ¢ ´¨Ö μ± §Ò¢ ¥É¸Ö ¸· ¢-
´¨É¥²Ó´μ ´¨§±μ° (∼ 10−4) [36].

„·Ê£¨³ ¶μ¶Ê²Ö·´Ò³ ¸¶μ¸μ¡μ³ Ö¢²Ö¥É¸Ö Ëμ·³¨·μ¢ ´¨¥ μ¶É¨Î¥¸±μ£μ ¨³-
¶Ê²Ó¸  ¸ Ë·μ´Éμ³ ¨´É¥´¸¨¢´μ¸É¨ [37], ¸±μÏ¥´´Ò³ ¶μ¤ Ê£²μ³ μÉ´μ¸¨É¥²Ó´μ
Ë §μ¢μ£μ Ë·μ´É , ¶μ ´μ·³ ²¨ ± ±μÉμ·μ³Ê ¶·μ¨¸Ìμ¤¨É · ¸¶·μ¸É· ´¥´¨¥. ’ -
±¨³ μ¡· §μ³, ¶·μ¥±Í¨Ö £·Ê¶¶μ¢μ° ¸±μ·μ¸É¨ ´  ´ ¶· ¢²¥´¨¥ £¥´¥· Í¨¨ ¸É -
´μ¢¨É¸Ö ¤μ¸É ÉμÎ´μ° ¤²Ö Ê¤μ¢²¥É¢μ·¥´¨Ö Ê¸²μ¢¨Ö (3) ¨ £¥´¥· Í¨¨ Ï¨·μ±μ¶μ-
²μ¸´μ£μ É¥· £¥·Íμ¢μ£μ ¨³¶Ê²Ó¸  ¸ ±¢ §¨¶²μ¸±¨³ Ë·μ´Éμ³ ¢¤μ²Ó ´μ·³ ²¨ ±
Ë·μ´ÉÊ ¨´É¥´¸¨¢´μ¸É¨. ˆ¸¶μ²Ó§μ¢ ´¨¥ ¤ ´´μ£μ ³¥Éμ¤  ¢ ±·¨¸É ²² Ì ¸ ¡μ²Ó-
Ïμ° ´¥²¨´¥°´μ° ¢μ¸¶·¨¨³Î¨¢μ¸ÉÓÕ ¶·¨ ´¨§±¨Ì É¥³¶¥· ÉÊ· Ì ¶μ§¢μ²¨²μ ¤μ-
¸É¨ÎÓ ·¥±μ·¤´μ° ÔËË¥±É¨¢´μ¸É¨ £¥´¥· Í¨¨ 3,8 · 10−2 [38].

�É³¥É¨³, ÎÉμ ¤ ²Ó´¥°Ï¥¥ · §¢¨É¨¥ ³¥Éμ¤  μ¶É¨Î¥¸±μ£μ ¢Ò¶·Ö³²¥´¨Ö, ¶μ-
¢¨¤¨³μ³Ê, ²¥¦¨É ¢ μ¡² ¸É¨ ¸μ§¤ ´¨Ö ´μ¢ÒÌ ³ É¥·¨ ²μ¢,   É ±¦¥ ±μ³¡¨´ Í¨¨
· §²¨Î´ÒÌ ¸Ì¥³ £¥´¥· Í¨¨. �μ³¨³μ ¤ ²Ó´¥°Ï¥£μ ¸μ¢¥·Ï¥´¸É¢μ¢ ´¨Ö É· ¤¨-
Í¨μ´´ÒÌ ¸²μ¨¸ÉÒÌ ¸·¥¤ [34Ä36] É ±¦¥  ´ ²¨§¨·ÊÕÉ¸Ö ³ É¥·¨ ²Ò ¸ μÉ·¨Í -
É¥²Ó´Ò³ ¶μ± § É¥²¥³ ¶·¥²μ³²¥´¨Ö [39]. Œ ´¨¶Ê²¨·μ¢ ´¨¥ ± ± ¸¢μ°¸É¢ ³¨
¸·¥¤Ò (¶¥·¨μ¤μ³ ¨´¢¥·¸¨¨), É ± ¨ ¶ · ³¥É· ³¨ ² §¥·´μ£μ ¨³¶Ê²Ó¸  (Ê£μ² ´ -
±²μ´  Ë·μ´É , Ë §μ¢ Ö ¨  ³¶²¨ÉÊ¤´ Ö ³μ¤Ê²ÖÍ¨¨) ¶μ§¢μ²Ö¥É ¶μ²ÊÎ ÉÓ ¨¸ÉμÎ-
´¨±¨ É¥· £¥·Íμ¢μ£μ ¨§²ÊÎ¥´¨Ö ¸ ¢Ò¸μ±μ° ¸É¥¶¥´ÓÕ ¶¥·¥¸É· ¨¢ ´¨Ö [40Ä42].

�¨¸. 1. ‘Ì¥³  £¥´¥· Í¨¨ É¥· £¥·Íμ¢ÒÌ ¨³¶Ê²Ó¸μ¢ ¶·¨ μ¶É¨Î¥¸±μ³ ¢Ò¶·Ö³²¥´¨¨ ¢
´¥²¨´¥°´μ³ ±·¨¸É ²²¥ ¸ μ¤´μμ¸´μ°  ´¨§μÉ·μ¶¨¥° (μ¸Ó OO′) ¨ ·¥§μ´ ´¸´Ò³¨ Í¥´É· ³¨
(ÉμÎ±¨) ¸ Ì · ±É¥·´μ° Î ¸ÉμÉμ° ¶¥·¥Ìμ¤  ω0
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‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¶ · ³¥É·¨Î¥¸±μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ±¢ ´Éμ¢ ¢ É· -
¤¨Í¨μ´´μ° ¸Ì¥³¥ μ¶É¨Î¥¸±μ£μ ¢Ò¶·Ö³²¥´¨Ö (·¨¸. 1) ¶μ¤· §Ê³¥¢ ¥É ´¥·¥§μ-
´ ´¸´Ò° ·¥¦¨³ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸ ´¥²¨´¥°´μ° ¤¨¸¶¥·£¨·ÊÕÐ¥° ¸·¥¤μ°. …¸²¨
¦¥ ¨³¥¥É ³¥¸Éμ ·¥§μ´ ´¸´μ¥ ¶μ£²μÐ¥´¨¥/·μ¦¤¥´¨¥ ±¢ ´Éμ¢, Éμ · ¸¸³ É·¨¢ ¥-
³Ò¥ ´  ¶·¨¢¥¤¥´´μ° ¸Ì¥³¥ Ô²¥³¥´É ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö Ê¦¥ ´¥²Ó§Ö ¸Î¨É ÉÓ
´¥§ ¢¨¸¨³Ò³¨ [43] ¢¢¨¤Ê ¶μÖ¢²¥´¨Ö ±¢ ´Éμ¢μ° ¨´É¥·Ë¥·¥´Í¨¨. �Ö¤ É¥μ·¥-
É¨Î¥¸±¨Ì · ¡μÉ, ¢Ò¶μ²´¥´´ÒÌ ¢ ÔÉμ³ ´ ¶· ¢²¥´¨¨ [44Ä47], ¶μ± §Ò¢ ¥É, ÎÉμ
¶μ³¨³μ ¶μ¢ÒÏ¥´¨Ö ÔËË¥±É¨¢´μ¸É¨ ¶·¥μ¡· §μ¢ ´¨Ö ¸²¥¤Ê¥É μ¦¨¤ ÉÓ ¨ ³μ¤¨-
Ë¨± Í¨¨ Ê¸²μ¢¨Ö (3).

1.2. Œμ¤¥²¨·μ¢ ´¨¥ £¥´¥· Í¨¨ É¥· £¥·Íμ¢ÒÌ ¨³¶Ê²Ó¸μ¢. � ¸¸³μÉ·¨³
¡μ²¥¥ ¤¥É ²Ó´μ ³μ¤¥²Ó´Ò¥ ¶μ¤Ìμ¤Ò, ¶·¨³¥´Ö¥³Ò¥ ¶·¨ μ¶¨¸ ´¨¨ £¥´¥· Í¨¨
É¥· £¥·Íμ¢ÒÌ ¨³¶Ê²Ó¸μ¢ ³¥Éμ¤μ³ μ¶É¨Î¥¸±μ£μ ¢Ò¶·Ö³²¥´¨Ö. �μ¸±μ²Ó±Ê Ì -
· ±É¥· ¢§ ¨³μ¤¥°¸É¢¨Ö Ô²¥±É·μ³ £´¨É´ÒÌ ¶μ²¥° ¶ ¤ ÕÐ¥£μ ² §¥·´μ£μ ¨§²Ê-
Î¥´¨Ö ¸μ ¸·¥¤μ° ¨ ¸ ¶μ·μ¦¤ ¥³Ò³ É¥· £¥·Íμ¢Ò³ ¨³¶Ê²Ó¸μ³ Ö¢²Ö¥É¸Ö ´¥²¨-
´¥°´Ò³, ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ³μ¤¥²Ó ¤μ²¦´  ¡ÒÉÓ ¸ ³μ¸μ£² ¸μ¢ ´´μ°. „²Ö · ¸-
¸³ É·¨¢ ¥³μ° § ¤ Î¨ Ê· ¢´¥´¨Ö Œ ±¸¢¥²²  ¢ ´¥²¨´¥°´μ³ ¤¨Ô²¥±É·¨±¥ ³μ¦´μ
¸¢¥¸É¨ ± ¢¥±Éμ·´μ³Ê Ê· ¢´¥´¨Õ ¤²Ö Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö E:

ΔE− 1
c2

∂2E
∂t2

=
4π

c2

∂2P
∂t2

− 4π∇(∇ · P), (5)

£¤¥ P Å ¶μ²Ö·¨§ Í¨Ö ¸·¥¤Ò; c Å ¸±μ·μ¸ÉÓ ¸¢¥É  ¢ ¢ ±ÊÊ³¥. �É³¥É¨³, ÎÉμ
ÔËË¥±É μ¶É¨Î¥¸±μ£μ ¢Ò¶·Ö³²¥´¨Ö ¶·μÖ¢²Ö¥É¸Ö Éμ²Ó±μ ¢ ´¥Í¥´É·μ¸¨³³¥É·¨Î-
´ÒÌ ¸·¥¤ Ì. „²Ö μ¶·¥¤¥²¥´´μ¸É¨ · ¸¸³μÉ·¨³ ´¥²¨´¥°´ÊÕ ¸·¥¤Ê ¸ μ¤´μμ¸-
´μ°  ´¨§μÉ·μ¶¨¥°. ‚ ´¥¥ ¶μ¤ ¥É¸Ö ² §¥·´Ò° ¨³¶Ê²Ó¸, · ¸¶·μ¸É· ´ÖÕÐ¨°¸Ö
¢¤μ²Ó μ¸¨ z, ¶¥·¶¥´¤¨±Ê²Ö·´μ° μ¶É¨Î¥¸±μ° μ¸¨ x. ’μ£¤  ´¥μ¡Ò±´μ¢¥´´ Ö
±μ³¶μ´¥´É  Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö ¨³¶Ê²Ó¸  Ee ¡Ê¤¥É ¶ · ²²¥²Ó´  μ¸¨ x,  
μ¡Ò±´μ¢¥´´ Ö Eo ¶ · ²²¥²Ó´  μ¸¨ y. ‚ É ±μ° £¥μ³¥É·¨¨ ¶·μ¤μ²Ó´Ò³¨ ±μ³-
¶μ´¥´É ³¨ ¶μ²Ö ¢ ±·¨¸É ²²¥ ³μ¦´μ ¶·¥´¥¡·¥ÎÓ [48]. Š·μ³¥ Éμ£μ, ¸¨³³¥É·¨Ö
´¥²¨´¥°´μ£μ ¶μ²Ö·¨§ Í¨μ´´μ£μ μÉ±²¨±  ´ ±² ¤Ò¢ ¥É É ±μ¥ μ£· ´¨Î¥´¨¥, ÎÉμ
μ¡Ò±´μ¢¥´´ Ö ¢μ²´  ³μ¦¥É ¶μ·μ¤¨ÉÓ ´¥μ¡Ò±´μ¢¥´´ÊÕ,   μ¡· É´Ò° ¶·μÍ¥¸¸
§ ¶·¥Ð¥´. ‚ ¡μ²ÓÏ¨´¸É¢¥ ¨´É¥·¥¸ÊÕÐ¨Ì ´ ¸ ³ É¥·¨ ²μ¢ ¶·μ¸É· ´¸É¢¥´´ Ö
¤¨¸¶¥·¸¨Ö ¶·¥´¥¡·¥¦¨³μ ³ ² , ÎÉμ ¶μ§¢μ²Ö¥É μ¶Ê¸É¨ÉÓ ¶μ¸²¥¤´¥¥ ¸² £ ¥³μ¥
¢ (5). ‚¸¥ ÔÉμ ¤ ¥É ¢μ§³μ¦´μ¸ÉÓ ¶¥·¥°É¨ μÉ Ê· ¢´¥´¨Ö (5) ± ¶·μ¸Éμ³Ê ¸± ²Ö·-
´μ³Ê ¢μ²´μ¢μ³Ê Ê· ¢´¥´¨Õ ¤²Ö ±μ³¶μ´¥´ÉÒ ¶μ²Ö Ee:

∂2E

∂z2
− 1

c2

∂2E

∂t2
=

4π

c2

∂2P

∂t2
− Δ⊥E, (6)

£¤¥ E ≡ Ex, P ≡ Px,   É ±¦¥ ¢Ò¤¥²¥´μ ¶·¨μ·¨É¥É´μ¥ ´ ¶· ¢²¥´¨¥ · ¸-
¶·μ¸É· ´¥´¨Ö ² §¥·´ÒÌ ¨³¶Ê²Ó¸μ¢ (μ¸Ó z); Δ⊥ Å ² ¶² ¸¨ ´ ¶μ ¶μ¶¥·¥Î´Ò³
±μμ·¤¨´ É ³. ‚ ¤ ²Ó´¥°Ï¥³ ¨§²μ¦¥´¨¨ ´ ¸ ¡Ê¤ÊÉ ¨´É¥·¥¸μ¢ ÉÓ ¢ μ¸´μ¢´μ³
±¢ §¨μ¤´μ³¥·´Ò¥ ·¥¦¨³Ò · ¸¶·μ¸É· ´¥´¨Ö ¢μ²´, ¶μÔÉμ³Ê ¶μ¸²¥¤´¥¥ ¸² £ ¥-
³μ¥ ¢ (6) ¶·¥¤¶μ² £ ¥É¸Ö ³ ²Ò³.
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�·¨ ¨¸¸²¥¤μ¢ ´¨¨ ´¥²¨´¥°´ÒÌ ¢μ²´ ¢ ¸·¥¤ Ì, ´¥ Ö¢²ÖÕÐ¨Ì¸Ö μ¶É¨Î¥¸±¨
¶²μÉ´Ò³¨, Î ¸Éμ ¨¸¶μ²Ó§ÊÕÉ É ± ´ §Ò¢ ¥³μ¥ ¶·¨¡²¨¦¥´¨¥ ³¥¤²¥´´μ ³¥´ÖÕ-
Ð¥£μ¸Ö ¶·μË¨²Ö ¨³¶Ê²Ó¸  [49]. ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¤ ´´Ò³ ¶·¨¡²¨¦¥´¨¥³
¶·μË¨²Ó ¨³¶Ê²Ó¸  ³¥¤²¥´´μ ³¥´Ö¥É¸Ö ¢ ¸¨¸É¥³¥ μÉ¸Î¥É , ¤¢¨¦ÊÐ¥°¸Ö ¢ ´ -
¶· ¢²¥´¨¨ μ¸¨ z ¸μ ¸±μ·μ¸ÉÓÕ, ¡²¨§±μ° ± ¸±μ·μ¸É¨ ¸¢¥É  ¢ ¸·¥¤¥ c/n, £¤¥
n Å ²¨´¥°´Ò° ¡¥§Ò´¥·Í¨μ´´Ò° ¶μ± § É¥²Ó ¶·¥²μ³²¥´¨Ö ¢ · ¸¸³ É·¨¢ ¥³μ°
μ¡² ¸É¨ ¸¶¥±É· . ’μ£¤  E = E(τ̃ , ζ), £¤¥ τ̃ = t − nz/c Å ®²μ± ²Ó´μ¥ ¢·¥³Ö¯,
ζ = εz Å ®³¥¤²¥´´ Ö ±μμ·¤¨´ É ¯,   ¢¸¶μ³μ£ É¥²Ó´Ò° ³ ²Ò° ¡¥§· §³¥·´Ò°
¶ · ³¥É· ε ÊÎ¨ÉÒ¢ ¥É ¢²¨Ö´¨¥ ¸² £ ¥³ÒÌ ¢ ¶· ¢μ° Î ¸É¨ (6). �¥·¥Ìμ¤Ö ±
´μ¢Ò³ ´¥§ ¢¨¸¨³Ò³ ¶¥·¥³¥´´Ò³, § ¶¨Ï¥³

∂

∂t
=

∂

∂τ̃
,

∂

∂z
= −n

c

∂

∂τ̃
+ ε

∂

∂ζ
,

∂2

∂z2
≈ n2

c2

∂2

∂τ̃2
− 2nε

c

∂2

∂ζ∂τ̃
,

£¤¥ ¢ ¶μ¸²¥¤´¥³ ¢Ò· ¦¥´¨¨ μ¶ÊÐ¥´ Î²¥´, ¶·μ¶μ·Í¨μ´ ²Ó´Ò° ε2. ’μ£¤  ¶μ¸²¥
¨´É¥£·¨·μ¢ ´¨Ö ¶μ τ̃ ¸ ÊÎ¥Éμ³ ´Ê²¥¢ÒÌ §´ Î¥´¨° ¶μ²Ö ¨ ¥£μ ¶·μ¨§¢μ¤´ÒÌ
´  ¡¥¸±μ´¥Î´μ¸É¨ ¨ ¢μ§¢· Ð¥´¨Ö ± ¨¸Ìμ¤´Ò³ ´¥§ ¢¨¸¨³Ò³ ¶¥·¥³¥´´Ò³ z, t
¶·¨¢¥¤¥³ ¢μ²´μ¢μ¥ Ê· ¢´¥´¨¥ ± ¢¨¤Ê

∂E

∂z
+

n2 + 1
2nc

∂E

∂t
= −2π

nc

∂P

∂t
− c

2n
Δ⊥

t∫
−∞

E dt′. (7)

‚ ¶μ²Ö·¨§ Í¨μ´´μ³ μÉ±²¨±¥ ¢Ò¤¥²¨³ É·¨ μ¸´μ¢´Ò¥ ±μ³¶μ´¥´ÉÒ

P =

∞∫
0

χl(t− τ)E(r, τ) dτ +

∞∫∫
0

χnl(t− τ1, t− τ2)E(r, τ1)E(r, τ2) dτ1 dτ2 +PR,

(8)
£¤¥ ¤¢  ¶¥·¢ÒÌ ¸² £ ¥³ÒÌ ÊÎ¨ÉÒ¢ ÕÉ ´¥·¥§μ´ ´¸´ÊÕ Î ¸ÉÓ ¶μ²Ö·¨§ Í¨μ´´μ£μ
μÉ±²¨±  ¢ ¸¶¥±É· ²Ó´μ³ ¤¨ ¶ §μ´¥, ¶·μ§· Î´μ³ ¤²Ö · ¸¸³ É·¨¢ ¥³ÒÌ ¨§²Ê-
Î¥´¨°,   É·¥ÉÓ¥ μ¶¨¸Ò¢ ¥É ¢±² ¤ ¶·¨³¥¸´ÒÌ Í¥´É·μ¢ ¸ ±μ´Í¥´É· Í¨¥° N ¢
¸É·Ê±ÉÊ·¥ ¸·¥¤Ò, Ì · ±É¥·´ Ö Î ¸ÉμÉ  ω0 ±μÉμ·ÒÌ ´ Ìμ¤¨É¸Ö ¢ ·¥§μ´ ´¸¥ ¸μ
¸¶¥±É·μ³ ² §¥·´μ£μ ¨³¶Ê²Ó¸ .

�·¨ ¢Ò¢μ¤¥ Ö¢´ÒÌ ¢Ò· ¦¥´¨° ¤²Ö ´¥·¥§μ´ ´¸´μ° Î ¸É¨ ¶μ²Ö·¨§ Í¨¨
μ¡ÒÎ´μ ¨¸¶μ²Ó§ÊÕÉ ²¨´¥°´Ò¥ χl ¨ ´¥²¨´¥°´Ò¥ χnl ¢μ¸¶·¨¨³Î¨¢μ¸É¨ [50].
‚³¥¸Éμ ¢·¥³¥´´μ£μ ¶·¥¤¸É ¢²¥´¨Ö Ê¤μ¡´μ § ¤ ¢ ÉÓ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Î ¸ÉμÉ-
´Ò¥ § ¢¨¸¨³μ¸É¨ ¢ ËÊ·Ó¥-¶·μ¸É· ´¸É¢¥ χ̂l(ω) ¨ χ̂nl(ω1, ω2), μ¶·¥¤¥²ÖÕÐ¨¥
¢·¥³¥´´ÊÕ ¤¨¸¶¥·¸¨Õ. „ ´´Ò¥ ËÊ´±Í¨¨ ´ Ìμ¤ÖÉ ²¨¡μ ¨§ Ô±¸¶¥·¨³¥´É ²Ó-
´ÒÌ ¤ ´´ÒÌ [51], ²¨¡μ ´  μ¸´μ¢¥ É¥μ·¥É¨Î¥¸±¨Ì ³μ¤¥²¥° ¤¨´ ³¨±¨ ¸·¥¤Ò:
± ± ±² ¸¸¨Î¥¸±¨Ì [52Ä55], μ¡μ¡Ð ÕÐ¨Ì μ¸Í¨²²ÖÉμ· ‹μ·¥´Í , É ± ¨ ±¢ ´Éμ-
¢ÒÌ [48, 56, 57], ÊÎ¨ÉÒ¢ ÕÐ¨Ì Ô´¥·£¥É¨Î¥¸±ÊÕ ¸É·Ê±ÉÊ·Ê  Éμ³μ¢. ‚ μ¡² ¸É¨
¶·μ§· Î´μ¸É¨ ¸·¥¤Ò μ¡  É¥μ·¥É¨Î¥¸±¨Ì ¶μ¤Ìμ¤  ¤ ÕÉ Ô±¢¨¢ ²¥´É´Ò¥
·¥§Ê²ÓÉ ÉÒ.
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‹¨´¥°´ Ö ¢μ¸¶·¨¨³Î¨¢μ¸ÉÓ ´  μ¶É¨Î¥¸±¨Ì Î ¸ÉμÉ Ì ω ³μ¦¥É ¡ÒÉÓ ¸ Ìμ-
·μÏ¥° ¸É¥¶¥´ÓÕ ÉμÎ´μ¸É¨ § ¤ ´  ¢ ¢¨¤¥ · §²μ¦¥´¨Ö

χ̂0(ω) = a0 + a1ω
2 − a2

ω2
, (9)

£¤¥ ¶¥·¢μ¥ ¸² £ ¥³μ¥ μ¶·¥¤¥²Ö¥É ¡¥§Ò´¥·Í¨μ´´ÊÕ Î ¸ÉÓ μÉ±²¨± , ¢Éμ·μ¥ ¸² -
£ ¥³μ¥ ¸μμÉ¢¥É¸É¢Ê¥É ¢±² ¤ ³ ¢ ¤¨¸¶¥·¸¨Õ Ô²¥±É·μ´´μ-μ¶É¨Î¥¸±¨Ì ¶¥·¥Ìμ¤μ¢,
Î ¸ÉμÉÒ ±μÉμ·ÒÌ ³´μ£μ ¡μ²ÓÏ¥ ω,   É·¥ÉÓ¥ ¸² £ ¥³μ¥ Å ¢±² ¤ ³ Ëμ´μ´´ÒÌ
³μ¤ ¸ ³´μ£μ ³¥´ÓÏ¨³¨ Î ¸ÉμÉ ³¨ ω.

�´ ²μ£¨Î´μ¥ ¢Ò· ¦¥´¨¥ ³μ¦´μ § ¶¨¸ ÉÓ ¨ ¤²Ö É¥· £¥·Íμ¢ÒÌ Î ¸ÉμÉ ωT :

χ̂T (ωT ) = b0 + b1ω
2
T . (10)

‡¤¥¸Ó ¢Éμ·μ¥ ¸² £ ¥³μ¥ ¸μμÉ¢¥É¸É¢Ê¥É ¢±² ¤ ³ Ëμ´μ´´ÒÌ ³μ¤, Ì · ±É¥·´Ò¥
Î ¸ÉμÉÒ ±μÉμ·ÒÌ, ± ± ¶· ¢¨²μ, ´ Ìμ¤ÖÉ¸Ö ¢ÒÏ¥ ¢¥·Ì´¥° £· ´¨ÍÒ ¸¶¥±É· 
£¥´¥·¨·Ê¥³μ£μ ¨§²ÊÎ¥´¨Ö. ‘²¥¤Ê¥É É ±¦¥ μÉ³¥É¨ÉÓ, ÎÉμ Ê·μ¢¥´Ó Î ¸ÉμÉ´μ-
§ ¢¨¸¨³ÒÌ ¶μÉ¥·Ó ¢μ ³´μ£¨Ì ³ É¥·¨ ² Ì ¢ É¥· £¥·Íμ¢μ³ ¤¨ ¶ §μ´¥ ³μ¦¥É
¡ÒÉÓ ¢ÒÏ¥, Î¥³ ¢ μ¶É¨±¥. �μÔÉμ³Ê ¢ ¤ ´´μ³ ¢Ò· ¦¥´¨¨ ¨´μ£¤  Ê¤¥·¦¨¢ ÕÉ
¥Ð¥ ³´¨³ÊÕ ¤μ¡ ¢±Ê, ±μÉμ·μ° ³Ò §¤¥¸Ó ¶·¥´¥¡·¥£ ¥³.

„¨¸¶¥·¸¨¥° ´¥²¨´¥°´ÒÌ ¢μ¸¶·¨¨³Î¨¢μ¸É¥° ¢ ± ¦¤μ³ ¨§ · ¸¸³ É·¨¢ ¥-
³ÒÌ ¸¶¥±É· ²Ó´ÒÌ ¤¨ ¶ §μ´μ¢ ¶μ μÉ¤¥²Ó´μ¸É¨ ³μ¦´μ ¶·¥´¥¡·¥ÎÓ. � §²¨Î¨Ö
¢μ§´¨± ÕÉ ²¨ÏÓ ³¥¦¤Ê ¡¥§Ò´¥·Í¨μ´´Ò³¨ Î ¸ÉÖ³¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¢Ò· -
¦¥´¨° [55].

„²Ö ·¥§μ´ ´¸´μ° Î ¸É¨ ¶μ²Ö·¨§ Í¨¨ ¢μ¸¶μ²Ó§Ê¥³¸Ö É ± ´ §Ò¢ ¥³Ò³ ¶μ²Ê-
±² ¸¸¨Î¥¸±¨³ ¶μ¤Ìμ¤μ³, ±μ£¤  ¤¨´ ³¨±  Ô²¥±É·¨Î¥¸±¨Ì ¶μ²¥° ¢¸¥ ¥Ð¥ · ¸-
¸³ É·¨¢ ¥É¸Ö ´  μ¸´μ¢¥ ±² ¸¸¨Î¥¸±¨Ì Ê· ¢´¥´¨°,   ¤²Ö ¸μ¸ÉμÖ´¨Ö ¸·¥¤Ò ¨¸-
¶μ²Ó§Ê¥É¸Ö ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ¥ μ¶¨¸ ´¨¥. �Éμ μÉ· ¦¥´μ ¢ ¢Ò· ¦¥´¨¨ ¤²Ö
·¥§μ´ ´¸´μ£μ ¶μ²Ö·¨§ Í¨μ´´μ£μ μÉ±²¨± 

PR = N Tr [ρ̂μ], (11)

¢ ±μÉμ·μ³ ±μ³¶μ´¥´ÉÒ ³ É·¨ÍÒ ¶²μÉ´μ¸É¨ ρ̂-¸μ¸ÉμÖ´¨° ¶·¨³¥¸´ÒÌ Í¥´É·μ¢
Ê¤μ¢²¥É¢μ·ÖÕÉ Ê· ¢´¥´¨Õ ‹¨Ê¢¨²²Ö

∂ρjk

∂ t
= −iωjkρjk − i

�

[
V̂ , ρ̂

]
jk

, (12)

£¤¥ V̂ = −μ̂E Å μ¶¥· Éμ· ¢§ ¨³μ¤¥°¸É¢¨Ö ¢ Ô²¥±É·μ¤¨¶μ²Ó´μ³ ¶·¨¡²¨¦¥´¨¨;
μ̂ Å μ¶¥· Éμ· ¤¨¶μ²Ó´μ£μ ³μ³¥´É ; ωjk Å Î ¸ÉμÉ  ¶¥·¥Ìμ¤ ; � Å ¶μ¸ÉμÖ´´ Ö
�² ´± .

„²Ö ¶·μ¸ÉμÉÒ · ¸¸³μÉ·¨³ ¸¨¸É¥³Ò, μ¡² ¤ ÕÐ¨¥ ¢¸¥£μ ¤¢Ê³Ö ±¢ ´Éμ¢Ò³¨
Ê·μ¢´Ö³¨. ‡  ±¢ ´Éμ¢Ò° ¶¥·¥Ìμ¤ μÉ¢¥É¸É¢¥´´Ò ±μ³¶μ´¥´ÉÒ ³ É·¨Î´μ£μ μ¶¥-
· Éμ·  ¤¨¶μ²Ó´μ£μ ³μ³¥´É  ¸ · §²¨Î ÕÐ¨³¨¸Ö ¨´¤¥±¸ ³¨, ¢ Éμ ¢·¥³Ö ± ± ¤¨ -
£μ´ ²Ó´Ò¥ ¸μμÉ¢¥É¸É¢ÊÕÉ ¶μ¸ÉμÖ´´Ò³ ¤¨¶μ²Ó´Ò³ ³μ³¥´É ³ (�„Œ). �μ¸²¥¤-
´¨¥ μÉ²¨Î´Ò μÉ ´Ê²Ö Éμ²Ó±μ ¶·¨ μÉ¸ÊÉ¸É¢¨¨ Í¥´É·  ¨´¢¥·¸¨¨. ‘É Í¨μ´ ·´Ò¥
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¸μ¸ÉμÖ´¨Ö ¶·¨ ÔÉμ³ ´¥ μ¡² ¤ ÕÉ μ¶·¥¤¥²¥´´μ° Î¥É´μ¸ÉÓÕ. ’¨¶¨Î´Ò³¨ ¶·¨-
³¥· ³¨ ¤¢ÊÌÊ·μ¢´¥¢ÒÌ ¸¨¸É¥³, ±μÉμ·Ò¥ μ¡² ¤ ÕÉ �„Œ, Ö¢²ÖÕÉ¸Ö ¶·¨³¥¸´Ò¥
¨μ´Ò [58], ¶μ²Ö·´Ò¥ ³μ²¥±Ê²Ò [59], ´¥¸¨³³¥É·¨Î´Ò¥ ´ ´μ¸É·Ê±ÉÊ·Ò [60,61].
„²Ö μ¶·¥¤¥²¥´´μ¸É¨ ¤ ²¥¥ ¢¢¥¤¥³  ¸¨³³¥É·¨Õ É ±¨³ μ¡· §μ³, ÎÉμ¡Ò ´ ¶· ¢-
²¥´¨¥ μ¸¨  ´¨§μÉ·μ¶¨¨ ¶·¨³¥¸´ÒÌ Í¥´É·μ¢ ¸μ¢¶ ¤ ²μ ¸ μ¶É¨Î¥¸±μ° μ¸ÓÕ
μ¸´μ¢´μ° ¸·¥¤Ò. ’μ£¤  ¤²Ö ·¥§μ´ ´¸´μ° Î ¸É¨ ¶μ²Ö·¨§ Í¨¨ ¶μ²ÊÎ¨³

PR = N(2dU + DW ), (13)

  ¸μ¸ÉμÖ´¨¥ ¸·¥¤Ò μÉ (12) μ¶¨Ï¥³ Ê· ¢´¥´¨Ö³¨ É¨¶  ¸¨¸É¥³Ò 	²μÌ :

∂U

∂t
= −ω0

(
1 − DEe

�ω0

)
V, (14)

∂V

∂t
= ω0

(
1 − DEe

�ω0

)
U +

2dEe

�
W, (15)

∂W

∂t
= −2dEe

�
V, (16)

£¤¥ V ≡ (ρ12 − ρ21) /2i, U ≡ (ρ21 + ρ12) /2 Å ¡¥§· §³¥·´Ò° ¤¨¶μ²Ó´Ò° ³μ-
³¥´É; W ≡ (ρ22 − ρ11) /2 Å ¨´¢¥·¸¨Ö ´ ¸¥²¥´´μ¸É¥° ±¢ ´Éμ¢ÒÌ Ê·μ¢´¥°;
d ≡ μ12 = μ21 Å ¤¨¶μ²Ó´Ò° ³μ³¥´É ¶¥·¥Ìμ¤ ; D ≡ μ22 − μ11 Å ¢¥²¨Î¨´ 
�„Œ; ω0 ≡ ω12. „²Ö Ë¥³Éμ¸¥±Ê´¤´ÒÌ ¤²¨É¥²Ó´μ¸É¥° ² §¥·´ÒÌ ¨³¶Ê²Ó¸μ¢
·¥² ±¸ Í¨μ´´Ò³¨ Î²¥´ ³¨ ¢ ¤ ´´μ° ¸¨¸É¥³¥ ¶·¥´¥¡·¥£ ¥³.

�·¥¤¸É ¢¨³ Ô²¥±É·¨Î¥¸±μ¥ ¶μ²¥ ¢ ¢¨¤¥

E =
1
2
(ψ ei(ωt−kz) + ψ∗ e−i(ωt−kz)) + ε, (17)

£¤¥ ÊÎÉ¥´μ, ÎÉμ ¢Ìμ¤´μ° ² §¥·´Ò° ¨³¶Ê²Ó¸ ¸ ±μ³¶²¥±¸´μ° μ£¨¡ ÕÐ¥° ψ ¨³¥¥É
Î¥É±μ ¢Ò· ¦¥´´ÊÕ ´¥¸ÊÐÊÕ Î ¸ÉμÉÊ ω ¨ ¢μ²´μ¢μ¥ Î¨¸²μ k. �²¥±É·¨Î¥¸±μ¥
¦¥ ¶μ²¥ ε É¥· £¥·Íμ¢μ£μ ¨³¶Ê²Ó¸  ¢Ò¤¥²¥´μ ¢ μÉ¤¥²Ó´μ¥ ¸² £ ¥³μ¥. ‚ μ¡Ð¥³
¸²ÊÎ ¥ ¢ ´¥²¨´¥°´μ° ¸·¥¤¥ ³μ£ÊÉ ¢μ§´¨± ÉÓ ¨ ¸¶¥±É· ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ ´ 
±· É´ÒÌ ω Î ¸ÉμÉ Ì (´ ¶·¨³¥·, ¨§¢¥¸É´Ò° ÔËË¥±É £¥´¥· Í¨¨ ¢Éμ·μ° £ ·³μ-
´¨±¨). �¤´ ±μ ¤²Ö ÔËË¥±É¨¢´μ£μ ¶·μÉ¥± ´¨Ö É ±¨Ì ¶·μÍ¥¸¸μ¢ ´¥μ¡Ìμ¤¨³μ
¢Ò¶μ²´¥´¨¥ Ê¸²μ¢¨° ¸¨´Ì·μ´¨§³ , ´¥¸μ¢³¥¸É¨³ÒÌ ¸ (3), ¢ ¸¢Ö§¨ ¸ Î¥³ ¨³¨
³μ¦´μ ¶·¥´¥¡·¥ÎÓ.

Š ± μÉ³¥Î ²μ¸Ó ¢ÒÏ¥, ² §¥·´Ò° ¨³¶Ê²Ó¸ ¸ Ì · ±É¥·´μ° ¢·¥³¥´´μ° ¤²¨-
É¥²Ó´μ¸ÉÓÕ τp ∼ 100 Ë¸ ¨ ¸¶¥±É· ²Ó´μ° Ï¨·¨´μ° δω ∼ 1/τp ∼ 1 ’ƒÍ Ìμ·μÏμ
¶μ¤Ìμ¤¨É ¤²Ö ·¥ ²¨§ Í¨¨ μ¶É¨Î¥¸±μ£μ ¢Ò¶·Ö³²¥´¨Ö. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, Í¥´-
É· ²Ó´ Ö Î ¸ÉμÉ  ¥£μ ¸¶¥±É·  ω ∼ 100 ’ƒÍ, É. ¥. ω � δω. �É¸Õ¤  ¸²¥¤Ê¥É
¢Ò¶μ²´¥´¨¥ Ê¸²μ¢¨Ö ±¢ §¨³μ´μÌ·μ³ É¨Î´μ¸É¨

ωτp � 1. (18)
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„ ´´μ¥ ¸μμÉ´μÏ¥´¨¥ ¶μ§¢μ²Ö¥É ¢ ¤ ²Ó´¥°Ï¥³ ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö ¶·¨¡²¨¦¥´¨¥³
³¥¤²¥´´μ ³¥´ÖÕÐ¨Ì¸Ö μ£¨¡ ÕÐ¨Ì:∣∣∣∣∂ψ

∂t

∣∣∣∣ � ω|ψ|,
∣∣∣∣∂ψ

∂z

∣∣∣∣ � k|ψ|. (19)

‚ μÉ²¨Î¨¥ μÉ μ¶É¨Î¥¸±μ£μ ¨³¶Ê²Ó¸  ¤²Ö É¥· £¥·Íμ¢μ£μ ¸¶· ¢¥¤²¨¢  μÍ¥´± 

ωT τp ∼ 1. (20)

�μ ¸²μ¦¨¢Ï¥°¸Ö É¥·³¨´μ²μ£¨¨ ¸¨£´ ²Ò, ¶ · ³¥É·Ò ±μÉμ·ÒÌ Ê¤μ¢²¥É¢μ-
·ÖÕÉ (20), ´ §Ò¢ ÕÉ ¶·¥¤¥²Ó´μ ±μ·μÉ±¨³¨ ¨³¶Ê²Ó¸ ³¨ [57,62,63].

‘Ê³³ ·´Ò° ¶μ²Ö·¨§ Í¨μ´´Ò° μÉ±²¨± P · §¤¥²¨É¸Ö É¥¶¥·Ó ¥Ð¥ ¨ ¶μ ¸¶¥±-
É· ²Ó´μ³Ê ¸μ¸É ¢Ê:

P =
[
χ0(ω)ψ − iχ′

0(ω)
∂ψ

∂t
− 1

2
χ′′

0(ω)
∂2ψ

∂t2
+ 2χ2(ω, 0)εψ + N dR

]
ei(ωt−kz)+

+ c. c. + χT (0)ε − 1
2
χ′′

T (0)
∂2ε

∂t2
+ χ2(0, 0)ε2 + 2χ2(ω,−ω)|ψ|2 + NDW, (21)

£¤¥ ¸. ¸. μ§´ Î ¥É ±μ³¶²¥±¸´μ-¸μ¶·Ö¦¥´´Ò¥ ¸² £ ¥³Ò¥; χ2 Å Î ¸ÉμÉ´Ò¥ ±μ³-
¶μ´¥´ÉÒ ´¥²¨´¥°´μ° ¢μ¸¶·¨¨³Î¨¢μ¸É¨; R = ρ12 e−i(ωt−kz).

�μ¤¸É ¢²ÖÖ (21) ¢ (7), (14)Ä(16) ¸ ÊÎ¥Éμ³ (17), (19), ¶·¨¤¥³ ± ¸¨¸É¥³¥
Ê· ¢´¥´¨° [45]

i
∂ψ

∂z
+ iδT

∂ψ

∂τ
+

k2

2
∂2ψ

∂τ2
− β2εψ − αR =

c

2n0ω
Δ⊥ψ, (22)

∂ε

∂z
− μT

∂3ε

∂τ3
+ βT ε

∂ε

∂τ
+ β0

∂

∂τ
(|ψ|2) + γ

∂W

∂τ
=

c

2nT
Δ⊥

τ∫
−∞

ε dτ ′, (23)

∂R

∂t
= i

(
Δ − Dε

�

)
R + i

2dψW

�
, (24)

∂W

∂t
= i

d

�
(ψ∗R − ψR∗) , (25)

£¤¥ τ = t − nT /c; n0 Å μ¶É¨Î¥¸±¨° ¶μ± § É¥²Ó ¶·¥²μ³²¥´¨Ö; ±μÔËË¨Í¨-
¥´ÉÒ k2 = 4π(3a1ω − a2/ω3)/(cn0) ¨ μT = 2πb1/(nT c) μ¶·¥¤¥²ÖÕÉ ¤¨¸-
¶¥·¸¨Õ ´  μ¶É¨Î¥¸±¨Ì ¨ É¥· £¥·Íμ¢ÒÌ Î ¸ÉμÉ Ì ¸μμÉ¢¥É¸É¢¥´´μ; δT = (ng −
nT )/c Å · ¸¸É·μ°±  ¸±μ·μ¸É¥°, ´ ²¨Î¨¥ ±μÉμ·μ° μÉ· ¦ ¥É ´ ·ÊÏ¥´¨¥ Ê¸²μ-
¢¨Ö (3). ‚¥²¨Î¨´Ò β2 = 4πωχ2(ω, 0)/(cn0), β0 = 4πχ2(ω,−ω)/(cnT ), βT =
4πχ2(0, 0)/(cnT ) μ¶·¥¤¥²ÖÕÉ ¢±² ¤Ò ´¥·¥§μ´ ´¸´μ° ±¢ ¤· É¨Î´μ° ´¥²¨´¥°-
´μ¸É¨ ¸·¥¤Ò.
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‚§ ¨³μ¤¥°¸É¢¨¥ ¸ ·¥§μ´ ´¸´Ò³¨ Í¥´É· ³¨ ÊÎ¨ÉÒ¢ ¥É¸Ö ¸ ¶μ³μÐÓÕ ¶ -
· ³¥É·μ¢ α = 2πω0dN/(cn0), γ = 2πDN/(nT c),   Ô¢μ²ÕÍ¨Ö ¡¥§· §³¥·´μ°
μ£¨¡ ÕÐ¥° ·¥§μ´ ´¸´μ° ¶μ²Ö·¨§ Í¨¨ R ¨ · §´μ¸É¨ ´ ¸¥²¥´´μ¸É¥° W ±¢ ´-
Éμ¢ÒÌ Ê·μ¢´¥° ¶μ¤Î¨´ÖÕÉ¸Ö Ê· ¢´¥´¨Ö³ 	²μÌ  (24), (25), £¤¥ Δ Å μÉ¸É·μ°± 
μÉ ·¥§μ´ ´¸ .

„²Ö μ¶¨¸ ´¨Ö ¶·μÍ¥¸¸  μ¶É¨Î¥¸±μ£μ ¢Ò¶·Ö³²¥´¨Ö ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ¸¨¸É¥³Ê
(22)Ä(25) ¶·¨Ìμ¤¨É¸Ö ·¥Ï ÉÓ Î¨¸²¥´´μ. � ¸¸³μÉ·¨³ ¶·μÉ¥± ´¨¥ ¶·μÍ¥¸¸  £¥-
´¥· Í¨¨ ¶·¨ δT = 0. Š Î¥¸É¢¥´´μ¥ ¶μ¢¥¤¥´¨¥ ¸¨¸É¥³Ò ¢ ´¥·¥§μ´ ´¸´μ³ ¨
·¥§μ´ ´¸´μ³ ¸²ÊÎ ÖÌ μ± §Ò¢ ¥É¸Ö ¸Ìμ¤´Ò³, ¢ μ¸μ¡¥´´μ¸É¨ ¢ ´ Î ²¥ £¥´¥· -
Í¨¨. �¤´ ±μ ¢ ¶μ¸²¥¤´¥³ ¸²ÊÎ ¥ ÔÉμÉ ¶·μÍ¥¸¸ ¶·μÉ¥± ¥É ¡μ²¥¥ ÔËË¥±É¨¢´μ
(¸·. ·¨¸. 2,  , ¡) [45,64].

�·¨ ¶μ¤ Î¥ ¢ ¸·¥¤Ê ¨´É¥´¸¨¢´μ£μ ² §¥·´μ£μ ¨³¶Ê²Ó¸  ´  ³ ²ÒÌ ¤¨¸É ´-
Í¨ÖÌ ¥£μ · ¸¶·μ¸É· ´¥´¨Ö ³μ¦´μ ¶·¨¡²¨¦¥´´μ ¸Î¨É ÉÓ ¥£μ ¶μ²¥ § ¤ ´´Ò³.
• · ±É¥·´Ò° ³ ¸ÏÉ ¡ ¨§³¥´¥´¨Ö ¨³¶Ê²Ó¸  ¢ ÔÉμ³ ¸²ÊÎ ¥ Ê¤μ¡´μ § ¤ ¢ ÉÓ ¢
¥¤¨´¨Í Ì ¤²¨´ ¤¨¸¶¥·¸¨μ´´μ£μ · ¸¶²Ò¢ ´¨Ö Ld ∼ τ2

p /|k2|. �·¥´¥¡·¥£ Ö ¤¨¸-
¶¥·¸¨¥° ¨ ¸μ¡¸É¢¥´´μ° ´¥²¨´¥°´μ¸ÉÓÕ É¥· £¥·Íμ¢μ£μ ¸¨£´ ²  ¶·¨ z � Ld,

�¨¸. 2.  , ¡) �¥·¥Ìμ¤´ Ö ¸É ¤¨Ö £¥´¥· Í¨¨ É¥· £¥·Íμ¢ÒÌ ¨³¶Ê²Ó¸μ¢. ‘· ¢´¥´¨¥ μ£¨¡ Õ-
Ð¥° ² §¥·´μ£μ ¨³¶Ê²Ó¸  (¶Ê´±É¨·´ Ö ±·¨¢ Ö) ¨ ¶μ²Ö É¥· £¥·Íμ¢μ£μ ¨³¶Ê²Ó¸  (¸¶²μÏ-
´ Ö ±·¨¢ Ö) ¢ Ìμ¤¥ ´¥·¥§μ´ ´¸´μ£μ ( ) ¨ ·¥§μ´ ´¸´μ£μ (¡) μ¶É¨Î¥¸±μ£μ ¢Ò¶·Ö³²¥´¨Ö.
¢, £) ‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¸¶¥±É·Ò £¥´¥·¨·Ê¥³ÒÌ Ï¨·μ±μ¶μ²μ¸´ÒÌ ¸¨£´ ²μ¢
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¨§ (23) ¶μ²ÊÎ¨³

ε ≈ −β0z
∂

∂τ
|ψ|2.

�μ² £ Ö ψ = A sech (τ/τp), £¤¥ τp Å ¤²¨É¥²Ó´μ¸ÉÓ ¨³¶Ê²Ó¸ ,   A Å ¥£μ
 ³¶²¨ÉÊ¤ , ´ Ìμ¤¨³

ε ≈ 2β0zA2

τp
tanh

(
τ

τp

)
sech2

(
τ

τp

)
.

’ ±¨³ μ¡· §μ³, ¶μ²¥ É¥· £¥·Íμ¢μ£μ ¨³¶Ê²Ó¸  ´  ´ Î ²Ó´μ° ¸É ¤¨¨ ¥£μ £¥´¥-
· Í¨¨ · ¸É¥É ¶·μ¶μ·Í¨μ´ ²Ó´μ ±¢ ¤· ÉÊ  ³¶²¨ÉÊ¤Ò ¢Ìμ¤´μ£μ ² §¥·´μ£μ ¨³-
¶Ê²Ó¸  ¨ ¤¨¸É ´Í¨¨ ¶·μ¡¥£  ¢ ´¥²¨´¥°´μ° ¸·¥¤¥. �·μË¨²Ó ¦¥ ¶μ²ÊÎ¥´´μ£μ
¸¨£´ ²  ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¶· ±É¨Î¥¸±¨ μ¤´μ¢μ²´μ¢Ò° ¢¸¶²¥¸± ¶μ²Ö. �·¨-
³¥· Î¨¸²¥´´μ£μ · ¸Î¥É  ¶·μÍ¥¸¸  £¥´¥· Í¨¨ ¶·¨¢¥¤¥´ ´  ·¨¸. 2,  , ¡.

‘¶¥±É· É¥· £¥·Íμ¢μ£μ ¨³¶Ê²Ó¸  ¨³¥¥É ¢¨¤

|F (Ω, z)| =

∣∣∣∣∣∣
+∞∫

−∞

ε(z, τ) eiΩτ dτ

∣∣∣∣∣∣ ≈
2
π

β2
0A2z2 η2

sinh η
, (26)

£¤¥ η = πτpΩ/2. • · ±É¥·´ Ö Ï¨·¨´  ¸¶¥±É·  δΩ ¶μ ¶μ·Ö¤±Ê ¢¥²¨Î¨´Ò
μ¡· É´μ ¶·μ¶μ·Í¨μ´ ²Ó´  ¥£μ ¤²¨É¥²Ó´μ¸É¨ 1/τp,   ¥£μ ³ ±¸¨³Ê³ ¸μμÉ¢¥É-
¸É¢Ê¥É Î ¸ÉμÉ¥ Ωm = 1,04/τp. ’μ£¤  δΩ ∼ Ωm, É. ¥. ¸¶¥±É· ¶·¥¤¥²Ó´μ ±μ·μÉ-
±μ£μ ¨³¶Ê²Ó¸  μ¡² ¤ ¥É ¸¢μ°¸É¢μ³ ¸Ê¶¥·±μ´É¨´ÊÊ³ . ‘¶¥±É·Ò ¨³¶Ê²Ó¸μ¢, · ¸-
¸Î¨É ´´Ò¥ ¸ ¶μ³μÐÓÕ Î¨¸²¥´´μ£μ ³μ¤¥²¨·μ¢ ´¨Ö, ¶·¨¢¥¤¥´Ò ´  ·¨¸. 2, ¢, £.

�¨¸. 3. �¸¨³¶ÉμÉ¨Î¥¸± Ö ¸É ¤¨Ö £¥´¥· Í¨¨ ¨ Ëμ·³¨·μ¢ ´¨¥ μ¶É¨±μ-É¥· £¥·Íμ¢ÒÌ ¸μ-
²¨Éμ´μ¢ ¢ Ìμ¤¥ ´¥·¥§μ´ ´¸´μ£μ ( ) ¨ ·¥§μ´ ´¸´μ£μ (¡) μ¶É¨Î¥¸±μ£μ ¢Ò¶·Ö³²¥´¨Ö. �¡μ-
§´ Î¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÉ ·¨¸. 2
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�¶¨¸ ´´ÊÕ ¸É ¤¨Õ £¥´¥· Í¨¨ ¡¨¶μ²Ö·´μ£μ ¨³¶Ê²Ó¸  ¸ ÉμÎ±¨ §·¥´¨Ö Ëμ·-
³¨·μ¢ ´¨Ö ¸μ²¨Éμ´μ¢ ³μ¦´μ ´ §¢ ÉÓ ¶¥·¥Ìμ¤´μ°. �·¨ ¶¥·¥Ìμ¤¥ ±  ¸¨³¶ÉμÉ¨-
Î¥¸±μ° ¸É ¤¨¨ ¶·μ¨¸Ìμ¤¨É · §¡¨¥´¨¥ É¥· £¥·Íμ¢μ£μ ¨³¶Ê²Ó¸  ´  ¸μ²¨Éμ´´ÊÕ
Î ¸ÉÓ, ¸¢Ö§ ´´ÊÕ ¸ ² §¥·´Ò³ ¨³¶Ê²Ó¸μ³, ¨ ³μ¤Ê²¨·μ¢ ´´Ò° ´¥¸μ²¨Éμ´´Ò°
¸¨£´ ² (·¨¸. 3). �·¨ ÔÉμ³ ¸¶¥±É· ¢Ìμ¤´μ£μ ¨³¶Ê²Ó¸  ´ ± Î±¨ ¨¸¶ÒÉÒ¢ ¥É ´¥-
¶·¥·Ò¢´μ¥ ¸³¥Ð¥´¨¥ ¢ ±· ¸´ÊÕ μ¡² ¸ÉÓ [65], ÎÉμ ¢Ò§¢ ´μ ¸ ³μ· ¸¸¥Ö´¨¥³ ´ 
¸£¥´¥·¨·μ¢ ´´μ³ ¨§²ÊÎ¥´¨¨ [66]. ‘¢μ°¸É¢  μ¡· §ÊÕÐ¨Ì¸Ö ¸μ²¨Éμ´μ¢ ¡Ê¤ÊÉ
μ¶¨¸ ´Ò ¡μ²¥¥ ¤¥É ²Ó´μ ¢ ¶. 1.3.

1.3. �¶É¨±μ-É¥· £¥·Íμ¢Ò¥ ¸μ²¨Éμ´Ò. ‘¨¸É¥³  Ê· ¢´¥´¨° (22)Ä(25) ¢ μ¡-
Ð¥³ ¸²ÊÎ ¥, ±μ´¥Î´μ, ´¥ μ¡² ¤ ¥É ¸¢μ°¸É¢μ³ ¨´É¥£·¨·Ê¥³μ¸É¨. �¤´ ±μ μ´  ¤μ-
¶Ê¸± ¥É Í¥²Ò° ·Ö¤ Î ¸É´ÒÌ ¸²ÊÎ ¥¢, ¶·¨¢μ¤ÖÐ¨Ì ± ¨§¢¥¸É´Ò³ ¢¨¤ ³ ¸μ²¨Éμ´-
´ÒÌ Ê· ¢´¥´¨°. 	μ²ÓÏ¨´¸É¢μ ¨§ ´¨Ì μ¶¨¸Ò¢ ¥É ¶·μ¸É· ´¸É¢¥´´μ-μ¤´μ³¥·´Ò¥
¸¨¸É¥³Ò (Δ⊥ = 0), ¶μÔÉμ³Ê · ¸¸³μÉ·¨³ ¸´ Î ²  ¨³¥´´μ É ±¨¥ ¸¨ÉÊ Í¨¨.

�Ê¸ÉÓ ¢ ³ É¥·¨ ²¥ μÉ¸ÊÉ¸É¢ÊÕÉ ·¥§μ´ ´¸´Ò¥ Í¥´É·Ò α = γ = 0, ÎÉμ ¸μμÉ-
¢¥É¸É¢Ê¥É É¨¶¨Î´μ° ¸Ì¥³¥ μ¶É¨Î¥¸±μ£μ ¢Ò¶·Ö³²¥´¨Ö ¢ ±μ²²¨´¥ ·´μ° £¥μ³¥É-
·¨¨ ¶·¨ ¢Ò¶μ²´¥´¨¨ Ê¸²μ¢¨Ö δT = 0. Š ± μÉ³¥Î ²μ¸Ó ¢ÒÏ¥, ÔËË¥±É¨¢´μ¸É¨
¶·¥μ¡· §μ¢ ´¨Ö ¢ É ±μ³ ¸²ÊÎ ¥ μ¡ÒÎ´μ ´¥¢¥²¨±¨, ¶μÔÉμ³Ê ´¥²¨´¥°´μ¸ÉÓ É¥· -
£¥·Íμ¢μ£μ μÉ±²¨±  ³μ¦´μ ´¥ ÊÎ¨ÉÒ¢ ÉÓ (βT = 0). …¸²¨ ¸¶¥±É· £¥´¥·¨·Ê¥³μ£μ
¨§²ÊÎ¥´¨Ö ²¥¦¨É ¤ ²¥±μ μÉ Î ¸ÉμÉ Ëμ´μ´´ÒÌ ³μ¤ ±·¨¸É ²² , Éμ ³μ¦´μ ¤μ¶μ²-
´¨É¥²Ó´μ ¶·¥´¥¡·¥ÎÓ ¤¨¸¶¥·¸¨¥° ´  É¥· £¥·Íμ¢ÒÌ Î ¸ÉμÉ Ì (μT = 0). ’μ£¤ 
¶·¨¤¥³ ± ¨´É¥£·¨·Ê¥³μ³Ê ¢ ·¨ ´ÉÊ ¤ ´´ÒÌ Ê· ¢´¥´¨° [67]:

i
∂ψ

∂z
+

k2

2
∂2ψ

∂τ2
− β2εψ = 0, (27)

∂ε

∂z
+ β0

∂

∂τ
(|ψ|2) = 0. (28)

�μ²ÊÎ¥´´ÊÕ ¸¨¸É¥³Ê ¢ ²¨É¥· ÉÊ·¥ μ¡ÒÎ´μ ´ §Ò¢ ÕÉ Ê· ¢´¥´¨Ö³¨ ¤²¨´´μ-
±μ·μÉ±μ¢μ²´μ¢μ£μ ·¥§μ´ ´¸  ¸μ£² ¸´μ É¥·³¨´μ²μ£¨¨, ¶·¨Ï¥¤Ï¥° ¨§ Ë¨§¨±¨
¶² §³Ò [26,27]. …¥ ¸μ²¨Éμ´´μ¥ ·¥Ï¥´¨¥ ¨³¥¥É ¢¨¤

ψ =
|k2|
τp

√
Ω

β0β2
sech

(
τ + k2Ω

τp

)
exp

[
−iΩτ − ik2

2

(
Ω2 − 1

τ2
p

)
z

]
, (29)

ε = − k2

β2τ2
p

sech2

(
τ + k2Ω

τp

)
. (30)

‡¤¥¸Ó ¶·¨¸ÊÉ¸É¢ÊÕÉ ¤¢  ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´ÒÌ ¶ · ³¥É·  τp ¨ Ω, ¸μμÉ-
¢¥É¸É¢ÊÕÐ¨¥ ¤²¨É¥²Ó´μ¸É¨ ¸μ²¨Éμ´  ¨ ¸¤¢¨£Ê Î ¸ÉμÉÒ ¥£μ μ¶É¨Î¥¸±μ° ¸μ¸É -
¢²ÖÕÐ¥° ¢ ±· ¸´ÊÕ μ¡² ¸ÉÓ. �É³¥É¨³, ÎÉμ ¸μ²¨Éμ´´ Ö Î ¸ÉÓ ¸¨£´ ²  ¨¸¶Ò-
ÉÒ¢ ¥É ¶μ²μ¦¨É¥²Ó´ÊÕ ¨²¨ μÉ·¨Í É¥²Ó´ÊÕ § ¤¥·¦±Ê (± ± ´  ·¨¸. 3,  ), μ¶·¥-
¤¥²Ö¥³ÊÕ §´ ±μ³ ±μÔËË¨Í¨¥´É  £·Ê¶¶μ¢μ° ¤¨¸¶¥·¸¨¨ k2,   É ±¦¥ ¢¥²¨Î¨´μ°
¸¤¢¨£  Î ¸ÉμÉÒ Ω.
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…¸²¨ ¦¥ · ¸¸É·μ°±  ¸±μ·μ¸É¥° μÉ²¨Î´  μÉ ´Ê²Ö (δT �= 0) (μÉ¸ÊÉ¸É¢Ê¥É ¸¨´-
Ì·μ´¨§³), Éμ ¶μ·μ¦¤ ¥³Ò° É¥· £¥·Íμ¢Ò° ¸¨£´ ² μ± §Ò¢ ¥É¸Ö μÎ¥´Ó ¸² ¡Ò³,
¨ ¥£μ ¸ ³μ¸ÉμÖÉ¥²Ó´μ° Ô¢μ²ÕÍ¨¥° ³μ¦´μ ¶·¥´¥¡·¥ÎÓ. ’μ£¤ , ¢μ¸¶μ²Ó§μ¢ ¢-
Ï¨¸Ó ¶·¨¡²¨¦¥´¨¥³  ¤¨ ¡ É¨Î¥¸±μ£μ ¸²¥¤μ¢ ´¨Ö, ¶μ² £ Ö ∂ε/∂z ≈ 0, ´ °¤¥³
¨§ (27) ε = −β0|ψ|2/δT , ÎÉμ ¶·¨ ¶μ¤¸É ´μ¢±¥ ¢ (27) ¶·¨¢¥¤¥É ¢ ´¥²¨´¥°´μ³Ê
Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥·  (�“˜)

i
∂ψ

∂z
+

k2

2
∂2ψ

∂η2
+ β|ψ|2ψ = 0, (31)

£¤¥ η = τ − δT z, β = β0β2/δT .
”Ê´±Í¨μ´ ²Ó´Ò° ¢¨¤ ¸μ²¨Éμ´´μ£μ ·¥Ï¥´¨Ö �“˜ ¢ ÔÉμ³ ¸²ÊÎ ¥ ´¥¸±μ²Ó±μ

´ ¶μ³¨´ ¥É (29):

ψ =
1
τp

√
k2δT

β0β2
sech

(
t − ngz/c

τp

)
exp

[
ik2z

2τ2
p

]
, (32)

£¤¥ ¤μ²¦´μ ¢Ò¶μ²´ÖÉÓ¸Ö k2(ng − nT ) > 0.
�É³¥É¨³, ÎÉμ ¸±μ·μ¸ÉÓ ¤ ´´μ£μ ¸μ²¨Éμ´  ´¥ § ¢¨¸¨É μÉ ¥£μ  ³¶²¨ÉÊ¤Ò.

‘¢μ°¸É¢  ¸μ²¨Éμ´μ¢ �“˜ ¢ ´¥²¨´¥°´μ° μ¶É¨±¥ ² §¥·´ÒÌ ¨³¶Ê²Ó¸μ¢ Ìμ·μÏμ
¨§ÊÎ¥´Ò [25], ¢ ¸¢Ö§¨ ¸ Î¥³ μ´¨ ´ Ï²¨ ¶· ±É¨Î¥¸±μ¥ ¶·¨³¥´¥´¨¥ ¢ ¢Ò¸μ±μ-
¸±μ·μ¸É´ÒÌ μ¶É¨Î¥¸±¨Ì ²¨´¨ÖÌ ¸¢Ö§¨.

�Ê¸ÉÓ É¥¶¥·Ó ¢§ ¨³μ¤¥°¸É¢¨¥ ¸μ ¸·¥¤μ° ¶·μ¨¸Ìμ¤¨É ¶μ ·¥§μ´ ´¸´μ³Ê ³¥-
Ì ´¨§³Ê,   ¢²¨Ö´¨¥³ ´¥·¥§μ´ ´¸´ÒÌ ÔËË¥±Éμ¢ ³μ¦´μ ¶·¥´¥¡·¥ÎÓ (k2 = 0,
μT = 0, β2 = 0, β0 = 0, βT = 0). ’μ£¤  ¶·¨ ¢Ò¶μ²´¥´¨¨ Ê¸²μ¢¨Ö ¸¨´Ì·μ-
´¨§³  (3) ¶·¨¤¥³ ± ¸¨¸É¥³¥

∂ψ

∂z
+

nT

c

∂ψ

∂t
= −iαR, (33)

∂ε

∂z
+

nT

c

∂ε

∂t
= −γ

∂W

∂t
, (34)

∂R

∂t
= i

(
Δ − Dε

�

)
R + i

2dψW

�
, (35)

∂W

∂t
= i

d

�
(ψ∗R − ψR∗) . (36)

„ ´´Ò¥ Ê· ¢´¥´¨Ö É ±¦¥ ³μ£ÊÉ ¡ÒÉÓ ¶·μ¨´É¥£·¨·μ¢ ´Ò ³¥Éμ¤μ³ μ¡· É´μ°
§ ¤ Î¨ · ¸¸¥Ö´¨Ö [68,69].

‘μ²¨Éμ´´μ¥ ·¥Ï¥´¨¥ (33)Ä(36) ¤²Ö μ¶É¨Î¥¸±μ° ¨ É¥· £¥·Íμ¢μ° ¸μ¸É ¢-
²ÖÕÐ¨Ì ¨³¥¥É ¢¨¤ [69]

ψ =
�

dτp

(
2g√

1 + (g − f)2 ch 2ζ + g − f

)1/2

exp [−iqz − i arctg (s th ζ)],

(37)
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ε = − �

Dτp

4√
1 + (g − f)2 ch 2ζ + g − f

, (38)

£¤¥ g = 2ω0τpd
2/D2, f = Δτp, s = (

√
1 + (g − f)2 + g − f)−1,

ζ = (t− z/vs)/τp, 1/vs = nT /c+ q/Δ, q = −2dαW∞Δτ2
p /(�(1+ f2)). ˆ§ ¢Ò-

· ¦¥´¨° ¤²Ö ¸±μ·μ¸É¨ ¸μ²¨Éμ´  ¢¨¤´μ, ÎÉμ μ´  § ¢¨¸¨É μÉ  ³¶²¨ÉÊ¤Ò, ¶·¨Î¥³
É¥³ ¸¨²Ó´¥¥, Î¥³ ³¥´ÓÏ¥ μÉ¸É·μ°±  μÉ ·¥§μ´ ´¸ . �  ·¨¸. 3 ¢¨¤´μ, ÎÉμ ¸±μ-
·μ¸ÉÓ ¸μ²¨Éμ´ , Ëμ·³¨·Ê¥³μ£μ ¶·¨ ´ ²¨Î¨¨ ·¥§μ´ ´¸´ÒÌ Í¥´É·μ¢ (·¨¸. 3, ¡),
μÉ²¨Î ¥É¸Ö μÉ ¸±μ·μ¸É¨ ¸μ²¨Éμ´  ¢ ´¥·¥§μ´ ´¸´μ³ ¸²ÊÎ ¥ (·¨¸. 3,  ) ¶·¨ μ¤¨-
´ ±μ¢ÒÌ ´ Î ²Ó´ÒÌ Ê¸²μ¢¨ÖÌ ¤²Ö ¶μ¤ ¢ ¥³μ£μ ¢ ¸·¥¤Ê ¨³¶Ê²Ó¸ . Š·μ³¥ Éμ£μ,
μ¶É¨Î¥¸± Ö ¸μ¸É ¢²ÖÕÐ Ö ¢ μÉ²¨Î¨¥ μÉ ·¥Ï¥´¨° Ê· ¢´¥´¨° ¤²¨´´μ-±μ·μÉ±μ-
¢μ²´μ¢μ£μ ·¥§μ´ ´¸  ¨³¥¥É ´¥²¨´¥°´ÊÕ Î ¸ÉμÉ´ÊÕ ³μ¤Ê²ÖÍ¨Õ. „¥É ²Ó´Ò°
 ´ ²¨§ ¶ · ³¥É·μ¢ ·¥Ï¥´¨Ö (37), (38) ¶·μ¢¥¤¥´ ¢ · ¡μÉ¥ [69].

ˆ´¢¥·¸¨Ö ´ ¸¥²¥´´μ¸É¥° ¸·¥¤Ò ¶·¨ ¶·μÌμ¦¤¥´¨¨ ¸μ²¨Éμ´  ³¥´Ö¥É¸Ö ¶μ
§ ±μ´Ê

W = W∞

(
1 −

2d2τ2
p |ψ|2

�2(1 + (Δτp)2)

)
, (39)

£¤¥ W∞ μ¶·¥¤¥²Ö¥É ¨´¢¥·¸¨Õ ´ ¸¥²¥´´μ¸É¥° ¤μ ¢μ§¤¥°¸É¢¨Ö ² §¥·´μ£μ ¨³-
¶Ê²Ó¸ . ‚ ¸²ÊÎ ¥ ´ Ìμ¦¤¥´¨Ö ¸·¥¤Ò ¢ μ¸´μ¢´μ³ ¸μ¸ÉμÖ´¨¨ W∞ = −1/2.

‚ μÉ¸ÊÉ¸É¢¨¥  ¸¨³³¥É·¨¨ ·¥§μ´ ´¸´ÒÌ Í¥´É·μ¢ (D = 0) É¥· £¥·Íμ¢μ°
±μ³¶μ´¥´ÉÒ ¢ ¸·¥¤¥ ´¥É,   Î ¸ÉμÉ´μ° ³μ¤Ê²ÖÍ¨¥° ³μ¦´μ ¶·¥´¥¡·¥ÎÓ. �·¨
ÔÉμ³ ¢μ§´¨± ¥É ¨§¢¥¸É´ Ö ¢ μ¶É¨±¥ ¨´É¥£·¨·Ê¥³ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° Œ ±¸-
¢¥²² Ä	²μÌ  [70]. ‚ Î ¸É´μ³ ¸²ÊÎ ¥ ÉμÎ´μ£μ ·¥§μ´ ´¸  Δ = 0 Ë §μ¢ Ö
³μ¤Ê²ÖÍ¨Ö ¶·¥´¥¡·¥¦¨³μ ³ ² . ’μ£¤  ¶ÊÉ¥³ ¶·¥μ¡· §μ¢ ´¨Ö |ψ| = ∂Θ/∂t,
W = −0,5 cosΘ, Im (R) = −0,5 sinΘ ¨§ (33)Ä(36) ¶μ²ÊÎ ¥³ §´ ³¥´¨Éμ¥ ¸μ-
²¨Éμ´´μ¥ Ê· ¢´¥´¨¥ ¸¨´Ê¸-ƒμ·¤μ´ :

∂2Θ
∂z∂τ

= −α

2
sin Θ. (40)

�É³¥É¨³, ÎÉμ ¸¶¨¸μ± ¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨°, ¢μ§´¨± ÕÐ¨Ì ¶·¨ ±μ£¥-
·¥´É´μ³ ¢§ ¨³μ¤¥°¸É¢¨¨ ¨§²ÊÎ¥´¨Ö ¸ ¤¢ÊÌÊ·μ¢´¥¢Ò³¨ ¸¨¸É¥³ ³¨, ³μ¦¥É ¡ÒÉÓ
¤μ¢μ²Ó´μ μ¡Ï¨·¥´. 	μ²¥¥ ¤¥É ²Ó´μ ¤ ´´Ò¥ ¢μ¶·μ¸Ò ¨§²μ¦¥´Ò ¢ ¸¶¥Í¨ ²¨§¨-
·μ¢ ´´ÒÌ μ¡§μ· Ì [57,71].

� ±μ´¥Í, μ¡· É¨³¸Ö ± · ¸¸³μÉ·¥´¨Õ Ê¸É ´μ¢¨¢Ï¥£μ¸Ö ·¥¦¨³  · ¸¶·μ-
¸É· ´¥´¨Ö ¨´É¥´¸¨¢´μ£μ É¥· £¥·Íμ¢μ£μ ¨³¶Ê²Ó¸ , ±μ£¤  μ¶É¨Î¥¸± Ö ¢μ²´  ¢
¸·¥¤¥ μÉ¸ÊÉ¸É¢Ê¥É ψ = 0. ‚ ÔÉμ³ ¸²ÊÎ ¥ ´¥μ¡Ìμ¤¨³μ ÊÎ¥¸ÉÓ ¤¨¸¶¥·¸¨Õ ¨
´¥²¨´¥°´μ¸ÉÓ ´  É¥· £¥·Íμ¢ÒÌ Î ¸ÉμÉ Ì,   É ±¦¥ ¤¨Ë· ±Í¨Õ. …¸²¨ ¶μ¸²¥¤-
´ÖÖ ¤¥°¸É¢Ê¥É Éμ²Ó±μ ¶μ μ¤´μ° ¶μ¶¥·¥Î´μ° ±μμ·¤¨´ É¥ x (´ ¶·¨³¥·, ¶² ´ ·-
´Ò° ¤¨Ô²¥±É·¨Î¥¸±¨° ¢μ²´μ¢μ¤), Éμ μÉ (23) ¶·¨¤¥³ ± Ê· ¢´¥´¨Õ Š ¤μ³Í¥¢ Ä
�¥É¢¨ Ï¢¨²¨ (Š�)

∂

∂τ

(
∂ε

∂z
+ βT ε

∂ε

∂τ
− μT

∂3ε

∂τ3

)
=

c

2nT

∂2ε

∂x2
. (41)
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�¥É·Ê¤´μ ¢¨¤¥ÉÓ, ÎÉμ ¢ ¶·μ¸É· ´¸É¢¥´´μ-μ¤´μ³¥·´μ³ ¢ ·¨ ´É¥ ¨§ (41) ¶μ²Ê-
Î ¥É¸Ö ¨§¢¥¸É´μ¥ Ê· ¢´¥´¨¥ Šμ·É¥¢¥£  Ä ¤¥ ”·¨§  (Š¤”).

‚ ¨¥· ·Ì¨¨ Ê· ¢´¥´¨° Š� ¢Ò¤¥²ÖÕÉ ¸²ÊÎ ¨ Š�-I ¨ Š�-II [24], ÎÉμ ¸μμÉ-
¢¥É¸É¢Ê¥É §´ ± ³ ±μÔËË¨Í¨¥´É  ¤¨¸¶¥·¸¨¨ ¢ É¥· £¥·Íμ¢μ³ ¤¨ ¶ §μ´¥: μT < 0
( ´μ³ ²Ó´ Ö ¤¨¸¶¥·¸¨Ö) ¨ μT > 0 (´μ·³ ²Ó´ Ö ¤¨¸¶¥·¸¨Ö) ¢ (41). Š ± ¢
¶¥·¢μ³, É ± ¨ ¢μ ¢Éμ·μ³ ¸²ÊÎ ¥ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¸μ²¨Éμ´´μ¥ ·¥Ï¥´¨¥, ²μ-
± ²¨§μ¢ ´´μ¥ ²¨ÏÓ ¢ μ¤´μ³ ¶·μ¸É· ´¸É¢¥´´μ³ ´ ¶· ¢²¥´¨¨ (Ë ±É¨Î¥¸±¨ ÔÉμ
¸μ²¨Éμ´ Š¤”):

ε = −12μT

βT τ2
p

sech2

(
t − z/v

τp

)
, (42)

£¤¥
1
v

=
nT

c
− 4μT

τ2
p

.

‚ ¶¥·¢μ³ ¸²ÊÎ ¥ ¢μ§³μ¦´  ¨ ¶μ²´ Ö ²μ± ²¨§ Í¨Ö, ÎÉμ ¶·¨¢μ¤¨É ± ·¥Ï¥-
´¨Õ É¨¶  ² ³¶  (μÉ  ´£². ®lump¯ Å ¸£Ê¸Éμ±):

ε = −24μT

βT τ2
p

1 − (t − z/v)2/τ2
p + x2/R2

[1 + (t − z/v)2/τ2
p + x2/R2]2

, (43)

£¤¥

R2 =
3cτ2

p

2|μT |nT
,

1
v

=
nT

c
− 3μT

τ2
p

.

“´¨¶μ²Ö·´Ò¥ ·¥Ï¥´¨Ö É¨¶  μ¤¨´μÎ´μ£μ ¢¸¶²¥¸±  Ô²¥±É·μ³ £´¨É´μ£μ
¶μ²Ö (42), (43) ¢¥¸Ó³  § É·Ê¤´¨É¥²Ó´μ ¶μ²ÊÎ¨ÉÓ ¢ ² §¥·´μ° Ë¨§¨±¥ [72]. ‚ μÉ-
²¨Î¨¥ μÉ μ¡ÒÎ´ÒÌ ¡¨¶μ²Ö·´ÒÌ ¨³¶Ê²Ó¸μ¢ μ´¨ μ¡² ¤ ÕÉ Ê´¨± ²Ó´Ò³ ¸¢μ°-
¸É¢μ³ μ¤´μ´ ¶· ¢²¥´´μ£μ ¤¥°¸É¢¨Ö ´  Ô²¥±É·¨Î¥¸±¨¥ § ·Ö¤Ò. …¸²¨ ¢ ¡¨¶μ²Ö·-
´μ³ ¨³¶Ê²Ó¸¥ ¶¥·¢ Ö ¶μ²Ê¢μ²´  ¶μ²Ö ¢Ò¢μ¤¨É § ·Ö¤ ¨§ ¶μ²μ¦¥´¨Ö · ¢´μ¢¥¸¨Ö
¨ Ê¸±μ·Ö¥É ¥£μ, Éμ ¢Éμ· Ö ¶μ²Ê¢μ²´  § ·Ö¤ μ¸É ´ ¢²¨¢ ¥É, ¨ ¶¥·¥¤ ¢ ¥³Ò° ¥³Ê
¸Ê³³ ·´Ò° ³¥Ì ´¨Î¥¸±¨° ¨³¶Ê²Ó¸ ¶· ±É¨Î¥¸±¨ · ¢¥´ ´Ê²Õ. ‚ ¸²ÊÎ ¥ ¦¥
Ê´¨¶μ²Ö·´ÒÌ ¨³¶Ê²Ó¸μ¢ μÉ¸ÊÉ¸É¢¨¥ ¢Éμ·μ° ¶μ²Ê¢μ²´Ò ¶μ§¢μ²¨²μ ¡Ò ÔËË¥±-
É¨¢´μ ¶¥·¥¤ ¢ ÉÓ ³¥Ì ´¨Î¥¸±¨° ¨³¶Ê²Ó¸ § ·Ö¦¥´´μ° Î ¸É¨Í¥, ÎÉμ μÉ±·Ò¢ ¥É
¢μ§³μ¦´μ¸É¨ ¤²Ö Ê¶· ¢²¥´¨Ö ¤¢¨¦¥´¨¥³ ´μ¸¨É¥²¥° § ·Ö¤  ¢ ¢¥Ð¥¸É¢¥, Ê¸±μ-
·¥´¨Ö § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¨ É. ¤. ’ ±¨³ μ¡· §μ³, μ¶¨¸ ´´μ¥ ¢ ¤ ´´μ³ · §¤¥²¥
μ¶É¨Î¥¸±μ¥ ¢Ò¶·Ö³²¥´¨¥ ¸²Ê¦¨É μ¤´¨³ ¨§ ¸¶μ¸μ¡μ¢ £¥´¥· Í¨¨ Ê´¨¶μ²Ö·´ÒÌ
¸μ²¨Éμ´´ÒÌ ¨³¶Ê²Ó¸μ¢ ¢ É¥· £¥·Íμ¢μ³ ¤¨ ¶ §μ´¥ Î ¸ÉμÉ.

	μ²ÓÏ¨´¸É¢μ · ¸¸³μÉ·¥´´ÒÌ §¤¥¸Ó ¸μ²¨Éμ´´ÒÌ ·¥Ï¥´¨°, §  ¨¸±²ÕÎ¥-
´¨¥³ (43), μ¶¨¸Ò¢ ¥É ¶·μ¸É· ´¸É¢¥´´μ-μ¤´μ³¥·´Ò¥ ¸É·Ê±ÉÊ·Ò ¶μ²Ö. …¸É¥-
¸É¢¥´´μ, ¢μ§´¨± ¥É ¢μ¶·μ¸ μ ¸ÊÐ¥¸É¢μ¢ ´¨¨ ¨ Ê¸Éμ°Î¨¢μ¸É¨ ¶μ¤μ¡´ÒÌ μ¡· -
§μ¢ ´¨° ¢ Ê¸²μ¢¨ÖÌ μ£· ´¨Î¥´´μ°  ¶¥·ÉÊ·Ò ¨³¶Ê²Ó¸ . ‚μ¶·μ¸Ò Ê¸Éμ°Î¨¢μ¸É¨
¸μ²¨Éμ´μ¢ ¶μ μÉ´μÏ¥´¨Õ ± ¶μ¶¥·¥Î´Ò³ ¢μ§³ÊÐ¥´¨Ö³ ¶μ¤·μ¡´μ μ¶¨¸ ´Ò ¢
³μ´μ£· Ë¨ÖÌ [23,24] ¨ ³¥Éμ¤¨Î¥¸±¨Ì μ¡§μ· Ì [73,74]. ‚ ´¥·¥§μ´ ´¸´ÒÌ ¸·¥-
¤ Ì ¶μ²´μ¸ÉÓÕ ²μ± ²¨§μ¢ ´´Ò¥ ¢ ¶·μ¸É· ´¸É¢¥ ·¥Ï¥´¨Ö, ±μÉμ·Ò¥ ³μ£²¨ ¡Ò
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¶μ¸²Ê¦¨ÉÓ  ´ ²μ£ ³¨ ¤²¨´´μ-±μ·μÉ±μ¢μ²´μ¢ÒÌ ¸μ²¨Éμ´μ¢, ´¥Ê¸Éμ°Î¨¢Ò, ¢
¸¢Ö§¨ ¸ Î¥³ ¢ ³μ¤¥²¨ É·¥¡Ê¥É¸Ö ÊÎ¥É ¤μ¶μ²´¨É¥²Ó´ÒÌ ÔËË¥±Éμ¢ ¢Ò¸Ï¥£μ ¶μ-
·Ö¤±  ³ ²μ¸É¨ [75].

ˆ´ Ö ¸¨ÉÊ Í¨Ö ´ ¡²Õ¤ ¥É¸Ö ¢ ·¥§μ´ ´¸´μ³ ¸²ÊÎ ¥. ‚ Ìμ¤¥ Î¨¸²¥´´μ£μ
³μ¤¥²¨·μ¢ ´¨Ö Ê· ¢´¥´¨° (22)Ä(25) ¢ÒÖ¢²¥´μ [46], ÎÉμ ¶μ³¨³μ £¥´¥· Í¨¨ É¥-
· £¥·Íμ¢μ£μ ¨³¶Ê²Ó¸  ¸ Ï¨·μ±μ°  ¶¥·ÉÊ·μ° ¨§ ´¥¸±μ²Ó±¨Ì ±μ²¥¡ ´¨° ¶μ²Ö,
±μÉμ·Ò° ¶μ¸É¥¶¥´´μ ¢ÒÌμ¤¨É ¨§ ¸¨´Ì·μ´¨§³  ¸ μ¶É¨Î¥¸±¨³ ¨³¶Ê²Ó¸μ³, ¢μ§-
³μ¦´μ μ¡· §μ¢ ´¨¥ ²μ± ²¨§μ¢ ´´ÒÌ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° Ô²¥±É·μ³ £´¨É´μ£μ
¶μ²Ö μ¶É¨Î¥¸±¨Ì ¨ É¥· £¥·Íμ¢ÒÌ Î ¸ÉμÉ Å μ¶É¨±μ-É¥· £¥·Íμ¢ÒÌ ¶Ê²Ó (·¨¸. 4).
�¡· §μ¢ ´¨¥ ¶Ê²Ó ¶·μÌμ¤¨É ¢ ·¥¦¨³¥ Ë¨² ³¥´É Í¨¨. ‚¸²¥¤¸É¢¨¥ ´¥²¨´¥°´μ°
¸ ³μ·¥Ë· ±Í¨¨ ¨³¶Ê²Ó¸´Ò° Ë·μ´É ¨¸± ¦ ¥É¸Ö, ¢ ·¥§Ê²ÓÉ É¥ Î¥£μ ´ Î¨´ -
¥É¸Ö · §¢¨É¨¥ ¶μ¶¥·¥Î´μ° ³μ¤Ê²ÖÍ¨μ´´μ° ´¥Ê¸Éμ°Î¨¢μ¸É¨. „ ²¥¥ ¶·μ¨¸Ìμ-
¤¨É μÉ·Ò¢ ¢¶¥·¥¤¨ ¨¤ÊÐ¨Ì Í¥´É· ²Ó´ÒÌ ÊÎ ¸É±μ¢ ¨³¶Ê²Ó¸  μÉ μÉ¸É ÕÐ¨Ì

�¨¸. 4. �¢μ²ÕÍ¨Ö μ¶É¨Î¥¸±μ° ¨ É¥· £¥·Íμ¢μ° ±μ³¶μ´¥´É ¶·¨ £¥´¥· Í¨¨ ¸μ²¨Éμ´μ¢
¢ ¶·μÍ¥¸¸¥ Ë¨² ³¥´É Í¨¨ ¢ μ¡Ñ¥³¥ ·¥§μ´ ´¸´μ° ¸·¥¤Ò: a) μ¶É¨Î¥¸±¨° ¨³¶Ê²Ó¸ ¤μ
¶μ¤ Î¨ ¢ ¸·¥¤Ê; ¡, ¢) ´  ¶¥·¥Ìμ¤´μ° ¸É ¤¨¨ £¥´¥· Í¨¨; £, ¤) ´   ¸¨³¶ÉμÉ¨Î¥¸±μ° ¸É ¤¨¨
£¥´¥· Í¨¨. �·¨¢¥¤¥´Ò ´μ·³¨·μ¢ ´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¶μ²¥° ¢ ¶²μ¸±μ¸É¨ xz
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�¨¸. 5. ‘É·Ê±ÉÊ·  ´¥μ¤´μ³¥·´μ£μ ¸μ²¨Éμ´  (μ¶É¨±μ-É¥· £¥·Íμ¢μ° ¶Ê²¨), ¸Ëμ·³¨·μ-
¢ ¢Ï¥£μ¸Ö ¨§ · ¸¶·¥¤¥²¥´¨Ö ¶μ²Ö, ¶·¨¢¥¤¥´´μ£μ ´  ·¨¸. 4, £, ¤

¶¥·¨Ë¥·¨°´ÒÌ ÊÎ ¸É±μ¢ ¨ · §¢¨¢ ¥É¸Ö ³¥²±μ³ ¸ÏÉ ¡´ Ö ¸ ³μËμ±Ê¸¨·μ¢± 
(¸³. ·¨¸. 4). ’ ± Ö ¤¨´ ³¨±  ¸μ¶·μ¢μ¦¤ ¥É¸Ö μ¡· §μ¢ ´¨¥³ ³´μ¦¥¸É¢  Ë¨-
² ³¥´Éμ¢ ¢ ¶μ¶¥·¥Î´μ³ ¸¥Î¥´¨¨ ² §¥·´μ£μ ¨³¶Ê²Ó¸  (·¨¸. 5), ¢¸¥ ¡μ²¥¥ § -
³¥¤²ÖÕÐ¨Ì¸Ö ¶μ ³¥·¥ ¸¢μ¥° Ê¤ ²¥´´μ¸É¨ μÉ ¶μ¶¥·¥Î´μ£μ Í¥´É·  ¸¨³³¥É·¨¨.
‘É·Ê±ÉÊ·  ± ¦¤μ° ¶Ê²¨ É ±μ¢ , ÎÉμ ¶·μ¤μ²Ó´Ò° · §³¥· É¥· £¥·Íμ¢μ° ±μ³-
¶μ´¥´ÉÒ ³¥´ÓÏ¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ · §³¥·  μ¶É¨Î¥¸±μ° ¸μ¸É ¢²ÖÕÐ¥°,   ¶μ-
¶¥·¥Î´Ò¥ · §³¥·Ò ¶·¨³¥·´μ μ¤¨´ ±μ¢Ò. � §´μ¸ÉÓ ´ ¸¥²¥´´μ¸É¥° Ê·μ¢´¥° ¢
·¥§μ´ ´¸´μ° ¸·¥¤¥ ¢ μ¡² ¸É¨ ¶Ê²¨ ¡²¨§±  ± ³ ±¸¨³ ²Ó´μ°. ‚ Î¨¸²¥´´ÒÌ · ¸-
Î¥É Ì μ¶É¨±μ-É¥· £¥·Íμ¢Ò¥ ¶Ê²¨ ¤¥³μ´¸É·¨·ÊÕÉ ¸É·Ê±ÉÊ·´ÊÕ ¸É ¡¨²Ó´μ¸ÉÓ
¶·¨ · ¸¶·μ¸É· ´¥´¨¨ ¨ ¢§ ¨³μ¤¥°¸É¢¨¨, ÌμÉÖ ¥Ð¥ ¶·¥¤¸Éμ¨É ¢ÒÖ¸´¨ÉÓ, Ö¢²Ö-
ÕÉ¸Ö ²¨ μ´¨ ¨²¨ ¨Ì ¡²¨§±¨¥  ´ ²μ£¨ ¸μ²¨Éμ´ ³¨ ¢ ¸É·μ£μ³ ¸³Ò¸²¥.

2. „…”��Œ�–ˆˆ ‚ Š��„…�‘ˆ��‚���›• ‘�…„�•

2.1. �±Ê¸É¨±  ¶¨±μ¸¥±Ê´¤´ÒÌ ¨³¶Ê²Ó¸μ¢. �μ¨¸± ¢§ ¨³´ÒÌ  ´ ²μ£¨° ¢
μ¶É¨±¥ ¨  ±Ê¸É¨±¥ Ö¢²Ö¥É¸Ö ¤μ¢μ²Ó´μ ¶²μ¤μÉ¢μ·´Ò³ (¸³. μ¡§μ· [76]). ˜¨-
·μ±μ ¨§¢¥¸É´Ò É ±¨¥ ´¥²¨´¥°´Ò¥ ÔËË¥±ÉÒ, ± ± ¶ · ³¥É·¨Î¥¸±μ¥ · ¸¸¥Ö´¨¥
§¢Ê±  ´  §¢Ê±¥, £¥´¥· Í¨Ö ¢Éμ·μ°  ±Ê¸É¨Î¥¸±μ° £ ·³μ´¨±¨. �Éμ ¸¶· ¢¥¤²¨¢μ
¨ ¤²Ö ±μ£¥·¥´É´ÒÌ ÔËË¥±Éμ¢, É ±¨Ì ± ± Ëμ´μ´´μ¥ ÔÌμ [77],  ±Ê¸É¨Î¥¸± Ö
¸ ³μ¨´¤ÊÍ¨·μ¢ ´´ Ö ¶·μ§· Î´μ¸ÉÓ [78].

‚ ¶μ¸²¥¤´¨¥ £μ¤Ò ¡Ê·´μ¥ · §¢¨É¨¥ ´¥²¨´¥°´μ° μ¶É¨±¨ ¸¢¥·Ì±μ·μÉ±¨Ì ¨³-
¶Ê²Ó¸μ¢ ¶μ·μ¤¨²μ  ´ ²μ£¨Î´Ò¥ ¨¸¸²¥¤μ¢ ´¨Ö ¶μ  ±Ê¸É¨Î¥¸±¨³ ¸¨£´ ² ³ [9].
�Éμ ¶·μ¡Ê¤¨²μ ¨´É¥·¥¸ ± ¨¸¸²¥¤μ¢ ´¨Õ · §²¨Î´ÒÌ ·¥¦¨³μ¢ ¢§ ¨³μ¤¥°¸É¢¨Ö
 ±Ê¸É¨Î¥¸±¨Ì ¸¨£´ ²μ¢ c ´ ´μ¸É·Ê±ÉÊ·¨·μ¢ ´´Ò³¨ ³ É¥·¨ ² ³¨ [11Ä13].
‚ μÉ²¨Î¨¥ μÉ Ô²¥±É·μ³ £´¨É´ÒÌ ¨³¶Ê²Ó¸μ¢ Ï¨·μ±μ¶μ²μ¸´Ò¥  ±Ê¸É¨Î¥¸±¨¥
¸¨£´ ²Ò ³μ¦´μ ¶·¨³¥´ÖÉÓ ¤²Ö ¸¶¥±É·μ¸±μ¶¨¨ ¶·μ¢μ¤ÖÐ¨Ì ¸·¥¤. �μÖ¢¨² ¸Ó
¢μ§³μ¦´μ¸ÉÓ μ¸ÊÐ¥¸É¢²ÖÉÓ ³ £´¨É´μ¥ ¶¥·¥±²ÕÎ¥´¨¥ [14, 15],   É ±¦¥ Ê¶· ¢-
²ÖÉÓ ¤¨´ ³¨±μ° ´μ¸¨É¥²¥° § ·Ö¤  [16,17].

�·¨ §´ Î¨É¥²Ó´μ³ Ê³¥´ÓÏ¥´¨¨ ¤²¨É¥²Ó´μ¸É¨ ¨³¶Ê²Ó¸´μ£μ  ±Ê¸É¨Î¥¸±μ£μ
¸¨£´ ²  ¢¶²μÉÓ ¤μ ¶¨±μ¸¥±Ê´¤ ¸É ´μ¢ÖÉ¸Ö ¸ÊÐ¥¸É¢¥´´Ò³¨ ÔËË¥±ÉÒ ¶·μ¸É· ´-
¸É¢¥´´μ° ¤¨¸¶¥·¸¨¨, ¸¢Ö§ ´´Ò¥ ¸ ¶·μÖ¢²¥´¨¥³ ¤¨¸±·¥É´μ° ¸É·Ê±ÉÊ·Ò ±·¨-
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¸É ²² . �Î¥¢¨¤´μ, ÎÉμ ¸¶¥±É· É ±μ£μ ¸¨£´ ² , Ì · ±É¥·´ Ö Ï¨·¨´  ±μÉμ·μ£μ
μ¡· É´μ ¶·μ¶μ·Í¨μ´ ²Ó´  ¥£μ ¤²¨É¥²Ó´μ¸É¨, ¤μ¸É¨£ ¥É É¥· £¥·Íμ¢μ£μ ¤¨ -
¶ §μ´  Î ¸ÉμÉ. …¸²¨ ¦¥ ¢¥²¨Î¨´  μÉ´μ¸¨É¥²Ó´μ° ¤¥Ëμ·³ Í¨¨ ¤μ¸É ÉμÎ´μ
¢¥²¨± , Éμ §  ¸Î¥É  ´£ ·³μ´¨§³   Éμ³- Éμ³´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¢μ§³μ¦´μ
μ¦¨¤ ÉÓ Ëμ·³¨·μ¢ ´¨Ö É¥· £¥·Íμ¢ÒÌ ¸μ²¨Éμ´μ¢  ±Ê¸É¨Î¥¸±μ° ¶·¨·μ¤Ò [9].
’ ±¨¥ ¸μ²¨Éμ´Ò ¨¸¸²¥¤μ¢ ²¨¸Ó É¥μ·¥É¨Î¥¸±¨ [79Ä86],   É ±¦¥ ´¥μ¤´μ±· É´μ
´ ¡²Õ¤ ²¨¸Ó ¢ μ¡· §Í Ì Al2O3 [10], MgO [87, 88], GaAs [89] ¨ ¤·Ê£¨Ì ±·¨-
¸É ²² Ì.

‘²¥¤ÊÖ ¢ÒÏ¥¶·¨¢¥¤¥´´μ³Ê É¥§¨¸Ê μ¡ μ¶Éμ ±Ê¸É¨Î¥¸±¨Ì  ´ ²μ£¨ÖÌ, · ¸-
¸³μÉ·¨³ ´¥²¨´¥°´ÊÕ ¸·¥¤Ê, ¶μ¤μ¡´ÊÕ μ¶¨¸ ´´μ° ¢ · §¤. 1. ‚ ¤ ´´μ³ ¸²Ê-
Î ¥ ·μ²Ó Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¡Ê¤ÊÉ ¨£· ÉÓ ¶·μ¤μ²Ó´Ò¥ Ê¶·Ê£¨¥ ¢μ²´Ò
¢ ±·¨¸É ²²¥, ¶μ³¥Ð¥´´μ³ ¢ ¶μ¸ÉμÖ´´μ¥ ³ £´¨É´μ¥ ¶μ²¥,   ·μ²Ó ¶·¨³¥¸´ÒÌ
Í¥´É·μ¢ Å ¶ · ³ £´¨É´Ò¥ ¨μ´Ò, μ¡² ¤ ÕÐ¨¥ ¸¶¨´μ³ S = 1 (¨μ´Ò Fe2+,
Ni2+). ‘¶¨´-Ëμ´μ´´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¶·μÖ¢¨É¸Ö ´ ³´μ£μ
¸¨²Ó´¥¥, Î¥³ ¤²Ö Î ¸É¨Í ¸¶¨´  S = 1/2. �·¨ ÔÉμ³ ²μ± ²Ó´Ò¥ ¤¥Ëμ·³ Í¨¨
¸μ§¤ ÕÉ £· ¤¨¥´ÉÒ ¢´ÊÉ·¨±·¨¸É ²²¨Î¥¸±μ£μ Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö, ±μÉμ·Ò¥,
¢ ¸¢μÕ μÎ¥·¥¤Ó, ¢Ò§Ò¢ ÕÉ Ô²¥±É·μ±¢ ¤·Ê¶μ²Ó´Ò¥ ¶¥·¥Ìμ¤Ò ³¥¦¤Ê §¥¥³ ´μ¢-
¸±¨³¨ ¶μ¤Ê·μ¢´Ö³¨ (³¥Ì ´¨§³ ‚ ´ ”²¥± ) [90, 91]. „ ´´Ò° ³¥Ì ´¨§³ ´¥
¸¶μ¸μ¡¥´ ¶·μÖ¢¨ÉÓ¸Ö ¤²Ö Î ¸É¨Í S = 1/2, £¤¥ ¢§ ¨³μ¤¥°¸É¢¨¥ μ¡Ê¸²μ¢²¥´μ
³μ¤Ê²ÖÍ¨¥° ¸¶¨´-μ·¡¨É ²Ó´μ° ¸¢Ö§¨ [91], É. ¥. Ö¢²Ö¥É¸Ö ·¥²ÖÉ¨¢¨¸É¸±¨³ ÔË-
Ë¥±Éμ³, ÎÉμ ¤ ¥É ¡μ²¥¥ ¸² ¡ÊÕ ¸¢Ö§Ó ¸ ±μ²¥¡ ´¨Ö³¨ ±·¨¸É ²² .

‚¢¥¤¥³ ¤¥± ·Éμ¢Ê ¸¨¸É¥³Ê ±μμ·¤¨´ É, μ¸¨ ±μÉμ·μ° (x, y, z) ¶ · ²²¥²Ó´Ò
μ¸Ö³ ¸¨³³¥É·¨¨ Î¥É¢¥·Éμ£μ ¶μ·Ö¤±  ±Ê¡¨Î¥¸±μ£μ ±·¨¸É ²² . ‚´¥Ï´¥¥ ¶μ¸Éμ-
Ö´´μ¥ ³ £´¨É´μ¥ ¶μ²¥ B0 ´ ¶· ¢²¥´μ ¶¥·¶¥´¤¨±Ê²Ö·´μ μ¸¨ z, ¢¤μ²Ó ±μÉμ·μ°
· ¸¶·μ¸É· ´Ö¥É¸Ö ¨³¶Ê²Ó¸ ¶·μ¤μ²Ó´μ° ¤¥Ëμ·³ Í¨¨. ‚ ±·¨¸É ²² Ì ¢ μ¡Ð¥³
¸²ÊÎ ¥ ´¥ ¸ÊÐ¥¸É¢Ê¥É ¸Ê£Ê¡μ ¶·μ¤μ²Ó´ÒÌ ¨²¨ ¸Ê£Ê¡μ ¶μ¶¥·¥Î´ÒÌ Ê¶·Ê£¨Ì
¢μ²´, ¶μÔÉμ³Ê ¤²Ö ¶·μ¸ÉμÉÒ ¡Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ ±·¨¸É ²² μ¡² ¤ ¥É ¸¢μ°¸É¢μ³
Ê¶·Ê£μ° ¨§μÉ·μ¶¨¨ [92]. ‚ ¸²ÊÎ ¥ ±Ê¡¨Î¥¸±¨Ì ±·¨¸É ²²μ¢ Ë ±Éμ·  ´¨§μÉ·μ-
¶¨¨ μ¶·¥¤¥²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: A44/(c11 − c12), £¤¥ c11, c12, c44 Å
Ê¶·Ê£¨¥ ±μ´¸É ´ÉÒ ¢Éμ·μ£μ ¶μ·Ö¤± . � ¶·¨³¥·, ¤²Ö ±·¨¸É ²²  MgO A = 1,48.
‚ É ±μ³ ¸²ÊÎ ¥ ¸ ´¥¶²μÌμ° ÉμÎ´μ¸ÉÓÕ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ μÉ¤¥²Ó´μ Éμ²Ó±μ
¶·μ¤μ²Ó´ÊÕ ¨²¨ Éμ²Ó±μ ¶μ¶¥·¥Î´ÊÕ ¢μ²´Ò, ¶·¨Î¥³ ¨Ì ¸±μ·μ¸É¨ ¶· ±É¨Î¥¸±¨
´¥ § ¢¨¸ÖÉ μÉ ´ ¶· ¢²¥´¨Ö · ¸¶·μ¸É· ´¥´¨Ö.

�Î¥¢¨¤´μ, ÎÉμ ¶·¨ ¸¨²Ó´μ³ ¨¸±·¨¢²¥´¨¨ ¢μ²´μ¢μ£μ Ë·μ´É  ¸Ê£Ê¡μ ¶·μ-
¤μ²Ó´μ£μ  ±Ê¸É¨Î¥¸±μ£μ ¨³¶Ê²Ó¸  ³μ£ÊÉ ¢μ§´¨±´ÊÉÓ ¨ ¶μ¶¥·¥Î´Ò¥ ±μ³¶μ-
´¥´ÉÒ ¤¥Ëμ·³ Í¨¨. „ ´´Ò¥ ¶μ¶¥·¥Î´Ò¥ ¢μ§³ÊÐ¥´¨Ö ÊÎÉ¥³ ¢ ¶ · ±¸¨ ²Ó´μ³
¶·¨¡²¨¦¥´¨¨, ¸μ£² ¸´μ ±μÉμ·μ³Ê ∂u/∂z � |∇⊥u|, £¤¥ ∇⊥ Å ¶μ¶¥·¥Î´Ò°
£· ¤¨¥´É,   u Å ¶μ²¥ ²μ± ²Ó´ÒÌ ¸³¥Ð¥´¨° ±·¨¸É ²²  ¢¤μ²Ó μ¸¨ z.

�´ ²μ£¨Î´μ · ¸¸³μÉ·¥´´μ° · ´¥¥ μ¶É¨Î¥¸±μ° § ¤ Î¥ ¨¸¶μ²Ó§Ê¥³ ¶μ²Ê-
±² ¸¸¨Î¥¸±¨° ¶μ¤Ìμ¤, ¸μ£² ¸´μ ±μÉμ·μ³Ê ¸¨¸É¥³  ¶ · ³ £´¨É´ÒÌ ¨μ´μ¢ μ¶¨-
¸Ò¢ ¥É¸Ö ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨,    ±Ê¸É¨Î¥¸±μ¥ ¶μ²¥ Å ±² ¸¸¨Î¥¸±¨³
μ¡· §μ³.
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ƒ ³¨²ÓÉμ´¨ ´  ±Ê¸É¨Î¥¸±μ£μ ¶μ²Ö

Ha =
∫

Ha d3r (44)

μ¶·¥¤¥²¨³ Î¥·¥§ ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ ¶²μÉ´μ¸ÉÓ Ha ¢¨¤  [93]

Ha =
p2

2ρm
+

c11

2
E2

zz + 2c44(E2
zy + E2

zx) +
c111

6
E3

zz +
c1111

24
E4

zz , (45)

£¤¥ p Å ¶²μÉ´μ¸ÉÓ ¨³¶Ê²Ó¸  ²μ± ²Ó´ÒÌ ¸³¥Ð¥´¨° ±·¨¸É ²² ; ρm Å ¸·¥¤´ÖÖ
¶²μÉ´μ¸ÉÓ ¸·¥¤Ò; c111, c1111 Å ´¥²¨´¥°´Ò¥ ³μ¤Ê²¨ Ê¶·Ê£μ¸É¨ É·¥ÉÓ¥£μ ¨
Î¥É¢¥·Éμ£μ ¶μ·Ö¤±μ¢ ¸μμÉ¢¥É¸É¢¥´´μ.

Šμ³¶μ´¥´ÉÒ É¥´§μ·  ¤¥Ëμ·³ Í¨¨ ¨³¥ÕÉ ¢¨¤

Eij =
1
2

(
∂ui

∂xj
+

∂uj

∂xi
+

∂uk

∂xi

∂uk

∂xj

)
.

‚Ò· ¦¥´¨¥ ¤²Ö Ha ¨³¥¥É Ì · ±É¥· · §²μ¦¥´¨Ö ¶μ ¶μ·Ö¤± ³  ´£ ·³μ-
´¨§³ . ‚ ¸¨²Ê ÔÉμ£μ (  É ±¦¥ ¶·¨´ÖÉμ£μ §¤¥¸Ó ¶ · ±¸¨ ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö)
¢ (45) μ¸É ¢¨³ Éμ²Ó±μ Î²¥´Ò, ¸μ¤¥·¦ Ð¨¥ ∂u/∂z,   ¸² £ ¥³Ò¥ ¸ ∂u/∂x ¨
∂u/∂y μÉ¡·μ¸¨³. ’μ£¤ 

Ezz =
∂u

∂z
+

1
2

(
∂u

∂z

)2

,

Ezx =
1
2

(
∂u

∂x
+

∂u

∂x

∂u

∂z

)
≈ 1

2
∂u

∂x
,

Ezy =
1
2

(
∂u

∂y
+

∂u

∂y

∂u

∂z

)
≈ 1

2
∂u

∂y
.

‚ · ¸¸³ É·¨¢ ¥³μ³ μ¶¨¸ ´¨¨ ´¥ ÊÎ¨ÉÒ¢ ÕÉ¸Ö ¤μ¶μ²´¨É¥²Ó´Ò¥ ÔËË¥±ÉÒ
¶·μ¸É· ´¸É¢¥´´μ°  ±Ê¸É¨Î¥¸±μ° ¤¨¸¶¥·¸¨¨, ¸¢Ö§ ´´μ° ¸ ¤¨¸±·¥É´μ¸ÉÓÕ ±·¨-
¸É ²² . „²Ö · ¸Î¥É  ¢±² ¤  ¤ ´´μ£μ ÔËË¥±É  ¢μ¸¶μ²Ó§Ê¥³¸Ö  ²ÓÉ¥·´ É¨¢´Ò³
¢Ò· ¦¥´¨¥³ ¤²Ö Ha, ±μÉμ·μ¥ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¨¸Ìμ¤Ö ¨§ ¤¨¸±·¥É´μ° É¥μ·¨¨
±μ²¥¡ ´¨° Ê§²μ¢ ±·¨¸É ²²¨Î¥¸±μ° ·¥Ï¥É±¨ ¢ ¶·¨¡²¨¦¥´¨¨ ¡²¨¦ °Ï¨Ì ¸μ¸¥-
¤¥° [94]. ‚ ¸¨²Ê ¶ · ±¸¨ ²Ó´μ¸É¨ ÊÎÉ¥³ Éμ²Ó±μ ¶·μ¨§¢μ¤´Ò¥ É¨¶  ∂2u/∂z2,
¤²Ö ¶·μ¸ÉμÉÒ · ¸¸³μÉ·¥¢ μ¤´μ³¥·´ÊÕ ³μ¤¥²Ó. „²Ö μ¶·¥¤¥²¥´´μ¸É¨ ¨¸¶μ²Ó-
§Ê¥³  ¶¶·μ±¸¨³ Í¨Õ Œμ·§¥ ¶μÉ¥´Í¨ ²   Éμ³- Éμ³´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö:

Π = Π0(e−r/r0 − 1)2,

£¤¥ r = uj+1−uj Å μÉ´μ¸¨É¥²Ó´μ¥ ¸³¥Ð¥´¨¥ Ê§²μ¢; r0 ¨ Π0 Å ÔËË¥±É¨¢´ Ö
Ï¨·¨´  ¨ £²Ê¡¨´  ¶μÉ¥´Í¨ ²  ¸μμÉ¢¥É¸É¢¥´´μ.
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�¥·¥Ìμ¤Ö ± ¶·¥¤¥²Ê ´¥¶·¥·Ò¢´μ° ¸·¥¤Ò, § ¶¨Ï¥³

un+1 → u(z + h) ≈ u(z) + h
∂u

∂z
+

h2

2
∂2u

∂z2
+

h3

6
∂3u

∂z3
,

£¤¥ h Å ¶μ¸ÉμÖ´´ Ö ±·¨¸É ²²¨Î¥¸±μ° ·¥Ï¥É±¨.
‚ μ±·¥¸É´μ¸É¨ ³¨´¨³Ê³  ¶μÉ¥´Í¨ ² Œμ·§¥ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

· §²μ¦¥´¨Ö

Π ≈ Π0

[
h2

r2
0

(
∂u

∂z

)2

− h3

r3
0

(
∂u

∂z

)3

− h4

12r2
0

(
∂2u

∂z2

)2

+
7h4

12r4
0

(
∂u

∂z

)4
]

, (46)

£¤¥ μ¶ÊÐ¥´Ò Î²¥´Ò ¸μ ¸É¥¶¥´Ö³¨ h ¢ÒÏ¥ Î¥É¢¥·Éμ£μ ¶μ·Ö¤± ,   É ±¦¥ ¸² -
£ ¥³Ò¥, ¤ ÕÐ¨¥ ¶·¨ ¨´É¥£·¨·μ¢ ´¨¨ ´Ê²¥¢μ° ¢±² ¤ ¢ £ ³¨²ÓÉμ´¨ ´ (44).

“¶·μÐ Ö (45) ¸ ÊÎ¥Éμ³ ¤μ¶μ²´¨É¥²Ó´ÒÌ Î²¥´μ¢, ¢μ§´¨± ÕÐ¨Ì ¢ (46), ¶μ-
²ÊÎ¨³ μ±μ´Î É¥²Ó´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¶²μÉ´μ¸É¨ £ ³¨²ÓÉμ´¨ ´   ±Ê¸É¨Î¥¸±μ£μ
¶μ²Ö ¢ ¢¨¤¥

Ha =
p2

2ρm
+

c11

2

(
∂u

∂z

)2

+
c44

2
(∇⊥u)2 − c11h

2

24

(
∂2u

∂z2

)2

+

+
1
6
(3c11 + c111)

(
∂u

∂z

)3

+
1
24

(3c11 + 6c111 + c1111)
(

∂u

∂z

)4

. (47)

‡¤¥¸Ó ÊÎÉ¥´μ, ÎÉμ Π0h
2/r2

0 = 2c11.
„²Ö £ ³¨²ÓÉμ´μ¢  μ¶¥· Éμ·  ¢§ ¨³μ¤¥°¸É¢¨Ö  ±Ê¸É¨Î¥¸±μ£μ ¶μ²Ö ¸ ¶ · -

³ £´¨É´Ò³¨ ¨μ´ ³¨, ¸²¥¤ÊÖ [78,95], § ¶¨Ï¥³

Ĥint =
∑

j

G||Ŝ
(j) 2
z (uj+1 − uj),

£¤¥ G|| = 3G11/2 Å ±μ³¶μ´¥´É  É¥´§μ·  ¸¶¨´-Ëμ´μ´´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö,
¸¢Ö§Ò¢ ÕÐ Ö ¶ · ³ £´¨É´Ò¥ ¨μ´Ò ¸ ¶·μ¤μ²Ó´μ° ¤¥Ëμ·³ Í¨¥° ±·¨¸É ²² ;

Ŝ
(j)
x,y,z Å É·¥Ì·Ö¤´Ò¥ ¸¶¨´μ¢Ò¥ ³ É·¨ÍÒ [91], ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¸¶¨´Ê S = 1

´  j-³ ¸ °É¥. �¥·¥Ìμ¤Ö ± ´¥¶·¥·Ò¢´μ³Ê ¶·¥¤¥²Ê, ¶μ²ÊÎ¨³

Ĥint =
∫

nsG||

(
∂u

∂z
+

h2

6
∂3u

∂z3

)
Ŝ2

z d3r, (48)

£¤¥ ns Å ±μ´Í¥´É· Í¨Ö ¶·¨³¥¸´ÒÌ ¶ · ³ £´¨É´ÒÌ ¨μ´μ¢. ‚Ò· ¦¥´¨¥ ¢ ±·Ê£-
²ÒÌ ¸±μ¡± Ì ÊÎ¨ÉÒ¢ ¥É ¶·μ¸É· ´¸É¢¥´´ÊÕ ´¥²μ± ²Ó´μ¸ÉÓ ¸¶¨´-Ëμ´μ´´μ£μ
¢§ ¨³μ¤¥°¸É¢¨Ö [82], ¸ÊÐ¥¸É¢¥´´ÊÕ ¤²Ö ¶¨±μ¸¥±Ê´¤´ÒÌ  ±Ê¸É¨Î¥¸±¨Ì ¨³-
¶Ê²Ó¸μ¢.
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„μ¶μ²´¨³ (47) ¨ (48) μ¶¥· Éμ·μ³ ¢§ ¨³μ¤¥°¸É¢¨Ö ÔËË¥±É¨¢´μ£μ ¸¶¨´  ¸
¢´¥Ï´¨³ ³ £´¨É´Ò³ ¶μ²¥³

Ĥs =
∫

ns�ωZ Ŝz d3r, (49)

£¤¥ � Å ¶μ¸ÉμÖ´´ Ö �² ´± ; ωZ = gμBB0/� Å Î ¸ÉμÉ  · ¸Ð¥¶²¥´¨Ö ¢´ÊÉ·¨
§¥¥³ ´μ¢¸±μ£μ É·¨¶²¥É , g ≡ g|| Å ¶·μ¤μ²Ó´ Ö ±μ³¶μ´¥´É  É¥´§μ·  ‹ ´¤¥,
μB Å Ô²¥±É·μ´´Ò° ³ £´¥Éμ´ 	μ· .

‘μ£² ¸´μ ¶μ²Ê±² ¸¸¨Î¥¸±μ³Ê ¶μ¤Ìμ¤Ê § ¶¨Ï¥³ ¤²Ö ¶μ²Ö ¨³¶Ê²Ó¸  Ê· ¢-
´¥´¨Ö ƒ ³¨²ÓÉμ´ 

∂p

∂t
= −δH

δu
,

∂u

∂t
=

δH

δp
, (50)

£¤¥ H = Ha + 〈Ĥint + Ĥs〉, 〈Ĥint + Ĥs〉 = Sp (ρ̂(Ĥint + Ĥs)) Å ±¢ ´Éμ¢μ¥
¸·¥¤´¥¥, ρ̂ Å μ¶¥· Éμ· ³ É·¨ÍÒ ¶²μÉ´μ¸É¨ ÔËË¥±É¨¢´μ£μ ¸¶¨´ , ±μÉμ·Ò° ¤²Ö
· ¸¸³ É·¨¢ ¥³μ° §¤¥¸Ó É·¥ÌÊ·μ¢´¥¢μ° ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò ³μ¦´μ § ¶¨¸ ÉÓ ¢
Ô´¥·£¥É¨Î¥¸±μ³ ¶·¥¤¸É ¢²¥´¨¨:

ρ̂ =

⎛
⎝ ρ33 ρ32 ρ31

ρ23 ρ22 ρ21

ρ13 ρ12 ρ11

⎞
⎠ .

‚μ²´μ¢μ¥ Ê· ¢´¥´¨¥ (50) ´¥μ¡Ìμ¤¨³μ ¤μ¶μ²´¨ÉÓ ³ É¥·¨ ²Ó´Ò³¨ Ê· ¢´¥-
´¨Ö³¨ ¤²Ö ³ É·¨ÍÒ ¶²μÉ´μ¸É¨

i�
∂ρ̂

∂t
= [Ĥint + Ĥs, ρ̂]. (51)

�·¥μ¡· §μ¢Ò¢ Ö (50), ¶·¨¤¥³ ± ¸²¥¤ÊÕÐ¥³Ê ¢μ²´μ¢μ³Ê Ê· ¢´¥´¨Õ ¤²Ö
¶μ²Ö Ê¶·Ê£μ° ¤¥Ëμ·³ Í¨¨:

∂2E
∂t2

− a2 ∂2E
∂z2

= −b2
∂2E2

∂z2
+ b3

∂2E3

∂z2
+ b

∂4E
∂z4

+

+
nsG||
2ρm

(
∂2

∂z2
+

h2

6
∂4

∂z4

)
U + a2

⊥Δ⊥E , (52)

£¤¥ E = Ezz = ∂u/∂z Å ¶·μ¤μ²Ó´ Ö ±μ³¶μ´¥´É  É¥´§μ·  ¤¥Ëμ·³ Í¨¨; a ≡
a|| =

√
c11/ρm ¨ a⊥ =

√
c44/ρm Å ²¨´¥°´Ò¥ ¸±μ·μ¸É¨ ¶·μ¤μ²Ó´μ£μ ¨ ¶μ¶¥-

·¥Î´μ£μ §¢Ê±μ¢ ¸μμÉ¢¥É¸É¢¥´´μ; ¸² £ ¥³μ¥ ¸ U ¢ ¶· ¢μ° Î ¸É¨ (52) ÊÎ¨ÉÒ¢ ¥É
¸¶¨´-Ëμ´μ´´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥; ¢±² ¤Ò ±¢ ¤· É¨Î´μ° ¨ ±Ê¡¨Î¥¸±μ°  ±Ê¸É¨-
Î¥¸±¨Ì ´¥²¨´¥°´μ¸É¥°, μ¡Ê¸²μ¢²¥´´ÒÌ  ´£ ·³μ´¨§³μ³ ±μ²¥¡ ´¨° Ê§²μ¢ ±·¨-
¸É ²²¨Î¥¸±μ° ·¥Ï¥É±¨, ÊÎ¨ÉÒ¢ ÕÉ¸Ö ¶ · ³¥É· ³¨ b2J

2Γ, b3 = 112Γ2a2/9,
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£¤¥ Γ = −3(1+ c111/3c11)/2 Å ¶μ¸ÉμÖ´´ Ö ƒ·Õ´ °§¥´ ; ¸² £ ¥³μ¥ ¸ ±μÔËË¨-
Í¨¥´Éμ³ b = a2h2/12 ÊÎ¨ÉÒ¢ ¥É ¶·μ¸É· ´¸É¢¥´´ÊÕ  ±Ê¸É¨Î¥¸±ÊÕ ¤¨¸¶¥·¸¨Õ,
¢Ò§¢ ´´ÊÕ ¤¨¸±·¥É´μ° ¸É·Ê±ÉÊ·μ° ±·¨¸É ²² .

‘¨¸É¥³  ³ É¥·¨ ²Ó´ÒÌ Ê· ¢´¥´¨° (51) ¸ ÊÎ¥Éμ³ (48), (49) ¨ Ö¢´ÒÌ ¢Ò· -
¦¥´¨° ¤²Ö ³ É·¨Í Ŝx,y,z, ± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥, ¶·¨¢μ¤¨É¸Ö ± Ê· ¢´¥-
´¨Ö³ 	²μÌ :

∂U

∂t
= −2ωZV, (53)

∂V

∂t
= 2ωZU − ΩW, (54)

∂W

∂t
= ΩV, (55)

£¤¥ U = ρ13 + ρ31, V = i(ρ31 − ρ13), W = ρ33 − ρ11,

Ω =
G||
�

(
E +

h2

6
∂2E
∂z2

)
.

Š ± ¢¨¤´μ, ¶·¨ · ¸¶·μ¸É· ´¥´¨¨ ¶¥·¶¥´¤¨±Ê²Ö·´μ ´ ¶· ¢²¥´¨Õ ³ £´¨É´μ£μ
¶μ²Ö  ±Ê¸É¨Î¥¸±¨° ¨³¶Ê²Ó¸ ¸¶μ¸μ¡¥´ ¢μ§¡Ê¤¨ÉÓ Éμ²Ó±μ ¶¥·¥Ìμ¤Ò ³¥¦¤Ê ±· °-
´¨³¨ Ê·μ¢´Ö³¨ §¥¥³ ´μ¢¸±μ£μ É·¨¶²¥É .

‚ ¸μ¸ÉμÖ´¨¨ É¥·³μ¤¨´ ³¨Î¥¸±μ£μ · ¢´μ¢¥¸¨Ö

W (t = −∞) ≡ W∞ = −1
2

tanh
(

�ωZ

2kBT

)
,

£¤¥ kB Å ¶μ¸ÉμÖ´´ Ö 	μ²ÓÍ³ ´ . ’ ±¨³ μ¡· §μ³, ¤²Ö Éμ£μ ÎÉμ¡Ò ¸ÊÐ¥¸É¢μ-
¢ ²  § ³¥É´ Ö · §´μ¸ÉÓ ´ ¸¥²¥´´μ¸É¥° W ±¢ ´Éμ¢ÒÌ Ê·μ¢´¥° ¢´ÊÉ·¨ §¥¥³ -
´μ¢¸±μ£μ É·¨¶²¥É ,  ¡¸μ²ÕÉ´ Ö É¥³¶¥· ÉÊ·  T ¤μ²¦´  Ê¤μ¢²¥É¢μ·ÖÉÓ Ê¸²μ¢¨Õ
T � �ωZ/kB . �·¨ Î ¸ÉμÉ¥ · ¸Ð¥¶²¥´¨Ö ωZ ∼ 1012 c−1 É¥³¶¥· ÉÊ·  ¤μ²¦´ 
¡ÒÉÓ ¶μ·Ö¤±  ´¥¸±μ²Ó±¨Ì ±¥²Ó¢¨´μ¢, ÎÉμ Ìμ·μÏμ ¢Ò¶μ²´Ö¥É¸Ö ¤²Ö Ê¸²μ¢¨°
¦¨¤±μ£μ £¥²¨Ö.

�´ ²μ£¨Î´μ μ¶É¨Î¥¸±μ° § ¤ Î¥ ¢μ¸¶μ²Ó§Ê¥³¸Ö ¶·¨¡²¨¦¥´¨¥³ ³¥¤²¥´´μ
³¥´ÖÕÐ¥£μ¸Ö ¶·μË¨²Ö, ¢¢¥¤Ö ³¥¤²¥´´ÊÕ ±μμ·¤¨´ ÉÊ ζ̃ = μz (μ � 1) ¨
¡Ò¸É·ÊÕ ±μμ·¤¨´ ÉÊ τ̃ = t − z/a. ’μ£¤ , ¶·¥´¥¡·¥£ Ö Î²¥´μ³ ¶μ·Ö¤±  μ2,
¨´É¥£·¨·ÊÖ ¶μ τ̃ ¸ ÊÎ¥Éμ³ ´Ê²¥¢ÒÌ §´ Î¥´¨° ¶μ²Ö ¨ ¥£μ ¶·μ¨§¢μ¤´ÒÌ ´  ¡¥¸-
±μ´¥Î´μ¸É¨ ¨ ¢μ§¢· Ð Ö¸Ó ± ¨¸Ìμ¤´Ò³ ´¥§ ¢¨¸¨³Ò³ ¶¥·¥³¥´´Ò³, ¶·¨¢¥¤¥³
Ê· ¢´¥´¨¥ (52) ± ¢¨¤Ê

∂E
∂z

+
1
a

∂E
∂t

+
b2

a3
E ∂E

∂t
− 3b3

2a3
E2 ∂E

∂t
− b

2a5

∂3E
∂t3

=

=
nsG||
4a3ρm

(
∂

∂t
+

h2

6a2

∂3

∂t3

)
U +

a2
⊥

2a
Δ⊥

t∫
−∞

E dt′. (56)
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‚Ò· ¦¥´¨Ö (53)Ä(56) ¤ ÕÉ § ³±´ÊÉÊÕ ´¥²¨´¥°´ÊÕ ¸¨¸É¥³Ê Ê· ¢´¥´¨°,
μ¶¨¸Ò¢ ÕÐÊÕ ¸ ³μ¸μ£² ¸μ¢ ´´ÊÕ ¤¨´ ³¨±Ê ¨³¶Ê²Ó¸  ¨ ±¢ ´Éμ¢ÒÌ ¸μ¸ÉμÖ´¨°
¶ · ³ £´¨É´ÒÌ ¨μ´μ¢.

‡ ¤ ¤¨³¸Ö Í¥²ÓÕ ¨¸±²ÕÎ¨ÉÓ ¨§ ¤ ´´μ° ¸¨¸É¥³Ò ³ É¥·¨ ²Ó´Ò¥ ¶¥·¥³¥´-
´Ò¥, ¢Ò· §¨¢ ¨Ì Î¥·¥§ ¶μ²¥ ¨³¶Ê²Ó¸´μ° ¤¥Ëμ·³ Í¨¨. ‚ Ê¸²μ¢¨ÖÌ, ±μ£¤ 
¸¶¥±É· ¨³¶Ê²Ó¸  ´¥ ¸μ¤¥·¦¨É Î ¸ÉμÉ, ·¥§μ´ ´¸´ÒÌ ±¢ ´Éμ¢μ³Ê ¶¥·¥Ìμ¤Ê,
³μ¦´μ ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö É ± ´ §Ò¢ ¥³Ò³ ¶·¨¡²¨¦¥´¨¥³ ¢μ²´μ¢μ° ¶·μ§· Î-
´μ¸É¨ (2ωZτp)2 � 1 [81, 96]. …¸²¨ ¤²¨É¥²Ó´μ¸ÉÓ ¨³¶Ê²Ó¸  τp ∼ 2 ¶¸, Éμ ¶·¨
Î ¸ÉμÉ¥ §¥¥³ ´μ¢¸±μ£μ · ¸Ð¥¶²¥´¨Ö ωZ ∼ 1012 c−1 ¤ ´´μ¥ Ê¸²μ¢¨¥ Ê¤μ¢²¥-
É¢μ·Ö¥É¸Ö. ‚¸²¥¤¸É¢¨¥ ´¥·¥§μ´ ´¸´μ¸É¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ´¥²¨´¥°´Ò¥ ¨ ¤¨¸-
¶¥·¸¨μ´´Ò¥ ÔËË¥±ÉÒ Ö¢²ÖÕÉ¸Ö μÉ´μ¸¨É¥²Ó´μ ³ ²Ò³¨ ¨ ³μ£ÊÉ ¡ÒÉÓ ÊÎÉ¥´Ò
 ¤¤¨É¨¢´μ [82].

‚¥²¨Î¨´  Ω, ¶·¨¸ÊÉ¸É¢ÊÕÐ Ö ¢ ¶· ¢μ° Î ¸É¨ ¸¨¸É¥³Ò (53)Ä(55), ¨³¥¥É
¸³Ò¸²  ±Ê¸É¨Î¥¸±μ° Î ¸ÉμÉÒ � ¡¨ ¨ μ¡· É´μ ¶·μ¶μ·Í¨μ´ ²Ó´  Ì · ±É¥·´μ³Ê
¢·¥³¥´¨ ¢§ ¨³μ¤¥°¸É¢¨Ö τp. ‘²¥¤μ¢ É¥²Ó´μ, Ê· ¢´¥´¨Ö ¤²Ö Ô²¥³¥´Éμ¢ ³ -
É·¨ÍÒ ¶²μÉ´μ¸É¨ ³μ¦´μ ·¥Ï ÉÓ ³¥Éμ¤μ³ ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨° ¶μ
³ ²μ³Ê ¶ · ³¥É·Ê (2ωZτp)−2 � 1. ‚Ò· ¦¥´¨Ö ¤²Ö ³ É¥·¨ ²Ó´ÒÌ ¶¥·¥³¥´-
´ÒÌ ¨Ð¥³ ¢ ¢¨¤¥ · §²μ¦¥´¨° ¶μ ¸É¥¶¥´Ö³ ¨ ¶·μ¨§¢μ¤´Ò³ ³ ²μ£μ ¶ · ³¥É· 
Ω/ωZ . �·¨ ÔÉμ³ μ£· ´¨Î¨³¸Ö É·¥ÉÓ¥° ¸É¥¶¥´ÓÕ ¶ · ³¥É·  Ω/ωZ ¨ ¥£μ ¶·μ-
¨§¢μ¤´Ò³¨ ¤μ ¢Éμ·μ£μ ¶μ·Ö¤±  ¢±²ÕÎ¨É¥²Ó´μ.

’ ±, ¢ ´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ ¨§ (53), (54) ¶μ²ÊÎ¨³

V (0) = − 1
2ωZ

∂U (0)

∂t
, U (0) =

W∞Ω
2ωZ

. (57)

�μ¤¸É ¢²ÖÖ ¤ ´´Ò¥ ¢Ò· ¦¥´¨Ö ¢ (55) ¨ ¨´É¥£·¨·ÊÖ ¶μ ¢·¥³¥´¨, ´ °¤¥³
¢Ò· ¦¥´¨Ö ¤²Ö · §´μ¸É¥° ´ ¸¥²¥´´μ¸É¥°

W = W∞

[
1 − Ω2

8ω2
Z

]
. (58)

„ ²Ó´¥°Ï Ö ¶μ¤¸É ´μ¢±  ¶μ²ÊÎ¥´´ÒÌ ¸μμÉ´μÏ¥´¨° ¨ ´ Ìμ¦¤¥´¨¥ ¶μ¶· -
¢μ± ¡μ²¥¥ ¢Ò¸μ±μ£μ ¶μ·Ö¤±  ³ ²μ¸É¨ ¶·¨¢μ¤¨É ± ¸²¥¤ÊÕÐ¥³Ê ¢Ò· ¦¥´¨Õ
¤²Ö μÉ±²¨±  ¸¨¸É¥³Ò ¶ · ³ £´¨É´ÒÌ ¶·¨³¥¸¥° U ,  ¤¤¨É¨¢´μ ÊÎ¨ÉÒ¢ ÕÐ¥³Ê
´¥²¨´¥°´μ¸ÉÓ ¨ ¢·¥³¥´´ÊÕ ¤¨¸¶¥·¸¨Õ:

U =
W∞
4

Ω
ωZ

− W∞
32

(
Ω
ωZ

)3

− W∞
16ω3

Z

∂2Ω
∂t2

. (59)

�μ¤¸É ´μ¢±  (59) ¢ (56) ¶·¨¢μ¤¨É ± Ê· ¢´¥´¨Õ

∂ε

∂z
+ βsε

∂ε

∂τ
− γsε

2 ∂ε

∂τ
− μs

∂3ε

∂τ3
=

a2
⊥

2a
Δ⊥

t∫
−∞

ε dτ ′, (60)
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£¤¥

τ = t − z

as
, as =

a

1 − ηsW∞
, ηs =

nsG
2
||

8a2ρm�ωZ
,

μs =
1

6aω2
D

[1 − 8W∞ηs(Λs − 1)] , Λs =
3ω2

D

16ω2
Z

,

βs =
Γ
a

, γs =
56Γ2

3a

(
1 −

9W∞ηsG
2
||

7(8Γ�ωZ)2

)
.

�É³¥É¨³, ÎÉμ ¢¸²¥¤¸É¢¨¥ ¶¥·¥´μ·³¨·μ¢±¨ ±μÔËË¨Í¨¥´Éμ¢ ¶·¨ ´¥²¨´¥°´ÒÌ
¨ ¤¨¸¶¥·¸¨μ´´ÒÌ ¸² £ ¥³ÒÌ ¢μ§´¨± ¥É ¨Ì § ¢¨¸¨³μ¸ÉÓ μÉ Î ¸ÉμÉÒ §¥¥³ ´μ¢-
¸±μ£μ · ¸Ð¥¶²¥´¨Ö, É. ¥. μÉ ¢¥²¨Î¨´Ò ¶·¨²μ¦¥´´μ£μ ¢´¥Ï´¥£μ ³ £´¨É´μ£μ
¶μ²Ö. ‘² £ ¥³μ¥ ¸ μÉ·¨Í É¥²Ó´Ò³ §´ ±μ³ ¢ ¢Ò· ¦¥´¨¨ ¢ ±·Ê£²ÒÌ ¸±μ¡-
± Ì ¤²Ö μs μÉ¢¥É¸É¢¥´´μ §  ¶·μ¸É· ´¸É¢¥´´ÊÕ ´¥²μ± ²Ó´μ¸ÉÓ ¸¶¨´-Ëμ´μ´´μ£μ
¢§ ¨³μ¤¥°¸É¢¨Ö,   ¢¥²¨Î¨´  ηsΛs, ±Ê¤  ¢Ìμ¤¨É ¤¥¡ ¥¢¸± Ö Î ¸ÉμÉ  ωD = 2a/h,
Ì · ±É¥·¨§Ê¥É ¸μμÉ´μÏ¥´¨¥ ³¥¦¤Ê ¶·μ¸É· ´¸É¢¥´´μ° ¨ ¢·¥³¥´´μ° ¤¨¸¶¥·-
¸¨Ö³¨. �μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ ¸¶· ¢¥¤²¨¢μ ¨ ¢ ¸²ÊÎ ¥, ±μ£¤  ¨³¶Ê²Ó¸ ¤¥Ëμ·-
³ Í¨¨ · ¸¶·μ¸É· ´Ö¥É¸Ö ¶μ¤ ¶·μ¨§¢μ²Ó´Ò³ Ê£²μ³ ± ´ ¶· ¢²¥´¨Õ ³ £´¨É´μ£μ
¶μ²Ö [85]. �·¨ ÔÉμ³ ¢ ¶ · ³¥É· Ì as, μs, βs ¨ γs ¢μ§´¨± ÕÉ ¤μ¶μ²´¨É¥²Ó´Ò¥
§ ¢¨¸¨³μ¸É¨ μÉ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ Ê£² .

�¥¸³μÉ·Ö ´  Éμ, ÎÉμ ´¥²¨´¥°´Ò¥ ¸² £ ¥³Ò¥ ¢ (60) Ëμ·³ ²Ó´μ ¨³¥ÕÉ Ì -
· ±É¥· · §²μ¦¥´¨Ö ¶μ ¸É¥¶¥´Ö³  ´£ ·³μ´¨§³  ¢ É¥´§μ·¥ ¤¥Ëμ·³ Í¨¨, ¶¥·¥-
´μ·³¨·μ¢±  ±Ê¡¨Î´μ-´¥²¨´¥°´μ£μ Î²¥´  §  ¸Î¥É ¢§ ¨³μ¤¥°¸É¢¨Ö ¸ ¶ · ³ £-
´¨É´Ò³¨ ¶·¨³¥¸Ö³¨, ´ Ìμ¤ÖÐ¨³¨¸Ö ¢ μ¸´μ¢´μ³ Ô´¥·£¥É¨Î¥¸±μ³ ¸μ¸ÉμÖ´¨¨
(W∞ = −1), ¶·¨¢μ¤¨É ± ¥£μ ·μ¸ÉÊ. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ¤ ´´Ò¥ ¸² £ ¥³Ò¥ ³μ£ÊÉ
¨³¥ÉÓ ¸· ¢´¨³Ò¥ ¶μ·Ö¤±¨ ¤²Ö ¨´É¥´¸¨¢´ÒÌ ¨³¶Ê²Ó¸μ¢ ¤¥Ëμ·³ Í¨¨.

‚ ¶·μ¸É· ´¸É¢¥´´μ-μ¤´μ³¥·´μ³ ¸²ÊÎ ¥ (60) ´ §Ò¢ ÕÉ Ê· ¢´¥´¨¥³ ƒ ·¤-
´¥·  [97]. �´μ É ±¦¥ μÉ´μ¸¨É¸Ö ± ¨´É¥£·¨·Ê¥³Ò³ ¸¨¸É¥³ ³ ¨ ¨³¥¥É ¸¥³¥°¸É¢μ
¸μ²¨Éμ´´ÒÌ ·¥Ï¥´¨° ¢¨¤ 

ε± =
±6μs/bsτ

2
s√

1 + 6γsμs/(βsτs)2 cosh ((τ + μsz/τ2
s )/τs) ∓ 1

, (61)

£¤¥ τs ¨³¥¥É ¸³Ò¸² ¤²¨É¥²Ó´μ¸É¨ ¨³¶Ê²Ó¸ , §´ ± ®+¯ ¸μμÉ¢¥É¸É¢Ê¥É ¤¥Ëμ·³ -
Í¨¨ · ¸ÉÖ¦¥´¨Ö, ®−¯ Å ¤¥Ëμ·³ Í¨¨ ¸¦ É¨Ö.

�¥Ï¥´¨¥ (61) ¸É·¥³¨É¸Ö ± ¸μ²¨Éμ´Ê Š¤” ¢¨¤  (42) ¸ ÊÎ¥Éμ³ § ³¥´Ò
μs → μT , βs → βT , τp → τs/2 ¨ γs → 0. �Éμ ¡Ê¤¥É ¸μ²¨Éμ´, ¸μμÉ¢¥É-
¸É¢ÊÕÐ¨° ¤¥Ëμ·³ Í¨¨ ¸¦ É¨Ö. Šμ£¤  ¢´¥Ï´¥¥ ³ £´¨É´μ¥ ¶μ²¥ μÉ¸ÊÉ¸É¢Ê¥É,
μÍ¥´±¨ ¶ · ³¥É·μ¢ ¶μ± §Ò¢ ÕÉ, ÎÉμ  ³¶²¨ÉÊ¤  ¨³¶Ê²Ó¸μ¢ · ¸ÉÖ¦¥´¨Ö ¶·¥-
¢μ¸Ìμ¤¨É ¶μ·μ£ ¶¥·¥Ìμ¤  Ê¶·Ê£μ° ¤¥Ëμ·³ Í¨¨ ¢ ¶² ¸É¨Î¥¸±ÊÕ, ¢ ¸¢Ö§¨ ¸ Î¥³
¨Ì ¸ÊÐ¥¸É¢μ¢ ´¨¥ ´¥¢μ§³μ¦´μ. �·¨ ¶·¨²μ¦¥´¨¨ ¢´¥Ï´¥£μ ³ £´¨É´μ£μ ¶μ²Ö ¨
¶μ¤¤¥·¦ ´¨¨ ¢ ¸¨¸É¥³¥ ±¢ ´Éμ¢ÒÌ Ê·μ¢´¥° ¨´¢¥·¸¨¨ ´ ¸¥²¥´´μ¸É¥° W∞ = 1
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(´ ¶·¨³¥· ¢μ§¡Ê¦¤¥´¨¥³ ¸ ¶μ³μÐÓÕ Ô²¥±É·μ³ £´¨É´ÒÌ ¢μ²´ É¥· £¥·Íμ¢μ°
Î ¸ÉμÉÒ) ±μÔËË¨Í¨¥´ÉÒ ¶¥·¥¤ ¸² £ ¥³Ò³¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¤¨¸¶¥·¸¨¨ ¨
±Ê¡¨Î´μ° ´¥²¨´¥°´μ¸É¨, ³μ£ÊÉ ¨§³¥´¨ÉÓ §´ ±. ’ ± ± ± ¤²¨É¥²Ó´μ¸É¨ ¢μ§¡Ê-
¦¤ ¥³ÒÌ ¢ ¸·¥¤¥ ¨³¶Ê²Ó¸μ¢ £μ· §¤μ ³¥´ÓÏ¥ ¢·¥³¥´ Ô´¥·£¥É¨Î¥¸±μ° ¨ Ë -
§μ¢μ° ·¥² ±¸ Í¨¨, ¸·¥¤  ´¥ Ê¸¶¥¥É ·¥² ±¸¨·μ¢ ÉÓ. �·¨ É ±μ³ ±μ£¥·¥´É´μ³
¢§ ¨³μ¤¥°¸É¢¨¨ ¸É ´μ¢¨É¸Ö ¢μ§³μ¦´Ò³ ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¸μ²¨Éμ´μ¢ μ¡¥¨Ì ¶μ-
²Ö·´μ¸É¥°. ’ ±, ¶·¨ ¤²¨É¥²Ó´μ¸É¨ ¨³¶Ê²Ó¸  2 ¶¸ ¥£μ ¶¨±μ¢ Ö  ³¶²¨ÉÊ¤  ¡¥§
¶·¨²μ¦¥´¨Ö ³ £´¨É´μ£μ ¶μ²Ö ¸μ¸É ¢¨É εm = −10−5. �·¨ ¸μ§¤ ´¨¨ §¥¥³ ´μ¢-
¸±μ£μ · ¸Ð¥¶²¥´¨Ö ¸ Î ¸ÉμÉμ° ωz = 1,75 ’ƒÍ ¸Ëμ·³¨·ÊÕÉ¸Ö ¸μ²¨Éμ´Ò ¸ Éμ°
¦¥ ¶¨±μ¢μ°  ³¶²¨ÉÊ¤μ°, ´μ μ¡· É´μ° ¶μ²Ö·´μ¸É¨ εm = 10−5. ’ ±¨³ μ¡· -
§μ³, ·¥ÎÓ ¨¤¥É Ë ±É¨Î¥¸±¨ μ ¸¢μ¥μ¡· §´μ³ ³¥É ³ É¥·¨ ²¥ ¸ Ê¶· ¢²Ö¥³Ò³¨
¸¢μ°¸É¢ ³¨ ¤²Ö ¸¢¥·Ì±μ·μÉ±¨Ì Ê¶·Ê£¨Ì ¢μ²´.

‚ μÉ²¨Î¨¥ μÉ Ê· ¢´¥´¨Ö Š� Ê· ¢´¥´¨¥ ƒ ·¤´¥·  (60) ¢ ¶·μ¸É· ´¸É¢¥´´μ-
´¥μ¤´μ³¥·´μ³ ¸²ÊÎ ¥, ¶μ-¢¨¤¨³μ³Ê, ´¥ μ¡² ¤ ¥É ¸¢μ°¸É¢μ³ ¨´É¥£·¨·Ê¥³μ¸É¨.
‚ ¸²ÊÎ ¥ ¸μ²¨Éμ´μ¢ Î¨¸Éμ  ±Ê¸É¨Î¥¸±μ° ¶·¨·μ¤Ò ²μ± ²¨§μ¢ ´´Ò¥ ¶μ ¢¸¥³
¶·μ¸É· ´¸É¢¥´´Ò³ ¶¥·¥³¥´´Ò³ ·¥Ï¥´¨Ö ´¥Ê¸Éμ°Î¨¢Ò, ÎÉμ ¶μ¤É¢¥·¦¤ ÕÉ Ô±¸-
¶¥·¨³¥´ÉÒ [87]. ‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ Ê¸Éμ°Î¨¢Ò¥ ·¥Ï¥´¨Ö ³μ£ÊÉ ¢μ§´¨±´ÊÉÓ
¶·¨ ´ Ìμ¦¤¥´¨¨ ¸¨¸É¥³Ò ¶ · ³ £´¨É´ÒÌ ¨μ´μ¢ ¢ ¢μ§¡Ê¦¤¥´´μ³ ¸μ¸ÉμÖ´¨¨,
±μ£¤  ±μÔËË¨Í¨¥´É ¤¨¸¶¥·¸¨¨ μs < 0. „¥°¸É¢¨É¥²Ó´μ, ¢ ÔÉμ³ ¸²ÊÎ ¥ Î¨¸²¥´-
´μ¥ ³μ¤¥²¨·μ¢ ´¨¥ ¶·¥¤¸± §Ò¢ ¥É Ëμ·³¨·μ¢ ´¨¥ ¸É·Ê±ÉÊ·, ´ ¶μ³¨´ ÕÐ¨Ì
®² ³¶Ò¯ Ê· ¢´¥´¨Ö Š� (·¨¸. 6).

�¨¸. 6. ”μ·³¨·μ¢ ´¨¥ ´¥μ¤´μ³¥·´ÒÌ  ±Ê¸É¨Î¥¸±¨Ì ¸μ²¨Éμ´μ¢ ¢ ¸·¥¤¥ ¸ ¨´¢¥·¸¨¥°
´ ¸¥²¥´´μ¸É¥° ±¢ ´Éμ¢ÒÌ Ê·μ¢´¥°:  ) ¨³¶Ê²Ó¸ ´  ¢Ìμ¤¥ ¢ ¸·¥¤Ê; ¡) ¶·¨ ¶·μ¡¥£¥ ¢
±·¨¸É ²²¥ 3 ³³. �·¨¢¥¤¥´Ò · ¸¶·¥¤¥²¥´¨Ö ¶μ²Ö ¤¥Ëμ·³ Í¨° ¢ ¶²μ¸±μ¸É¨ xz, ´μ·³¨-
·μ¢ ´´Ò¥ ´  ¢¥²¨Î¨´Ê εm = 10−5

2.2. ‘É·Ê±ÉÊ·´Ò¥ ¶¥·¥Ìμ¤Ò ¢ Í¥¶¨ „�Š. Œμ²¥±Ê²  „�Š Ö¢²Ö¥É¸Ö ´¥-
μÉÑ¥³²¥³μ° Î ¸ÉÓÕ ¦¨¢ÒÌ μ·£ ´¨§³μ¢. ‚ ¶μ¸²¥¤´¨¥ £μ¤Ò ¡Ò² ¢Ò¶μ²´¥´ Í¥-
²Ò° ·Ö¤ ¶μ¶ÒÉμ± ³μ¤¥²¨·μ¢ ´¨Ö ËÊ´±Í¨μ´¨·μ¢ ´¨Ö „�Š [98] ¨ ¡¥²±μ¢ [99]
¢ · ³± Ì ´¥²¨´¥°´ÒÌ ¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³. ‡´ Î¨É¥²Ó´Ò¥ Ê¸¨²¨Ö ¢ ÔÉμ°
μ¡² ¸É¨ ¡Ò²¨ ¶·¨³¥´¥´Ò ¤²Ö μ¶¨¸ ´¨Ö ±μ´Ëμ·³ Í¨μ´´ÒÌ ¶¥·¥Ìμ¤μ¢ ¢ Ìμ¤¥
¶·μÍ¥¸¸μ¢ É· ´¸±·¨¶Í¨¨ [100Ä107], É¥¶²μ¢μ° ¤¥´ ÉÊ· Í¨¨ [108Ä110], ¶¥·¥Ìμ-
¤μ¢ ³¥¦¤Ê Ëμ·³ ³¨ A-B ¨ B-Z [111,112],   É ±¦¥ ¶·¨ ¶·¨²μ¦¥´¨¨ ¢´¥Ï´¥£μ
³¥Ì ´¨Î¥¸±μ£μ ´ ¶·Ö¦¥´¨Ö [113,114].
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…Ð¥ ¢ ¸ ³μ³ ´ Î ²¥ ¨¸¸²¥¤μ¢ ´¨° ¨´É¥£·¨·Ê¥³ÒÌ ´¥²¨´¥°´ÒÌ ¸¨¸É¥³
¡Ò²¨ ¶·¥¤¸± § ´Ò · §²¨Î´Ò¥ É¨¶Ò ¸μ²¨Éμ´μ¢ ¢ „�Š, ¢ Éμ³ Î¨¸²¥ ±μ´-
Ëμ·³ Í¨μ´´Ò¥ ¸μ²¨Éμ´Ò [100], Ô²¥±É·μ¸μ²¨Éμ´Ò [28] ¨ ´¥±μÉμ·Ò¥ ¤·Ê£¨¥.
� ¸ ¡Ê¤¥É ¨´É¥·¥¸μ¢ ÉÓ ¶¥·¢Ò° É¨¶. ‚ ´¥²¨´¥°´ÒÌ ³μ¤¥²ÖÌ „�Š μ¡ÒÎ´μ
ÊÎ¨ÉÒ¢ ¥É¸Ö μ£· ´¨Î¥´´μ¥ Î¨¸²μ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò. ‚ μ¸´μ¢´μ³ ÔÉ¨ ¸É¥-
¶¥´¨ ¸¢μ¡μ¤Ò ¢±²ÕÎ ÕÉ ¶μ¶¥·¥Î´Ò¥ ¤¢¨¦¥´¨Ö, É ±¨¥ ± ± · ¸ÉÖ¦¥´¨¥ ¢μ¤μ-
·μ¤´μ° ¸¢Ö§¨ [108, 109, 115],   É ±¦¥ ¢· Ð¥´¨¥ ¨ ±·ÊÎ¥´¨¥ μ¸´μ¢ ´¨° ¨²¨
μ¸Éμ¢  [100Ä105] ¨ ¶·μ¤μ²Ó´Ò¥ ¤¥Ëμ·³ Í¨¨ [116].

‚ Éμ ¢·¥³Ö ± ± ¢ ¡μ²ÓÏ¨´¸É¢¥ ³μ¤¥²¥° ÊÎ¨ÉÒ¢ ¥É¸Ö Éμ²Ó±μ μ¤´  ¸É¥¶¥´Ó
¸¢μ¡μ¤Ò, £¥²¨±μ¨¤ ²Ó´ Ö ³μ¤¥²Ó · ¸±·ÒÉ¨Ö ¸±·ÊÎ¨¢ ´¨Ö „�Š [106] ¢±²ÕÎ ¥É
¢ ¸¥¡Ö ± ± · ¸ÉÖ¦¥´¨¥ ¢μ¤μ·μ¤´ÒÌ ¸¢Ö§¥°, É ± ¨ ¸±·ÊÎ¨¢ ´¨¥ ¸ Ì ·μËμ¸Ë É-
´μ£μ μ¸Éμ¢ , ÎÉμ¡Ò ¸μÌ· ´¨ÉÓ £¥μ³¥É·¨Î¥¸±ÊÕ ¸É·Ê±ÉÊ·Ê ¸¶¨· ²¨. �´  ¡Ò² 
Ê¸¶¥Ï´μ ¶·¨³¥´¥´  ¤²Ö μ¶¨¸ ´¨Ö É· ´¸±·¨¶Í¨¨ [107, 117] ¨ ¶·μÍ¥¸¸  ¤¥´ -
ÉÊ· Í¨¨ [110,113]. ‚ ¶μ¸²¥¤´¥³ ¸²ÊÎ ¥ ¨¸Ìμ¤´ Ö ³μ¤¥²Ó ¡Ò²  · ¸Ï¨·¥´  ¤²Ö
²ÊÎÏ¥£μ ¢μ¸¶·μ¨§¢¥¤¥´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ·¥§Ê²ÓÉ Éμ¢.

	Ò²μ ¶·μ¤¥³μ´¸É·¨·μ¢ ´μ ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¢ ÔÉμ° ³μ¤¥²¨ ¸μ²¨Éμ´μ¢
�“˜ [106, 118],   É ±¦¥ μÉ±·ÒÉÒÌ ¸μ¸ÉμÖ´¨° „�Š [107, 117], ±μÉμ·Ò¥ ´¥
μ¡² ¤ ÕÉ ¸¢μ°¸É¢μ³ ¸μÌ· ´¥´¨Ö Ëμ·³Ò ¶μ¸²¥ ¸Éμ²±´μ¢¥´¨°. ‚ ¸¢Ö§¨ ¸μ ¸²μ¦-
´μ¸ÉÓÕ ¤ ´´μ° ³μ¤¥²¨ ³μ¦´μ ¶·¥¤¶μ²μ¦¨ÉÓ ´ ²¨Î¨¥ ¢ ´¥° ¤·Ê£¨Ì É¨¶μ¢ ¸μ-
²¨Éμ´μ¢.

Šμ´Ëμ·³ Í¨μ´´Ò¥ ³μ¤¥²¨ „�Š μ¶¨¸Ò¢ ÕÉ ¤¢¨¦¥´¨Ö ¡μ²ÓÏ¨Ì £·Ê¶¶
 Éμ³μ¢, ¶μÔÉμ³Ê ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ μ¶¨¸ ´¨¥ Î ¸Éμ ¸É·μ¨É¸Ö ¸ ¶·¨³¥´¥´¨¥³
 ¶¶ · É  ±² ¸¸¨Î¥¸±μ° ³¥Ì ´¨±¨. ’ ±, ¢ £¥²¨±μ¨¤ ²Ó´μ° ³μ¤¥²¨ „�Š [106]
¶ ·  μ¸´μ¢ ´¨°, ¶·¨±·¥¶²¥´´ Ö ± ¸ Ì ·´μ³Ê ±μ²ÓÍÊ, ³μ¤¥²¨·Ê¥É¸Ö ± ± ÉμÎ¥Î-
´ Ö ³ ¸¸ . ”μ¸Ë É´Ò° μ¸Éμ¢ ³¥¦¤Ê ¤¢Ê³Ö ¶ · ³¨ μ¸´μ¢ ´¨° ³μ¤¥²¨·Ê¥É¸Ö ± ±
Ê¶·Ê£¨° ¸É¥·¦¥´Ó. ‚ ³μ¤¥²¨ ÊÎ¨ÉÒ¢ ÕÉ¸Ö Éμ²Ó±μ ¸¨³³¥É·¨Î´Ò¥ ¶μ¶¥·¥Î´Ò¥
¤¢¨¦¥´¨Ö ¶ · μ¸´μ¢ ´¨° ¶μ μÉ´μÏ¥´¨Õ ± μ¸¨ ³μ²¥±Ê²Ò, ¶μÔÉμ³Ê ¨¸¶μ²Ó§Ê-
¥É¸Ö ¶μ²Ö·´ Ö ¸¨¸É¥³  ±μμ·¤¨´ É. � ¤¨ ²Ó´μ¥ ¶μ²μ¦¥´¨¥ n-£μ μ¸´μ¢ ´¨Ö ¢
¶ ·¥ Ì · ±É¥·¨§Ê¥É¸Ö Rn,   Ê£μ² ¶μ¢μ·μÉ  μ¡μ§´ Î ¥É¸Ö θn (·¨¸. 7). � ¸¸ÉμÖ-
´¨¥ h ³¥¦¤Ê ¤¢Ê³Ö ¸μ¸¥¤´¨³¨ ¶ · ³¨ μ¸´μ¢ ´¨° ¸Î¨É ¥É¸Ö ¶μ¸ÉμÖ´´Ò³. ‚¸¥
¶ ·Ò ´Ê±²¥μÉ¨¤μ¢ ¨³¥ÕÉ ¶·¨³¥·´μ μ¤¨´ ±μ¢ÊÕ ¶·¨¢¥¤¥´´ÊÕ ³ ¸¸Ê m.

‹ £· ´¦¨ ´ ¸¨¸É¥³Ò ¨³¥¥É ¢¨¤ [106]

Λ =
1
2

∑
n

[
m(Ṙ2

n + R2
nΦ̇2

n) − 2D(e−a(Rn−R0) − 1)2 − K(Ln,n+1 − L0)2 −

− C(Rn+1 − Rn)2 e−b(Rn+1+Rn−2R0) − G(θn+1 + θn−1 − 2θn)2
]
, (62)

£¤¥ ¤²¨´  Í¥¶¨ μ¸Éμ¢  · ¢´ 

Ln,n+1 = [h2 + R2
n + R2

n+1 − 2RnRn+1 cos (θn+1 − θn)]1/2.

�¥·¢Ò° Î²¥´ ¢ (62) ¸μμÉ¢¥É¸É¢Ê¥É ±¨´¥É¨Î¥¸±μ° Ô´¥·£¨¨,   ¸²¥¤ÊÕÐ¨° Å
μ¶¨¸Ò¢ ¥É ¢μ¤μ·μ¤´Ò¥ ¸¢Ö§¨, ¸¢Ö§Ò¢ ÕÐ¨¥ μ¸´μ¢ ´¨Ö ¢ ¶ ·¥. ‘¢Ö§Ó ³¥¦¤Ê
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�¨¸. 7. ƒ¥²¨±μ¨¤ ²Ó´ Ö ³μ¤¥²Ó ¸¶¨· ²¨ „�Š ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° § ±μ´ ¤¨¸¶¥·¸¨¨

±μ³¶²¨³¥´É ·´Ò³¨ μ¸´μ¢ ´¨Ö³¨ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° Ìμ·μÏμ ¨§¢¥¸É´Ò° ¶μ-
É¥´Í¨ ² Œμ·§¥, £¤¥ D μ¡μ§´ Î ¥É Ô´¥·£¨Õ ¤¨¸¸μÍ¨ Í¨¨, a § ¤ ¥É ¶·μ¸É· ´-
¸É¢¥´´Ò° ³ ¸ÏÉ ¡ ¶μÉ¥´Í¨ ² , R0 Å · ¢´μ¢¥¸´μ¥ · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê ¤¢Ê³Ö
μ¸´μ¢ ´¨Ö³¨ ¢ ¶ ·¥. ‘²¥¤ÊÕÐ¨° Î²¥´ ³μ¤¥²¨·Ê¥É ¢§ ¨³μ¤¥°¸É¢¨Ö ¢ Ê±² ¤±¥
¸μ¸¥¤´¨Ì ¶ · μ¸´μ¢ ´¨° (¸É¥±¨´£-¢§ ¨³μ¤¥°¸É¢¨¥). …£μ ÔËË¥±É § ±²ÕÎ ¥É¸Ö
¢ Ê³¥´ÓÏ¥´¨¨ ¦¥¸É±μ¸É¨ μÉ±·ÒÉÒÌ Î ¸É¥° Í¥¶¨ μÉ´μ¸¨É¥²Ó´μ § ³±´ÊÉÒÌ ¨
¸É ¡¨²¨§ Í¨¨ ¶μ μÉ´μÏ¥´¨Õ ± ¤¥´ ÉÊ· Í¨¨ μ¤´μ° ¶ ·Ò μ¸´μ¢ ´¨°. ‚Ò· -
¦¥´¨¥ ¤ ´´μ£μ É¨¶  ¡Ò²μ ¢¢¥¤¥´μ ¢ · ¸Ï¨·¥´´μ° ¢¥·¸¨¨ £¥²¨±μ¨¤ ²Ó´μ°
³μ¤¥²¨ [110,113], ÎÉμ¡Ò ¶· ¢¨²Ó´μ μ¶¨¸Ò¢ ÉÓ ±μμ¶¥· É¨¢´Ò¥ ÔËË¥±ÉÒ, ¡²¨§-
±¨¥ ± ¶¥·¥Ìμ¤Ê ¶² ¢²¥´¨Ö [109]. ‡¤¥¸Ó C Å Ô´¥·£¨Ö ¸É¥±¨´£-¢§ ¨³μ¤¥°¸É¢¨Ö
¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ ¶·μ¸É· ´¸É¢¥´´Ò³ ³ ¸ÏÉ ¡μ³ b. ‘²¥¤ÊÕÐ¥¥ ¸² £ ¥³μ¥
¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° Ê¶·Ê£ÊÕ Ô´¥·£¨Õ ¸É¥·¦´¥° μ¸´μ¢´μ° Í¥¶¨ ³¥¦¤Ê ¸μ¸¥¤-
´¨³¨ ¶ · ³¨ μ¸´μ¢ ´¨° ´  ± ¦¤μ° ´¨É¨ ¸ ±μ´¸É ´Éμ° ¸¢Ö§¨ K . �μ¸±μ²Ó±Ê

· ¢´μ¢¥¸´ Ö ¤²¨´  μ¸Éμ¢  L0 =
√

h2 + 4R2
0 sin2(θ0/2) ¡μ²ÓÏ¥ h, ´¥μ¡Ìμ¤¨³

´ ±²μ´ ± ¦¤μ° ´¨É¨ ¤²Ö ³¨´¨³¨§ Í¨¨ Ô´¥·£¨¨ ¢ É¨¶¨Î´μ° £¥²¨±μ¨¤ ²Ó´μ°
¸É·Ê±ÉÊ·¥. � ¢´μ¢¥¸´Ò° Ê£μ² ¸±·ÊÎ¨¢ ´¨Ö θ0 ³¥¦¤Ê ¤¢Ê³Ö ¸μ¸¥¤´¨³¨ ¶ · ³¨
μ¸´μ¢ ´¨° ¸μμÉ¢¥É¸É¢Ê¥É ¸É·Ê±ÉÊ·¥ B-DNA. ’ ±¦¥ ¢¢¥¤¥´ ÊÎ¥É ±·¨¢¨§´Ò ¸
±μ´¸É ´Éμ° ¸¢Ö§¨ G, ÎÉμ¡Ò ¶·¥¤μÉ¢· É¨ÉÓ ¢Ò·μ¦¤¥´´μ¥ ¶μ¢¥¤¥´¨¥, ¶μ§¢μ²Ö-
ÕÐ¥¥ „�Š ¢³¥¸Éμ ¸¶¨· ²¨ ¶¥·¥Ìμ¤¨ÉÓ ¢ §¨£§ £μμ¡· §´ÊÕ ¸É·Ê±ÉÊ·Ê.



’…��ƒ…�–�‚›… ‘�‹ˆ’��› ‚ Š��„…�‘ˆ��‚���›• ‘�…„�• 213

‡ ¶¨¸Ò¢ Ö Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ (62), ¨ ¢Ò¶μ²´ÖÖ ¨Ì
²¨´¥ ·¨§ Í¨Õ ¸ ¶μ¤¸É ´μ¢±μ°  ´§ Í  É¨¶  ¶²μ¸±μ° ¢μ²´Ò Rn, θn ∼ ei(ωt−qn)

¸ Î ¸ÉμÉμ° ω ¨ ¢μ²´μ¢Ò³ Î¨¸²μ³ q, ³μ¦´μ ¶μ²ÊÎ¨ÉÓ § ±μ´ ¤¨¸¶¥·¸¨¨ ω(q) ¢
¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

ω2
±(q) = C1 + C2 ±

√
(C1 − C2)2 + C2

3 , (63)

£¤¥

C1 =
ω2

0

2
+ 2

(
σ − 4κ sin4 θ0

2

)
sin2 q

2
,

C2 = 2κ sin2 θ0 sin2 q

2
+ 8g sin4 q

2
,

C3 = 4κ sin θ0 sin2 θ0

2
sin q.

‚ ÔÉ¨Ì Ê· ¢´¥´¨ÖÌ κ = Ks/m, s = R2
0/L2

0, σ = C/m, g = G/m,  

ω0 =
√

2Da2/m + 16κ sin4(θ0/2) Å ´ ¨³¥´ÓÏ Ö Î ¸ÉμÉ  μ¶É¨Î¥¸±μ° ¢¥É¢¨

¤¨¸¶¥·¸¨¨, μ¶É¨Î¥¸±¨¥ ¨  ±Ê¸É¨Î¥¸±¨¥ ¢¥É¢¨ μ¡μ§´ Î¥´Ò §´ ± ³¨ ®+¯ ¨ ®−¯
¸μμÉ¢¥É¸É¢¥´´μ.

‡´ Î¥´¨Ö ¶ · ³¥É·μ¢ ¢μ§Ó³¥³ ¤²Ö ‚-Ëμ·³Ò „�Š. ‚ ÔÉμ³ ¸²ÊÎ ¥
R0 = 10 
A, h = 3,4 
A, θ0 = π/5, m = 300  . ¥. ³. [118]. �´¥·£¥É¨Î¥¸±¨¥
±μ´¸É ´ÉÒ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸É·Ê±ÉÊ·´ÒÌ Ô²¥³¥´Éμ¢ „�Š ³μ£ÊÉ · §²¨Î ÉÓ¸Ö ¢
· §´ÒÌ ¨¸¸²¥¤μ¢ ´¨ÖÌ. ‡¤¥¸Ó ³Ò ¶·¨´¨³ ¥³ ¸²¥¤ÊÕÐ¨¥ §´ Î¥´¨Ö: a = 4 
A−1,

D = 0,05 Ô‚, C = 0,65 Ô‚ · 
A
−2

, K = 0,04 Ô‚ · 
A
−2

¨ b = 0,15 
A−1,
G = 0,14 Ô‚. �·¨ É ±μ³ ¶μ¤¡μ·¥ ¶ · ³¥É·μ¢ Î ¸ÉμÉÒ ¶μ¶¥·¥Î´ÒÌ ³μ¤ ¶μ¶ -
¤ ÕÉ ¢ É¥· £¥·Íμ¢ÊÕ μ¡² ¸ÉÓ (¸³. ·¨¸. 7), ÎÉμ ¸μ£² ¸Ê¥É¸Ö ¸ Ô±¸¶¥·¨³¥´É ²Ó-
´Ò³¨ ´ ¡²Õ¤¥´¨Ö³¨ [119].

‚ ¤ ²Ó´¥°Ï¥³ ´ ¸ ¡Ê¤ÊÉ ¨´É¥·¥¸μ¢ ÉÓ Éμ²Ó±μ ´¨§±μ ³¶²¨ÉÊ¤´Ò¥ ²μ± -
²¨§μ¢ ´´Ò¥ £² ¤±¨¥ ·¥Ï¥´¨Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¸μ²¨Éμ´´Ò³ ¢μ§¡Ê¦¤¥´¨Ö³
¸¨¸É¥³Ò. —Éμ¡Ò ´ °É¨ ·¥Ï¥´¨¥ ¸ ³ ²μ°  ³¶²¨ÉÊ¤μ°, ´Ê¦´μ ¢Ò¶μ²´¨ÉÓ ¶¥·-
ÉÊ·¡ É¨¢´μ¥ · §²μ¦¥´¨¥ ¸¨¸É¥³Ò Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¸ Î ¸ÉμÉμ° μ¤´μ° ¨§
´μ·³ ²Ó´ÒÌ ³μ¤. ˆ§ÊÎ Ö ¤¥Ëμ·³ Í¨¨ „�Š ¶μ¤ ¤¥°¸É¢¨¥³ É¥¶²μ¢ÒÌ Ë²Ê±-
ÉÊ Í¨°,  ¢Éμ·Ò ¶·¥¤Ò¤ÊÐ¨Ì · ¡μÉ ¨¸¸²¥¤μ¢ ²¨ ¶μ¢¥¤¥´¨¥ ²μ± ²¨§μ¢ ´´μ°
· ¤¨ ²Ó´μ° ¤¥Ëμ·³ Í¨¨ ¢μ¤μ·μ¤´ÒÌ ¸¢Ö§¥°. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¢ ± Î¥¸É¢¥ ´¥-
¸ÊÐ¥° ¢μ²´Ò ´Ê¦´μ ¢Ò¡· ÉÓ ¢μ§¡Ê¦¤¥´¨¥ ´  μ¶É¨Î¥¸±μ° ¢¥É¢¨ ¸ ´¥´Ê²¥¢μ°
Î ¸ÉμÉμ° ω+ � ω0 ¸ ´¥¡μ²ÓÏ¨³ ¢μ²´μ¢Ò³ Î¨¸²μ³, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É ³ ²Ò³
· ¤¨ ²Ó´Ò³ ±μ²¥¡ ´¨Ö³. �Éμ ¶·¨¢μ¤¨É ± ³ ²μ ³¶²¨ÉÊ¤Ò³ ¡·¨§¥·´Ò³ ·¥Ï¥-
´¨Ö³, μ¶¨¸Ò¢ ¥³Ò³ �“˜ [106]. ‡¤¥¸Ó ³Ò · ¸¸³μÉ·¨³ · ´¥¥ ´¥ ¨§ÊÎ¥´´Ò¥
´¥²¨´¥°´Ò¥ ³μ¤¥²¨, ¢ ±μÉμ·ÒÌ ¶·μ¨¸Ìμ¤¨É ¢μ§¡Ê¦¤¥´¨¥ ¨  ±Ê¸É¨Î¥¸±μ° ¢¥É-
¢¨ ±μ²¥¡ ´¨° ω−(q). ‘ ¡¨μ²μ£¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö É ±¨¥ ³μ¤¥²¨ ³μ£ÊÉ
¡ÒÉÓ ¡μ²¥¥ ¢ ¦´Ò, É ± ± ± ¢ ´¨Ì ÊÎ¨ÉÒ¢ ¥É¸Ö · ¸±·ÊÎ¨¢ ´¨¥ ¸¶¨· ²¨ „�Š,
±μÉμ·μ¥ ¨³¥¥É ³¥¸Éμ, ´ ¶·¨³¥·, ¢ Ìμ¤¥ ¶·μÍ¥¸¸  É· ´¸±·¨¶Í¨¨.
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‚¢¥¤¥³ ¸²¥¤ÊÕÐ¨¥ ¡¥§· §³¥·´Ò¥ ¶¥·¥³¥´´Ò¥:

un =
Rn

R0 − 1
, φn = θn − nθ0.

�Î¥¢¨¤´μ, ÎÉμ ¢ · ¢´μ¢¥¸´μ³ ¸μ¸ÉμÖ´¨¨ „�Š u ¨ φ ¸É·¥³ÖÉ¸Ö ± ´Ê²Õ.
“¤μ¡´μ É ±¦¥ ¢¢¥¸É¨ ¢¸¶μ³μ£ É¥²Ó´ÊÕ ¶¥·¥³¥´´ÊÕ

ϕn = θn − θn−1 − θ0 = φn − φn−1,

±μÉμ· Ö Ì · ±É¥·¨§Ê¥É μÉ´μ¸¨É¥²Ó´μ¥ μÉ±²μ´¥´¨¥ μÉ · ¢´μ¢¥¸´μ£μ Ê£²  § ±·Ê-
Î¨¢ ´¨Ö ¤¢μ°´μ° ¸¶¨· ²¨ θ0.

„²Ö μ¶¨¸ ´¨Ö £² ¤±¨Ì ²μ± ²¨§μ¢ ´´ÒÌ ¤¥Ëμ·³ Í¨° ¶¥·¥°¤¥³ μÉ ¤¨¸±·¥É-
´ÒÌ ¢¥²¨Î¨´ un, φn ± ´¥¶·¥·Ò¢´Ò³ u(z, t), φ(z, t) ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸μ ¸²¥¤Ê-
ÕÐ¨³¨ ¢Ò· ¦¥´¨Ö³¨:

un±1(t) →
(

1 ± h
∂

∂z
+

h2

2
∂2

∂z2
+ . . .

)
u(z, t), (64)

φn±1(t) →
(

1 ± h
∂

∂z
+

h2

2
∂2

∂z2
+ . . .

)
φ(z, t). (65)

‡¤¥¸Ó z Å ±μμ·¤¨´ É  ¢¤μ²Ó μ¸¨ ¸¨³³¥É·¨¨ ¸¶¨· ²¨ „�Š.
‚ ·¥§Ê²ÓÉ É¥ Ê· ¢´¥´¨Ö, μ¶¨¸Ò¢ ÕÐ¨¥ ¤¨´ ³¨±Ê Í¥¶¨ „�Š, ¶·¨³ÊÉ ¢¨¤

∂2u

∂t2
= (1 + u)2

(
∂φ

∂t

)2

− ω2
0u + a2u

2 − a3u
3 − aufh

(
∂φ

∂z
+

h2

6
∂3φ

∂z3

)
+

+
(
σ − au

4

)
h2

(
∂2u

∂z2
+

h2

12
∂4u

∂z4

)
− 2a2ufhu

∂φ

∂z
− a2fh2

(
∂φ

∂z

)2

−

− auuh2

(
∂u

∂z

)2

− 2(auu + 2βσ)h2u
∂2u

∂z2
, (66)

∂2φ

∂t2
= −2(1 + u)

∂u

∂t

∂φ

∂t
+ aufh

(
∂u

∂z
+

h2

6
∂3u

∂z3

)
+ afh2 ∂2φ

∂z2
+

+ (af − g)
h4

12
∂4φ

∂z4
+ a2ufhu

∂u

∂z
+ a2fh2

(
∂u

∂z

∂φ

∂z
+ u

∂2φ

∂z2

)
, (67)

£¤¥ ¢¢¥¤¥´Ò μ¡μ§´ Î¥´¨Ö

au = 16κs sin4 θ0

2
, af = κs sin2 θ0, auf = 4κs sin2 θ0

2
sin2 θ0,
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a2u = 2κs sin4 θ0

2

(
1 − 4s sin2 θ0

2

)
,

a2uf = 4κs sin2 θ0

2
sin θ0

(
5 − 12s sin2 θ0

2

)
,

a2f = 2κs sin2 θ0

2

(
5 − 6(1 + s) sin2 θ0

2
+ 6s sin4 θ0

2

)
,

a2 =
(

3α(ω2
0 − au)
2

− a2u

)
,

auu = 2κs sin2 θ0

2

(
2 − (4 − 6s) sin2 θ0

2
+ 6s sin4 θ0

2

)
,

a3 = 7α2(ω2
0 − au)2/6.

�´ ²μ£¨Î´μ Éμ³Ê, ± ± ÔÉμ ¡Ò²μ ¶·μ¤¥² ´μ ¢ · §¤. 1, ¢Ò¤¥²¨³ Î ¸ÉμÉ´Ò¥
±μ³¶μ´¥´ÉÒ

u = u0 + u1 ei(ωt−kz) + u2 e2i(ωt−kz) + c. c., (68)

φ = φ0 + φ1 ei(ωt−kz) + φ2 e2i(ωt−kz) + c. c. (69)

�´ ²¨§ Ê¸²μ¢¨° ¸¨´Ì·μ´´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¶μ± §Ò¢ ¥É, ÎÉμ ÔËË¥±É¨¢-
´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ³¥¦¤Ê ±μ²¥¡ ´¨Ö³¨ μ¶É¨Î¥¸±μ° ¨  ±Ê¸É¨Î¥¸±μ° ³μ¤ ¶μ-
²¨³¥·  ³μ¦´μ, ´ ¶·¨³¥·, μ¸ÊÐ¥¸É¢¨ÉÓ ¶·¨ ¢Ò¶μ²´¥´¨¨ ¸¨´Ì·μ´¨§³  ¤²¨´-
´ÒÌ ¨ ±μ·μÉ±¨Ì ¢μ²´, É. ¥. ±μ£¤  ∂ω+/∂k = ω−/k. ‚ ÔÉμ³ ¸²ÊÎ ¥ ²¨¤¨·ÊÕÐ¨°
¢±² ¤ ¢ ·¥Ï¥´¨¥ ¤ ¥É ¢§ ¨³μ¤¥°¸É¢¨¥ ±μ³¶μ´¥´É u1 ¨ φ0.

�μ¤¸É ´μ¢±  (68) ¨ (69) ¢ (66), (67) ¸ ¶·¨³¥´¥´¨¥³ ¶·¨¡²¨¦¥´¨° ³¥¤-
²¥´´μ ³¥´ÖÕÐ¨Ì¸Ö μ£¨¡ ÕÐ¨Ì ¨  ¤¨ ¡ É¨Î¥¸±μ£μ ¸²¥¤μ¢ ´¨Ö ¶·¨¢μ¤¨É ±
¸²¥¤ÊÕÐ¨³ ¸μμÉ´μÏ¥´¨Ö³ ¤²Ö ±μ³¶μ´¥´É ·¥Ï¥´¨Ö:

u2 = −Q2uu2
1, φ2 = iQ2fu2

1, (70)

u0 = −aufh

ω2
0

(
∂φ0

∂z
+ h2

(
σ − au

4

) ∂3φ0

∂z3

)
+ Q0u|u1|2u1, (71)

φ1 = iq0fu1 − q1f
∂u1

∂z
+ iq2f

∂2u1

∂z2
+ iQ0fu1

∂φ0

∂z
+ iQ1f |u1|2u1, (72)

  ¨¸±μ³Ò¥ ¢¥²¨Î¨´Ò u1 ¨ φ0 Ê¤μ¢²¥É¢μ·ÖÕÉ Ê· ¢´¥´¨Ö³ ¤²¨´´μ-±μ·μÉ±μ¢μ²´μ-
¢μ£μ ·¥§μ´ ´¸ 

i
∂u1

∂t
− q2u

2
∂2u1

∂ζ2
− Q1uϕu1 = 0, (73)

∂ϕ

∂t
+ Q0f

∂

∂ζ
(|u1|2) = 0, (74)
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£¤¥ ϕ = ∂φ0/∂z, ζ = z − vgt, vg = ∂ω+/∂k. �·¨ ¨Ì ¢Ò¢μ¤¥ ¡Ò²¨ μ¶ÊÐ¥´Ò
¸² £ ¥³Ò¥ ¸ ´¥²¨´¥°´μ¸ÉÖ³¨ ¢ÒÏ¥ ¢Éμ·μ£μ ¶μ·Ö¤± ,   É ±¦¥ Î²¥´Ò ¸μ ¸É¥¶¥-
´Ö³¨ h ¢ÒÏ¥ ¢Éμ·μ°,   ± Ê· ¢´¥´¨Õ (67) ¶·¨³¥´Ö²μ¸Ó ¶·¨¡²¨¦¥´¨¥ ³¥¤²¥´´μ
³¥´ÖÕÐ¥£μ¸Ö ¶·μË¨²Ö. „¥É ²Ó´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö ±μÔËË¨Í¨¥´Éμ¢ qij , Qij

¢¸²¥¤¸É¢¨¥ ¨Ì £·μ³μ§¤±μ¸É¨ ´¥ ¶·¨¢μ¤ÖÉ¸Ö.
‚ ¸²ÊÎ ¥, ±μ£¤  ∂ω+/∂k �= ω−/k, ¨§ (69) ¸²¥¤Ê¥É

∂φ0

∂z
= −Q0f

Δ
, (75)

£¤¥ Δ = vg − ω−/k Å ¸μμÉ¢¥É¸É¢ÊÕÐ Ö · ¸¸É·μ°±  ¸±μ·μ¸É¥°.
’μ£¤  ¢³¥¸Éμ ¸¨¸É¥³Ò (73), (74) ¨§ (66), (67) ¸ ÊÎ¥Éμ³ (71), (72), (75)

¶μ²ÊÎ¨³ �“˜

i
∂u1

∂t
− q2u

2
∂2u1

∂ζ2
− Q|u1|2u1 = 0. (76)

„ ´´μ¥ Ê· ¢´¥´¨¥ ¡Ò²μ ¢Ò¢¥¤¥´μ ¢ μ·¨£¨´ ²Ó´ÒÌ · ¡μÉ Ì [106,118,120].
Œμ¦´μ ¶μ± § ÉÓ [121], ÎÉμ ¢μ§¡Ê¦¤¥´¨Ö, ¶·¨´ ¤²¥¦ Ð¨¥ Éμ²Ó±μ  ±Ê-

¸É¨Î¥¸±μ° ³μ¤¥, É ±¦¥ Ê¤μ¢²¥É¢μ·ÖÕÉ ¨§¢¥¸É´μ³Ê ¸μ²¨Éμ´´μ³Ê Ê· ¢´¥´¨Õ.
‡ ´Ê²ÖÖ μ¸Í¨²²¨·ÊÕÐ¨¥ ¸² £ ¥³Ò¥ ¢ (68) ¨ (69) ¨ ¶μ¤¸É ¢²ÖÖ (71) ¢ (67) ¸
¶·¨³¥´¥´¨¥³ ¶·¨¡²¨¦¥´¨Ö ³¥¤²¥´´μ ³¥´ÖÕÐ¥£μ¸Ö ¶·μË¨²Ö, ¸´μ¢  ¶·¨¤¥³ ±
Ê· ¢´¥´¨Õ Š¤”

∂ϕ

∂t
− βfϕ

∂ϕ

∂ξ
+ μf

∂3ϕ

∂ξ3
= 0, (77)

£¤¥ ξ = z−v0t, v0 = ω−/k. ŠμÔËË¨Í¨¥´ÉÒ ¶·¨ ´¥²¨´¥°´μ³ ¨ ¤¨¸¶¥·¸¨μ´´μ³
¸² £ ¥³μ³ ´¥ ¶·¨¢μ¤ÖÉ¸Ö ¢¸²¥¤¸É¢¨¥ ¨§²¨Ï´¥° £·μ³μ§¤±μ¸É¨.

‚ μÉ²¨Î¨¥ μÉ ¶·¥¤Ò¤ÊÐ¥£μ · ¸¸³μÉ·¥´¨Ö ¤ ´´Ò¥ Ê· ¢´¥´¨Ö ¸É·μ£μ μ¤´μ-
³¥·´Ò¥,   ¤¨¸¶¥·¸¨Ö ¢ ´¨Ì Ö¢²Ö¥É¸Ö ¶·μ¸É· ´¸É¢¥´´μ°, ÎÉμ μÉ· ¦ ¥É ¸É·Ê±-
ÉÊ·Ê ¶μ²¨³¥· . ˆ²²Õ¸É· Í¨¨ ¸μ²¨Éμ´´ÒÌ ·¥Ï¥´¨° ¶·¨¢¥¤¥´Ò ´  ·¨¸. 8 ¨ 9.
�É³¥É¨³, ÎÉμ ·¥Ï¥´¨¥ Š¤” ¸μμÉ¢¥É¸É¢Ê¥É μÉ´μ¸¨É¥²Ó´μ ¸¨²Ó´μ³Ê ±·ÊÎ¥´¨Õ
¤¢μ°´μ° ¸¶¨· ²¨, ¢¸²¥¤¸É¢¨¥ Î¥£μ ¥£μ ³μ¦´μ ´ §¢ ÉÓ ±·ÊÉ¨²Ó´Ò³ ¸μ²¨Éμ´μ³.
‚ ¸²ÊÎ ¥ ¦¥ ¤²¨´´μ-±μ·μÉ±μ¢μ²´μ¢ÒÌ ¸μ²¨Éμ´μ¢ μ¸´μ¢´μ° ¢±² ¤ ¢´μ¸ÖÉ μ¸-
Í¨²²ÖÍ¨¨ ´Ê±²¥μÉ¨¤μ¢. �Í¥´±¨ ¶ · ³¥É·μ¢ ¨ Î¨¸²¥´´μ¥ ³μ¤¥²¨·μ¢ ´¨¥ ¶μ-
± §Ò¢ ÕÉ, ÎÉμ ±·ÊÉ¨²Ó´Ò¥ ¸μ²¨Éμ´Ò ³¥¤²¥´´¥¥ ¸μ²¨Éμ´μ¢, ¶·¨´ ¤²¥¦ Ð¨Ì
μ¶É¨Î¥¸±μ° ³μ¤¥. ˆÌ Ì · ±É¥·´Ò¥ £·Ê¶¶μ¢Ò¥ ¸±μ·μ¸É¨ ¸μ¸É ¢²ÖÕÉ v = 0,31
¨ vg = 1,1 ±³/¸ ¸μμÉ¢¥É¸É¢¥´´μ.

Ÿ¸´μ, ÎÉμ ¢ ·¥ ²Ó´ÒÌ Ê¸²μ¢¨ÖÌ ÔËË¥±ÉÒ ¤¨¸¸¨¶ Í¨¨ (É·¥´¨¥) ¶·¨¢μ¤ÖÉ
± μ£· ´¨Î¥´´μ³Ê ¢·¥³¥´¨ ¦¨§´¨ ³μ²¥±Ê²Ö·´ÒÌ ¸μ²¨Éμ´μ¢, ÎÉμ § É·Ê¤´Ö¥É
¨Ì Ô±¸¶¥·¨³¥´É ²Ó´μ¥ μ¡´ ·Ê¦¥´¨¥,   É ±¦¥ ¢ÒÖ¢²¥´¨¥ ¨Ì ¶μÉ¥´Í¨ ²Ó´ÒÌ
¡¨μ²μ£¨Î¥¸±¨Ì ËÊ´±Í¨°. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¢´¥Ï´¥¥ ¢μ§¤¥°¸É¢¨¥ ¸ ¶μ³μÐÓÕ
Ô²¥±É·μ³ £´¨É´ÒÌ ¨²¨  ±Ê¸É¨Î¥¸±¨Ì ¢μ²´ ´  ·¥§μ´ ´¸´μ° Î ¸ÉμÉ¥ ³μ¦¥É ¶·¨-
¢¥¸É¨ ± ÔËË¥±É¨¢´μ³Ê ¢§ ¨³μ¤¥°¸É¢¨Õ ¸ ³μ²¥±Ê²Ö·´Ò³¨ ¸μ²¨Éμ´ ³¨ ¨ ¶μ-
¢ÒÏ¥´¨Õ ¢·¥³¥´¨ ¨Ì ¦¨§´¨. �²¥±É·μ³ £´¨É´Ò¥ ¶μ²Ö É¥· £¥·Íμ¢ÒÌ Î ¸ÉμÉ
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�¨¸. 8. � ¸¶·μ¸É· ´¥´¨¥ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¤¥Ëμ·³ Í¨¨ ¸¢Ö§¥° ³¥¦¤Ê μ¸´μ¢ ´¨Ö-
³¨ ( ) ¨ · ¸±·ÊÎ¨¢ ´¨¥ Í¥¶¨ „�Š (¡) ¶·¨ ¢Ò¶μ²´¥´¨¨ Ê¸²μ¢¨Ö ¸¨´Ì·μ´¨§³  ¤²¨´´ÒÌ
¨ ±μ·μÉ±¨Ì ¢μ²´

�¨¸. 9. � ¸¶·μ¸É· ´¥´¨¥ ±·ÊÉ¨²Ó´μ£μ ¸μ²¨Éμ´  ¢ „�Š. ‘¨²Ó´μ¥ ¶¥·¥±·ÊÎ¨¢ ´¨¥ ¤¢μ°-
´μ° ¸¶¨· ²¨ (¡) ¸μ¶·μ¢μ¦¤ ¥É¸Ö ³ ²μ° ±μ³¶·¥¸¸¨¥° ¸¢Ö§¥° ³¥¦¤Ê μ¸´μ¢ ´¨Ö³¨ ( )

´  ³ ¸ÏÉ ¡¥ ÊÎ ¸É±  „�Š ¢ ´¥¸±μ²Ó±μ ¤¥¸ÖÉ±μ¢ ´Ê±²¥μÉ¨¤μ¢ ³μ¦´μ ¸Î¨É ÉÓ
¶·μ¸É· ´¸É¢¥´´μ-μ¤´μ·μ¤´Ò³¨. �Éμ §´ Î¨É, ÎÉμ ¨Ì ¶·μ¸É· ´¸É¢¥´´ Ö Ë §μ¢ Ö
¸¨´Ì·μ´¨§ Í¨Ö ¢μ§³μ¦´  Éμ²Ó±μ ¸ ¸μ²¨Éμ´μ³ ¸ ´Ê²¥¢μ° £·Ê¶¶μ¢μ° ¸±μ·μ¸ÉÓÕ.
Š·μ³¥ Éμ£μ, ³μ²¥±Ê²  „�Š Ìμ·μÏμ § Ô±· ´¨·μ¢ ´  μÉ ¢´¥Ï´¨Ì Ô²¥±É·¨Î¥-
¸±¨Ì ¶μ²¥°. ’ ±¨³ μ¡· §μ³, ÔËË¥±É¨¢´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ¸²¥¤Ê¥É μ¦¨¤ ÉÓ ¶μ
¶ · ³¥É·¨Î¥¸±μ³Ê ³¥Ì ´¨§³Ê, ±μ£¤  ¢ ³μ²¥±Ê²Ö·´μ° Í¥¶¨ Ê¦¥ ¶·¨¸ÊÉ¸É¢Ê¥É
¢μ§¡Ê¦¤¥´¨¥ Å ¸μ²¨Éμ´. ‘ ÊÎ¥Éμ³ ¸± § ´´μ£μ ¶·¨¤¥³ ± ¶·μ¸É¥°Ï¥° ³μ¤¥²¨
É ±μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö [122,123]:

i
∂ψ

∂t
− q2u

2
∂2ψ

∂z2
− Q|ψ|2ψ = − iγ

2
ψ +

ε0

2
ψ∗ eiδt, (78)

£¤¥ ¶μ¸ÉμÖ´´ Ö γ ¶·μ¶μ·Í¨μ´ ²Ó´  ±μÔËË¨Í¨¥´ÉÊ É·¥´¨Ö, ε0 ¶·μ¶μ·Í¨μ-
´ ²Ó´μ ¢¥²¨Î¨´¥  ³¶²¨ÉÊ¤Ò ¢´¥Ï´¥£μ Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö,   δ Ì · ±É¥·¨§Ê¥É
μÉ¸É·μ°±Ê ¥£μ Î ¸ÉμÉÒ ω0 μÉ Î ¸ÉμÉÒ μ¶É¨Î¥¸±μ° ³μ¤Ò ±μ²¥¡ ´¨° ω+. �É³¥-
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É¨³, ÎÉμ Ê£²μ¢ Ö ±μ³¶μ´¥´É  ¤¥Ëμ·³ Í¨¨ §¤¥¸Ó ´¥ ¨¸¶ÒÉÒ¢ ¥É ¸¨´Ì·μ´¨§³ 
¸ ¶μ¶¥·¥Î´Ò³¨ μ¸Í¨²²ÖÍ¨Ö³¨ (vg = 0), ¢¸²¥¤¸É¢¨¥ Î¥£μ ¡ §μ¢μ° ³μ¤¥²ÓÕ
Ö¢²Ö¥É¸Ö �“˜ (76).

�¥Ï¥´¨¥ (78) ¢ ¢¨¤¥ ¤¨¸¸¨¶ É¨¢´μ£μ ¸μ²¨Éμ´  ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´μ ³¥-
Éμ¤ ³¨ ¸μ²¨Éμ´´μ° É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° [124]:

us = i

√
q2u

Q
ρ sech [ρz] eiΦ, (79)

Φph±(t) =
1
2

(
δt ∓ arccos

γ

ε0

)
, (80)

ρ± =

√√√√ δ

q2u
± 2ε0

q2u

√
1 −

(
γ

ε0

)2

. (81)

…£μ  ³¶²¨ÉÊ¤  ¨ Ë §  § ¢¨¸ÖÉ Éμ²Ó±μ μÉ ¶ · ³¥É·μ¢ ¸·¥¤Ò ¨ ¢´¥Ï´¥£μ ¢μ§-
¤¥°¸É¢¨Ö,   ´  ¢¥²¨Î¨´Ê ¢´¥Ï´¥£μ ¢μ§¤¥°¸É¢¨Ö ´ ±² ¤Ò¢ ¥É¸Ö ¶μ·μ£μ¢μ¥ μ£· -
´¨Î¥´¨¥ ε0 > γ. …¸É¥¸É¢¥´´μ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ μ¶¨¸ ´´Ò° ÔËË¥±É ³μ¦¥É
¶·Ö³μ ¨²¨ ±μ¸¢¥´´μ ÊÎ ¸É¢μ¢ ÉÓ ¢ μÉ¢¥É¥ ¦¨¢ÒÌ μ·£ ´¨§³μ¢ ´  É¥· £¥·Íμ¢μ¥
¨§²ÊÎ¥´¨¥.

‡�Š‹�—…�ˆ…

‘μ¢·¥³¥´´μ¥ · §¢¨É¨¥ É¥Ì´¨±¨ £¥´¥· Í¨¨ ±μ£¥·¥´É´ÒÌ ±μ²¥¡ ´¨° Ô²¥±-
É·μ³ £´¨É´μ° ¨  ±Ê¸É¨Î¥¸±μ° ¶·¨·μ¤Ò ¶μ§¢μ²¨²μ, ´ ±μ´¥Í, ¶¥·¥±·ÒÉÓ ¡·¥ÏÓ
¢ μ¡² ¸É¨ É¥· £¥·Íμ¢ÒÌ Î ¸ÉμÉ. �·¨¢¥¤¥´´Ò° μ¡§μ· ²¨ÏÓ ´¥¸±μ²Ó±¨Ì  ±-
É¨¢´μ · §¢¨¢ ÕÐ¨Ì¸Ö μ¡² ¸É¥° ¸¢¨¤¥É¥²Ó¸É¢Ê¥É μ ¡μ£ Éμ³ ¸¶¥±É·¥ ´¥²¨´¥°-
´ÒÌ Ö¢²¥´¨° ¸μ²¨Éμ´´μ° ¶·¨·μ¤Ò ¢ ±μ´¤¥´¸¨·μ¢ ´´ÒÌ ¸·¥¤ Ì ¢ ¤ ´´μ° ¸¶¥±-
É· ²Ó´μ° μ¡² ¸É¨. ’ ±, Ê¦¥ ¢ Ìμ¤¥ ¶·μÍ¥¸¸  ´¥²¨´¥°´μ-μ¶É¨Î¥¸±μ° £¥´¥· Í¨¨
É¥· £¥·Íμ¢ÒÌ ¨³¶Ê²Ó¸μ¢ ¶μ¸²¥¤´¨¥ ³μ£ÊÉ ¸Ëμ·³¨·μ¢ ÉÓ ¸μ²¨Éμ´Ò, ±μÉμ·Ò¥
¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° Ï¨·μ±μ¶μ²μ¸´Ò¥ ¸¨£´ ²Ò ¢¶²μÉÓ ¤μ ¶μ²μ¢¨´Ò ±μ²¥¡ -
´¨Ö Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö. �¥ μÉ¸É ¥É μÉ ´¥²¨´¥°´μ° μ¶É¨±¨ ¨  ±Ê¸É¨± 
Ê²ÓÉ· ±μ·μÉ±¨Ì ¨³¶Ê²Ó¸μ¢, Ï £´Ê¢Ï Ö ¢ ¶¨±μ¸¥±Ê´¤´Ò° ¤¨ ¶ §μ´. �·μ¢¥¤¥-
´¨¥ ¢§ ¨³´ÒÌ  ´ ²μ£¨° Ö¢²Ö¥É¸Ö ¢¥¸Ó³  ¶¥·¸¶¥±É¨¢´Ò³ ¢ ¤ ´´ÒÌ μ¡² ¸ÉÖÌ.
Š ± μ¡¸Ê¦¤ ¥É¸Ö ¢ ¶μ¸²¥¤´¥³ · §¤¥²¥ μ¡§μ· , · §¢¨É¨¥ É¥· £¥·Íμ¢μ° É¥Ì´¨±¨
¢ ¶·¨´Í¨¶¥ ³μ¦¥É ¶μ§¢μ²¨ÉÓ ´ ¡²Õ¤ ÉÓ ¡Ò¸É·μ¶·μÉ¥± ÕÐ¨¥ ¶·μÍ¥¸¸Ò É¨¶ 
¢´ÊÉ·¨³μ²¥±Ê²Ö·´ÒÌ ¸É·Ê±ÉÊ·´ÒÌ ¶¥·¥Ìμ¤μ¢ ¢ ¡¨μ³μ²¥±Ê² Ì,   ¢ ¶¥·¸¶¥±É¨¢¥
¨ μ¸ÊÐ¥¸É¢²ÖÉÓ Ê¶· ¢²¥´¨¥ ¨³¨. �·¨³¥Î É¥²Ó´μ, ÎÉμ ¨ §¤¥¸Ó ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥
´¥²¨´¥°´Ò¥ ¶·μÍ¥¸¸Ò ³μ£ÊÉ ¡ÒÉÓ ¸¢Ö§ ´Ò ¸ ¤¨´ ³¨±μ° ¸μ²¨Éμ´μ¢.

‚Ò¸μ± Ö ¸É·Ê±ÉÊ·´ Ö ¸É ¡¨²Ó´μ¸ÉÓ ¸μ²¨Éμ´´ÒÌ ·¥Ï¥´¨° ¤¥² ¥É ¨Ì ¶¥·-
¸¶¥±É¨¢´Ò³ ¨´¸É·Ê³¥´Éμ³ ¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö ±μ´¤¥´¸¨·μ¢ ´´ÒÌ ¸·¥¤ ¨ ¨Ì
³μ¤¨Ë¨± Í¨¨. ‚¥¸Ó³   ±ÉÊ ²Ó´μ° § ¤ Î¥° Ö¢²Ö¥É¸Ö Ê¶· ¢²¥´¨¥ ¸¢μ°¸É¢ ³¨
μ¡· §Íμ¢, ¢ ±μÉμ·ÒÌ ¶·μ¨¸Ìμ¤¨É Ëμ·³¨·μ¢ ´¨¥ É¥· £¥·Íμ¢ÒÌ ¸μ²¨Éμ´μ¢. ’ ±,
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´ ¶·¨³¥·, ¤μ¶¨·μ¢ ´¨¥  ±Ê¸É¨Î¥¸±¨Ì ±·¨¸É ²²μ¢ ¶ · ³ £´¨É´Ò³¨ Í¥´É· ³¨,
  É ±¦¥ ¨¸¶μ²Ó§μ¢ ´¨¥ ´¥¸¨³³¥É·¨Î´ÒÌ ´ ´μ¸É·Ê±ÉÊ· ¨²¨ ¶μ²Ö·´ÒÌ ³μ²¥-
±Ê² ¢ ´¥²¨´¥°´μ-μ¶É¨Î¥¸±¨Ì ±μ³¶μ§¨É´ÒÌ ³ É¥·¨ ² Ì ³μ¦¥É ¶μ§¢μ²¨ÉÓ ± ±
¡μ²¥¥ ÔËË¥±É¨¢´μ £¥´¥·¨·μ¢ ÉÓ ¸μ²¨Éμ´´Ò¥ ¨³¶Ê²Ó¸Ò, É ± ¨ ¶¥·¥¸É· ¨¢ ÉÓ
¶ · ³¥É·Ò ¶μ¸²¥¤´¨Ì ¢ Ï¨·μ±¨Ì ¶·¥¤¥² Ì.

�² £μ¤ ·´μ¸É¨. �¢Éμ· ¢Ò· ¦ ¥É £²Ê¡μ±ÊÕ ¶·¨§´ É¥²Ó´μ¸ÉÓ ‘.‚. ‘ §μ´μ-
¢Ê §  ³´μ£μ²¥É´¥¥ ¸μÉ·Ê¤´¨Î¥¸É¢μ ¨ ¶μ³μÐÓ. � ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ ¶μ¤-
¤¥·¦±¥ �””ˆ (£· ´É º16-02-00453).
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