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�μ± § ´μ, ÎÉμ ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¸¨´£Ê²Ö·´μ¸É¨ ¢ Í¥´É· ²Ó´μ-¸¨³³¥É·¨Î´μ³ £· ¢¨É Í¨μ´´μ³ ¶μ²¥,
¨´É¥·¶·¥É¨·Ê¥³μ° ± ± ¶μ¢¥·Ì´μ¸ÉÓ ¸ μ¸μ¡Ò³¨ Ë¨§¨Î¥¸±¨³¨ Ì · ±É¥·¨¸É¨± ³¨, ¢ÒÉ¥± ¥É ¨§ · ¸-
¸³μÉ·¥´¨Ö ¤¥°¸É¢¨Ö ¨ Ô´¥·£¨¨ ¤²Ö ¶·μ¡´μ° Î ¸É¨ÍÒ ¡¥§ ¨¸¶μ²Ó§μ¢ ´¨Ö Ê· ¢´¥´¨° �°´ÏÉ¥°´  ¨ ¨Ì
·¥Ï¥´¨°. —¥·´ Ö ¤Ò·  · ¸¸³ É·¨¢ ¥É¸Ö ± ± Ë¨§¨Î¥¸± Ö ³μ¤¥²Ó Ê± § ´´μ° ¸¨´£Ê²Ö·´μ¸É¨. �μ²Ê-
Î¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¸μ¶μ¸É ¢²¥´Ò ¸ ¸ÊÐ¥¸É¢ÊÕÐ¨³¨ ¶·¥¤¸É ¢²¥´¨Ö³¨ μ ¸¨´£Ê²Ö·´μ¸É¨ ¢ ·¥Ï¥´¨ÖÌ
˜¢ ·ÍÏ¨²Ó¤  Ê· ¢´¥´¨° �°´ÏÉ¥°´ .

One has shown that the existence of singularity in the centrally symmetric gravitational ˇeld,
interpreted as a surface with unusual physical properties, follows from equations for the action and the
energy of a testing particle not using Einstein's equations and their solutions. The black hole is treated
as the physical model of the singularity in question. The obtained results are compared with the usual
interpretation of the singularity in Schwarzschild's solutions of Einstein's equations.
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�¡ÒÎ´μ ³¥É·¨±μ° ˜¢ ·ÍÏ¨²Ó¤  ´ §Ò¢ ÕÉ ³¥É·¨±Ê [1, 2]
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(
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)
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)
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(
dθ2 + sin2 θ dψ2

)
, (1)

£¤¥ ds Å Ô²¥³¥´É ·´Ò° ¨´É¥·¢ ²; r, θ, ψ Å É ± ´ §Ò¢ ¥³Ò¥ ±μμ·¤¨´ ÉÒ ˜¢ ·ÍÏ¨²Ó¤ ,
É. ¥. μ¡ÒÎ´Ò¥ ¸Ë¥·¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ (¶μ²Ö·´Ò° Ê£μ² μ¡μ§´ Î¥´ Î¥·¥§ ψ, ÎÉμ¡Ò § ·¥-
§¥·¢¨·μ¢ ÉÓ μ¡μ§´ Î¥´¨¥ ϕ ¤²Ö £· ¢¨É Í¨μ´´μ£μ ¶μÉ¥´Í¨ ² ); t Å ¢·¥³Ö, ¨§³¥·Ö¥³μ¥ ¢
¸¨¸É¥³¥ μÉ¸Î¥É  Ê¤ ²¥´´μ£μ ´ ¡²Õ¤ É¥²Ö, ¤²Ö ±μÉμ·μ£μ ϕ = 0; c Å ¸±μ·μ¸ÉÓ ¸¢¥É  ¢
¢ ±ÊÊ³¥. �μ¸ÉμÖ´´ÊÕ

α =
2GM

c2
(2)

´ §Ò¢ ÕÉ £· ¢¨É Í¨μ´´Ò³ · ¤¨Ê¸μ³ ¨²¨ · ¤¨Ê¸μ³ ˜¢ ·ÍÏ¨²Ó¤  (G Å £· ¢¨É Í¨μ´´ Ö
¶μ¸ÉμÖ´´ Ö; M Å ³ ¸¸  É¥² , ¸μ§¤ ÕÐ¥£μ £· ¢¨É Í¨μ´´μ¥ ¶μ²¥). Œ¥É·¨±  (1) ¨³¥¥É ¤¢¥
¸¨´£Ê²Ö·´μ¸É¨: g11 = r/(r − α) → −∞ ¶·¨ r → α; g00 → ∞ ¶·¨ r → 0. ‚ ¤ ´´μ³
¸²ÊÎ ¥, ± ± ÔÉμ ¶·¨´ÖÉμ ¢ ³ É¥³ É¨±¥, ³Ò ¶μ´¨³ ¥³ ¶μ¤ ¸¨´£Ê²Ö·´μ¸ÉÖ³¨ ¶μÖ¢²¥´¨¥ ¢ (1)
¡¥¸±μ´¥Î´ÒÌ ¢¥²¨Î¨´.
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‘ ³ ˜¢ ·ÍÏ¨²Ó¤ [3], μ¸´μ¢Ò¢ Ö¸Ó ´  ÉμÎ´ÒÌ ·¥Ï¥´¨ÖÌ Ê· ¢´¥´¨° �°´ÏÉ¥°´ 
Rik = 0 [4] ¤²Ö É¥´§μ·  ±·¨¢¨§´Ò Rik ¢ Í¥´É· ²Ó´μ-¸¨³³¥É·¨Î´μ³ ¸É É¨Î¥¸±μ³ £· -
¢¨É Í¨μ´´μ³ ¶μ²¥ ¢ ¢ ±ÊÊ³¥, ¶μ²ÊÎ¨² ¡μ²¥¥ μ¡Ð¥¥ ¢Ò· ¦¥´¨¥

ds2 = f0 dx2
0 − f1 dx2

1 − f2

(
1 − x2

2

)−1
dx2

2 − f3

(
1 − x2

2

)
dx2

3, (3)

£¤¥ x0 = ct, x1 = r3/3, x2 = − cos θ, x3 = ψ, R = (3x1 + ρ)1/3 Å ¢¸¶μ³μ£ É¥²Ó´ Ö
¶¥·¥³¥´´ Ö, ¨³¥ÕÐ Ö · §³¥·´μ¸ÉÓ ¤²¨´Ò. ‡¤¥¸Ó ρ Å μ¤´  ¨§ ¤¢ÊÌ ¶μ¸ÉμÖ´´ÒÌ, ±μÉμ·Ò¥
¶μÖ¢²ÖÕÉ¸Ö ¶·¨ ¨´É¥£·¨·μ¢ ´¨¨ Ê· ¢´¥´¨° �°´ÏÉ¥°´ . ‚Éμ· Ö ¶μ¸ÉμÖ´´ Ö α § ¤ ¥É¸Ö
Ëμ·³Ê²μ° (2),   ¸¶μ¸μ¡ ¥¥ μ¶·¥¤¥²¥´¨Ö ¡Ê¤¥É μ¡¸Ê¦¤ ÉÓ¸Ö ´¨¦¥. ”Ê´±Í¨¨ f0 = 1−αR−1,
f1 = R−4/f0, f2 = f3 = R2 ´¥¶μ¸·¥¤¸É¢¥´´μ ¸¢Ö§ ´Ò ¸ ±μ³¶μ´¥´É ³¨ ³¥É·¨Î¥¸±μ£μ

É¥´§μ· : g00 = f0, g11 = −f0r
4, g22 = −f2

(
1 − x2

2

)4
, g33 = −f3

(
1 − x2

2

)
. ‹¥£±μ ¢¨¤¥ÉÓ,

ÎÉμ ¶·¨ ρ �= 0 ³¥É·¨±  (3) ¨³¥¥É ´¥ ¤¢¥,   μ¤´Ê ¸¨´£Ê²Ö·´μ¸ÉÓ, ¶·¨Î¥³ ¢ ±μ³¶μ´¥´É¥ g11,
  μ¡Ð¥¥ Ê¸²μ¢¨¥ ÔÉμ° ¸¨´£Ê²Ö·´μ¸É¨ ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´μ ¢ ¢¨¤¥ [3]

r3
s = α3 − ρ, (4)

£¤¥ rs Å · ¤¨Ê¸ ¸¨´£Ê²Ö·´μ¸É¨. Œ¥É·¨±  (1) ¸²¥¤Ê¥É ¨§ ¨¸Ìμ¤´μ° ³¥É·¨±¨ ˜¢ ·ÍÏ¨²Ó-
¤  (3), ¥¸²¨ ¶μ²μ¦¨ÉÓ ρ = 0.

‘ ÉμÎ±¨ §·¥´¨Ö É¥μ·¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ÔÉ¨ ¤¢¥ ¶μ¸ÉμÖ´´ÒÌ ¨´É¥£·¨-
·μ¢ ´¨Ö ¤μ²¦´Ò ¡ÒÉÓ ´ °¤¥´Ò ¨§ É¥Ì ¨²¨ ¨´ÒÌ Ê¸²μ¢¨° μ¤´μ§´ Î´μ¸É¨ (£· ´¨Î´ÒÌ
Ê¸²μ¢¨°). �¤´ ±μ ¶·μ¡²¥³  ¨Ì ´ Ìμ¦¤¥´¨Ö ¡Ò²  ¶¥·¥Ëμ·³Ê²¨·μ¢ ´  ± ± ¶·μ¡²¥³  ± -
²¨¡·μ¢±¨ ·¥Ï¥´¨° ˜¢ ·ÍÏ¨²Ó¤ , ±μÉμ· Ö ³μ¦¥É μ¸´μ¢Ò¢ ÉÓ¸Ö ´  ²Õ¡ÒÌ Ë¨§¨Î¥¸±¨Ì ¨
³ É¥³ É¨Î¥¸±¨Ì Ê¸²μ¢¨ÖÌ. ‘ ÔÉμ° ÉμÎ±¨ §·¥´¨Ö �’� Ö¢²Ö¥É¸Ö ± ²¨¡·μ¢μÎ´μ° É¥μ·¨¥°.
‚ [5] μÉ³¥Î ¥É¸Ö μ±μ²μ ¤¥¸ÖÉ±  ´ ¨¡μ²¥¥ ¨§¢¥¸É´ÒÌ ± ²¨¡·μ¢μ±: ˜¢ ·ÍÏ¨²Ó¤  (1916),
ƒ¨²Ó¡¥·É  (1917), „·μ¸É  (1917), ‚¥°²Ö (1917), �°´ÏÉ¥°´ Ä�μ§¥´  (1935), ¨§μÉ·μ¶´ Ö,
£ ·³μ´¨Î¥¸± Ö, �Ê£ Î¥¢ ÄƒÊ´Ó±μÄŒ¥´Í¥²Ö (1974Ä1976).

‚ ·¨ ´É (1) ³¥É·¨±¨ ˜¢ ·ÍÏ¨²Ó¤  ¡Ò², ¥¸²¨ ³μ¦´μ É ± ¢Ò· §¨ÉÓ¸Ö, ± ´μ´¨§¨·μ¢ ´,
É. ¥. ¸É ² μ¡Ð¥¶·¨´ÖÉÒ³. �¸´μ¢Ò¢ ÕÐ¨¥¸Ö ´  ÔÉμ° ³¥É·¨±¥ ¶·¥¤¸É ¢²¥´¨Ö μ ¸¨´£Ê²Ö·-
´μ¸ÉÖÌ ¢ �’� ¡Ò²¨ μ¡μ¡Ð¥´Ò ¨ ´ Ï²¨ ¤ ²Ó´¥°Ï¥¥ · §¢¨É¨¥ ¢ ¨§¢¥¸É´μ° ³μ´μ£· -
Ë¨¨ [6]. ‘μ£² ¸´μ [6], ¢¸¥ ¸¨´£Ê²Ö·´μ¸É¨, ¢μ§´¨± ÕÐ¨¥ ¢ É¥μ·¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö,
¤¥²ÖÉ¸Ö ´  ¤¢  É¨¶ : 1) ¸¨´£Ê²Ö·´μ¸É¨ £¥μ³¥É·¨¨, ±μÉμ·Ò¥ ´¥ ³μ£ÊÉ ¡ÒÉÓ Ê¸É· ´¥´Ò
± ±¨³-²¨¡μ ¶·¥μ¡· §μ¢ ´¨¥³ ¶·μ¸É· ´¸É¢¥´´ÒÌ ±μμ·¤¨´ É ¨ ¢·¥³¥´¨; 2) ¸¨´£Ê²Ö·´μ¸É¨
±μμ·¤¨´ É, ±μÉμ·Ò¥ ¢Ò§Ò¢ ÕÉ ¸¨´£Ê²Ö·´μ¸É¨ ±μ³¶μ´¥´É ³¥É·¨Î¥¸±μ£μ É¥´§μ· , Ê¸É· -
´¨³Ò¥ ± ±¨³-²¨¡μ ¶·¥μ¡· §μ¢ ´¨¥³. Œ¥Éμ¤μ²μ£¨Î¥¸±ÊÕ μ¸´μ¢Ê ¤²Ö μÉ³¥Î¥´´μ° ¢ÒÏ¥
±² ¸¸¨Ë¨± Í¨¨ ¸μ¸É ¢²Ö¥É ·Ö¤ · ¡μÉ, ¢ ±μÉμ·ÒÌ ¸ ¶μ³μÐÓÕ É¥Ì ¨²¨ ¨´ÒÌ Ì¨É·μÊ³-
´ÒÌ ¶·¥μ¡· §μ¢ ´¨° ±μμ·¤¨´ É ¨ ¢·¥³¥´¨ Ê¸É· ´Ö¥É¸Ö ¸¨´£Ê²Ö·´μ¸ÉÓ ³¥É·¨±¨ ˜¢ ·-
ÍÏ¨²Ó¤ , μÉ¢¥Î ÕÐ Ö ´¥´Ê²¥¢μ³Ê ±μ´¥Î´μ³Ê §´ Î¥´¨Õ rs. � ¨¡μ²ÓÏ¥° ¨§¢¥¸É´μ¸ÉÓÕ
¶μ²Ó§ÊÕÉ¸Ö ¶·¥μ¡· §μ¢ ´¨Ö Š·Ê¸± ² Ä˜¥±¥·¥¸  [6, 7]. ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ÔÉ¨³¨ ¶·¥-
μ¡· §μ¢ ´¨Ö³¨ ¢³¥¸Éμ Ï¢ ·ÍÏ¨²Ó¤μ¢¸±¨Ì ¶¥·¥³¥´´ÒÌ t ¨ r ¢¢μ¤ÖÉ¸Ö ¶¥·¥μ¶·¥¤¥²¥´´μ¥

¢·¥³Ö u =
(
c2r/2GM − 1

)1/2 ec2r/4GM ch (c3t/4GM) ¨ ¶¥·¥μ¶·¥¤¥²¥´´ Ö · ¤¨ ²Ó´ Ö

±μμ·¤¨´ É  v =
(
c2r/2GM − 1

)1/2 ec2r/4GM sh (c3t/4GM). •μÉÖ ÔÉ¨ ¶·¥μ¡· §μ¢ ´¨Ö ¨
Ê¸É· ´ÖÕÉ ¸¨´£Ê²Ö·´μ¸ÉÓ, μÉ¢¥Î ÕÐÊÕ r = α, ´μ¢Ò¥ ¶¥·¥³¥´´Ò¥ u ¨ v ¨³¥ÕÉ, ¢ ¸¢μÕ
μÎ¥·¥¤Ó, ¸¨´£Ê²Ö·´μ¸É¨ ¶·¨ r → ∞ ¨ M → 0, ´¥ ¨³¥ÕÐ¨¥ ± ±μ£μ-²¨¡μ Ë¨§¨Î¥¸±μ£μ
¸³Ò¸² . „  ¨ ¸ ³¨ ¶¥·¥³¥´´Ò¥ u ¨ v ¢·Ö¤ ²¨ ¨³¥ÕÉ μ¶·¥¤¥²¥´´Ò° Ë¨§¨Î¥¸±¨° ¸³Ò¸².
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�  ´ Ï ¢§£²Ö¤, ¶μ¸ÉμÖ´´Ò¥ ˜¢ ·ÍÏ¨²Ó¤  α ¨ ρ ¤ ¦¥ ¢ ¶·¨´Í¨¶¥ ´¥ ³μ£ÊÉ ¡ÒÉÓ
 ¤¥±¢ É´μ ´ °¤¥´Ò ¡¥§ ¨¸¶μ²Ó§μ¢ ´¨Ö ¶μ´ÖÉ¨° ¨ § ±μ´μ¢ ±² ¸¸¨Î¥¸±μ° Ë¨§¨±¨, ¤μ¶μ²-
´ÖÕÐ¨Ì £¥μ³¥É·¨Î¥¸±¨° ¶μ¤Ìμ¤ ± ÉÖ£μÉ¥´¨Õ. ’ ±, ¢ ³μ´μ£· Ë¨¨ ‚.� Ê²¨ [1] ¢Ò· ¦¥´¨¥

g00 = 1 − 2GM

c2r
(5)

¶μ²ÊÎ¥´μ ¡¥§ ¨¸¶μ²Ó§μ¢ ´¨Ö ·¥Ï¥´¨° ˜¢ ·ÍÏ¨²Ó¤ , ´μ ¸ ÊÎ¥Éμ³ ´¥¸±μ²Ó±¨Ì ¤·Ê£¨Ì Ë¨-
§¨Î¥¸±¨Ì ¸μμÉ´μÏ¥´¨° ¨ Ê¸²μ¢¨°: 1) ¢Éμ·μ£μ § ±μ´  �ÓÕÉμ´ ; 2) ¸μμÉ´μÏ¥´¨Ö fr =
−∂ϕ/∂r, ¸¢Ö§Ò¢ ÕÐ¥£μ ¶·μ¥±Í¨Õ fr Ê¤¥²Ó´μ° ¸¨²Ò ÉÖ¦¥¸É¨ (´ ¶·Ö¦¥´´μ¸É¨ £· ¢¨É Í¨-
μ´´μ£μ ¶μ²Ö) ´  · ¤¨ ²Ó´μ¥ ´ ¶· ¢²¥´¨¥ ¸ £· ¢¨É Í¨μ´´Ò³ ¶μÉ¥´Í¨ ²μ³ ϕ; 3) ¤μ¶ÊÐ¥´¨Ö
μ Éμ³, ÎÉμ £· ¢¨É Í¨μ´´μ¥ ¶μ²¥ Ö¢²Ö¥É¸Ö ¸² ¡Ò³, É. ¥.

|ϕ| /c2 � 1; (6)

4) ¤μ¶ÊÐ¥´¨Ö, ÎÉμ £· ¢¨É Í¨μ´´Ò° ¶μÉ¥´Í¨ ² ϕ · ¢¥´ ´ÓÕÉμ´μ¢¸±μ³Ê ¶μÉ¥´Í¨ ²Ê
ϕN = −GM/r.

‘μ¶μ¸É ¢²ÖÖ (6) ¸ ³¥É·¨±μ° ˜¢ ·ÍÏ¨²Ó¤  (1), ¶μ²ÊÎ¨³ ¢Ò· ¦¥´¨¥ (2) ¤²Ö ¶μ¸ÉμÖ´´μ°
α. �¥μ¡Ìμ¤¨³μ Éμ²Ó±μ μÉ³¥É¨ÉÓ, ÎÉμ ·μ²Ó Ëμ·³Ê²Ò (5) ´¥ ¸¢μ¤¨É¸Ö ²¨ÏÓ ± ´ Ìμ¦¤¥´¨Õ
Ê± § ´´μ° ¶μ¸ÉμÖ´´μ°. „¥²μ ¢ Éμ³, ÎÉμ ÔÉ  Ëμ·³Ê²  ¨ ¢Ò· ¦¥´¨¥ g00 = 1 − α/r, μÉ¢¥-
Î ÕÐ¥¥ ³¥É·¨±¥ (1), ¸μ¢¶ ¤ ÕÉ ËÊ´±Í¨μ´ ²Ó´μ ¤²Ö ¢¸¥Ì ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨° r. �Éμ
μÉ· ¦ ¥É ¶·¨¡²¨¦¥´´Ò° Ì · ±É¥· ± ± Ê± § ´´μ° ³¥É·¨±¨, É ± ¨ Ê· ¢´¥´¨° �°´ÏÉ¥°´ ,
¶·¥¤²μ¦¥´´ÒÌ ¤²Ö μ¶¨¸ ´¨Ö ±¢ §¨¶²μ¸±μ£μ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨.

‚ ¤ ²Ó´¥°Ï¥³ ¢μ¶·¥±¨ Ê¸²μ¢¨Õ (6) 	.�¶¶¥´£¥°³¥· ¨ ƒ. ‘´ °¤¥· [8] ¶·¥¤¸± § ²¨ ´ 
μ¸´μ¢¥ (5) ¸ÊÐ¥¸É¢μ¢ ´¨¥ Î¥·´μ° ¤Ò·Ò ¨ £μ·¨§μ´É  ¸μ¡ÒÉ¨°, ±μÉμ·Ò° μÉ¢¥Î ¥É r = α
¨, ¸μμÉ¢¥É¸É¢¥´´μ, g00 = 0, g11 → −∞. ‘ ÊÎ¥Éμ³ ´¥ ¤¥±¢ É´μ¸É¨ ¨¸¶μ²Ó§μ¢ ´¨Ö Ëμ·-
³Ê²Ò (5) ¶·¨ r → α  ¤¥±¢ É´μ¸ÉÓ ¶μ´ÖÉ¨° £μ·¨§μ´É  ¸μ¡ÒÉ¨° ¨ Î¥·´μ° ¤Ò·Ò É ±¦¥ ¢Ò-
§Ò¢ ¥É ¢¶μ²´¥ ·¥§μ´´Ò¥ ¸μ³´¥´¨Ö. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ Í¥²¥¸μμ¡· §´μ · ¸¸³μÉ·¥ÉÓ ¶·μ¡²¥³Ê
¸¨´£Ê²Ö·´μ¸É¨ Í¥´É· ²Ó´μ-¸¨³³¥É·¨Î´μ£μ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö, ¨¸Ìμ¤Ö ¨§ ¡ §μ¢ÒÌ Ë¨-
§¨Î¥¸±¨Ì ¶·¨´Í¨¶μ¢ ¨ ±μ´Í¥¶Í¨° ¡¥§ ¨¸¶μ²Ó§μ¢ ´¨Ö ·¥Ï¥´¨° ˜¢ ·ÍÏ¨²Ó¤ .

�¨¦¥ ¶·¥¤² £ ÕÉ¸Ö ¤¢  ¶μ¤Ìμ¤  ± ¢Ò¢μ¤Ê  ´ ²μ£  Ëμ·³Ê²Ò (5) ¡¥§ ¨¸¶μ²Ó§μ¢ ´¨Ö
Ê¸²μ¢¨Ö (6), É. ¥. ¤μ¶ÊÐ¥´¨Ö μ Éμ³, ÎÉμ £· ¢¨É Í¨μ´´μ¥ ¶μ²¥ Ö¢²Ö¥É¸Ö ¸² ¡Ò³. �¸´μ¢Ò
¶¥·¢μ£μ ¨§ ÔÉ¨Ì ¶μ¤Ìμ¤μ¢ ¡Ò²¨ § ²μ¦¥´Ò ‹. „. ‹ ´¤ Ê ¨ ….Œ.‹¨ËÏ¨Í¥³ [9], ´μ ¢ · ³± Ì
¶·¨¡²¨¦¥´¨Ö ¸² ¡μ£μ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. 
Ê¤¥³ ¨¸Ìμ¤¨ÉÓ ¨§ ¸μμÉ´μÏ¥´¨Ö

δS = −m0cδ

∫
ds = δ

∫
L dt = 0 (7)

¤²Ö ¤¥°¸É¢¨Ö S, μÉ¢¥Î ÕÐ¥£μ ¶·μ¡´μ° Î ¸É¨Í¥ ¢ £· ¢¨É Í¨μ´´μ³ ¶μ²¥. ‡¤¥¸Ó L Å ËÊ´±-
Í¨Ö ‹ £· ´¦ ; t Å ¢·¥³Ö; ds Å ¨´É¥·¢ ²; c Å ¸±μ·μ¸ÉÓ ¸¢¥É  ¢ ¢ ±ÊÊ³¥; m0 Å ³ ¸¸  ¶μ-
±μÖ ¶·μ¡´μ° Î ¸É¨ÍÒ. —Éμ¡Ò Ê¶·μ¸É¨ÉÓ ¤ ²Ó´¥°Ï¥¥ · ¸¸³μÉ·¥´¨¥, ³μ¦´μ μ£· ´¨Î¨ÉÓ¸Ö
¸²ÊÎ ¥³ ³ ²ÒÌ ¸±μ·μ¸É¥° ¶·μ¡´μ° Î ¸É¨ÍÒ (v � c). �· ¢μ³¥·´μ¸ÉÓ É ±μ£μ Ê¶·μÐ¥´¨Ö
§ ¤ Î¨ ³μ¦¥É ¡ÒÉÓ μ¡μ¸´μ¢ ´  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. �μ μ¶·¥¤¥²¥´¨Õ, ±μ³¶μ´¥´ÉÒ ³¥-
É·¨Î¥¸±μ£μ É¥´§μ· , ¢±²ÕÎ Ö g00, ´¥ ¤μ²¦´Ò § ¢¨¸¥ÉÓ μÉ v, ¶μ¸±μ²Ó±Ê ÔÉ¨ ±μ³¶μ´¥´ÉÒ
Ö¢²ÖÕÉ¸Ö Ì · ±É¥·¨¸É¨± ³¨ ´¥ ¶·μ¡´μ° Î ¸É¨ÍÒ,   £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¢ § ¤ ´´μ°
ÉμÎ±¥ Î¥ÉÒ·¥Ì³¥·´μ£μ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨. ‘²¥¤μ¢ É¥²Ó´μ, ¢Ò· ¦¥´¨Ö, ¶μ²ÊÎ¥´´Ò¥ ¢
¤μ¶ÊÐ¥´¨¨ v � c, μ¸É ´ÊÉ¸Ö ¸¶· ¢¥¤²¨¢Ò³¨ ¤²Ö ²Õ¡μ£μ §´ Î¥´¨Ö ¸±μ·μ¸É¨.
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‘μ£² ¸´μ [9], ¢ ¸¨²Ó´ÒÌ £· ¢¨É Í¨μ´´ÒÌ ¶μ²ÖÌ ¶·μ¡´ Ö Î ¸É¨Í  ´¥¨§¡¥¦´μ ¶·¨μ¡·¥-
É ¥É μÎ¥´Ó ¡μ²ÓÏÊÕ ¸±μ·μ¸ÉÓ v, ¸· ¢´¨³ÊÕ ¸μ ¸±μ·μ¸ÉÓÕ ¸¢¥É  c. �μ ÔÉμ ÊÉ¢¥·¦¤¥´¨¥
¸¶· ¢¥¤²¨¢μ ²¨ÏÓ ¤²Ö ¸²ÊÎ Ö, ±μ£¤  ¶·μ¡´ Ö Î ¸É¨Í  ¶·¥¤μ¸É ¢²¥´  ¸ ³μ° ¸¥¡¥, É. ¥.
Ê¸±μ·Ö¥É¸Ö £· ¢¨É Í¨μ´´Ò³ ¶μ²¥³ ¡¥§ ± ±μ£μ-²¨¡μ ¶·μÉ¨¢μ¤¥°¸É¢¨Ö. �¥μ¡Ìμ¤¨³μ É ±¦¥
μÉ³¥É¨ÉÓ, ÎÉμ Ê¸±μ·¥´¨¥ ¡Ê¤¥É μ¶·¥¤¥²ÖÉÓ¸Ö ´¥ ¢¥²¨Î¨´μ° £· ¢¨É Í¨μ´´μ£μ ¶μÉ¥´Í¨ ² 
ϕ,   ¥£μ £· ¤¨¥´Éμ³. ’ ±¨³ μ¡· §μ³, ¤ ¦¥ ¥¸²¨ ϕ ∼ −c2, ¢¥²¨Î¨´  |gradϕ| ³μ¦¥É ¨ ´¥
¡ÒÉÓ ¡μ²ÓÏμ°. � ±μ´¥Í, ¸ ³μ μ¶·¥¤¥²¥´¨¥ ¶·μ¡´μ° Î ¸É¨ÍÒ ¤μ¶Ê¸± ¥É, ÎÉμ ¥¥ ³μ¦´μ
³¥¤²¥´´μ ¶·¨¡²¨¦ ÉÓ ± É¥²Ê, Ö¢²ÖÕÐ¥³Ê¸Ö ¨¸ÉμÎ´¨±μ³ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö.

‚ ¤μ¶ÊÐ¥´¨¨ v � c ËÊ´±Í¨Ö ‹ £· ´¦  L § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥ [9]

L = −m0c
2 +

m0v
2

2
− m0ϕ. (8)

�μ¤¸É ¢²ÖÖ (8) ¢ (7), ¶μ² £ Ö v/c → 0 ¨ ¸· ¢´¨¢ Ö ¨´É¥£· ²Ò ¶μ ds ¨ dt, ¶μ²ÊÎ¨³

g00 =
(
1 +

ϕ

c2

)2

. (9)

‚ [9]  ´ ²μ£¨Î´μ¥ · ¸¸³μÉ·¥´¨¥ μ£· ´¨Î¨¢ ²μ¸Ó ²¨ÏÓ ¶·¨¡²¨¦¥´¨¥³ ¸² ¡μ£μ ¶μ²Ö (6).
‘μμÉ¢¥É¸É¢¥´´μ, ¡Ò²μ ¨¸¶μ²Ó§μ¢ ´μ · ¢¥´¸É¢μ (1 + ϕ/c2)2 = 1 + 2ϕ/c2, ¶·¨ ¢Ò¶μ²´¥´¨¨
±μÉμ·μ£μ ¸μμÉ´μÏ¥´¨¥ (9) ¶¥·¥¶¨Ï¥É¸Ö ¢ ¢¨¤¥

g00 = 1 +
2ϕ

c2
. (10)

…¸²¨, ´ ±μ´¥Í, ¶μ¤¸É ¢¨ÉÓ ¢ (10) ´ÓÕÉμ´μ¢¸±¨° ¶μÉ¥´Í¨ ², Éμ ¶μ²ÊÎ¨³ ¤²Ö g00 μ¡Ð¥-
¶·¨´ÖÉÊÕ Ëμ·³Ê²Ê (5). …¸²¨ ¦¥ ´ÓÕÉμ´μ¢¸±¨° ¶μÉ¥´Í¨ ² ¶μ¤¸É ¢¨ÉÓ ¢ Ëμ·³Ê²Ê (9),
μÉ¢¥Î ÕÐÊÕ ¶·¨¡²¨¦¥´¨Õ ¸¨²Ó´μ£μ ¶μ²Ö, Éμ ¢³¥¸Éμ (5) ´ Ìμ¤¨³:

g00 =
(

1 − GM

c2r

)2

. (11)

…Ð¥ μ¤¨´ ´¥§ ¢¨¸¨³Ò° ¢Ò¢μ¤ ¸μμÉ´μÏ¥´¨Ö (11) ¤²Ö g00 μÉ¢¥Î ¥É ¸· ¢´¥´¨Õ Ëμ·-
³Ê²Ò [9]

ε =
m0c

2√g00√
1 − v2/c2

(12)

¤²Ö Ô´¥·£¨¨ ¶·μ¡´μ° Î ¸É¨ÍÒ ε ¸ ±¢ §¨±² ¸¸¨Î¥¸±¨³ ¢Ò· ¦¥´¨¥³

ε = m0c
2 + m0ϕ, (13)

μÉ¢¥Î ÕÐ¨³ v = 0. �μ² £ Ö ¢ (12) v = 0 ¨ ¶·¨· ¢´¨¢ Ö ¶· ¢Ò¥ Î ¸É¨ ¢Ò· ¦¥´¨°, ¸´μ¢ 
¶μ²ÊÎ¨³ ¤²Ö g00 Ëμ·³Ê²Ê (11).

‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ (9) g00 = 0 ¶·¨ ¢Ò¶μ²´¥´¨¨ Ê¸²μ¢¨Ö

ϕ = −c2. (14)

…¸²¨, ± ± Ê¦¥ μÉ³¥Î ²μ¸Ó ¢ÒÏ¥, ¨¸±²ÕÎ¨ÉÓ ¢μ§³μ¦´μ¸ÉÓ ³´¨³ÒÌ §´ Î¥´¨° ¶·μ³¥¦ÊÉ± 
¢·¥³¥´¨ dτ ¨ ³´¨³μ° Ô´¥·£¨¨ ¶·μ¡´μ° Î ¸É¨ÍÒ ε, Éμ §´ Î¥´¨¥ ϕ, μÉ¢¥Î ÕÐ¥¥ Ëμ·-
³Ê²¥ (14), ¸²¥¤Ê¥É · ¸¸³ É·¨¢ ÉÓ ± ± ³¨´¨³ ²Ó´μ ¤μ¶Ê¸É¨³ÊÕ ¢¥²¨Î¨´Ê £· ¢¨É Í¨μ´-
´μ£μ ¶μÉ¥´Í¨ ² . ’ ±¨³ μ¡· §μ³, ¢Ò· ¦¥´¨¥ (14) ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ¥Ð¥ μ¤´μ
μ¶·¥¤¥²¥´¨¥ (±·¨É¥·¨°) Ë¨§¨Î¥¸±μ° ¸¨´£Ê²Ö·´μ¸É¨.
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…¸²¨ ¶μ¤¸É ¢¨ÉÓ ¢ (14) ´ÓÕÉμ´μ¢¸±¨° £· ¢¨É Í¨μ´´Ò° ¶μÉ¥´Í¨ ², Éμ ´ Ìμ¤¨³, ÎÉμ
Ê¸²μ¢¨Õ g00 = 0 μÉ¢¥Î ¥É ´¥ r = α,   §´ Î¥´¨¥ · ¤¨ ²Ó´μ° ±μμ·¤¨´ ÉÒ, · ¢´μ¥

RG =
GM

c2
=

α

2
. (15)

��‘“†„…�ˆ… �…‡“‹œ’�’�‚

�  ´ Ï ¢§£²Ö¤, μ·¨£¨´ ²Ó´μ¸ÉÓ ¨ §´ Î¥´¨¥ ·¥§Ê²ÓÉ Éμ¢, ¶·¥¤¸É ¢²¥´´ÒÌ ¢ÒÏ¥, ¤ -
²¥±μ ´¥ ¨¸Î¥·¶Ò¢ ÕÉ¸Ö É¥³, ÎÉμ ³Ò ¶μ²ÊÎ¨²¨ §´ Î¥´¨¥ £· ¢¨É Í¨μ´´μ£μ · ¤¨Ê¸  RG,
μÉ¢¥Î ÕÐ¥¥ £μ·¨§μ´ÉÊ ¸μ¡ÒÉ¨°, ¢¤¢μ¥ μÉ²¨Î ÕÐ¥¥¸Ö μÉ ¶μ¸ÉμÖ´´μ° α. ” ±É¨Î¥¸±¨ ·¥ÎÓ
¨¤¥É μ ´μ¢μ³ ±·¨É¥·¨¨ ¸¨´£Ê²Ö·´μ¸É¨, ´¥ ¸¢Ö§ ´´μ³ ´¥¶μ¸·¥¤¸É¢¥´´μ ¸ · ¸¸³μÉ·¥´¨¥³
·¥Ï¥´¨° ˜¢ ·ÍÏ¨²Ó¤ . �  ¶¥·¢Ò° ¢§£²Ö¤ ¶· ¢μ³¥·¥´ ¢μ¶·μ¸ μ Éμ³, ÎÉμ ¦¥ Ö¢²Ö¥É¸Ö
¡μ²¥¥ ±μ··¥±É´Ò³: ´ Ï ±·¨É¥·¨° ¨²¨ ¦¥ Ê· ¢´¥´¨Ö �°´ÏÉ¥°´ , ¸ ±μÉμ·Ò³¨ ¸¢Ö§ ´Ò
± ± ·¥Ï¥´¨Ö ˜¢ ·ÍÏ¨²Ó¤ , É ± ¨ ¶μ¸É ´μ¢±  ¶·μ¡²¥³Ò ¸¨´£Ê²Ö·´μ¸É¨ ÔÉ¨Ì ·¥Ï¥´¨°.

�¤´ ±μ É ± Ö ¶μ¸É ´μ¢±  ¢μ¶·μ¸  ´¥ Ö¢²Ö¥É¸Ö ¢¶μ²´¥ Ê³¥¸É´μ°. „¥°¸É¢¨É¥²Ó´μ, ¶¥·¥-
Ëμ·³Ê²¨·μ¢±  ¶·μ¡²¥³Ò μ¤´μ§´ Î´μ¸É¨ ·¥Ï¥´¨° Ê· ¢´¥´¨° �°´ÏÉ¥°´  ¨ ´ Ìμ¦¤¥´¨Ö
¶μ¸ÉμÖ´´ÒÌ α ¨ ρ ± ± ¶·μ¡²¥³Ò ± ²¨¡·μ¢±¨ ÔÉ¨Ì ·¥Ï¥´¨° Ô±¢¨¢ ²¥´É´  ¶·¨§´ ´¨Õ
¨Ì ´¥μ¤´μ§´ Î´μ¸É¨. ‘²¥¤ÊÖ [10, 11], ³Ò ´¥ ¸Î¨É ¥³ ®É·Õ±¨¯ ¸ ¶·¥μ¡· §μ¢ ´¨Ö³¨ ±μμ·-
¤¨´ É ·¥Ï¥´¨¥³ ¶·μ¡²¥³Ò ¸¨´£Ê²Ö·´μ¸É¨. ‘ ÔÉμ° ÉμÎ±¨ §·¥´¨Ö μ·¨£¨´ ²Ó´μ¸ÉÓ ´ Ï¨Ì
·¥§Ê²ÓÉ Éμ¢ ¸¢μ¤¨É¸Ö ± Éμ³Ê, ÎÉμ ¨§ ³´μ¦¥¸É¢  ¢ ·¨ ´Éμ¢ ± ²¨¡·μ¢±¨ ³Ò ¶·¥¤² £ ¥³
¢Ò¡· ÉÓ ÉμÉ, ±μÉμ·Ò° ¨³¥¥É Ë¨§¨Î¥¸±¨° ¸³Ò¸² ¨ ¢ÒÉ¥± ¥É ¨§ ¤μ¸É ÉμÎ´μ μ¡Ð¨Ì Ë¨§¨Î¥-
¸±¨Ì ¶·¨´Í¨¶μ¢. ’¥³ ¸ ³Ò³ ³Ò ¶μ± § ²¨, ÎÉμ ¸¨´£Ê²Ö·´μ¸ÉÓ Í¥´É· ²Ó´μ-¸¨³³¥É·¨Î´μ£μ
£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¢μ¢¸¥ ´¥ Ö¢²Ö¥É¸Ö ³ É¥³ É¨Î¥¸±¨³  ·É¥Ë ±Éμ³.

„ ²¥¥ ¶¥·¥°¤¥³ ± ¡μ²¥¥ ¤¥É ²Ó´μ³Ê ¸· ¢´¥´¨Õ ´ Ï¥£μ ±·¨É¥·¨Ö ¸¨´£Ê²Ö·´μ¸É¨ ¸
· §²¨Î´Ò³¨ ± ²¨¡·μ¢± ³¨ ·¥Ï¥´¨° ˜¢ ·ÍÏ¨²Ó¤ . Œ¥É·¨±  (1) ³μ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö
± ± Î ¸É´Ò° ¸²ÊÎ ° ³¥É·¨±¨ ˜¢ ·ÍÏ¨²Ó¤  ¢ ± ²¨¡·μ¢±¥ ƒ¨²Ó¡¥·É 

ds2 =
(

1 − 2M

c2R

)
dt2 − dr2

1 − 2M

c2R

− R2
(
dθ2 + sin2 θ dψ2

)
, (16)

μÉ¢¥Î ÕÐ¨° ¤μ¶ÊÐ¥´¨Õ, ÎÉμ ρ ≡ 0 ¨ R (r) ≡ r. ‚ ¸¢μÕ μÎ¥·¥¤Ó, ¢Ò· ¦¥´¨¥ (16) Ë ±É¨-
Î¥¸±¨ Ô±¢¨¢ ²¥´É´μ ¨¸Ìμ¤´μ³Ê ¸μμÉ´μÏ¥´¨Õ ˜¢ ·ÍÏ¨²Ó¤  (3), ¢ ±μÉμ·μ³ ´¥ ¤¥² ÕÉ¸Ö
± ±¨¥-²¨¡μ ¤μ¶ÊÐ¥´¨Ö μ ¶μ¸ÉμÖ´´ÒÌ α ¨ ρ.

�μ± ¦¥³, ÎÉμ ¶·¥¤²μ¦¥´´Ò° ´ ³¨ ±·¨É¥·¨° ¸¨´£Ê²Ö·´μ¸É¨ ¨ μÉ¢¥Î ÕÐ¨¥ ´ Ï¥³Ê
· ¸¸³μÉ·¥´¨Õ ¸μμÉ´μÏ¥´¨Ö (9), (11) ¨ (14) ´¥ ¶·μÉ¨¢μ·¥Î É ³¥É·¨±¥ ˜¢ ·ÍÏ¨²Ó¤ , ¥¸²¨
´¥ ¤¥² ÉÓ ¤μ¶ÊÐ¥´¨Ö μ Éμ³, ÎÉμ ρ = 0. „¥°¸É¢¨É¥²Ó´μ, ¢ μ¡Ð¥³ ¸²ÊÎ ¥ Ï¢ ·ÍÏ¨²Ó¤μ¢¸±μ¥
¢Ò· ¦¥´¨¥ ¤²Ö g00 ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

g00 = 1 − α

(r3 + ρ)1/3
. (17)

‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ¶·¨ ¢Ò¶μ²´¥´¨¨ μ¡Ð¥£μ Ê¸²μ¢¨Ö ¸¨´£Ê²Ö·´μ¸É¨ (4), ¶μ²ÊÎ¥´´μ£μ
Š.˜¢ ·ÍÏ¨²Ó¤μ³, ¶· ¢ Ö Î ¸ÉÓ (17) ¡Ê¤¥É · ¢´  ´Ê²Õ ´¥§ ¢¨¸¨³μ μÉ §´ Î¥´¨° α ¨ ρ.
�·¨· ¢´¨¢ Ö ¶· ¢Ò¥ Î ¸É¨ ¢Ò· ¦¥´¨° (9) ¨ (17), ´ Ìμ¤¨³(

1 +
ϕ

c2

)2

= 1 − α

R
. (18)
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�·¨ ¢Ò¶μ²´¥´¨¨ Ê¸²μ¢¨Ö ¸¨´£Ê²Ö·´μ¸É¨ (4) ¶· ¢ Ö Î ¸ÉÓ Ëμ·³Ê²Ò (18) ¡Ê¤¥É · ¢´  ´Ê²Õ,
¨ ³Ò ¶μ²ÊÎ¨³ Ê¸²μ¢¨¥ (14).

ˆ§ (14) ¸²¥¤Ê¥É ¥Ð¥ μ¤´μ μ¶·¥¤¥²¥´¨¥ £· ¢¨É Í¨μ´´μ£μ · ¤¨Ê¸  μ¡Ñ¥±É : £· ¢¨É Í¨-
μ´´Ò° · ¤¨Ê¸ RG Å ÔÉμ É ±μ° · ¤¨Ê¸ μ¡Ñ¥±É  ³ ¸¸Ò M , ¶·¨ ±μÉμ·μ³ £· ¢¨É Í¨μ´´Ò°
¶μÉ¥´Í¨ ² ´  ¥£μ ¶μ¢¥·Ì´μ¸É¨ ¶·¨´¨³ ¥É ³¨´¨³ ²Ó´μ¥ §´ Î¥´¨¥ ϕ = −c2,   Ô´¥·£¨Ö
¶·μ¡´μ° Î ¸É¨ÍÒ ¢ £· ¢¨É Í¨μ´´μ³ ¶μ²¥ m0ϕ ¸É ´μ¢¨É¸Ö · ¢´μ° ¶μ ³μ¤Ê²Õ Ô´¥·£¨¨
¶μ±μÖ m0c

2. …¸²¨ ¦¥ ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö Ëμ·³Ê²μ° (5), Éμ ³¨´¨³ ²Ó´μ³Ê (¶·¨ R � RG)
§´ Î¥´¨Õ ¶μÉ¥´Í¨ ²  ϕmin = −GM/α ¡Ê¤¥É μÉ¢¥Î ÉÓ |m0ϕ| = m0c

2/2, ÎÉμ ²¨Ï¥´μ
Ë¨§¨Î¥¸±μ£μ ¸³Ò¸² .

…Ð¥ · § μ¡¸Ê¤¨³, ¶·¨ ± ±¨Ì ¦¥ Ê¸²μ¢¨ÖÌ ¢³¥¸Éμ (15) ¶μ²ÊÎ ¥É¸Ö μ¡Ð¥¶·¨´ÖÉμ¥ ¢Ò-
· ¦¥´¨¥ (2) ¤²Ö £· ¢¨É Í¨μ´´μ£μ · ¤¨Ê¸ . Š ± Ê¦¥ μÉ³¥Î ²μ¸Ó ¢ÒÏ¥, ¶·¨ ´ Ï¥³ · ¸¸³μ-
É·¥´¨¨, ¸μμÉ´μÏ¥´¨¥ (2) ¶μ²ÊÎ¨É¸Ö, ¥¸²¨ ¸´ Î ²  ¶μ²μ¦¨ÉÓ v � c ¨ · §²μ¦¨ÉÓ ¶μ²´ÊÕ
Ô´¥·£¨Õ ¸¢μ¡μ¤´μ° Î ¸É¨ÍÒ m0c

2/
√

1 − v2/c2 ¢ ·Ö¤ ¶μ ¸É¥¶¥´Ö³ v/c,   § É¥³ Ê¦¥ ¶μ-
²μ¦¨ÉÓ, ÎÉμ v = c. Š ± ³Ò ¢¨¤¨³, ¶·¨ É ±μ³ ¢Ò¢μ¤¥ ¶μÖ¢²¥´¨¥ Î¨¸²μ¢μ£μ ³´μ¦¨É¥²Ö
Ö¢²Ö¥É¸Ö ·¥§Ê²ÓÉ Éμ³ μÏ¨¡±¨, ¸¢Ö§ ´´μ° ¸ ¶·¨³¥´¥´¨¥³ ´¥¸μ¢³¥¸É¨³ÒÌ Ê¸²μ¢¨° v � c ¨
v = c. �Ï¨¡μÎ´Ò° ¢Ò¢μ¤ ¢Ò· ¦¥´¨Ö ¤²Ö · ¤¨Ê¸  £μ·¨§μ´É  ¸μ¡ÒÉ¨° ³μ¦¥É ¡ÒÉÓ ¸¢Ö§ ´
¨ ¸ É¥³, ÎÉμ ¶· ¢ Ö Î ¸ÉÓ Ëμ·³Ê²Ò (5), ¸¶· ¢¥¤²¨¢μ° ²¨ÏÓ ¶·¨ |ϕ| /c2 � 1, ¶·¨· ¢´¨¢ -
¥É¸Ö ´Ê²Õ. ‚ · ³± Ì �’� É ±μ° ·¥§Ê²ÓÉ É Ô±¢¨¢ ²¥´É¥´ ¤μ¶ÊÐ¥´¨Õ, ÎÉμ ¶μ¸ÉμÖ´´ Ö ρ
· ¢´  ´Ê²Õ.

”μ·³Ê²  (18), μÉ¢¥Î ÕÐ Ö ±μ³¡¨´¨·μ¢ ´¨Õ ´ Ï¥£μ ¶μ¤Ìμ¤  ¸ ·¥Ï¥´¨¥³ ˜¢ ·-
ÍÏ¨²Ó¤  Ê· ¢´¥´¨° �°´ÏÉ¥°´ , Ô±¢¨¢ ²¥´É´  ¶¥·¥Ìμ¤Ê μÉ ´ÓÕÉμ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ² 
± ¡μ²¥¥ ¸²μ¦´μ³Ê ¶μÉ¥´Í¨ ²Ê

ϕ = c2

[(
1 − α

R

)1/2

− 1
]

= c2

⎡
⎣(

1 − α

(r3 + ρ)1/3

)1/2

− 1

⎤
⎦ . (19)

�·¨ r = RG ¸μμÉ´μÏ¥´¨¥ (19) ¶·¨¢μ¤¨É ± ¶μ²ÊÎ¥´´μ³Ê · ´¥¥ Ê¸²μ¢¨Õ (14),   ¶·¨
¶·μÉ¨¢μ¶μ²μ¦´μ³ ¶·¥¤¥²Ó´μ³ Ê¸²μ¢¨¨ ¡μ²ÓÏ¨Ì r (r 	 α, r3 	 ρ) ¨§ (19) ´ Ìμ¤¨³

ϕ = −1
2

αc2

r
, (20)

É. ¥. ¶μ¸ÉμÖ´´ Ö ρ ®¢Ò¶ ¤ ¥É¯ ¨§ · ¸¸³μÉ·¥´¨Ö, ¨ ³Ò ¶·¨Ìμ¤¨³ ± ´ÓÕÉμ´μ¢¸±μ³Ê ¶μÉ¥´-
Í¨ ²Ê. ‘· ¢´¨¢ Ö (20) ¸ μ¡ÒÎ´Ò³ ¢Ò· ¦¥´¨¥³ ¤²Ö ´ÓÕÉμ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ² , ¶μ²ÊÎ¨³
¢Ò· ¦¥´¨¥ (2) ¤²Ö ¶μ¸ÉμÖ´´μ° α. �μ, ± ± Ê¦¥ ¡Ò²μ ¶μ± § ´μ, ¸¨´£Ê²Ö·´μ¸É¨ μÉ¢¥Î ¥É
´¥ r = α,   r = RG = α/2.

…¸²¨ É¥¶¥·Ó ¢´μ¢Ó ¢¥·´ÊÉÓ¸Ö ± μ¡Ð¥³Ê Ï¢ ·ÍÏ¨²Ó¤μ¢¸±μ³Ê Ê¸²μ¢¨Õ ¸¨´£Ê²Ö·´μ-
¸É¨ (4), Éμ ¶μ²ÊÎ¨³ ¸μμÉ´μÏ¥´¨¥

ρ = α3 + R3
G = (7/8)α3 = 7R3

G > 0, (21)

¸¢Ö§Ò¢ ÕÐ¥¥ ¶μ¸ÉμÖ´´Ò¥ ρ ¨ α. �·¨ r = RG ¨ ρ = 7RG Î¨¸²¨É¥²Ó ¨ §´ ³¥´ É¥²Ó ¤·μ¡¨

α/
(
r3 + ρ

)1/3
, Ë¨£Ê·¨·ÊÕÐ¥° ¢ (19), ¸É ´μ¢ÖÉ¸Ö μ¤¨´ ±μ¢Ò³¨, ÎÉμ ¶·¨¢μ¤¨É ± ¶·¥¤¥²Ó-

´μ³Ê Ê¸²μ¢¨Õ ϕ = −c2. �±μ´Î É¥²Ó´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö £· ¢¨É Í¨μ´´μ£μ ¶μÉ¥´Í¨ ² 
§ ¶¨Ï¥É¸Ö ¢ ¢¨¤¥

ϕ = c2

⎡
⎣(

1 − 2RG

(r3 + 7R3
G)1/3

)1/2

− 1

⎤
⎦ . (22)
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„²Ö ¡μ²¥¥ Ê¤μ¡´μ£μ ¸· ¢´¥´¨Ö ¶μÉ¥´Í¨ ²  (22) ¨ ´ÓÕÉμ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  ¶¥·¥°¤¥³ ±
¶·¨¢¥¤¥´´Ò³ ¶¥·¥³¥´´Ò³ r∗ = r/RG ¨ ϕ∗ = ϕ/c2. ’μ£¤  ¢³¥¸Éμ Ê± § ´´ÒÌ ¸μμÉ´μÏ¥-
´¨° ¶μ²ÊÎ¨³

ϕ∗
N = −1/r∗, (23)

ϕ∗ =

[
1 − 2

(r∗3 + 7)1/3

]1/2

− 1. (24)

�É¨ ¶μÉ¥´Í¨ ²Ò ¨³¥ÕÉ μ¤´Ê ¨ ÉÊ ¦¥  ¸¨³¶ÉμÉ¨±Ê. ‘²¥¤μ¢ É¥²Ó´μ, · §²¨Î¨¥ ³μ¦¥É ¶·μ-
Ö¢²ÖÉÓ¸Ö ²¨ÏÓ ¶·¨ ¶·μ³¥¦ÊÉμÎ´ÒÌ §´ Î¥´¨ÖÌ  ·£Ê³¥´É , ÎÉμ ¶μ¤É¢¥·¦¤ ÕÉ £· Ë¨±¨,
¶·¥¤¸É ¢²¥´´Ò¥ ´  ·¨¸Ê´±¥. ’ ±¨³ μ¡· §μ³, ¤ ¦¥ ¢¡²¨§¨ £μ·¨§μ´É  ¸μ¡ÒÉ¨° μÉ²¨Î¨¥
£· ¢¨É Í¨μ´´μ£μ ¶μÉ¥´Í¨ ²  ϕ μÉ ´ÓÕÉμ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  ϕN Ö¢²Ö¥É¸Ö ´¥§´ Î¨-
É¥²Ó´Ò³.

‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ³¥É·¨±μ°

ds2 = c2

(
r − α/2
r + α/2

)
dt2 −

(
r + α/2
r − α/2

)
dr2 − (r + α/2)

(
dθ2 + sin2 θ dψ2

)
, (25)

μÉ¢¥Î ÕÐ¥° £ ·³μ´¨Î¥¸±μ° ± ²¨¡·μ¢±¥ [12], g00 = 0 ¨ g11 → −∞ ¶·¨ r = RG = α/2,
ÎÉμ ¸μ£² ¸Ê¥É¸Ö ¸ ´ Ï¨³¨ ·¥§Ê²ÓÉ É ³¨. ‚³¥¸É¥ ¸ É¥³, ³Ò ´¥ ¢¨¤¨³ ´¨± ±μ£μ Ë¨§¨Î¥¸±μ£μ
¸³Ò¸²  ¢ ´ ²μ¦¥´¨¨ ´  ¶·μ¸É· ´¸É¢¥´´Ò¥ ±μμ·¤¨´ ÉÒ ¨ ¢·¥³Ö Ê¸²μ¢¨Ö £ ·³μ´¨Î´μ¸É¨,
É. ¥. Î¥ÉÒ·¥Ì³¥·´μ£μ ¢μ²´μ¢μ£μ Ê· ¢´¥´¨Ö.

Š ²¨¡·μ¢±  ”¨§¨¥¢  [5] É ±¦¥ ¶·¨¢μ¤¨É ± ¶¥·¥μ¶·¥¤¥²¥´¨Õ ´ÓÕÉμ´μ¢¸±μ£μ £· ¢¨É -
Í¨μ´´μ£μ ¶μÉ¥´Í¨ ² , É. ¥. ± ¥£μ § ³¥´¥ ¢Ò· ¦¥´¨¥³

ϕ = − GM

ξ + GM/c2 ln (M0/M)
. (26)

‘²¥¤Ê¥É Éμ²Ó±μ μÉ³¥É¨ÉÓ, ÎÉμ ¢ (26) Ë¨£Ê·¨·Ê¥É ¶¥·¥μ¶·¥¤¥²¥´´ Ö · ¤¨ ²Ó´ Ö ¶¥·¥³¥´´ Ö
ξ = r∞ (r/r̃) / (r/r̃ + 1), £¤¥ r∞ ¨ r̃ Å ¥Ð¥ μ¤´  ¶ ·  ¶μ¸ÉμÖ´´ÒÌ, ¨³¥ÕÐ¨Ì · §³¥·´μ¸ÉÓ
¤²¨´Ò. …¸²¨ ´¥ ÊÎ¨ÉÒ¢ ÉÓ ÔÉ¨ ¶μ¸ÉμÖ´´Ò¥, Éμ ¢Ò· ¦¥´¨¥ (26) μÉ¢¥Î ¥É ¤¢ÊÌ¶ · ³¥É·¨-
Î¥¸±μ° ± ²¨¡·μ¢±¥. ‚ ·μ²¨ ÔÉ¨Ì ¤¢ÊÌ ¶ · ³¥É·μ¢ ¢Ò¸ÉÊ¶ ÕÉ M0 ¨ M , £¤¥ M0 Å É ±

‘· ¢´¥´¨¥ £· ¢¨É Í¨μ´´μ£μ ¶μÉ¥´Í¨ ²  ϕ∗ ¸ ´ÓÕÉμ´μ¢¸±¨³ ¶μÉ¥´Í¨ ²μ³ ϕ∗
N
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´ §Ò¢ ¥³ Ö ®£μ² Ö ³ ¸¸ ¯ (®bare mass¯ [5]). —Éμ ¦¥ ± ¸ ¥É¸Ö ´ Ï¥£μ ¶μ¤Ìμ¤ , Éμ μ´
μÉ¢¥Î ¥É μ¤´μ¶ · ³¥É·¨Î¥¸±μ° ± ²¨¡·μ¢±¥, ¶μ¸±μ²Ó±Ê ¶ · ³¥É· ρ ¢Ò· ¦¥´ Î¥·¥§ ¶μ¸Éμ-
Ö´´ÊÕ α,   ¶μ¸²¥¤´ÖÖ, ¢ ¸¢μÕ μÎ¥·¥¤Ó, ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ³ ¸¸Ê M ¸ ¶μ³μÐÓÕ μ¡Ð¥£μ
Ê¸²μ¢¨Ö ¸¨´£Ê²Ö·´μ¸É¨ (4).

’ ±¨³ μ¡· §μ³, ¸ Ëμ·³ ²Ó´μ° ÉμÎ±¨ §·¥´¨Ö ´ Ï ±·¨É¥·¨° ¸¨´£Ê²Ö·´μ¸É¨ ³μ¦´μ
· ¸¸³ É·¨¢ ÉÓ ± ± Î ¸É´Ò° ¸²ÊÎ ° ± ²¨¡·μ¢±¨ ƒ¨²Ó¡¥·É , ¨¸Ìμ¤ÖÐ¨° ´¥ ¨§ ¤μ¶ÊÐ¥´¨Ö,
ÎÉμ ρ ≡ 0,   ¨§ μ¡Ð¥£μ Ê¸²μ¢¨Ö ¸¨´£Ê²Ö·´μ¸É¨ (4). ‚³¥¸É¥ ¸ É¥³, ´ Ï ±·¨É¥·¨° ´¥
¶·μÉ¨¢μ·¥Î¨É ´¨ Ê· ¢´¥´¨Ö³ �°´ÏÉ¥°´ , ´¨ ·¥Ï¥´¨Ö³ ˜¢ ·ÍÏ¨²Ó¤ , É. ¥. ´¥ ¶·¨¢μ¤¨É
´¥¶μ¸·¥¤¸É¢¥´´μ ± ¢Ò¢μ¤Ê μ ´¥μ¡Ìμ¤¨³μ¸É¨ ³μ¤¨Ë¨± Í¨¨ Ê· ¢´¥´¨° �°´ÏÉ¥°´ .

�¥ ²Ó´μ¸ÉÓ ÔËË¥±É  § ³¥¤²¥´¨Ö ¢·¥³¥´¨ ¶·¨¢μ¤¨É, ¢ ¸¢μÕ μÎ¥·¥¤Ó, ± ¢Ò¢μ¤Ê, ÎÉμ
£· ¢¨É Í¨μ´´Ò° ±μ²² ¶¸ ³ ¸¸¨¢´μ£μ É¥²  ´¥ ³μ¦¥É § ¢¥·Ï¨ÉÓ¸Ö, É. ¥. ¶·¨¢¥¸É¨ ± μ¡· -
§μ¢ ´¨Õ Î¥·´μ° ¤Ò·Ò §  ±μ´¥Î´μ¥ ¢·¥³Ö Δt ¢ ¸¨¸É¥³¥ μÉ¸Î¥É  Ê¤ ²¥´´μ£μ ´ ¡²Õ¤ É¥²Ö,
É. ¥. ¤ ¦¥ §  ¢·¥³Ö ¸ÊÐ¥¸É¢μ¢ ´¨Ö ´ Ï¥° ‚¸¥²¥´´μ°. ‚ ÔÉμ³ ³Ò ¸μ²¨¤ ·´Ò ¸  ¢Éμ· ³¨
· ¡μÉ [10, 11], ±μÉμ·Ò¥ ¶·¨Ìμ¤ÖÉ ± Éμ³Ê ¦¥ ¢Ò¢μ¤Ê ¨§ ´¥¸±μ²Ó±μ ¨´ÒÌ ¸μμ¡· ¦¥´¨°.
‘ ´ Ï¥° ÉμÎ±¨ §·¥´¨Ö, Î¥·´ÊÕ ¤Ò·Ê ¸²¥¤Ê¥É · ¸¸³ É·¨¢ ÉÓ ± ± Ë¨§¨Î¥¸±ÊÕ ³μ¤¥²Ó
¸¨´£Ê²Ö·´μ¸É¨ Í¥´É· ²Ó´μ-¸¨³³¥É·¨Î´μ£μ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö, ±μÉμ· Ö ³μ¦¥É ¡ÒÉÓ
·¥ ²¨§μ¢ ´  ²¨ÏÓ  ¸¨³¶ÉμÉ¨Î¥¸±¨, É. ¥. ¶·¨ t → ∞.

ŒÒ ¶μ² £ ¥³, ÎÉμ ¸¤¥² ´´Ò° ´ ³¨ ¢Ò¢μ¤ ¡Ê¤¥É  ¤¥±¢ É¥´ ¨ ¤²Ö μ¡Ñ¥±Éμ¢ ³¨±·μ³¨· .
‘ ÔÉμ° ÉμÎ±¨ §·¥´¨Ö ³Ò μ¦¨¤ ¥³, ÎÉμ ¤ ¦¥ ¸ ¶μ³μÐÓÕ ¡μ²ÓÏμ£μ  ¤·μ´´μ£μ ±μ²² °¤¥· 
´¥ Ê¤ ¸É¸Ö ¸³μ¤¥²¨·μ¢ ÉÓ μ¡· §μ¢ ´¨¥ ³¨±·μ¸±μ¶¨Î¥¸±μ° Î¥·´μ° ¤Ò·Ò.
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