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LIGHT-CONE GAUGE FORMULATION
FOR AdS4 × CP

3 SUPERSTRING
D. V. Uvarov 1

NSC Kharkov Institute of Physics and Technology, Kharkov, Ukraine

We review the Type IIA superstring on the AdS4 ×CP3 background in the κ-symmetry light-cone
gauge characterized by the choice of the lightlike directions from the D = 3 Minkowski boundary of
AdS4 both in the Lagrangian and Hamiltonian formulations.

PACS: 11.25.-w

INTRODUCTION

Testing of the AdS4/CFT3 duality proposal by Aharony, Bergman, Jafferis, and Malda-
cena (ABJM) [1] attracts signiˇcant attention. There exists the limit in the parameter space
(N, k), where both of them go to inˇnity with their ratio. The 't Hooft coupling λ = N/k
in the D = 3 N = 6 superconformal ChernÄSimons-matter theory is kept ˇxed, and the dual
bulk theory, that is, the M-theory on the AdS4 × (S7/Zk) background in this limit admits
a description as free IIA superstring on AdS4 × CP

3. Thus one arrives at some analog of
the well-known AdS5/CFT4 duality [2] also involving the string theory in the bulk space
although of Type IIB on AdS5 × S5 background. This motivated broad application of the
methods, used to study the AdS5/CFT4 duality, in particular, those of the integrable sys-
tems 2, and of the results obtained there to the ABJM duality case. However, the challenging
feature of the AdS4/CFT3 correspondence of ABJM type is that there is less symmetry on
both its sides compared with the maximally symmetric AdS5/CFT4 duality, and hence not
all the quantities are determined by the symmetry properties.

This can be well illustrated already at the level of the classical string theory on the AdS4×
CP

3 background that preserves 24 out of the 32 Type IIA supersymmetries and whose superi-
sometry is described by the OSp(4|6) supergroup. The initial proposal [4,5] to construct the
string action on such a background using the supercoset approach [6,7] was based on the ob-
servation that the isometry groups SO(2, 3) and SU(4) of the AdS4 = SO(2, 3)/SO(1, 3) and
CP

3 = SU(4)/U(3) parts of the background match the bosonic subgroup SO(2, 3)×SU(4) of
the OSp(4|6) supergroup. The resulting OSp(4|6)/(SO(1, 3)×U(3)) supercoset action is the
functional of 10 bosonic and 24 fermionic coordinates of the ®reduced¯ superspace invariant
under the OSp(4|6) isometry supergroup of the AdS4 × CP

3 background. It is by construc-
tion classically integrable and invariant under the 8-parameter κ-symmetry transformations

1E-mail: d uvarov@ hotmail.com, uvarov@ kipt.kharkov.ua
2For the collection of recent reviews see [3].
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allowing one to balance bosonic and fermionic physical degrees of freedom. In its turn it
corresponds to the full Type IIA AdS4×CP

3 superstring action [8], in which the κ symmetry
has been partially ˇxed by putting to zero those coordinates associated with 8 broken super-
symmetries. Besides that, such gauge choice narrows down the possibilities of further gauge
ˇxing and hence the action simpliˇcation within the OSp(4|6)/(SO(1, 3)×U(3)) supercoset
model, it has the limited range of validity restricted to the classical string conˇgurations
propagating in CP

3 or both parts of the background [4]. This motivates considering gauge
conditions other than that used to obtain the OSp(4|6)/(SO(1, 3)× U(3)) supercoset action.
One instance of such a gauge was proposed in [9]. In [10], we have considered another one,
namely the fermionic light-cone gauge for which both lightlike directions are on the D = 3
Minkowski boundary of the AdS4 space and the fermionic coordinates positively charged
w.r.t. SO(1, 1) light-cone isometry group are put to zero . The resulting gauge-ˇxed La-
grangian includes fermions up to the 4th power and manifestly exhibits the SU(3) symmetry
subgroup of the SU(4) global symmetry of CP

3. To make contact with the 3D-extended
superconformal symmetry, that is, the symmetry group on the gauge side of ABJM duality,
we have elaborated on the realization of both osp(4|6) and osp(4|8) superalgebras as D = 3
extended superconformal algebras [10,11].

1. AdS4 × CP
3 SUPERSTRING IN THE LIGHT-CONE GAUGE:

LAGRANGIAN AND HAMILTONIAN APPROACHES

The complete AdS4 ×CP
3 superstring action [8] does not correspond to a 2D-supercoset

sigma-model but can be obtained by performing, by the double-dimensional reduction [12]
of the D = 11 supermembrane, the action on the maximally supersymmetric AdS4 × S7

background [13] given by

S = −
∫
V

d3ξ
√
−g(3) + SWZ, (1)

where g(3) is the determinant of the induced world-volume metric

g
(3)
ij = Êm̂

i Êjm̂, (2)

and the WessÄZumino (WZ) term

SWZ = ±1
4

∫
M4

H(4) (3)

is presented as the integral of the closed 4-form

H(4) =
i

2
Êα̂ ∧ gm̂n̂

α̂
β̂Êβ̂ ∧ Êm̂ ∧ Ên̂ + εm′n′k′l′Ê

m′ ∧ Ên′ ∧ Êk′ ∧ Êl′ (4)

over the 4-dimensional auxiliary hypersurface M4, whose boundary coincides with the su-
permembrane world volume V . The D = 11 supervielbein bosonic components Êm̂ =
(Êm′

, ÊI′
) = (G0′m′

, Ω8I′
) consist of the AdS4 and S7 vielbeins G0′m′

(d) and Ω8I′
(d), that

are the Cartan forms corresponding to the so(2, 3)/so(1, 3) and so(8)/so(7) generators M0′m′
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and V 8′I′
, respectively. Together with the fermionic 1-forms Êα̂ ≡ ÊαA′

associated with the
osp(4|8) fermionic generators Oα̂ ≡ OαA′ , they satisfy the set of osp(4|8) MaurerÄCartan
(MC) equations 1

dG0′m′
= 2Gm′

n′ ∧ G0′n′
+

i

4
ÊαA′ ∧ CA′B′Γm′

αβÊβB′
,

dΩ8I′
= 2ΩI′J′ ∧ Ω8J′ − i

4
ÊαA′ ∧ Γ5

αβγI′

A′B′ÊβB′
, (5)

dÊαA′
= −1

2
Gm′n′ ∧ ÊβA′

Γm′n′β
α − G0′m′ ∧ ÊβA′

Γm′β
γΓ5

γ
α+

+
1
2
ΩI′J′ ∧ ÊαB′

γI′J′
B′

A′ − 1
2
Ω8I′ ∧ ÊαB′

γI′
B′

A′
.

The action (1) is by construction invariant under the κ-symmetry transformations with the
local D = 11 Majorana spinor parameter κβ̂(ξ)

Êα̂(δκ) = Πα̂
β̂κβ̂(ξ), (6)

where the matrix Πα̂
β̂ has the form

Πα̂
β̂ = δβ̂

α̂ ∓ 1

6
√
−g(3)

εijkÊm̂1
i Êm̂2

j Êm̂3
k gm̂1m̂2m̂3α̂

β̂, (7)

accompanied by Êm̂(δκ) = 0. The matrix Πα̂
β̂ has the properties of the spinor projector that

eliminates half components of the transformation parameter κα̂(ξ).
The double-dimensional reduction of the AdS4 × S7 supermembrane (1) to the D = 10

Type IIA superstring on AdS4 × CP
3 proceeds following the general prescription elabo-

rated in [12]. The form of the KaluzaÄKlein ansatz for the D = 11 supervielbein bosonic
components is

Êm̂ = {Em̂′
, E11 = Φ(dy + A)}, (8)

where Em̂′
are the D = 10 supervielbein bosonic components; A is the RR 1-form superˇeld,

and Φ = e2φ/3 is related to the D = 10 IIA dilaton superˇeld φ. All of them do not depend
neither on the target-space compact coordinate y ∈ [0, 2π), to be identiˇed with the world-
volume compact direction, nor on its differential dy. For the fermionic components of the
D = 11 supervielbein the reduction ansatz is

Êα̂ = Eα̂ + e−2φ/3χα̂E11, (9)

where Eα̂ are the D = 10 supervielbein fermionic components, and χα̂ is the dilatino
superˇeld. They are also chosen to be y- and dy-independent. The peculiarity in the
present case is that the bosonic components of the supervielbein as corresponding to the
so(2, 3)/so(1, 3) and su(4)/u(3) Cartan forms do receive contributions Êm̂′

y proportional to

1The details of the γ-matrix algebra, spinor conventions and osp(4|8) superalgebra are given in [10].
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the differential dy of the target-space compact coordinate y so that the local Lorentz rotation
in the tangent space has to be performed

Êm̂ → Lm̂
n̂Ên̂, Êα̂ → Lα̂

β̂Êβ̂ , Lm̂
n̂ ∈ SO(1, 10), Lα̂

β̂ ∈ Spin(1, 10) (10)

with the parameters determined by Êm̂′

y to bring the supervielbein bosonic components to the
KaluzaÄKlein ansatz form (8).

The ˇnal necessary ingredient to perform the dimensional reduction of the supermembrane
on the AdS4 × S7 background is the 7-sphere realization as the Hopf ˇbration CP

3 ×
U(1) [14, 15]. The corresponding changes of the basis for the generators of the so(8)
subalgebra of the osp(4|8) and the Cartan forms are described in [10].

As the outcome of the dimensional reduction procedure, the kinetic term of the membrane
action (1) reduces to the NambuÄGoto string action in the KaluzaÄKlein frame∫

V

d3ξ
√
−g(3) →

∫
Σ

dτdσΦ
√

−g(2), (11)

where g(2) = det g
(2)
ij is the determinant of the induced world-sheet metric

g
(2)
ij = Em̂′

i Em̂′j . (12)

The membrane WZ term (3) reduces to the integral of the NS-NS 3-form over the auxiliary
3-dimensional hypersurface M3, whose boundary coincides with the superstring world-
sheet Σ ∫

M4

H(4) →
∫

M3

H(3). (13)

The explicit form of the osp(4|8) Cartan forms and the AdS4 × CP
3 superstring action

is governed by the choice of the OSp(4|8)/(SO(1, 3) × SO(7)) supercoset element. The
parameterization of the OSp(4|8)/(SO(1, 3) × SO(7)) representative, we consider, is

� = �OSp(4|6)/(SO(1,3)×U(3)) eyH eθμ
4 Q4

μ+θ̄μ4Q̄μ4 eημ4Sμ4+η̄4
μS̄μ

4 , (14)

where

�OSp(4|6)/(SO(1,3)×U(3)) = exmPm+θμ
a Qa

μ+θ̄μaQ̄μa eημaSμa+η̄a
μS̄μ

a ezaTa+z̄aT a

eϕD (15)

is the OSp(4|6)/(SO(1, 3) × U(3)) supercoset element [11]. It is parameterized by the
D = 3 N = 6 super-Poincare coordinates xm, θμ

a , θ̄μa supplemented by the coordinates
ημa, η̄a

μ associated with the superconformal generators. Bosonic complex coordinates za, z̄a

parameterize CP
3, and the coordinate ϕ is related to the radial direction of AdS4. Other eight

fermionic coordinates θμ
4 , θ̄μ4 and ημ4, η̄

4
μ are associated with the IIA supersymmetries broken

by AdS4 × CP
3 background. The expressions for the osp(4|6) Cartan forms corresponding

to the supercoset element (15) have been derived in [11].
In general, both the osp(4|6) and osp(4|8) Cartan forms are highly nonlinear functions of

the superspace coordinates. Some simpliˇcation can be achieved by ˇxing the κ-symmetry
gauge. In [10], we have considered the following light-cone gauge condition on the fermions

g
+2

α̂
β̂Θβ̂ = (g0 + g

2)α̂
β̂Θβ̂ = 0, (16)
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where 32 × 32 D = 10 γ-matrices gm̂′
α̂

β̂ have been deˇned in Appendix A of [10] and
Θβ̂ = (θνB, ην

B, θ̄B
ν , η̄νB), that in components reads

θ2
A = θ̄2A = η1A = η̄A

1 = 0. (17)

Corresponding light-cone directions lie on the D = 3 Minkowski boundary of AdS4, and
the gauge condition is characterized by setting to zero odd coordinates associated with the
generators of osp(4|8) negatively charged w.r.t. the so(1, 1) generator M+− ≡ 2M02 from
the AdS4 boundary Lorentz group. Remaining superspace Grassmann coordinates

θ1
A = θ−A = θA, θ̄1A = θ̄−A = θ̄A, η1

A = η−
A = ηA, η̄1A = η̄−A = η̄A (18)

become fermionic Goldstone ˇelds of the AdS4 × CP
3 superstring in the gauge (17) 1.

Then, the gauge-ˇxed superstring action in the Polyakov representation can be brought to
the form

� = −1
2

∫
Σ

dτdσγijg
(2)
ij ±

∫
Σ

dτdσB(2). (19)

The induced world-sheet metric is given by 2

g
(2)
ij =

1
4
gAdS

ij + gCP
ij − e−2ϕ

2
(∂ix

+�j + ∂jx
+�i)+

+ (∂ix
+∂jz

M + ∂jx
+∂iz

M )qM + B∂ix
+∂jx

+, (20)

where the AdS4 metric is written in the Poincare coordinates

gAdS
ij = e−4ϕ

[
1
2
(∂ix

+∂jx
− + ∂jx

+∂ix
−) + ∂ix

1∂jx
1

]
+ 4∂iϕ∂jϕ, (21)

and CP
3 metric in the complex coordinates zM = (za, z̄a) equals

gCP
ij = gMN∂iz

M∂jz
N = gab∂iz

a∂jz
b + gab∂iz̄a∂j z̄b + ga

b(∂iz
a∂j z̄b + ∂jz

a∂iz̄b) (22)

with the components

gab =
1

4|z|4 (|z|2 − sin2 |z|+ sin4 |z|)z̄az̄b,

gab =
1

4|z|4 (|z|2 − sin2 |z|+ sin4 |z|)zazb,

ga
b =

sin2 |z|
2|z|2 δb

a +
1

4|z|4 (|z|2 − sin2 |z| − sin4 |z|)z̄azb, |z|2 = zaz̄a.

(23)

1Observe that among the physical fermions there are those associated with the unbroken, as well as with the
broken space-time supersymmetries.

2The factor 1/4 in front of the AdS metric is inherited from the AdS4 × S7 background, where the radius of
AdS4 space is twice less than that of S7 determined by the maximal supersymmetry condition.
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The world-sheet projection of the NS-NS 2-form potential in the light-cone gauge reduces to

B(2) = εij
(
ω̃i∂jx

+ + c̃∂ix
1∂jx

+ + ∂ix
+∂jz

M q̃M

)
. (24)

In (20) and (24), we have also introduced the following notation:

�i = i e−2ϕ(∂iθaθ̄a − θa∂iθ̄
a) + i(∂iθ4θ̄

4 − θ4∂iθ̄
4) + i e2ϕ(∂iηaη̄a − ηa∂iη̄

a)+

+ i(∂iη4η̄
4 − η4∂iη̄

4),

ω̃i = e−2ϕ(η̂a∂̂iθ̄
a + ∂̂iθa ˆ̄ηa) +

e−2ϕ

2
(∂iθ4η̄

4 − ∂iη4θ̄
4 + η4∂iθ̄

4 − θ4∂iη̄
4), (25)

B = 4 e−2ϕη4η̄
4(η̂a ˆ̄ηa − e−2ϕθ4θ̄

4), c̃ = e−2ϕ(2η̂a ˆ̄ηa + e−2ϕ Θ), Θ = θ4θ̄
4 + η4η̄

4,

qM = e−ϕ(ΩaM ˆ̄ηaη̄4 − Ωa
M η̂aη4) + e−2ϕ ΘΩ̃a

a
M ,

q̃M = 2i e−ϕ
[
ΩaM ˆ̄ηaθ̄4 + Ωa

M η̂aθ4 + e−ϕ(θ4η̄
4 − η4θ̄

4)Ω̃a
a

M

]
.

The hats indicate that the Grassmann coordinates have been acted upon by the matrix Tâ
b̂ [11]

Tâ
b̂ =

⎛
⎜⎜⎜⎝

δb
a cos |z| + z̄azb (1 − cos |z|)

|z|2 iεacbz
c sin |z|

|z|

−iεacbz̄c
sin |z|
|z| δa

b cos |z| + zaz̄b
(1 − cos |z|)

|z|2

⎞
⎟⎟⎟⎠ (26)

as

d̂θa(η̂a) = Ta
bdθb(ηb) + Tabdθ̄b(η̄b), d̂θ̄a(ˆ̄ηa) = T a

bdθ̄b(η̄b) + T abdθb(ηb). (27)

The su(4)/u(3) Cartan forms Ωa(d), Ωa(d) deˇne the complex CP
3 vielbein

Ωa(d) = Ωa,bdzb + Ωa
,bdz̄b, Ωa(d) = Ωa

,bdzb + Ωa,bdz̄b (28)

with the components

Ωa,b = z̄az̄b
sin |z|(1 − cos |z|)

2|z|3 + z̄az̄b

(
1
|z| −

sin |z|
|z|2

)
,

Ωa,b = zazb sin |z|(1 − cos |z|)
2|z|3 + zazb

(
1
|z| −

sin |z|
|z|2

)
,

Ωa
,b = Ωb

,a =
sin |z|
|z| δb

a − z̄azb sin |z|(1 − cos |z|)
2|z|3 + z̄azb

(
1
|z| −

sin |z|
|z|2

)
(29)

such that ds2
CP 3 = Ωa(d)Ωa(d). The 1-form Ω̃a

a(d)

Ω̃a
a(d) = i

sin2 |z|
|z|2 (dzaz̄a − zadz̄a) (30)

corresponds to the bosonic part of the background RR 1-form potential superˇeld for the
chosen gauge.
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Further simpliˇcation of the fermionic light-cone gauge AdS4×CP
3 superstring action (19)

can be achieved by ˇxing bosonic light-cone gauge. For the AdS background in the Poincare
parameterization it appears more natural to impose bosonic gauge conditions on the phase-
space variables 1 that implies working out the Hamiltonian formulation. In the Hamiltonian
approach we introduce the momenta densities

�M(τ, σ) = (p±, p1, pϕ, pM ) =
δ�

δ∂τ�
M

, (31)

whose explicit form is

p−(τ, σ) = −e−4ϕ

8
γτi∂ix

+,

p+(τ, σ) = −γτi

(
e−4ϕ

8
∂ix

− + B∂ix
+ + qM∂iz

M − e−2ϕ

2
�i

)
−

− (c̃∂σx1 − q̃M∂σzM + ω̃σ), (32)

p1(τ, σ) = −e−4ϕ

4
γτi∂ix

1 + c̃∂σx+,

pϕ(τ, σ) = −γτi∂iϕ,

pM (τ, σ) = −γτi(gMN∂iz
N + qM∂ix

+) − q̃M∂σx+.

This allows one to write down the fermionic light-cone gauge superstring action (19) in terms
of the phase-space variables

� =
∫
Σ

dτdσ
(
p+∂τx+ + p−∂τx− + p1∂τx1 + pϕ∂τϕ + pM∂τzM

− 4 e2ϕp−�τ + ω̃τ∂σx+ +
1

γττ
T1 +

γτσ

γττ
T2

)
. (33)

The last two summands introduce, via the Lagrange multipliers 1/γττ and γτσ/γττ , the
Virasoro constraints expressed in terms of the phase-space variables

T1 = 8 e4ϕp+p− +
e−4ϕ

8
∂σx+∂σx− + 2 e4ϕp2

1 +
e−4ϕ

8
∂σx1∂σx1 +

1
2
(p2

ϕ + ∂σϕ∂σϕ)+

+
1
2
((p · p) + ∂σzMgMN∂σzN) + 32 e8ϕp2

−((q · q) − B)+

+ 8 e4ϕp−(ω̃σ − (p · q) − (q · q̃)∂σx+ + c̃∂σx1 − q̃M∂σzM )−

− (
e−2ϕ

2
�σ − qM∂σzM − (p · q̃) + 4 e4ϕp1c̃)∂σx++

+
1
2
((q̃ · q̃) + B + 4 e4ϕc̃2)∂σx+∂σx+ ≈ 0, (34)

T2 = p+∂σx+ +p−∂σx− +p1∂σx1 +pϕ∂σϕ+pM∂σzM −4 e2ϕp−�σ + ω̃σ∂σx+ ≈ 0, (35)

1The discussion of the issues related to bosonic light-cone gauge ˇxing for strings on the AdS background can
be found in [16].
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where the following notation for the scalar product with the inverse CP
3 metric gMN (z)

has been introduced qMgMNqN = (q · q), etc. The bosonic light-cone gauge conditions we
impose are analogous to those of [16,17]

x+(τ, σ) = τ, p−(τ, σ) =
P̃−
4

= const. (36)

Using the equation of motion for p+, it is possible to express γττ through P̃−

γττ = −2 e4ϕP̃−. (37)

Further, in order to bring the light-cone gauge Lagrangian to the more compact form one can
perform the following rescalings of the superspace Grassmann coordinates:

ηa → e−2ϕ ηa, η̄a → e−2ϕ η̄a; θ4 → e−ϕ θ4,

θ̄4 → e−ϕ θ̄4; η4 → e−ϕ η4, η̄4 → e−ϕ η̄4.
(38)

Then, the Lagrangian (33) takes the form

�lc = pϕ∂τϕ + p1∂τx1 + pM∂τzM−
− iP̃−(∂τθAθ̄A − θA∂τ θ̄A + +∂τηAη̄A − ηA∂τ η̄A) −�lc. (39)

Corresponding light-cone gauge Hamiltonian is given by the utmost quartic in the Grassmann
coordinates expression

�lc = e−4ϕ

[
η̂a∂̂σ θ̄a + ∂̂σθa ˆ̄ηa +

1
2
(∂σθ4η̄

4 − ∂ση4θ̄
4 + η4∂σ θ̄4 − θ4∂σ η̄4)

]
+

+
e−4ϕ

2P̃−

[
2 e4ϕp2

1 +
e−4ϕ

8
∂σx1∂σx1 +

1
2
(p2

ϕ + ∂σϕ∂σϕ) +

+
1
2
((p · p) + ∂σzMgMN∂σzN) + 2 e8ϕP̃ 2

−((q · q) − B) − 2 e4ϕP̃−(p · q)+

+ 2 e4ϕP̃−c̃∂σx1 − 2 e4ϕP̃−q̃M∂σzM
]
. (40)

As usual, in the light-cone gauge approach the T2 ≈ 0 constraint can be explicitly solved for
∂σx− that decouples from the Hamiltonian. Its only nontrivial content is the zero-mode part
that deˇnes the phase-space representation of the level matching condition

1
P̃−

∮
dσ(p1∂σx1+pϕ∂σϕ+pM∂σzM−i(∂σθAθ̄A−θA∂σ θ̄A+∂σηAη̄A−ηA∂σ η̄A)) = 0. (41)

2. DISCUSSION

The highly nonlinear structure of the light-cone gauge Hamiltonian (40) precludes address-
ing directly to the problem of ˇnding the AdS4 × CP

3 fundamental superstring spectrum. It
could be interesting to search for the reformulation of the superstring in terms of new variables,
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e.g., resembling twistors [18]. For the (super)particle models on the AdS-type backgrounds,
the supertwistor formulations have been considered in [19, 20]. Alternatively, it is possible
to consider the Hamiltonian (40) in various simplifying limits (see [21] for a review). One
of them corresponding to the large light-cone momentum (string tension) is analogous to
the stringy generalization [22] of the Penrose limit, in which the leading order Hamiltonian
coincides with that of the superstring propagating on the background, that is, the Penrose limit
of the original one. For the AdS5 × S5 and AdS4 ×CP

3 backgrounds such light-cone gauge
pp-wave Hamiltonians are quadratic and can be straightforwardly quantized [23, 24]. In our
case [25], as well as for the AdS5 × S5 superstring in the light-cone gauge of [16], this limit
yields the Hamiltonian of the light-cone gauge superstring in 	at superspace. The reason is
the existence of two different kinds of Penrose spaces for AdS ×S and also for AdS4 ×CP

3

backgrounds [22]. When the null geodesic, around which the limit is taken, lies only in the
AdS part of the background, the resulting pp wave is necessarily 	at, the nontrivial pp-wave
background is obtained when the tangent vector to the null geodesic has nonzero components
in the tangent space to S or CP

3. This is the light-cone gauge considered in [26] and [27,28].
Studying the higher-order terms in the Lagrangian/Hamiltonian expansion around the pp-wave
backgrounds of [23,24] allows one to calculate on the gauge theory side the strong coupling
corrections to the anomalous dimensions of the BerensteinÄMaldacenaÄNastace (BMN) op-
erators [29]. It would be of interest to explore the signiˇcance of the corresponding series
around the 	at pp-wave background, in particular, its gauge theory interpretation.
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