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ˆ´¸É¨ÉÊÉ ±·¨μ¸Ë¥·Ò ‡¥³²¨ ‘� ��	, ’Õ³¥´Ó, �μ¸¸¨Ö

ˆ¸¸²¥¤μ¢ ´¨¥ ¶μ¢¥¤¥´¨Ö μ¸¥¸¨³³¥É·¨Î´ÒÌ ¸É·Ê±ÉÊ· ¢ ¦´μ ¤²Ö ¶μ´¨³ ´¨Ö ¶·μ¡²¥³Ò ¸ÊÐ¥-
¸É¢μ¢ ´¨Ö ¨ Ê¸Éμ°Î¨¢μ¸É¨ ±μ²¥Í ¶² ´¥É, Ï ·μ¢ÒÌ §¢¥§¤´ÒÌ ¸±μ¶²¥´¨° ¨ £ ² ±É¨±. 	  μ¸´μ¢¥
ÉμÎ´μ£μ ·¥Ï¥´¨Ö § ¤ Î¨ μ¸¥¸¨³³¥É·¨Î´μ£μ £· ¢¨É Í¨μ´´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö n É¥² ¸μ§¤ ´  ²£μ-
·¨É³ ¶μ¸É·μ¥´¨Ö ³´μ£μ¸²μ°´ÒÌ ±μ²ÓÍ¥¢ÒÌ ¸É·Ê±ÉÊ·. ‚ ·¥§Ê²ÓÉ É¥ Î¨¸²¥´´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ÉμÎ¥Î´ÒÌ É¥², ¢Ìμ¤ÖÐ¨Ì ¢ ÔÉ¨ ¸É·Ê±ÉÊ·Ò, ¨§ÊÎ¥´  Ô¢μ²Õ-
Í¨Ö ´¥¸±μ²Ó±¨Ì ¨Ì ³μ¤¥²¥°. — ¸ÉÓ ¨§ ´¨Ì ´¥ ¨§³¥´Ö¥É ¸¢μ¥° ±μ´Ë¨£Ê· Í¨¨, ¤·Ê£¨¥ Å ¢ ·¥§Ê²ÓÉ É¥
³¥¦¸²μ°´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ³¥´ÖÕÉ ¸¢μ° ¢¨¤, É·¥ÉÓ¨ Å Î ¸ÉÓ É¥² ¢Ò¡· ¸Ò¢ ÕÉ ¨§ ¸É·Ê±ÉÊ·Ò.

The research of axisymmetric structures behaviour is important for understanding the problem of
existence and stability of planets rings, spherical star constellations and galaxies. On the basis of
the exact solution of the axisymmetric gravitational interaction of n-bodies problem the algorithm of
construction of multilayer ring structures is developed. As a result of numerical integration of the
differential equations of movement of point bodies which are included in this structure, the evolution
of their several models is investigated. A part of them do not change the conˇguration, others change
their form as a result of interactions between the layers, and the others throw out a part of the bodies
from the structure.

PACS: 98.80.-k

�·μ¡²¥³Ò ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¨ Ê¸Éμ°Î¨¢μ¸É¨ ´¥±μÉμ·ÒÌ ±μ´Ë¨£Ê· Í¨° ³ É¥·¨ ²Ó´ÒÌ
ÉμÎ¥±, ¢§ ¨³´μ £· ¢¨É¨·ÊÕÐ¨Ì ¶μ § ±μ´Ê 	ÓÕÉμ´ , ¡Ò²¨ ¨¸¸²¥¤μ¢ ´Ò ¢ ¸É ÉÓÖÌ [1Ä7].
�É¨ ±μ´Ë¨£Ê· Í¨¨ ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° μ¸¥¸¨³³¥É·¨Î´Ò¥ ¸É·Ê±ÉÊ·Ò, ¸μ¸ÉμÖÐ¨¥ ¨§ Î¥-
ÉÒ·¥Ì, ¶ÖÉ¨, Ï¥¸É¨, ¸¥³¨, ¢μ¸Ó³¨, ¤¥¢ÖÉ¨, ¤¥¸ÖÉ¨ ¨ ¡μ²ÓÏ¥£μ Î¨¸²  É¥²,   ¢ ³μ¤¥²ÖÌ

. �²Ó³ ¡¸ÊÉ  ¨ …. �. ƒ·¥¡¥´¨±μ¢  ¤μ± § ´μ ¸ÊÐ¥¸É¢μ¢ ´¨¥ μ¸¥¸¨³³¥É·¨Î´ÒÌ ¸É·Ê±ÉÊ· ¸
¶·μ¨§¢μ²Ó´Ò³ ±μ²¨Î¥¸É¢μ³ ±μ³¶μ´¥´É [5, 6]. �μ¸²¥¤´¨¥ ¸ÊÐ¥¸É¢ÊÕÉ ¶·¨ Ê¸²μ¢¨¨ ¢Ò-
¶μ²´¥´¨Ö ´¥±μÉμ·ÒÌ ÉμÎ´ÒÌ  ´ ²¨É¨Î¥¸±¨Ì Ê¸²μ¢¨°, ´ ²μ¦¥´´ÒÌ ´  £· ¢¨É Í¨μ´´Ò¥
(³ ¸¸Ò É¥²) ¨ £¥μ³¥É·¨Î¥¸±¨¥ ¶ · ³¥É·Ò (¢§ ¨³´Ò¥ · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê É¥² ³¨ ¨ Ê£²μ¢Ò¥
¸±μ·μ¸É¨ ¨Ì ¤¢¨¦¥´¨Ö ¢μ±·Ê£ μ¡Ð¥£μ Í¥´É· ) ³μ¤¥²¥°.

	  ´ Ï ¢§£²Ö¤, ¶·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ ¨¸¶μ²Ó§μ¢ ´¨¥ Í¨É¨·μ¢ ´´ÒÌ ¢ÒÏ¥ ·¥§Ê²ÓÉ Éμ¢
¢³¥¸É¥ ¸ ³¥Éμ¤ ³¨ ±μ´¸É·Ê¨·μ¢ ´¨Ö ±μ²ÓÍ¥¢ÒÌ ¸É·Ê±ÉÊ· [8] ¤²Ö ¨§ÊÎ¥´¨Ö ¶·μ¡²¥³Ò ¸Ê-
Ð¥¸É¢μ¢ ´¨Ö ¨ Ê¸Éμ°Î¨¢μ¸É¨ ±μ²¥Í ¶² ´¥É, Ï ·μ¢ÒÌ §¢¥§¤´ÒÌ ¸±μ¶²¥´¨° ¨ £ ² ±É¨±.
’ ±μ° ¶μ¤Ìμ¤ μ¸´μ¢ ´ ´  ÉμÎ´μ³ ·¥Ï¥´¨¨ § ¤ Î¨ μ¡ μ¸¥¸¨³³¥É·¨Î´μ³ ¢§ ¨³μ¤¥°¸É¢¨¨
n É¥² [9].
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�¨¸. 1. Šμ²ÓÍ¥¢ Ö ¸É·Ê±ÉÊ·  μ¸¥¸¨³³¥É·¨Î´μ · ¸¶μ²μ¦¥´´ÒÌ ¶¥·¨Ë¥·¨°´ÒÌ É¥² Bk,ik μÉ´μ¸¨-
É¥²Ó´μ Í¥´É· ²Ó´μ£μ É¥²  B0; Í¨Ë·μ° 1 μ¡μ§´ Î¥´  Ô²²¨¶É¨Î¥¸± Ö μ·¡¨É  ¶¥·¢μ£μ É¥²  ´  ¶¥·¢μ³

±μ²ÓÍ¥

	  ± ¦¤μ¥ ¶¥·¨Ë¥·¨°´μ¥ É¥²μ, ´ ¶·¨³¥· B1,1 (·¨¸. 1), ¸ ³ ¸¸μ° m1 ¢¸¥ μ¸É ²Ó´Ò¥
¶¥·¨Ë¥·¨°´Ò¥ É¥² : B1,2, B1,2, . . . , B1,n1 Å ÔÉμ£μ ±μ²ÓÍ  ¨ Í¥´É· ²Ó´μ¥ É¥²μ B0 ¢μ§¤¥°-
¸É¢ÊÕÉ ´ ¶· ¢²¥´´μ° ± Í¥´É·Ê ¸¨²μ° [9]

F = G (m0 + m1fn)m1/r2, (1)

£¤¥ G Å £· ¢¨É Í¨μ´´ Ö ¶μ¸ÉμÖ´´ Ö; r Å · ¸¸ÉμÖ´¨¥ μÉ Í¥´É· ²Ó´μ£μ É¥²  m0 ¤μ
¶¥·¨Ë¥·¨°´μ£μ m1; ËÊ´±Í¨Ö fn § ¢¨¸¨É μÉ Î¨¸²  É¥² n:

fn = 0,25
n∑

i=2

1
sin [(i − 1)π/n]

. (2)

�μ¤ ¤¥°¸É¢¨¥³ ¸¨²Ò (1) ¢¸¥ ¶¥·¨Ë¥·¨°´Ò¥ É¥²  ¤¢¨¦ÊÉ¸Ö ¶μ É· ¥±Éμ·¨¨, ±μÉμ· Ö ¢
¶μ²Ö·´ÒÌ ±μμ·¤¨´ É Ì (r, ϕ) (¸³. ·¨¸. 1) ¨³¥¥É ¢¨¤

r =
Rp

(α1 + 1) cos (ϕ − ϕp) − α1
, (3)

£¤¥ Ê£μ² φ μÉ¸Î¨ÉÒ¢ ¥É¸Ö μÉ μ¸¨ x; φp Å Ê£μ² ¶¥·¨Í¥´É· ; α1 = μ1/(Rpυ
2
p) Å ¶ · ³¥É·

É· ¥±Éμ·¨¨; μ1 = −G(m0+m1fn) Å ¶ · ³¥É· ¢§ ¨³μ¤¥°¸É¢¨Ö; Rp Å · ¤¨Ê¸ ¶¥·¨Í¥´É· 
¨ υp Å ¸±μ·μ¸ÉÓ É¥²  ¢ ¶¥·¨Í¥´É·¥.

“· ¢´¥´¨¥ (3) ¶·¨ α1 = −1 ¶·¥¤¸É ¢²Ö¥É μ±·Ê¦´μ¸ÉÓ; ¶·¨ −1 < α1 < −0,5 Å
Ô²²¨¶¸; ¶·¨ α1 = −0,5 Å ¶ · ¡μ²Ê; ¶·¨ −0,5 < α1 < 0 Å £¨¶¥·¡μ²Ê. ‡ ¶¨Ï¥³ É ±¦¥
¢Ò· ¦¥´¨Ö ¤²Ö · ¤¨ ²Ó´μ° υr ¨ É· ´¸¢¥·¸ ²Ó´μ° υt ¸±μ·μ¸É¥°:

υr = ±υp

√
(α1 + 1)2 −

(
α1 +

Rp

r

)2

, υt =
υpRp

r
, (4)

£¤¥ ¸±μ·μ¸ÉÓ υr < 0 ¶·¨ ¤¢¨¦¥´¨¨ μÉ  ¶μÍ¥´É·  ± ¶¥·¨Í¥´É·Ê, É. ¥. ¶·¨ 2π > φ−φp > π.
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„²Ö Ô±¸Í¥´É·¨¸¨É¥É  μ·¡¨ÉÒ e, ¥¥ ¡μ²ÓÏμ° ¶μ²Êμ¸¨ a ¨ ¶¥·¨μ¤  μ¡· Ð¥´¨Ö T ¨³¥¥³
¢Ò· ¦¥´¨Ö

e = −
(

1 +
1
α1

)
, a =

2Rpα1

2α1 − 1
, T =

2πa3/2

√−μ1
. (5)

…¸²¨ ¢ ´ Î ²Ó´Ò° ³μ³¥´É (·¨¸. 1) ¶μ²Ö·´Ò¥ ±μμ·¤¨´ ÉÒ É¥²  B1,1 · ¢´Ò r0 ¨ ϕ0, Éμ
¥£μ ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ ¨ ¸±μ·μ¸É¨ ¢ ¶²μ¸±μ¸É¨ μ·¡¨ÉÒ § ¶¨ÏÊÉ¸Ö ¢ ¢¨¤¥

x0 = r0 cosϕ0, y0 = r0 sin ϕ0, (6)

υx0 = υr cosϕ0 − υt sin ϕ0, υy0 = υr sin ϕ0 + υt cosϕ0. (7)

‘μ§¤ ´¨¥ ±μ²ÓÍ¥¢ÒÌ ¸É·Ê±ÉÊ· μ¸´μ¢ ´μ ´  ¸²¥¤ÊÕÐ¨Ì ¤¢ÊÌ ¶·¨´Í¨¶ Ì.
1. 	  É¥²μ, · ¸¶μ²μ¦¥´´μ¥ ¢´¥ ±μ²ÓÍ¥¢μ° ¸É·Ê±ÉÊ·Ò, ¸¨²  ¢μ§¤¥°¸É¢¨Ö · ¢´  ¸¨²¥,

±μÉμ·ÊÕ ¸μ§¤ ¢ ²μ ¡Ò É¥²μ, · ¸¶μ²μ¦¥´´μ¥ ¢ Í¥´É·¥ ¸É·Ê±ÉÊ·Ò ¨ ¨³¥ÕÐ¥¥ ³ ¸¸Ê, · ¢´ÊÕ
³ ¸¸¥ ¢¸¥° ¸É·Ê±ÉÊ·Ò.

2. 	  É¥²μ, · ¸¶μ²μ¦¥´´μ¥ ¢´ÊÉ·¨ ±μ²ÓÍ¥¢μ° ¸É·Ê±ÉÊ·Ò, ¸Ê³³ ·´ Ö ¸¨²  ¢μ§¤¥°¸É¢¨Ö
μÉ ¢¸¥Ì ¥¥ É¥² · ¢´  ´Ê²Õ.

�¡μ¡Ð¥´¨¥ ÔÉ¨Ì ¤¢ÊÌ ¶·¨´Í¨¶μ¢ ´  ¸²ÊÎ ° ´¥¶·¥·Ò¢´μ£μ · ¸¶·¥¤¥²¥´¨Ö ³ ¸¸Ò ¶μ
Ï ·μ¢μ³Ê ¸²μÕ ¤ ´μ ¢ ³μ´μ£· Ë¨¨ [10]. Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ μ´¨ μ¸É ÕÉ¸Ö ¸¶· ¢¥¤²¨-
¢Ò³¨ ¨ ¤²Ö ´¥¶·¥·Ò¢´μ£μ ¶²μ¸±μ£μ ±μ²ÓÍ¥¢μ£μ ¸²μÖ. „²Ö ±μ²ÓÍ , ¸μ¸ÉμÖÐ¥£μ ¨§ ¤¨¸±·¥É-
´ÒÌ É¥², ÔÉ¨ ¶μ²μ¦¥´¨Ö ²μ± ²Ó´μ ´ ·ÊÏ ÕÉ¸Ö, μ¤´ ±μ ¶·¨ μ·¡¨É ²Ó´μ³ ¤¢¨¦¥´¨¨ É¥² 
ÔÉ¨ ²μ± ²Ó´Ò¥ ´ ·ÊÏ¥´¨Ö ¢ §´ Î¨É¥²Ó´μ° ¸É¥¶¥´¨ ¸£² ¦¨¢ ÕÉ¸Ö, ¶μÔÉμ³Ê ¶·¥¤²μ¦¥´´ Ö
¸É·Ê±ÉÊ·  ³μ¦¥É ¸ÊÐ¥¸É¢μ¢ ÉÓ.

� ¸¸³μÉ·¨³ ³´μ£μ¸²μ°´ÊÕ ±μ²ÓÍ¥¢ÊÕ ¸É·Ê±ÉÊ·Ê, ¸μ¸ÉμÖÐÊÕ ¨§ K ±μ²¥Í. 	  ± ¦¤μ³
±μ²ÓÍ¥ ¸ ´μ³¥·μ³ k · ¸¶μ²μ¦¥´μ nk É¥², ³ ¸¸Ò ±μÉμ·ÒÌ μ¤¨´ ±μ¢Ò, mk,ik = mk, £¤¥
¨´¤¥±¸ ik = ik = 1, 2, . . . , nk Å ´μ³¥· É¥²  ´  k-³ ±μ²ÓÍ¥. 	  ± ¦¤μ¥ É¥²μ, ´ Ìμ¤ÖÐ¥¥¸Ö
´  ±μ²ÓÍ¥ k, ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¶μ²μ¦¥´¨¥³ 2 É¥²  ´  ¢´¥Ï´¨Ì ±μ²ÓÍ Ì ¸ ´μ³¥· ³¨ μÉ
k + 1 ¤μ K ´¥ ¡Ê¤ÊÉ μ± §Ò¢ ÉÓ ¢μ§¤¥°¸É¢¨¥. ’μ£¤  ¸¨²  ¢μ§¤¥°¸É¢¨Ö ´  ± ¦¤μ¥ É¥²μ ¸
³ ¸¸μ° mk ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¶μ²μ¦¥´¨¥³ 1 ¨ Ëμ·³Ê²μ° (1) § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥

Fk = −Gmkrk

r3
k

⎡
⎣m0 +

k−1∑
j=1

njmj + mkf(nk)

⎤
⎦ . (8)

’μ£¤  ¶ · ³¥É· ¢§ ¨³μ¤¥°¸É¢¨Ö ¤²Ö ± ¦¤μ£μ É¥²  k-£μ ±μ²ÓÍ  ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ μ¡μ-
§´ Î¥´¨Ö³¨ ± Ëμ·³Ê²¥ (3) ¡Ê¤¥É · ¢¥´

μ1k = −G

⎡
⎣m0 +

k−1∑
j=1

njmj + mkf(nk)

⎤
⎦ , (9)

  ¶ · ³¥É· É· ¥±Éμ·¨¨ ÔÉμ£μ É¥²  ¡Ê¤¥É · ¢¥´

α1k =
μ1k

Rpkυ2
pk

. (10)

�¡μ§´ Î¨³ Ê£²μ¢μ¥ ¶μ²μ¦¥´¨¥ ¶¥·¢μ£μ É¥²  Bk,1 ´  k-³ ±μ²ÓÍ¥ ¢ ´ Î ²Ó´Ò° ³μ³¥´É
t = 0 Î¥·¥§ ϕ0,k,1. ’μ£¤  ¶μ²Ö·´Ò¥ Ê£²Ò ¢¸¥Ì É¥² k-£μ ±μ²ÓÍ  μ¶·¥¤¥²ÖÕÉ¸Ö ¶μ Ëμ·³Ê²¥

ϕ0,k,ik = ϕ0,k,1 + (ik − 1)Δϕk, (11)

£¤¥ ik = 1, . . . , nk, Δϕk = 2π/nk.
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’ ± ± ± Ê ¢¸¥Ì É¥² k-£μ ±μ²ÓÍ  ¶μ²Ö·´Ò° · ¤¨Ê¸ r0,k ¢ ´ Î ²Ó´Ò° ³μ³¥´É μ¤¨´ ¨ ÉμÉ
¦¥, Éμ ¥£μ ³μ¦´μ μ¶·¥¤¥²¨ÉÓ ¨§ Ê· ¢´¥´¨Ö (3) ¶μ § ¤ ´´μ³Ê Ê£²Ê ϕ0,k,1 ¶¥·¢μ£μ É¥²  ¨
· ¤¨Ê¸Ê ¶¥·¨Í¥´É·  Rp,k. � ¤¨Ê¸ ¶¥·¨Í¥´É·  ¨ ¶ · ³¥É· É· ¥±Éμ·¨¨ α1,k μ¤¨´ ±μ¢Ò ¤²Ö
¢¸¥Ì É¥² k-£μ ±μ²ÓÍ ,   ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ x0,k,ik , y0,k,ik ¨ ¸±μ·μ¸É¨ υx0,k,ik ¨ υy0,k,ik

¤²Ö ¢¸¥Ì É¥² k-£μ ±μ²ÓÍ  μ¶·¥¤¥²ÖÕÉ¸Ö ¶μ Ëμ·³Ê² ³ (6), (7) ¶μ ´ °¤¥´´μ³Ê · ¤¨Ê¸Ê r0,k

¨ ¶μ²Ö·´μ³Ê Ê£²Ê ± ¦¤μ£μ É¥²  ϕ0,k,ik . ‚Ìμ¤ÖÐ¨¥ ¢ ¢Ò· ¦¥´¨Ö (6), (7) · ¤¨ ²Ó´ Ö υr0,k

¨ É· ´¸¢¥·¸ ²Ó´ Ö υt0,k ¸±μ·μ¸É¨ Ö¢²ÖÕÉ¸Ö μ¤¨´ ±μ¢Ò³¨ ¤²Ö ¢¸¥Ì É¥² k-£μ ±μ²ÓÍ  ¨
μ¶·¥¤¥²ÖÕÉ¸Ö ¶μ Ëμ·³Ê² ³ (4).

ˆ¸Ìμ¤´Ò³¨ Ì · ±É¥·¨¸É¨± ³¨ ±μ²ÓÍ¥¢μ° ¸É·Ê±ÉÊ·Ò Ö¢²ÖÕÉ¸Ö: ±μ²¨Î¥¸É¢μ ±μ²¥Í K ,
³ ¸¸  Í¥´É· ²Ó´μ£μ É¥²  m0, Ï¥¸ÉÓ ¶ · ³¥É·μ¢ ± ¦¤μ£μ ±μ²ÓÍ : ±μ²¨Î¥¸É¢μ É¥² ´  ±μ²ÓÍ¥
nk, ³ ¸¸  ¶¥·¨Ë¥·¨°´μ£μ É¥²  mk, · ¤¨Ê¸ ¶¥·¨Í¥´É·  Rp,k, Ô±¸Í¥´É·¨¸¨É¥É μ·¡¨ÉÒ ek

¨²¨ ¶ · ³¥É· É· ¥±Éμ·¨¨ α1,k, ´ Î ²Ó´Ò° Ê£μ² ¶¥·¢μ° Î ¸É¨ÍÒ ϕ0,k,1 ¨ Ê£μ² ¥¥ ¶¥·¨Í¥´-
É·  φp,k , É. ¥. ¢¸¥£μ P = 6K +2 ¶ · ³¥É·μ¢. ‘ ¶μ³μÐÓÕ ÔÉ¨Ì ¶ · ³¥É·μ¢ ¶μ Ëμ·³Ê²¥ (9)
μ¶·¥¤¥²Ö¥É¸Ö ¶ · ³¥É· ¢§ ¨³μ¤¥°¸É¢¨Ö μ1k,   ¨§ Ëμ·³Ê²Ò (10) μ¶·¥¤¥²Ö¥³ ¸±μ·μ¸ÉÓ ¢
¶¥·¨Í¥´É·¥ υp,k. „ ²¥¥, ¨¸¶μ²Ó§ÊÖ μ¶¨¸ ´´Ò° ¢ÒÏ¥  ²£μ·¨É³, μ¶·¥¤¥²Ö¥³ ±μμ·¤¨´ ÉÒ ¨
¸±μ·μ¸É¨ ¢¸¥Ì É¥² ±μ²ÓÍ¥¢μ° ¸É·Ê±ÉÊ·Ò.

� ¸¶μ² £ Ö ¸¢μ¡μ¤´Ò³¨ ¶ · ³¥É· ³¨ ±μ²ÓÍ¥¢μ° ¸É·Ê±ÉÊ·Ò, ³μ¦´μ § ¤ ÉÓ · §²¨Î-
´Ò¥ ¤μ¶μ²´¨É¥²Ó´Ò¥ Ê¸²μ¢¨Ö ¤²Ö ¸μ§¤ ´¨Ö μ¶·¥¤¥²¥´´ÒÌ ¥¥ ¸¢μ°¸É¢. 	 ¶·¨³¥·, ¢ · -
¡μÉ Ì [4, 7] · ¸¸³ É·¨¢ ÕÉ¸Ö μ¸¥¸¨³³¥É·¨Î´Ò¥ ¸É·Ê±ÉÊ·Ò, ¢ ±μÉμ·ÒÌ É¥²  ¤¢¨¦ÊÉ¸Ö ¶μ
±·Ê£μ¢Ò³ μ·¡¨É ³ ¸ μ¤¨´ ±μ¢μ° Ê£²μ¢μ° ¸±μ·μ¸ÉÓÕ. ’ ± Ö ¸É·Ê±ÉÊ·  ³μ¦¥É ¡ÒÉÓ § -
¤ ´  ¸ ¶μ³μÐÓÕ Ê¸²μ¢¨° α1,k = −1, Tk = T . ˆ§ ¢¸¥Ì ¢μ§³μ¦´ÒÌ P ¶ · ³¥É·μ¢ ¡Ê¤¥É
¨¸¶μ²Ó§μ¢ ´μ 2K ¶ · ³¥É·μ¢ ¤²Ö § ¶¨¸¨, ¸μ£² ¸´μ ¢Ò· ¦¥´¨Ö³ (5), ¸¨¸É¥³Ò ¨§ 2K  ²-
£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°. ‚ ·¥§Ê²ÓÉ É¥ ¥¥ ·¥Ï¥´¨Ö ÔÉ¨ ¶ · ³¥É·Ò ¡Ê¤ÊÉ μ¶·¥¤¥²¥´Ò.

ŒÒ · ¸¸³μÉ·¥²¨ ¤¢¥ £·Ê¶¶Ò ±μ²ÓÍ¥¢ÒÌ ¸É·Ê±ÉÊ·, ³ ¸¸  É¥² ±μÉμ·ÒÌ · ¢´Ö² ¸Ó ³ ¸¸¥
mSS ‘μ²´¥Î´μ° ¸¨¸É¥³Ò. ‚ ¶¥·¢μ° £·Ê¶¶¥ ³ ¸¸  Í¥´É· ²Ó´μ£μ É¥²  · ¢´Ö² ¸Ó ³ ¸¸¥
‘μ²´Í  m0 = mS ,   ¢μ ¢Éμ·μ° Å · ¢´  m0 = 0,5mS . ‘É·Ê±ÉÊ·Ò ¸μ¸ÉμÖÉ ¨§ É·¥Ì ±μ²¥Í,
É. ¥. K = 3 ¨ μ¡Ð¥¥ Î¨¸²μ É¥² N = 21. ‚ ·Ó¨·μ¢ ²¨¸Ó ¢¸¥ Ï¥¸ÉÓ ¢¨¤μ¢ ¶ · ³¥É·μ¢.
�μ · ¸¸Î¨É ´´Ò³ § · ´¥¥ ´ Î ²Ó´Ò³ Ê¸²μ¢¨Ö³ ¡Ò²¨ Î¨¸²¥´´μ ¶·μ¨´É¥£·¨·μ¢ ´Ò ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ³¥Éμ¤μ³, ¨§²μ¦¥´´Ò³ ¢ · ¡μÉ¥ [11], ¨ · ¸¸³μÉ·¥´μ
¤¢¨¦¥´¨¥ É¥² ¢ ±μ²ÓÍ¥¢ÒÌ ¸É·Ê±ÉÊ· Ì. ‚ É ¡². 1 ¨ 2 ¶·¨¢¥¤¥´Ò μ¸´μ¢´Ò¥ ¶ · ³¥É·Ò

’ ¡²¨Í  1. � · ³¥É·Ò ¤²Ö ³μ¤¥²¥° 1, 2 ¨ 3 ±μ²ÓÍ¥¢ÒÌ ¸É·Ê±ÉÊ· ¢ ¥¤¨´¨Í Ì: ³ ¸¸Ò ¶¥·¨Ë¥·¨°´ÒÌ

É¥² mk Å ¢ ³ ¸¸ Ì ¶¥·¨Ë¥·¨°´μ£μ É¥²  ´  ¶¥·¢μ³ ±μ²ÓÍ¥; · ¤¨Ê¸Ò ¶¥·¨Í¥´É·μ¢ Rp,k Å ¢  ¸É·μ-
´μ³¨Î¥¸±¨Ì ¥¤¨´¨Í Ì ( . ¥.); ¶¥·¨μ¤Ò μ¡· Ð¥´¨° T Å ¢ £μ¤ Ì. Dn Å Ì · ±É¥·¨¸É¨±  ¤¨´ ³¨±¨

¢ É¥Î¥´¨¥ 30 ²¥É: ®“¸Éμ°Î¨¢ ¯ Å ´¥É ¢¨¤¨³ÒÌ ¨§³¥´¥´¨° ¢ É¥Î¥´¨¥ 30 ²¥É; ®	“¯ Å ´¥Ê¸Éμ°Î¨¢ 

� · ³¥É·Ò

‡´ Î¥´¨Ö ¶ · ³¥É·μ¢ ¤²Ö ± ¦¤μ£μ ±μ²ÓÍ  ¤²Ö ³μ¤¥²¥° 1, 2 ¨ 3
±μ²ÓÍ¥¢ÒÌ ¸É·Ê±ÉÊ·

Œμ¤. 1, m0 = MS Œμ¤. 2, m0 = MS Œμ¤. 3, m0 = 0,5MS

1 2 3 1 2 3 1 2 3
nk 5 7 8 5 7 8 5 7 8
mk 1 2 3 1 2 3 1 2 3
Rp,k 1 2 3 1 2 3 1 2 3
ek 0 0 0 0,05 0,1 0,15 0,2 0,05 0,1
Tk 1,4 4 7,3 1,4 4,3 8,7 1,4 2,8 4,8
Dn “¸Éμ°Î¨¢  “¸Éμ°Î¨¢  	“
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’ ¡²¨Í  2. � · ³¥É·Ò ¤²Ö ³μ¤¥²¥° 4, 5 ¨ 10. �¡μ§´ Î¥´¨Ö É¥ ¦¥, ÎÉμ ¨ ¢ É ¡². 1. ‚ ³μ¤¥²¨ 10

®	“, 23 £μ¤ ¯ Ê± § ´μ, ÎÉμ ¸É·Ê±ÉÊ·  · §·ÊÏ ¥É¸Ö Î¥·¥§ 23 £μ¤ 

� · ³¥É·Ò

‡´ Î¥´¨Ö ¶ · ³¥É·μ¢ ¤²Ö ± ¦¤μ£μ ±μ²ÓÍ  ¤²Ö ³μ¤¥²¥° 4, 5 ¨ 10
±μ²ÓÍ¥¢ÒÌ ¸É·Ê±ÉÊ·

Œμ¤. 4, m0 = 0,5MS Œμ¤. 5, m0 = 0,5MS Œμ¤. 10, m0 = 0,5MS

1 2 3 1 2 3 1 2 3
nk 5 7 8 5 7 8 6 7 7
mk 1 2 3 1 1 1 1 2 3
Rp,k 3 4,5 6 1 2 3 1 10 16
ek 0 0 0 0 0 0 0 0 0
Tk 7,3 12,2 26,2 1,4 3,4 5,6 1,4 39,9 70,3
Dn 	“ 	“ 	“, 23 £μ¤ 

Ï¥¸É¨ ³μ¤¥²¥° ¨ ¨Éμ£μ¢Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶μ ¨Ì Ê¸Éμ°Î¨¢μ¸É¨. “£²μ¢Ò¥ ¶ · ³¥É·Ò φ0,k,1 ¨
φp,k ¢ ÔÉ¨Ì ³μ¤¥²ÖÌ ´¥ μ± §Ò¢ ÕÉ ¸ÊÐ¥¸É¢¥´´μ£μ ¢²¨Ö´¨Ö, ¶μÔÉμ³Ê μ´¨ ¢ É ¡²¨Í Ì ´¥
¶·¨¢¥¤¥´Ò.

‚ ³μ¤¥²¨ 1 ¨§ ¶¥·¢μ° £·Ê¶¶Ò ³μ¤¥²¥° μ·¡¨ÉÒ ¡Ò²¨ ±·Ê£μ¢Ò¥,   ¢μ ¢Éμ·μ° Å Ô²-
²¨¶É¨Î¥¸±¨¥ ¸ Ô±¸Í¥´É·¨¸¨É¥É ³¨ ¶μ ±μ²ÓÍ ³ 0,05, 0,1 ¨ 0,15. 	  ·¨¸. 2 ¶·¥¤¸É ¢²¥´Ò
¶μ²μ¦¥´¨Ö É¥² ¢ ÔÉ¨Ì ³μ¤¥²ÖÌ ¢ ´ Î ²¥ ¨ ¢ ±μ´Í¥, ¶μ ¨¸É¥Î¥´¨¨ 30 ²¥É. Š ± ¢¨¤´μ
¨§ É ¡². 1, ¶¥·¨μ¤Ò μ¡· Ð¥´¨Ö É¥² ´  ±μ²ÓÍ Ì ¨§³¥´ÖÕÉ¸Ö μÉ 1,4 ¤μ 8,7 ²¥É. ‡  30 ²¥É
¤¢¨¦¥´¨Ö ¢¨¤¨³ÒÌ ¨§³¥´¥´¨° ¢ ÔÉ¨Ì ³μ¤¥²ÖÌ ´¥ ´ ¡²Õ¤ ¥É¸Ö. �μÔÉμ³Ê ³μ¦´μ ¸Î¨-
É ÉÓ ¨Ì Ê¸Éμ°Î¨¢Ò³¨. ‚μ ¢Éμ·μ° £·Ê¶¶¥ ³μ¤¥²¥°, ¸ ¡μ²ÓÏ¨³¨ ³ ¸¸ ³¨ ¶¥·¨Ë¥·¨°´ÒÌ
É¥², ¶μ¸²¥¤μ¢ É¥²Ó´μ Ê¢¥²¨Î¨¢ ²¨¸Ó ¶¥·¨Í¥´É·Ò μ·¡¨É μÉ 3 ¤μ 16  . ¥. ‚ ÔÉ¨Ì ³μ¤¥²ÖÌ
¨§³¥´¥´¨Ö ¶μÖ¢²ÖÕÉ¸Ö ´  ¶¥·¢μ´ Î ²Ó´μ³ ÔÉ ¶¥ (¸³. ³μ¤¥²¨ 3 ¨ 4 ´  ·¨¸. 2). ‡ É¥³
μ´¨ Ê¸¨²¨¢ ÕÉ¸Ö, ¨ ±μ²ÓÍ¥¢ Ö ¸É·Ê±ÉÊ·  ´ ·ÊÏ ¥É¸Ö. ‘²¥¤μ¢ É¥²Ó´μ, ÔÉ¨ ³μ¤¥²¨ ´¥-
Ê¸Éμ°Î¨¢Ò. 	¥Ê¸Éμ°Î¨¢μ¸ÉÓ μ¡Ê¸²μ¢²¥´  ²μ± ²Ó´Ò³ ¢§ ¨³μ¤¥°¸É¢¨¥³ ¶¥·¨Ë¥·¨°´ÒÌ É¥²
³¥¦¤Ê ¸μ¡μ°.

�¨¸. 2. „¨´ ³¨±  ³μ¤¥²¥° 1, 2, 3 ¨ 4 ±μ²ÓÍ¥¢ÒÌ ¸É·Ê±ÉÊ·. ‚ ³μ¤¥²ÖÌ 1 ¨ 2 ³ ¸¸  Í¥´É· ²Ó´μ£μ
É¥²  m0 = mS ; ¢ ³μ¤¥²ÖÌ 3 ¨ 4 ³ ¸¸  Í¥´É· ²Ó´μ£μ É¥²  m0 = 0,5mS . ‚ ·¨ Í¨¨ ¶ · ³¥É·μ¢:

ek, nk, mk, Rp,k Å ¶·¥¤¸É ¢²¥´Ò ¢ É ¡². 1 ¨ 2. –¥´É· ²Ó´μ¥ É¥²μ m0 § Î¥·´¥´μ; · §³¥·Ò É¥² ´¥

¸μμÉ¢¥É¸É¢ÊÕÉ ¢¥²¨Î¨´ ³ ³ ¸¸; ²¨´¨¨ Ê É¥² ¸μμÉ¢¥É¸É¢ÊÕÉ ´ ¶· ¢²¥´¨Õ ¨ ¢¥²¨Î¨´¥ ¨Ì ¸±μ·μ¸É¥°
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�¨¸. 3. „¨´ ³¨±  10-° ³μ¤¥²¨ ±μ²ÓÍ¥¢μ° ¸É·Ê±ÉÊ·Ò: m0 = 0,5mS . �¡ÑÖ¸´¥´¨Ö Å ¸³. ·¨¸. 2

	  ·¨¸. 3 ¡μ²¥¥ ¤¥É ²Ó´μ · ¸¸³μÉ·¥´  ¤¨´ ³¨±  ¤¥¸ÖÉμ° ³μ¤¥²¨. ‚ ´ Î ²¥ É¥²  ¨§
¶¥·¢μ£μ ±μ²ÓÍ  ¤¢¨¦ÊÉ¸Ö ¡¥§ ¢¨¤¨³ÒÌ ´ ·ÊÏ¥´¨° μ¸¥¸¨³³¥É·¨Î´μ° ¸É·Ê±ÉÊ·Ò,   É¥² 
¢μ ¢Éμ·μ³ ¨ É·¥ÉÓ¥³ ±μ²ÓÍ Ì ¸É·¥³ÖÉ¸Ö ¸¡²¨§¨ÉÓ¸Ö ¨, ± ± ¢¨¤´μ, Î¥·¥§ 20,2 £μ¤  μ´¨
μ¡· §ÊÕÉ μ¡Ð¥¥ ±μ²ÓÍμ. ‡ É¥³ ¶·μ¨¸Ìμ¤¨É · §·Ò¢ ¢´ÊÉ·¥´´¥£μ ±μ²ÓÍ . „¢  ¥£μ É¥² 
¢Ò¡· ¸Ò¢ ÕÉ¸Ö ¨§ ±μ²ÓÍ¥¢μ° ¸É·Ê±ÉÊ·Ò ¢ ¶·μÉ¨¢μ¶μ²μ¦´ÒÌ ´ ¶· ¢²¥´¨ÖÌ ¸ ¡μ²ÓÏ¨³¨
¸±μ·μ¸ÉÖ³¨. �μ ¤²¨´¥ ²¨´¨° ¢¨¤´μ, ÎÉμ ¸±μ·μ¸É¨ ÔÉ¨Ì É¥² ¶·¥¢ÒÏ ÕÉ ¸±μ·μ¸É¨ μ¸É ²Ó-
´ÒÌ É¥² ¢ ´¥¸±μ²Ó±μ · §.

‚›‚�„›

1. �·¥¤²μ¦¥´  ²£μ·¨É³ ¶μ¸É·μ¥´¨Ö ³´μ£μ¸²μ°´ÒÌ ±μ²ÓÍ¥¢ÒÌ ¸É·Ê±ÉÊ·.
2. ˆ¸¸²¥¤μ¢ ´  ¤¨´ ³¨±  ¤¥¸ÖÉ¨ ³μ¤¥²¥° ³¥Éμ¤ ³¨ Î¨¸²¥´´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö ¤¨Ë-

Ë¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°.
3. �¶·¥¤¥²¥´Ò ¨ ¨¸¸²¥¤μ¢ ´Ò ´¥±μÉμ·Ò¥ Ê¸Éμ°Î¨¢Ò¥ ¨ ´¥Ê¸Éμ°Î¨¢Ò¥ ³μ¤¥²Ó´Ò¥

¸É·Ê±ÉÊ·Ò.
‚ § ±²ÕÎ¥´¨¥  ¢Éμ· ¢Ò· ¦ ¥É ¶·¨§´ É¥²Ó´μ¸ÉÓ ….�. ƒ·¥¡¥´¨±μ¢Ê §  ¢´¨³ É¥²Ó´μ¥

μÉ´μÏ¥´¨¥ ± · ¡μÉ¥ ¨ ¸ÊÐ¥¸É¢¥´´Ò¥ ¤μ¶μ²´¥´¨Ö ¶·¨  ´ ²¨§¥ ²¨É¥· ÉÊ·´ÒÌ ¨¸ÉμÎ´¨±μ¢.

‘�ˆ‘�Š ‹ˆ’…��’“�›

1. ƒ·¥¡¥´¨±μ¢ …. �., Šμ§ ±-‘±μ¢μ·μ¤±¨´  „., Ÿ±Ê¡Ö± Œ. Œ¥Éμ¤Ò ±μ³¶ÓÕÉ¥·´μ°  ²£¥¡·Ò ¢ ¶·μ-
¡²¥³¥ ³´μ£¨Ì É¥². Œ.: ˆ§¤-¢μ �μ¸. Ê´-É  ¤·Ê¦¡Ò ´ ·μ¤μ¢, 2002. 211 ¸.

2. ˆÌ¸ ´μ¢ …. ‚. Šμ³¶ÓÕÉ¥·´Ò¥ ³¥Éμ¤Ò ´μ·³ ²¨§ Í¨¨ £ ³¨²ÓÉμ´¨ ´μ¢ μ£· ´¨Î¥´´ÒÌ § ¤ Î ´¥-
¡¥¸´μ° ³¥Ìa´¨±¨. Œ.: ˆ§¤-¢μ �μ¸. Ê´-É  ¤·Ê¦¡Ò ´ ·μ¤μ¢, 2002. 128 ¸.



Œ´μ£μ¸²μ°´Ò¥ ±μ²ÓÍ¥¢Ò¥ ¸É·Ê±ÉÊ·Ò 743

3. ‡¥³Íμ¢  �.ˆ., Šμ§ ±-‘±μ¢μ·μ¤±¨´  „. �·μ¡²¥³  Ê¸Éμ°Î¨¢μ¸É¨ ¸É Í¨μ´ ·´ÒÌ ·¥Ï¥´¨° μ£· -
´¨Î¥´´μ° § ¤ Î¨ ¤¢¥´ ¤Í É¨ É¥² ¸ ´¥¶μ²´μ° ¸¨³³¥É·¨¥° ¢ ¸²ÊÎ ¥ ·¥§μ´ ´¸  Î ¸ÉμÉ É·¥ÉÓ¥£μ
¶μ·Ö¤±  // ’¥μ·. ¨ ¶·¨±². § ¤ Î¨ ´¥²¨´¥°´μ£μ  ´ ²¨§ . Œ., 2006. ‘. 77Ä90.

4. ƒ·¥¡¥´¨±μ¢ …. �., „¨ ·μ¢  „. „., ‡¥³Íμ¢  �.ˆ. ‘ÊÐ¥¸É¢μ¢ ´¨¥ ¨ ´¥Ê¸Éμ°Î¨¢μ¸ÉÓ ·μ³¡μ¶μ¤μ¡-
´ÒÌ Í¥´É· ²Ó´ÒÌ ±μ´Ë¨£Ê· Í¨° ¢ ¸³Ò¸²¥ “¨´É´¥·  ¤²Ö ´ÓÕÉμ´μ¢μ° ³μ¤¥²¨ ¤¥¢ÖÉ¨ É¥² // ’ ³
¦¥. ‘. 65Ä77.

5. Elmabsout B. Stability of Some Degenerate Positions of Relative Equilibrium in the n-body Prob-
lem // Dynamics and Stability of Systems. 1994. V. 9, No. 4. P. 305Ä319.

6. ƒ·¥¡¥´¨±μ¢ …. �. ‘ÊÐ¥¸É¢μ¢ ´¨¥ ÉμÎ´ÒÌ ¸¨³³¥É·¨Î´ÒÌ ·¥Ï¥´¨° ¢ ¶²μ¸±μ° ´ÓÕÉμ´μ¢μ° ¶·μ-
¡²¥³¥ ³´μ£¨Ì É¥² // Œ É¥³. ³μ¤¥²¨·μ¢ ´¨¥. 1998. ’. 10, º8. ‘. 74Ä80.

7. ƒÊÍÊ ‚. „., „¨ ·μ¢  „.Œ., ‡¥³Íμ¢  �.ˆ. ˆ¸¸²¥¤μ¢ ´¨¥ Ê¸Éμ°Î¨¢μ¸É¨ ¸É Í¨μ´ ·´ÒÌ ·¥Ï¥´¨°
·μ³¡μ¶μ¤μ¡´μ° μ£· ´¨Î¥´´μ° § ¤ Î¨ ¤¥¸ÖÉ¨ É¥² // ’¥μ·. ¨ ¶·¨±². § ¤ Î¨ ´¥²¨´¥°´μ£μ  ´ ²¨§ .
Œ., 2007. ‘. 99Ä109.

8. C³Ê²Ó¸±¨° ˆ.ˆ. Šμ´¸É·Ê¨·μ¢ ´¨¥ ±μ²ÓÍ¥¢ÒÌ ¸É·Ê±ÉÊ· // ”Ê´¤ ³¥´É ²Ó´Ò¥ ¨ ¶·¨±² ¤´Ò¥ ¶·μ-
¡²¥³Ò ¸μ¢·¥³¥´´μ° ³¥Ì ´¨±¨: Œ É¥·¨ ²Ò VI ‚¸¥·μ¸. ´ ÊÎ. ±μ´Ë., ¶μ¸¢ÖÐ¥´´μ° 130-²¥É¨Õ
’μ³¸±μ£μ £μ¸. Ê´-É  ¨ 40-²¥É¨Õ 	ˆˆ ¶·¨±² ¤´μ° ³ É¥³ É¨±¨ ¨ ³¥Ì ´¨±¨ ’μ³¸±μ£μ £μ¸. Ê´-É ,
’μ³¸±, 30 ¸¥´É. Å 2 μ±É. 2008 £. ‘. 431Ä432.

9. ‘³Ê²Ó¸±¨° ˆ.ˆ. �¸¥¸¨³³¥É·¨Î´ Ö § ¤ Î  £· ¢¨É Í¨μ´´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö N-É¥² // Œ É¥³.
³μ¤¥²¨·μ¢ ´¨¥. 2003. ’. 15, º 5. ‘. 27Ä36;
http://www.smul1.newmail.ru/Russian1/IntSunSyst/Osvnb4.doc

10. ‘³Ê²Ó¸±¨° ˆ.ˆ. ’¥μ·¨Ö ¢§ ¨³μ¤¥°¸É¢¨Ö. 	μ¢μ¸¨¡¨·¸±: ˆ§¤-¢μ 	μ¢μ¸¨¡¨·¸±. Ê´-É , 		–
�ˆƒƒŒ ‘� ��	, 1999. 294 ¸. http://www.ikz.ru/∼smulski/TVfulA5 2.pdf

11. ƒ·¥¡¥´¨±μ¢ …. �., ‘³Ê²Ó¸±¨° ˆ.ˆ. �¢μ²ÕÍ¨Ö μ·¡¨ÉÒ Œ ·¸  ´  ¨´É¥·¢ ²¥ ¢·¥³¥´¨ ¢ ¸Éμ ³¨²-
²¨μ´μ¢ ²¥É // ‘μμ¡Ð¥´¨Ö ¶μ ¶·¨±². ³ É¥³ É¨±¥. Œ.: ‚– ��	 �.�. „μ·μ¤´¨ÍÒ´ , 2007. 63 ¸.
http://www.ikz.ru/∼smulski/Papers/EvMa100m4t2.pdf


