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  �¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 
¡ ˆ´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¶·μ¡²¥³, 	¥²μ·Ê¸¸±¨° £μ¸Ê¤ ·¸É¢¥´´Ò° Ê´¨¢¥·¸¨É¥É, Œ¨´¸±

‘ ¶μ³μÐÓÕ ¶·¨´Í¨¶  ²μ± ²Ó´μ¸É¨ ¶μ²ÊÎ¥´ ±μÔËË¨Í¨¥´É μÉ· ¦¥´¨Ö ·¥´É£¥´μ¢¸±μ£μ ¨§²ÊÎ¥-
´¨Ö μÉ ¨§μ£´ÊÉμ£μ ¡·Ô££μ¢¸±μ£μ §¥·± ² . � ¸¸³μÉ·¥´  Ëμ±Ê¸¨·μ¢±  ·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢ ¨§μ£´Ê-
ÉÒ³¨ ±·¨¸É ²² ³¨. �¶·¥¤¥²¥´Ò ± Ê¸É¨±¨ ¤²Ö ·¥´É£¥´μ¢¸±μ£μ ¨§²ÊÎ¥´¨Ö, μÉ· ¦¥´´μ£μ μÉ ¨§μ£´ÊÉμ£μ
¡·Ô££μ¢¸±μ£μ §¥·± ² .

Using the principle of locality, we obtain the coefˇcient of X-ray re
ection from the bent Bragg
mirror. We consider the focusing of X rays by bent crystals. We deˇne the caustics for X rays re
ected
from the bent Bragg mirror.

PACS: 32.30.Rj; 41.50.+h; 78.70.-g
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‘ ÉμÎ±¨ §·¥´¨Ö μ¡Ð¥° Ô²¥±É·μ¤¨´ ³¨±¨ ·¥´É£¥´μ¢¸± Ö ¤¨Ë· ±Í¨μ´´ Ö μ¶É¨±  μÉ-
´μ¸¨É¸Ö ± μ¡² ¸É¨ £¥μ³¥É·¨Î¥¸±μ° μ¶É¨±¨ ¢ ¥¥ ¸ ³μ³ ¶·μ¸Éμ³ ¢ ·¨ ´É¥. …¤¨´¸É¢¥´´μ¥
Ê¸²μ¦´¥´¨¥ ¢μ§´¨± ¥É ¨§-§  ¤¨´ ³¨Î¥¸±μ° ¤¨Ë· ±Í¨¨: ¢´ÊÉ·¨ ±·¨¸É ²²  ¶μÖ¢²ÖÕÉ¸Ö ´¥-
¸±μ²Ó±μ ¸¢Ö§ ´´ÒÌ ¢μ²´. �μÔÉμ³Ê ¤²Ö · ¸Î¥É  μÉ· ¦¥´¨Ö ·¥´É£¥´μ¢¸±μ£μ ¨§²ÊÎ¥´¨Ö μÉ
£² ¤±μ ¤¥Ëμ·³¨·μ¢ ´´μ£μ ¡·Ô££μ¢¸±μ£μ §¥·± ²  ¥¸É¥¸É¢¥´´μ ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö ®¶·¨´Í¨¶μ³
²μ± ²Ó´μ¸É¨¯ £¥μ³¥É·¨Î¥¸±μ° μ¶É¨±¨, ±μÉμ·Ò°, ¶μ-¢¨¤¨³μ³Ê, ¢¶¥·¢Ò¥ ¡Ò² ¢¢¥¤¥´ ¢ Ô²¥±-
É·μ¤¨´ ³¨±Ê ‚.�.”μ±μ³ [1]. ‘μ£² ¸´μ ¶·¨´Í¨¶Ê ²μ± ²Ó´μ¸É¨ ¨§μ£´ÊÉμ¥ §¥·± ²μ ³μ¦´μ
§ ³¥´¨ÉÓ ´ ¡μ·μ³ ¶²μ¸±¨Ì §¥·± ², ± ¸ É¥²Ó´ÒÌ ¢ ± ¦¤μ° ÉμÎ±¥ ¨§μ£´ÊÉμ³Ê §¥·± ²Ê,  
¶ ¤ ÕÐ¥¥ ´  §¥·± ²μ ¨§²ÊÎ¥´¨¥ ¸ £² ¤±¨³ ¢μ²´μ¢Ò³ Ë·μ´Éμ³ Å ´  ´ ¡μ· ¶²μ¸±¨Ì ¢μ²´,
± ¸ É¥²Ó´ÒÌ ¢ ± ¦¤μ° ÉμÎ±¥ ± ¶ ¤ ÕÐ¥³Ê ´  §¥·± ²μ Ë·μ´ÉÊ ¢μ²´Ò. ’μ£¤  μÉ· ¦¥´¨¥
¢μ²´Ò ¢ ± ¦¤μ° ÉμÎ±¥ ¶μ¢¥·Ì´μ¸É¨ §¥·± ²  ¶·μ¨¸Ìμ¤¨É É ±, ± ± ¥¸²¨ ¡Ò ¶ ¤ ÕÐ Ö ¢μ²´ 
¡Ò²  ¶²μ¸±μ°,   ±·¨¢μ²¨´¥°´ Ö ¶μ¢¥·Ì´μ¸ÉÓ ¢ ÔÉμ° ÉμÎ±¥ ¡Ò²  ¡Ò § ³¥´¥´  ± ¸ É¥²Ó´μ°
¶²μ¸±μ¸ÉÓÕ Å ´¥μ¡Ìμ¤¨³μ Éμ²Ó±μ ÊÎ¥¸ÉÓ, ÎÉμ Ê£²Ò ¶ ¤¥´¨Ö ¨ μÉ· ¦¥´¨Ö ¢μ²´Ò ³¥´Ö-
ÕÉ¸Ö μÉ ÉμÎ±¨ ± ÉμÎ±¥ ´  ÔÉμ° ¶μ¢¥·Ì´μ¸É¨. ‘²¥¤μ¢ É¥²Ó´μ, ¶·¨´Í¨¶ ²μ± ²Ó´μ¸É¨ ¶μ§¢μ-
²Ö¥É ¨¸¶μ²Ó§μ¢ ÉÓ ¢ ± Î¥¸É¢¥ ´Ê²¥¢μ£μ ¶·¨¡²¨¦¥´¨Ö ±μÔËË¨Í¨¥´ÉÒ μÉ· ¦¥´¨Ö, ¶μ²ÊÎ¥´-
´Ò¥ ¤²Ö ¶²μ¸±¨Ì ¢μ²´ ¨ ¶²μ¸±¨Ì ¶μ¢¥·Ì´μ¸É¥°, ¨ ¢ Î ¸É´μ¸É¨ ±μÔËË¨Í¨¥´É μÉ· ¦¥´¨Ö
	·Ô££  ¨§ ¤¨Ë· ±Í¨μ´´μ° ·¥´É£¥´μ¢¸±μ° μ¶É¨±¨. ‚ μ¶É¨Î¥¸±μ³ ¨ ‘‚— ¤¨ ¶ §μ´ Ì Î ¸ÉμÉ
®¶·¨´Í¨¶ ²μ± ²Ó´μ¸É¨¯ ¨¸¶μ²Ó§Ê¥É¸Ö ¶·¨ · ¸Î¥É Ì μÉ· ¦¥´¨Ö Ô²¥±É·μ³ £´¨É´ÒÌ ¶μ²¥°
μÉ §¥·± ² ¨  ´É¥´´ ¸²μ¦´μ° ±μ´Ë¨£Ê· Í¨¨. ‚ Éμ ¦¥ ¢·¥³Ö ´ ³ ´¥ ¨§¢¥¸É´Ò · ¡μÉÒ,
¢ ±μÉμ·ÒÌ ¸ ¶μ³μÐÓÕ ¶·¨´Í¨¶  ²μ± ²Ó´μ¸É¨ ¡Ò² ¡Ò ¶μ²ÊÎ¥´ ±μÔËË¨Í¨¥´É μÉ· ¦¥-
´¨Ö ·¥´É£¥´μ¢¸±μ£μ ¨§²ÊÎ¥´¨Ö ¸ ¶·μ¨§¢μ²Ó´Ò³ £² ¤±¨³ Ë·μ´Éμ³ μÉ ¶·μ¨§¢μ²Ó´μ £² ¤±μ
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¨§μ£´ÊÉμ£μ ¡·Ô££μ¢¸±μ£μ §¥·± ² . ’ ±¨³ μ¡· §μ³, Í¥²ÓÕ ÔÉμ° · ¡μÉÒ ¡Ê¤¥É ¶μ²ÊÎ¥´¨¥
¤μ¸É ÉμÎ´μ ¶·μ¸Éμ° Ëμ·³Ê²Ò ¤²Ö ±μÔËË¨Í¨¥´É  μÉ· ¦¥´¨Ö ·¥´É£¥´μ¢¸±μ£μ ¨§²ÊÎ¥´¨Ö
¸ ¶·μ¨§¢μ²Ó´Ò³ £² ¤±¨³ Ë·μ´Éμ³ μÉ ¶·μ¨§¢μ²Ó´μ ¨§μ£´ÊÉμ£μ ¡·Ô££μ¢¸±μ£μ §¥·± ² ,  
É ±¦¥ ¨¸¸²¥¤μ¢ ´¨¥ Ëμ±Ê¸¨·μ¢±¨ ·¥´É£¥´μ¢¸±μ£μ ¨§²ÊÎ¥´¨Ö ¨§μ£´ÊÉÒ³¨ ¡·Ô££μ¢¸±¨³¨
§¥·± ² ³¨.
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ŠμÔËË¨Í¨¥´É μÉ· ¦¥´¨Ö 	·Ô££  ¶·¨ μÉ· ¦¥´¨¨ ¶²μ¸±μ° ¢μ²´Ò μÉ ¶²μ¸±μ¶ · ²²¥²Ó-
´μ° Éμ²¸Éμ° ¶² ¸É¨´±¨ ¨§ ¸μ¢¥·Ï¥´´μ£μ ±·¨¸É ²²  μ¶·¥¤¥²Ö¥É¸Ö Ëμ·³Ê²μ°

R =
2βCχτ

αβ − (1 + β)χ0 − D sign (Im (D))
, (1)

D =
√

[αβ − (1 + β)χ0]2 − 4Cβχτχ−τ ,

£¤¥ C Å ¶μ²Ö·¨§ Í¨μ´´Ò° Ë ±Éμ·: C = 1 ¤²Ö σ-¶μ²Ö·¨§ Í¨¨ ¨ C = cos (2θB) ¤²Ö

π-¶μ²Ö·¨§ Í¨¨, θB Å Ê£μ² 	·Ô££ ; β =
cos θτ

cos θ0
Å ¶ · ³¥É·  ¸¨³³¥É·¨¨, θτ Å Ê£μ²

³¥¦¤Ê ´μ·³ ²ÓÕ ± §¥·± ²Ê, ´ ¶· ¢²¥´´μ° ¢μ¢´¥ ±·¨¸É ²² , ¨ ´ ¶· ¢²¥´¨¥³ · ¸¶·μ-
¸É· ´¥´¨Ö ¤¨Ë· £¨·μ¢ ´´μ£μ ·¥´É£¥´μ¢¸±μ£μ ¨§²ÊÎ¥´¨Ö, θ0 Å Ê£μ² ³¥¦¤Ê ´μ·³ ²ÓÕ ±
§¥·± ²Ê ¨ ´ ¶· ¢²¥´¨¥³ · ¸¶·μ¸É· ´¥´¨Ö ¶ ¤ ÕÐ¥£μ ´  ±·¨¸É ²² ·¥´É£¥´μ¢¸±μ£μ ¨§²Ê-
Î¥´¨Ö; χ0,±τ (ω) Å ËÊ·Ó¥-±μ³¶μ´¥´ÉÒ É¥´§μ·  ¶μ²Ö·¨§Ê¥³μ¸É¨ ¨¤¥ ²Ó´μ£μ ±·¨¸É ²²  ¢

·¥´É£¥´μ¢¸±μ³ ¤¨ ¶ §μ´¥ Î ¸ÉμÉ; α =
(k + τ)2 − k2

k2
Å ¶ · ³¥É· μÉ±²μ´¥´¨Ö μÉ ÉμÎ-

´μ£μ Ê¸²μ¢¨Ö 	·Ô££ ; sign (x) = 1 ¶·¨ 0 � x ¨ sign (x) = −1 ¶·¨ x < 0. �·¥¦¤¥
Î¥³ μ¡μ¡Ð¨ÉÓ Ëμ·³Ê²Ê (1) ¤²Ö ¤¥Ëμ·³¨·μ¢ ´´ÒÌ (¨§μ£´ÊÉÒÌ) ¡·Ô££μ¢¸±¨Ì §¥·± ², ´ -
¶μ³´¨³, ÎÉμ ¢ ³¥Ì ´¨±¥ ¸¶²μÏ´ÒÌ ¸·¥¤, ¢ · ³± Ì ±μÉμ·μ° ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¤¥Ëμ·-
³ Í¨Õ, ¸ÊÐ¥¸É¢ÊÕÉ ¤¢  ³¥Éμ¤  μ¶¨¸ ´¨Ö ¶·μÍ¥¸¸  ¤¥Ëμ·³ Í¨°: ³¥Éμ¤ �°²¥·  ¨ ³¥Éμ¤
‹ £· ´¦ . ‚ ³¥Éμ¤¥ �°²¥·  ¸¨¸É¥³  ±μμ·¤¨´ É ¸μ¢¶ ¤ ¥É ¸ ¸¨¸É¥³μ° μÉ¸Î¥É  ´ ¡²Õ¤ -
É¥²Ö. ‚ ³¥Éμ¤¥ ‹ £· ´¦  ¸¨¸É¥³  ±μμ·¤¨´ É ¢³μ·μ¦¥´  ¢ ¸·¥¤Ê ¨ ¢ ¶·μÍ¥¸¸¥ ¤¥Ëμ·³ Í¨¨
¸·¥¤Ò ±μμ·¤¨´ É´Ò¥ ²¨´¨¨ ¨§³¥´ÖÕÉ¸Ö ¢³¥¸É¥ ¸μ ¸·¥¤μ°. ‘²¥¤Ê¥É μ¸μ¡μ ¶μ¤Î¥·±´ÊÉÓ,
ÎÉμ ¥¸²¨ ¢ ¸¨¸É¥³¥ ±μμ·¤¨´ É �°²¥·  ±μμ·¤¨´ ÉÒ ´¥±μÉμ·μ° ¢Ò¡· ´´μ° ÉμÎ±¨ ¸·¥¤Ò
¨§³¥´ÖÕÉ¸Ö ¢ É¥Î¥´¨¥ ¶·μÍ¥¸¸  ¤¥Ëμ·³ Í¨¨, Éμ ¢ ² £· ´¦¥¢μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É ±μμ·-
¤¨´ ÉÒ ÔÉμ° ÉμÎ±¨ μ¸É ÕÉ¸Ö ´¥¨§³¥´´Ò³¨. „²Ö Ô°²¥·μ¢ÒÌ ±μμ·¤¨´ É ¢¢¥¤¥³ μ¡μ§´ Î¥´¨¥
x = (x1, x2, x3) (¨´μ£¤  ³Ò ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¸É ´¤ ·É´Ò¥ μ¡μ§´ Î¥´¨Ö r = (x, y, z)),
  ¤²Ö ² £· ´¦¥¢ÒÌ ξ = (ξ1, ξ2, ξ3). ‘¢Ö§Ó ³¥¦¤Ê ´¨³¨ μ¶·¥¤¥²Ö¥É¸Ö ¸μμÉ´μÏ¥´¨¥³

xi = ξi + ui(ξ1, ξ2, ξ3), (2)

£¤¥ u = (u1, u2, u3) Å ¶μ²¥ ¤¥Ëμ·³ Í¨¨, ±μÉμ·μ¥ ³Ò ¡Ê¤¥³ ¸Î¨É ÉÓ § ¤ ´´Ò³. ‚ ³¥-
Éμ¤¥ �°²¥·  £¥μ³¥É·¨Ö ¢ μ¡² ¸É¨, § ´ÖÉμ° ¤¥Ëμ·³¨·μ¢ ´´Ò³ ±·¨¸É ²²μ³, Ö¢²Ö¥É¸Ö Ô¢-
±²¨¤μ¢μ°. ‚ ³¥Éμ¤¥ ‹ £· ´¦  μ¡² ¸ÉÓ, § ´ÖÉ Ö ¤¥Ëμ·³¨·μ¢ ´´Ò³ ±·¨¸É ²²μ³, Ö¢²Ö¥É¸Ö
·¨³ ´μ¢Ò³ ³´μ£μμ¡· §¨¥³ ¸ ³¥É·¨Î¥¸±¨³ É¥´§μ·μ³

gij(ξ) =
3∑

k=1

∂xk

∂ξi

∂xk

∂ξj
= δij + δik

∂uk

∂ξj
+ δjk

∂uk

∂ξi
+

3∑
k=1

∂uk

∂ξi

∂uk

∂ξj
,
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£¤¥ ¶μ ¶μ¢Éμ·ÖÕÐ¨³¸Ö ¨´¤¥±¸ ³ ¶·¥¤¶μ²a£ ¥É¸Ö ¸Ê³³¨·μ¢ ´¨¥ (¶· ¢¨²μ �°´ÏÉ¥°´ ). ‚
μ¸´μ¢´μ³ ³Ò ¡Ê¤¥³ · ¡μÉ ÉÓ ¢ ¸¨¸É¥³¥ μÉ¸Î¥É  �°²¥· , ´μ ¤²Ö μ¶¨¸ ´¨Ö ¤¥Ëμ·³¨·μ¢ ´-
´μ£μ ±·¨¸É ²²  Î ¸Éμ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ² £· ´¦¥¢Ò ±μμ·¤¨´ ÉÒ ± ± ¶ · ³¥É·Ò ¤²Ö Ô°-
²¥·μ¢ÒÌ ±μμ·¤¨´ É: x = ξ1+u1(ξ1, ξ2, ξ3), y = ξ2+u2(ξ1, ξ2, ξ3) ¨ z = ξ3+u3(ξ1, ξ2, ξ3).
’ ± Ö ¶ · ³¥É·¨§ Í¨Ö μÎ¥´Ó Ê¤μ¡´ , É ± ± ± ² £· ´¦¥¢Ò ±μμ·¤¨´ ÉÒ, ¶μ ¸ÊÐ¥¸É¢Ê, Ö¢²Ö-
ÕÉ¸Ö ±μμ·¤¨´ É ³¨ ÉμÎ¥± ¨¤¥ ²Ó´μ£μ ±·¨¸É ²²  ¤μ ´ Î ²  ¶·μÍ¥¸¸  ¤¥Ëμ·³ Í¨¨. �μ²¥
·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢, ¶ ¤ ÕÐ¨Ì ´  ¨§μ£´ÊÉÒ° ±·¨¸É ²², ¥¸ÉÓ

E(x, ω) = E0(x, ω) eikΦ(x), H(x, ω) = H0(x, ω) eikΦ(x),

£¤¥ E0(x, ω) ¨ H0(x, ω) Å ¤¥°¸É¢¨É¥²Ó´Ò¥  ³¶²¨ÉÊ¤Ò ¢μ²´Ò ·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢,
  Φ(x) Å Ë §  ÔÉμ° ¢μ²´Ò, ±μÉμ· Ö ¤μ²¦´  Ê¤μ¢²¥É¢μ·ÖÉÓ ¸μμÉ´μÏ¥´¨Õ (∇Φ(x))2 =
n2(x), ¨, ´ ±μ´¥Í, ¢μ²´μ¢μ¥ Î¨¸²μ k = ω/c. ’ ± ± ± ¶μ± § É¥²Ó ¶·¥²μ³²¥´¨Ö ²Õ¡μ°
¸·¥¤Ò ¤²Ö ·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢ ¡²¨§μ± ± ¥¤¨´¨Í¥, Éμ ³μ¦´μ ¶μ²μ¦¨ÉÓ n(x) � 1.
’μ£¤  ¨³¥¥³ ∇Φ(x) = n0(x) ¨ (n0(x) · n0(x)) = 1, É. ¥. n0(x) Ö¢²Ö¥É¸Ö ´μ·³ ²ÓÕ
¥¤¨´¨Î´μ° ¤²¨´Ò ± ¢μ²´μ¢μ³Ê Ë·μ´ÉÊ ¶ ¤ ÕÐ¨Ì ´  ¨§μ£´ÊÉÒ° ±·¨¸É ²² ·¥´É£¥´μ¢¸±¨Ì
±¢ ´Éμ¢ ¢ ÉμÎ±¥ ¸ ±μμ·¤¨´ É ³¨ x. �É¸Õ¤  ¢μ²´μ¢μ° ¢¥±Éμ· ·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢ ¥¸ÉÓ
k(x) = kn0(x).

‘μ£² ¸´μ ¶·¨´Í¨¶Ê ²μ± ²Ó´μ¸É¨, ¨§μ£´ÊÉμ¥ ¡·Ô££μ¢¸±μ¥ §¥·± ²μ ³μ¦´μ § ³¥´¨ÉÓ ´¥-
¶·¥·Ò¢´Ò³ ´ ¡μ·μ³ ¶²μ¸±¨Ì ¡·Ô££μ¢¸±¨Ì §¥·± ², ± ¸ É¥²Ó´ÒÌ ± ¨§μ£´ÊÉμ³Ê ¡·Ô££μ¢¸±μ³Ê
§¥·± ²Ê ¢ ± ¦¤μ° ÉμÎ±¥,   ¶ ¤ ÕÐ¥¥ ´  §¥·± ²μ ·¥´É£¥´μ¢¸±μ¥ ¨§²ÊÎ¥´¨¥ ¸ £² ¤±¨³ ¢μ²´μ-
¢Ò³ Ë·μ´Éμ³ Å ´  ´¥¶·¥·Ò¢´Ò° ´ ¡μ· ¶²μ¸±¨Ì ¢μ²´, ± ¸ É¥²Ó´ÒÌ ± ¢μ²´μ¢μ³Ê Ë·μ´ÉÊ ¢
± ¦¤μ° ÉμÎ±¥. ’μ£¤  μÉ· ¦¥´¨¥ ¢ ± ¦¤μ° ÉμÎ±¥ ¶μ¢¥·Ì´μ¸É¨ §¥·± ²  ¶·μ¨¸Ìμ¤¨É É ±, ± ±
¥¸²¨ ¡Ò ¶ ¤ ÕÐ Ö ¢μ²´  ¡Ò²  ¡Ò ¶²μ¸±μ°,   ±·¨¢μ²¨´¥°´ Ö ¶μ¢¥·Ì´μ¸ÉÓ ¢ ÔÉμ° ÉμÎ±¥
¡Ò²  ¡Ò § ³¥´¥´  ± ¸ É¥²Ó´μ° ¶²μ¸±μ¸ÉÓÕ. �¥μ¡Ìμ¤¨³μ Éμ²Ó±μ ÊÎ¥¸ÉÓ, ÎÉμ Ê£²Ò ¶ ¤¥-
´¨Ö ¨ μÉ· ¦¥´¨Ö ·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢ ³¥´ÖÕÉ¸Ö μÉ ÉμÎ±¨ ± ÉμÎ±¥ ´  ÔÉμ° ¶μ¢¥·Ì´μ¸É¨.
‘²¥¤μ¢ É¥²Ó´μ, ±μÔËË¨Í¨¥´É μÉ· ¦¥´¨Ö ¢ ± ¦¤μ° ÉμÎ±¥ ¨§μ£´ÊÉμ£μ ¡·Ô££μ¢¸±μ£μ §¥·± ² 
·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢ ¨³¥¥É É ±ÊÕ ¦¥ ËÊ´±Í¨μ´ ²Ó´ÊÕ Ëμ·³Ê, ± ± ¨ ¶·¨ μÉ· ¦¥´¨¨
¶²μ¸±μ° ¢μ²´Ò μÉ ¶²μ¸±μ£μ ¡·Ô££μ¢¸±μ£μ §¥·± ² :

R(x, ε) =
2C(x)β(x)χτ (ε)

α(x, ε)β(x) − (1 + β(x))χ0(ε) −D(x, ε) sign (Im (D(x, ε)))
, (3)

D(x, ε) =
√

(α(x, ε)β(x) − (1 + β(x))χ0(ε))2 − 4C2β(x)χτ (ε)χ−τ (ε).

‡¤¥¸Ó χ0(ε) ¨ χ±τ (ε) Å  ³¶²¨ÉÊ¤Ò ¢ ËÊ·Ó¥-· §²μ¦¥´¨¨ ¶μ²Ö·¨§Ê¥³μ¸É¨ ¨¤¥ ²Ó´μ£μ
±·¨¸É ²²  ¤²Ö ·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢ ¸ Ô´¥·£¨¥° ε. ŒÒ ¶μ² £ ¥³, ÎÉμ ¶·¨ Ê¶·Ê£μ° ¤¥-
Ëμ·³ Í¨¨ ³μ¦´μ ¶·¥´¥¡·¥ÎÓ ¨§³¥´¥´¨¥³ Ô²¥³¥´É ·´ÒÌ ÖÎ¥¥± ±·¨¸É ²² . ’ ± ± ± χ0(ε)
¶·μ¶μ·Í¨μ´ ²Ó´   ³¶²¨ÉÊ¤¥ · ¸¸¥Ö´¨Ö ¢¶¥·¥¤ ·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢ Ô²¥³¥´É ·´μ° ÖÎ¥°-
±μ° ±·¨¸É ²² ,   χ±τ (ε) ¶·μ¶μ·Í¨μ´ ²Ó´Ò  ³¶²¨ÉÊ¤¥ · ¸¸¥Ö´¨Ö Ô²¥³¥´É ·´μ° ÖÎ¥°±μ°
±¢ ´Éμ¢ ¸ ¢μ²´μ¢Ò³ ¢¥±Éμ·μ³ k ¢ ±¢ ´ÉÒ ¸ ¢μ²´μ¢Ò³¨ ¢¥±Éμ· ³¨ k ± τ , Éμ ¸ ¡μ²ÓÏμ°
ÉμÎ´μ¸ÉÓÕ ³μ¦´μ ¸Î¨É ÉÓ  ³¶²¨ÉÊ¤Ò ¢ ËÊ·Ó¥-· §²μ¦¥´¨¨ ¶μ²Ö·¨§Ê¥³μ¸É¨ ¨§μ£´ÊÉμ£μ
±·¨¸É ²²  ¸μ¢¶ ¤ ÕÐ¨³¨ ¸ χ0(ε) ¨ χ±τ (ε). �μ²Ö·¨§ Í¨μ´´Ò° Ë ±Éμ· C(x) · ¢¥´ ¥¤¨-
´¨Í¥ ¤²Ö σ-¶μ²Ö·¨§ Í¨¨ ¨ −(n0(x) · n1(x)) ¤²Ö π-¶μ²Ö·¨§ Í¨¨. ‡¤¥¸Ó n0(x) Å ´μ·³ ²Ó
± ¢μ²´μ¢μ³Ê Ë·μ´ÉÊ ¶ ¤ ÕÐ¥£μ ·¥´É£¥´μ¢¸±μ£μ ¨§²ÊÎ¥´¨Ö, ¢¢¥¤¥´´ Ö ¢ÒÏ¥,   n1(x) Å
´μ·³ ²Ó ¥¤¨´¨Î´μ° ¤²¨´Ò ± ¢μ²´μ¢μ³Ê Ë·μ´ÉÊ ¤¨Ë· £¨·μ¢ ´´ÒÌ ±¢ ´Éμ¢, É. ¥. ¥¤¨´¨Î-
´Ò° ¢¥±Éμ· ¢¤μ²Ó ¢μ²´μ¢μ£μ ¢¥±Éμ·  · ¢¥´ k(x) + τ(x). …¸²¨ μ¡μ§´ Î¨ÉÓ ± ± n(x)
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¥¤¨´¨Î´Ò° ¢¥±Éμ· ´μ·³ ²¨ ± μÉ· ¦ ÕÐ¥° ¶μ¢¥·Ì´μ¸É¨ ¨§μ£´ÊÉμ£μ ¡·Ô££μ¢¸±μ£μ §¥·± ² ,

´ ¶· ¢²¥´´μ° ¢μ¢´¥ ±·¨¸É ²² , Éμ Ë ±Éμ·  ¸¨³³¥É·¨¨ ¥¸ÉÓ β(x) =
−(n(x) · n1(x))
(n0(x) · n(x))

.

� · ³¥É· μÉ±²μ´¥´¨Ö μÉ ÉμÎ´μ£μ Ê¸²μ¢¨Ö 	·Ô££  α(x, ε) ¥¸ÉÓ

α(x, ε) =
(k(x) + τ(x))2 − k2

k2
=

2�c

ε
(n0(x) · τ(x)) +

(
�c

ε

)2

(τ(x) · τ(x)). (4)

‚¥±Éμ· μÉ· ¦¥´¨Ö (¨²¨ ¢¥±Éμ· μ¡· É´μ° ·¥Ï¥É±¨) τ(x) ¤²Ö ¤¥Ëμ·³¨·μ¢ ´´ÒÌ ±·¨-
¸É ²²μ¢ ¢ Ô°²¥·μ¢μ° ¸¨¸É¥³¥ μÉ¸Î¥É  Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° ±μμ·¤¨´ É. …¸²¨ ¨§¢¥¸É´μ
¶μ²¥ ¤¥Ëμ·³ Í¨° ±·¨¸É ²² , Éμ § ¤ Î  μ ¢ÒÎ¨¸²¥´¨¨ ±μ³¶μ´¥´É ¢¥±Éμ·  μÉ· ¦¥´¨Ö
τi(x), i = 1, 2, 3, ·¥Ï ¥É¸Ö ¤μ¸É ÉμÎ´μ ¶·μ¸Éμ, ¥¸²¨ § ³¥É¨ÉÓ, ÎÉμ ¢ ² £· ´¦¥¢μ° ¸¨-
¸É¥³¥ μÉ¸Î¥É  ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·  μÉ· ¦¥´¨Ö É ±¨¥ ¦¥, ± ± ¨ ¤²Ö ¨¤¥ ²Ó´μ£μ ±·¨¸É ²² .
�¥μ¡Ìμ¤¨³μ Éμ²Ó±μ ÊÎ¥¸ÉÓ, ÎÉμ μ¡² ¸ÉÓ, § ´ÖÉ Ö ¤¥Ëμ·³¨·μ¢ ´´Ò³ ±·¨¸É ²²μ³, Ö¢²Ö¥É¸Ö
·¨³ ´μ¢Ò³ ³´μ£μμ¡· §¨¥³ ¸ ³¥É·¨Î¥¸±¨³ É¥´§μ·μ³ gij(ξ). ’ ± ± ± ³¥É·¨Î¥¸±¨° É¥´§μ·
μÉ²¨Î ¥É¸Ö μÉ δij (¸¨³¢μ² Š·μ´¥±¥· ), Éμ ³Ò ¤μ²¦´Ò μÉ²¨Î ÉÓ ¢¥±Éμ·Ò ¨ ±μ¢¥±Éμ·Ò (¶μ-
· §´μ³Ê ¶·¥μ¡· §ÊÕÉ¸Ö). Š ± Ê¦¥ Ê¶μ³¨´ ²μ¸Ó ¢ÒÏ¥, ±μ³¶μ´¥´ÉÒ ±μ¢¥±Éμ·μ¢ μ¡· É´μ°
·¥Ï¥É±¨ ¤¥Ëμ·³¨·μ¢ ´´μ£μ ±·¨¸É ²²  ¸μ¢¶ ¤ ÕÉ ¢ ² £· ´¦¥¢μ° ¸¨¸É¥³¥ μÉ¸Î¥É  ¸ ±μ³-
¶μ´¥´É ³¨ ±μ¢¥±Éμ·μ¢ μ¡· É´μ° ·¥Ï¥É±¨ ¤²Ö ¨¤¥ ²Ó´μ£μ ±·¨¸É ²² . ’μ£¤  ±μ³¶μ´¥´ÉÒ
±μ¢¥±Éμ·μ¢ μ¡· É´μ° ·¥Ï¥É±¨ ¤¥Ëμ·³¨·μ¢ ´´μ£μ ±·¨¸É ²²  ¢ Ô°²¥·μ¢μ° ¸¨¸É¥³¥ μÉ¸Î¥É 
¶μ²ÊÎ ÕÉ¸Ö ¶μ § ±μ´Ê ¶·¥μ¡· §μ¢ ´¨Ö ±μ¢¥±Éμ·μ¢ ¶·¨ ¶·¥μ¡· §μ¢ ´¨¨ ±μμ·¤¨´ É, § ¤ ´-
´μ³Ê ¸μμÉ´μÏ¥´¨¥³ (2), ¨ μ¶·¥¤¥²ÖÕÉ¸Ö ¸μμÉ´μÏ¥´¨Ö³¨

τi(x) =
∂ξj

∂xi
τj . (5)

‡¤¥¸Ó J−1 = [∂ξi/∂xj ] Å ³ É·¨Í , μ¡· É´ Ö ³ É·¨Í¥ Ÿ±μ¡¨ J = [∂xi/∂ξj ] ¶·¥μ¡· -
§μ¢ ´¨Ö ±μμ·¤¨´ É (2),   τj ¢ (5) ¥¸ÉÓ ´¥ ÎÉμ ¨´μ¥, ± ± ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·  μ¡· É´μ°
·¥Ï¥É±¨ ¨¤¥ ²Ó´μ£μ ±·¨¸É ²² . ŒÒ Ê¦¥ Ê¶μ³¨´ ²¨ μ Éμ³, ÎÉμ ¤²Ö μ¶¨¸ ´¨Ö ¤¥Ëμ·-
³¨·μ¢ ´´ÒÌ ±·¨¸É ²²μ¢ Ê¤μ¡´μ ¶μ²Ó§μ¢ ÉÓ¸Ö Ô°²¥·μ¢μ° ¸¨¸É¥³μ° μÉ¸Î¥É , ´μ ¶·¨ ÔÉμ³
¨¸¶μ²Ó§μ¢ ÉÓ ² £· ´¦¥¢Ò ±μμ·¤¨´ ÉÒ ¢ ± Î¥¸É¢¥ ¶ · ³¥É·μ¢. �μÔÉμ³Ê ¡Ê¤¥³ ¶μ² £ ÉÓ,
ÎÉμ μÉ· ¦ ÕÐ Ö ¶μ¢¥·Ì´μ¸ÉÓ ¨§μ£´ÊÉμ£μ ±·¨¸É ²²  § ¤ ¥É¸Ö ¸μμÉ´μÏ¥´¨¥³ ξ3 = 0,   ¸ ³
¤¥Ëμ·³¨·μ¢ ´´Ò° ±·¨¸É ²² ²¥¦¨É ¢ μ¡² ¸É¨ ¸ ξ3 � 0, ¨ x(ξ1, ξ2) = (ξ1 +u1(ξ1, ξ2), ξ2 +
u2(ξ1, ξ2), u3(ξ1, ξ2)) ¥¸ÉÓ ´¥ ÎÉμ ¨´μ¥, ± ± ¶ · ³¥É·¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ μÉ· ¦ ÕÐ¥° ¶μ-
¢¥·Ì´μ¸É¨ ¨§μ£´ÊÉμ£μ ¡·Ô££μ¢¸±μ£μ §¥·± ² . ‘ ÊÎ¥Éμ³ ÔÉμ£μ § ³¥Î ´¨Ö ¨ Éμ£μ μ¡¸ÉμÖÉ¥²Ó-
¸É¢ , ÎÉμ ¡·Ô££μ¢¸± Ö ¤¨Ë· ±Í¨Ö ·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢ · §Ò£·Ò¢ ¥É¸Ö ´  μÉ· ¦ ÕÐ¥°
¶μ¢¥·Ì´μ¸É¨ ¨§μ£´ÊÉμ£μ ±·¨¸É ²² , ¢¥²¨Î¨´Ò, ¢Ìμ¤ÖÐ¨¥ ¢ Ëμ·³Ê²Ò (3)Ä(5), ³μ¦´μ ¸Î¨-
É ÉÓ ËÊ´±Í¨Ö³¨ ¶ · ³¥É·μ¢ ξ1 ¨ ξ2.

2. Š�“‘’ˆŠˆ ˆ ”�Š“‘ˆ��‚Š� �…�’ƒ…��‚‘Š�ƒ� ˆ‡‹“—…�ˆŸ
ˆ‡�ƒ�“’›Œˆ ���ƒƒ�‚‘ŠˆŒˆ ‡…�Š�‹�Œˆ

� ¸¸³μÉ·¨³ ¢´ Î ²¥ μÉ· ¦¥´´Ò¥ ¨§μ£´ÊÉÒ³ ¡·Ô££μ¢¸±¨³ §¥·± ²μ³ ·¥´É£¥´μ¢¸±¨¥
±¢ ´ÉÒ, Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ ÉμÎ´μ³Ê Ê¸²μ¢¨Õ 	·Ô££ , É. ¥. ¤¨Ë· £¨·μ¢ ¢Ï¨¥ ·¥´É£¥´μ¢¸±¨¥
±¢ ´ÉÒ, ¤²Ö ±μÉμ·ÒÌ ¢Ò¶μ²´Ö¥É¸Ö · ¢¥´¸É¢μ

α(ξ1, ξ2, ε) =
2�c

ε
(n0(ξ1, ξ2) · τ(ξ1, ξ2)) +

(
�c

ε

)2

(τ(ξ1, ξ2) · τ(ξ1, ξ2)) = 0. (6)
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�Éμ ¸μμÉ´μÏ¥´¨¥ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± Ê· ¢´¥´¨¥ μÉ´μ¸¨É¥²Ó´μ Ô´¥·£¨¨ ·¥´É£¥´μ¢-
¸±¨Ì ±¢ ´Éμ¢ ε. �¥Ï¥´¨¥ ÔÉμ£μ Ê· ¢´¥´¨Ö μÎ¥¢¨¤´μ:

ε(ξ1, ξ2) = −�c

2
(τ(ξ1, ξ2) · τ(ξ1, ξ2))
(n0(ξ1, ξ2) · τ(ξ1, ξ2))

. (7)

� · ³¥É·¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ ¸¥³¥°¸É¢  ²ÊÎ¥°, μÉ· ¦¥´´ÒÌ μÉ ¨§μ£´ÊÉμ£μ ¡·Ô££μ¢¸±μ£μ
§¥·± ²  ·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢, Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì ÉμÎ´μ³Ê Ê¸²μ¢¨Õ 	·Ô££ , ¥¸ÉÓ

r(ξ1, ξ2, s) = (ξ1 + u1(ξ1, ξ2), ξ2 + u2(ξ1, ξ2), u3(ξ1, ξ2)) + sn1(ξ1, ξ2).

‡¤¥¸Ó s Å ¤²¨´  ¢¤μ²Ó ²ÊÎ  ·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢, μÉ· ¦¥´´ÒÌ μÉ ¨§μ£´ÊÉμ£μ
¡·Ô££μ¢¸±μ£μ §¥·± ² ; n1(ξ1, ξ2) Å ¢¥±Éμ· ¥¤¨´¨Î´μ° ¤²¨´Ò ¢¤μ²Ó ¢μ²´μ¢μ£μ ¢¥±Éμ· 
k(ξ1, ξ2)+ τ(ξ1, ξ2) ·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢, μÉ· ¦¥´´ÒÌ μÉ ¡·Ô££μ¢¸±μ£μ §¥·± ²  ¢ ÉμÎ±¥
´  ¶μ¢¥·Ì´μ¸É¨ ¸ ¶ · ³¥É· ³¨ (ξ1, ξ2), μ¶·¥¤¥²¥´´Ò° ¸μμÉ´μÏ¥´¨¥³

n1(ξ1, ξ2) =
kn0(ξ1, ξ2) + τ(ξ1, ξ2)

k
√

1 + α(ξ1, ξ2)
= n0(ξ1, ξ2) +

�c

ε(ξ1, ξ2)
τ(ξ1, ξ2). (8)

‚ (8) ¡Ò²μ ÊÎÉ¥´μ, ÎÉμ · ¸¸³ É·¨¢ ÕÉ¸Ö ·¥´É£¥´μ¢¸±¨¥ ±¢ ´ÉÒ, ¤²Ö ±μÉμ·ÒÌ ¢Ò¶μ²´Ö-
¥É¸Ö ÉμÎ´μ¥ Ê¸²μ¢¨¥ 	·Ô££  ¨, ¸²¥¤μ¢ É¥²Ó´μ, α(ξ1, ξ2, ε) = 0. ’μ£¤  ¸¥³¥°¸É¢μ ²ÊÎ¥°
·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢, ¸μ£² ¸´μ (7), (8), μ¶·¥¤¥²¥´μ Ê· ¢´¥´¨Ö³¨

r(ξ1, ξ2, s) = (ξ1 + u1(ξ1, ξ2), ξ2 + u2(ξ1, ξ2), u3(ξ1, ξ2))+

+ sn0(ξ1, ξ2) + s
�c

ε(ξ1, ξ2)
τ(ξ1, ξ2). (9)

„²Ö Éμ£μ ÎÉμ¡Ò ÔÉμ ¸¥³¥°¸É¢μ ²ÊÎ¥° ¨³¥²μ μ£¨¡ ÕÐÊÕ, É. ¥. ± Ê¸É¨±Ê, ´¥μ¡Ìμ¤¨³μ, ÎÉμ¡Ò
¡Ò²μ ¢Ò¶μ²´¥´μ Ê¸²μ¢¨¥ [2]

g(ξ1, ξ2, s) = (rξ1 × rξ2 · rs) =
D(x(ξ1, ξ2, s), y(ξ1, ξ2, s), z(ξ1, ξ2, s))

D(ξ1, ξ2, s)
= 0, (10)

£¤¥ rξ1 =
∂r(ξ1, ξ2, s)

∂ξ1
, rξ2 =

∂r(ξ1, ξ2, s)
∂ξ2

¨ rs =
∂r(ξ1, ξ2, s)

∂s
. �¥É·Ê¤´μ ¢¨¤¥ÉÓ, ÎÉμ

μÉ´μ¸¨É¥²Ó´μ s (10) Ö¢²Ö¥É¸Ö ±¢ ¤· É´Ò³ Ê· ¢´¥´¨¥³:

a(ξ1, ξ2)s2 + b(ξ1, ξ2)s + c(ξ1, ξ2) = 0.

�μ¤¸É ¢²ÖÖ ·¥Ï¥´¨Ö ÔÉμ£μ ±¢ ¤· É´μ£μ Ê· ¢´¥´¨Ö ¢ (9), ¶μ²ÊÎ ¥³ ¶ · ³¥É·¨Î¥¸±¨¥ Ê· ¢-
´¥´¨Ö ± Ê¸É¨Î¥¸±μ° ¶μ¢¥·Ì´μ¸É¨:

r1,2(ξ1, ξ2) = (ξ1 + u1(ξ1, ξ2), ξ2 + u2(ξ1, ξ2), u3(ξ1, ξ2))+

+ s1,2(ξ1, ξ2)n0(ξ1, ξ2) + s1,2(ξ1, ξ2)
�c

ε(ξ1, ξ2)
τ(ξ1, ξ2), (11)

£¤¥ s1,2(ξ1, ξ2) Å ±μ·´¨ ±¢ ¤· É´μ£μ Ê· ¢´¥´¨Ö. Š² ¸¸¨Ë¨± Í¨¥° ± Ê¸É¨Î¥¸±¨Ì ¶μ¢¥·Ì-
´μ¸É¥° ¨ ¨Ì μ¸μ¡¥´´μ¸É¥° § ´¨³ ¥É¸Ö É¥μ·¨Ö μ¸μ¡¥´´μ¸É¥° ¤¨ËË¥·¥´Í¨·Ê¥³ÒÌ μÉμ¡· -
¦¥´¨° [3] (É¥μ·¨Ö ± É ¸É·μË). �·μ¸É¥°Ï¥° μ¸μ¡¥´´μ¸ÉÓÕ ± Ê¸É¨Î¥¸±μ° ¶μ¢¥·Ì´μ¸É¨
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¢ É·¥Ì³¥·´μ³ ¶·μ¸É· ´¸É¢¥ Ö¢²Ö¥É¸Ö ·¥¡·μ ¢μ§¢· É  (¸±² ¤±  “¨É´¨, ¨²¨ μ¸μ¡¥´´μ¸ÉÓ
A3 [3]). ˆ³¥´´μ ·¥¡·μ ¢μ§¢· É  ± Ê¸É¨Î¥¸±μ° ¶μ¢¥·Ì´μ¸É¨ (11) (¥¸²¨ μ´μ ¸ÊÐ¥¸É¢Ê¥É) ¨
Ö¢²Ö¥É¸Ö ³¥¸Éμ³ Ëμ±Ê¸¨·μ¢±¨ ¸¥³¥°¸É¢  ²ÊÎ¥° ·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢ (9). �¥¡·μ ¢μ§¢· É 
(³¥¸Éμ Ëμ±Ê¸¨·μ¢±¨) ³μ¦´μ μ¶·¥¤¥²¨ÉÓ, ·¥Ï Ö ¸μ¢³¥¸É´μ Ê· ¢´¥´¨¥ (10) ¨ Ê· ¢´¥´¨¥ [2]:

gξ1 [(rξ1 · rξ2)(rξ2 · rs) − (rξ2 · rξ2)(rξ1 · rs)] − gξ2 [(rξ1 · rξ1)(rξ2 · rs)−
− (rξ1 · rξ2)(rξ1 · rs)] + gs[(rξ1 · rξ1)(rξ2 · rξ2) − (rξ1 · rξ2)2] = 0. (12)

‡¤¥¸Ó gξ1 =
∂g(ξ1, ξ2, s)

∂ξ1
, gξ2 =

∂g(ξ1, ξ2, s)
∂ξ2

¨ gs =
∂g(ξ1, ξ2, s)

∂s
.

”μ·³Ê²Ò (9), (11) ¨ Ê· ¢´¥´¨Ö (10), (12) ¶μ§¢μ²ÖÕÉ ´ °É¨ ± Ê¸É¨Î¥¸±ÊÕ ¶μ¢¥·Ì-
´μ¸ÉÓ ¨ ³¥¸Éμ¶μ²μ¦¥´¨¥ Ëμ±Ê¸  ¸¥³¥°¸É¢  ²ÊÎ¥° ·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢, μÉ· ¦¥´´ÒÌ μÉ
¨§μ£´ÊÉμ£μ ¡·Ô££μ¢¸±μ£μ §¥·± ² , ¶·¨ Ê¸²μ¢¨¨, ÎÉμ ¨§¢¥¸É´μ ¶μ²¥ ¤¥Ëμ·³ Í¨° u(ξ). �·¨-
Î¥³ ¨§-§  ³ ²μ° ¶μ²Ö·¨§Ê¥³μ¸É¨ ±·¨¸É ²²  ¢ ·¥´É£¥´μ¢¸±μ³ ¤¨ ¶a§μ´¥ Î ¸ÉμÉ ÔÉμ ¶μ²¥
¤¥Ëμ·³ Í¨¨ ¤μ²¦´μ ¡ÒÉÓ μ¶·¥¤¥²¥´μ ¸μ §´ Î¨É¥²Ó´μ° ÉμÎ´μ¸ÉÓÕ. ‚Ò¶μ²´¨ÉÓ É ±ÊÕ
§ ¤ ÎÊ ¤μ¸É ÉμÎ´μ ¸²μ¦´μ ± ± Ô±¸¶¥·¨³¥´É ²Ó´μ, É ± ¨ É¥μ·¥É¨Î¥¸±¨. �μÔÉμ³Ê ´  ¶· ±-
É¨±¥ μ£· ´¨Î¨¢ ÕÉ¸Ö Éμ²Ó±μ §´ ´¨¥³ μÉ· ¦ ÕÐ¥° ¶μ¢¥·Ì´μ¸É¨ ¨§μ£´ÊÉμ£μ ¡·Ô££μ¢¸±μ£μ
§¥·± ² .

�Ê¸ÉÓ z = f(x, y) Å Ê· ¢´¥´¨¥ ÔÉμ° ¶μ¢¥·Ì´μ¸É¨. ‚´ Î ²¥ · ¸¸³μÉ·¨³ ¶·μ¸Éμ°
¸²ÊÎ °, ±μ£¤  ¢¥±Éμ· μÉ· ¦¥´¨Ö ±·¨¸É ²²  ¤μ ³μ³¥´É  ¥£μ ¨§£¨¡  (É. ¥. ¢¥±Éμ· μÉ· ¦¥-
´¨Ö ¨¤¥ ²Ó´μ£μ ±·¨¸É ²² ) ¶¥·¶¥´¤¨±Ê²Ö·¥´ μÉ· ¦ ÕÐ¥° ¶²μ¸±μ¸É¨. �Î¥¢¨¤´μ, ÎÉμ ¸
¤μ¸É ÉμÎ´μ ¡μ²ÓÏμ° ÉμÎ´μ¸ÉÓÕ ¶·¨ Ê¶·Ê£μ° ¤¥Ëμ·³ Í¨¨ ÔÉμÉ ¢¥±Éμ· μ¸É ´¥É¸Ö ¶¥·¶¥´-
¤¨±Ê²Ö·´Ò³ ¢ ± ¦¤μ° ÉμÎ±¥ μÉ· ¦ ÕÐ¥° ¶μ¢¥·Ì´μ¸É¨ ¨§μ£´ÊÉμ£μ ¡·Ô££μ¢¸±μ£μ §¥·± ² .
’μ£¤ , ¥¸²¨ ¶·¥´¥¡·¥ÎÓ ¨§³¥´¥´¨¥³ ¤²¨´Ò ¢¥±Éμ·  μÉ· ¦¥´¨Ö ¶·¨ Ê¶·Ê£μ³ ¨§£¨¡¥ ¡·Ô£-
£μ¢¸±μ£μ §¥·± ² , ¢¥±Éμ· μÉ· ¦¥´¨Ö ¤²Ö ¨§μ£´ÊÉμ£μ ¡·Ô££μ¢¸±μ£μ §¥·± ²  ¥¸ÉÓ

τ(x, y) =
τ√

1 + f2
x + f2

y

(−fx,−fy, 1), (13)

£¤¥ τ Å ¤²¨´  ¢¥±Éμ·  μÉ· ¦¥´¨Ö ¨¤¥ ²Ó´μ£μ ±·¨¸É ²² ; fx = ∂f(x, y)/∂x ¨ fy =
∂f(x, y)/∂y. “· ¢´¥´¨¥ (6) ¢ ÔÉμ³ ¸²ÊÎ ¥ ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

α(x, y, ε) =
2�cτ

ε
(n0(x, y) · n(x, y)) +

(
�c

ε

)2

τ2 = 0, (14)

£¤¥ n(x, y) =
1√

1 + f2
x + f2

y

(−fx,−fy, 1) Å ¥¤¨´¨Î´Ò° ¢¥±Éμ· ´μ·³ ²¨ ± ¨§μ£´ÊÉμ³Ê

¡·Ô££μ¢¸±μ³Ê §¥·± ²Ê. ˆ§ ÔÉμ£μ Ê· ¢´¥´¨Ö ´¥³¥¤²¥´´μ ¶μ²ÊÎ ¥³ Ô´¥·£¨Õ ·¥´É£¥´μ¢¸±¨Ì
±¢ ´Éμ¢, Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì ÉμÎ´μ³Ê Ê¸²μ¢¨Õ 	·Ô££ , ± ± ËÊ´±Í¨Õ ±μμ·¤¨´ É ´  ¶μ¢¥·Ì-
´μ¸É¨:

ε(x, y) = − �cτ

2(n0(x, y) · n(x, y))
.

� · ³¥É·¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ ¸¥³¥°¸É¢  ²ÊÎ¥° ·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢, μÉ· ¦¥´´ÒÌ μÉ ¨§μ-
£´ÊÉμ£μ ¡·Ô££μ¢¸±μ£μ §¥·± ²  ¨ Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì ÉμÎ´μ³Ê Ê¸²μ¢¨Õ 	·Ô££ , ¥¸ÉÓ

r(x, y, s) = (x, y, f(x, y)) + sn1(x, y), (15)
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£¤¥ s Å ¤²¨´  ¢¤μ²Ó ²ÊÎ  ·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢, μÉ· ¦¥´´ÒÌ μÉ ¨§μ£´ÊÉμ£μ ¡·Ô££μ¢¸±μ£μ
§¥·± ² ; n1(x, y) Å ¢¥±Éμ· ¥¤¨´¨Î´μ° ¤²¨´Ò ¢¤μ²Ó ¢μ²´μ¢μ£μ ¢¥±Éμ·  k(x, y) + τ(x, y)
·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢, μÉ· ¦¥´´ÒÌ μÉ ¡·Ô££μ¢¸±μ£μ §¥·± ²  ¢ ÉμÎ±¥ ´  ¶μ¢¥·Ì´μ¸É¨ ¸
±μμ·¤¨´ É ³¨ (x, y, f(x, y)), μ¶·¥¤¥²¥´´Ò° ¸μμÉ´μÏ¥´¨¥³

n1(x, y) = n0(x, y) − 2(n0(x, y) · n(x, y))n(x, y). (16)

„²Ö Éμ£μ ÎÉμ¡Ò ÔÉμ ¸¥³¥°¸É¢μ ²ÊÎ¥° ¨³¥²μ μ£¨¡ ÕÐÊÕ, É. ¥. ± Ê¸É¨±Ê, ´¥μ¡Ìμ¤¨³μ, ÎÉμ¡Ò
¡Ò²μ ¢Ò¶μ²´¥´μ Ê¸²μ¢¨¥ (10):

g(x, y, s) = (rx × ry · rs) = 0. (17)

�É´μ¸¨É¥²Ó´μ s ¸μμÉ´μÏ¥´¨¥ (17) Ö¢²Ö¥É¸Ö ±¢ ¤· É´Ò³ Ê· ¢´¥´¨¥³. �μ¤¸É ¢²ÖÖ ·¥Ï¥-
´¨¥ ÔÉμ£μ Ê· ¢´¥´¨Ö s1,2(x, y) ¢ (15), ¶μ²ÊÎ ¥³ ¶ · ³¥É·¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ ± Ê¸É¨Î¥¸±μ°
¶μ¢¥·Ì´μ¸É¨ ¸¥³¥°¸É¢  ²ÊÎ¥° ·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢, μÉ· ¦¥´´ÒÌ μÉ ¨§μ£´ÊÉμ£μ ¡·Ô££μ¢-
¸±μ£μ §¥·± ²  ¨ Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì ÉμÎ´μ³Ê Ê¸²μ¢¨Õ 	·Ô££ :

r1,2(x, y) = (x, y, f(x, y)) + s1,2(x, y)n1(x, y). (18)

�¥¡·μ ¢μ§¢· É  (Ëμ±Ê¸) ± Ê¸É¨Î¥¸±μ° ¶μ¢¥·Ì´μ¸É¨ μ¶·¥¤¥²Ö¥É¸Ö ¸μ¢³¥¸É´Ò³ ·¥Ï¥´¨¥³
Ê· ¢´¥´¨Ö (17) ¨ Ê· ¢´¥´¨Ö

gx[(rx · ry)(ry · rs) − (ry · ry)(rx · rs)] − gy[(rx · rx)(ry · rs)−
− (rx · ry)(rx · rs)] + gs[(rx · rx)(ry · ry) − (rx · ry)2] = 0. (19)

”μ·³Ê²  (18) ¨ Ê· ¢´¥´¨Ö (17), (19) μ¶·¥¤¥²ÖÕÉ ³¥¸Éμ¶μ²μ¦¥´¨¥ Ëμ±Ê¸  ¨ ± Ê¸É¨Î¥¸±ÊÕ
¶μ¢¥·Ì´μ¸ÉÓ ¢ ¶·¥¤¶μ²μ¦¥´¨¨, ÎÉμ ¢¥±Éμ· μÉ· ¦¥´¨Ö ±·¨¸É ²²  ¤μ ³μ³¥´É  ¥£μ ¨§£¨¡ 
(É. ¥. ¢¥±Éμ· μÉ· ¦¥´¨Ö ¨¤¥ ²Ó´μ£μ ±·¨¸É ²² ) ¶¥·¶¥´¤¨±Ê²Ö·¥´ μÉ· ¦ ÕÐ¥° ¶²μ¸±μ¸É¨.

„ ²¥¥ · ¸¸³μÉ·¨³ μ¡Ð¨° ¸²ÊÎ °. ‘¨¸É¥³Ê ±μμ·¤¨´ É ³Ò ¢Ò¡¥·¥³ É ±¨³ μ¡· §μ³, ÎÉμ
μ¸Ó z ¶¥·¶¥´¤¨±Ê²Ö·´  ¢Ìμ¤´μ° ¶²μ¸±μ¸É¨ ±·¨¸É ²²  ¤μ ¥£μ ³μ³¥´É  ¨§£¨¡ , É. ¥. ¶¥·-
¶¥´¤¨±Ê²Ö·´  ¢Ìμ¤´μ° ¶²μ¸±μ¸É¨ ¨¤¥ ²Ó´μ£μ ±·¨¸É ²² ,   μ¸¨ x ¨ y ²¥¦ É ´  ¢Ìμ¤´μ°
¶²μ¸±μ¸É¨ ±·¨¸É ²² . Š·μ³¥ Éμ£μ, ¡Ê¤¥³ ¶μ² £ ÉÓ, ÎÉμ μ¸Ó z ´ ¶· ¢²¥´  ¢μ¢´¥ ±·¨¸É ²² .
�Ê¸ÉÓ ¢¥±Éμ· μÉ· ¦¥´¨Ö τ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¥¸ÉÓ τ = τnτ , £¤¥ τ Å ¤²¨´  ¢¥±Éμ·  μÉ· -
¦¥´¨Ö,   nτ = (sin (θ) cos (ϕ), sin (θ) sin (ϕ), cos (θ)), É. ¥. sin (θ) cos (ϕ), sin (θ) sin (ϕ) ¨
cos (θ) Å ±μ³¶μ´¥´ÉÒ ¥¤¨´¨Î´μ£μ ¢¥±Éμ·  nτ μÉ´μ¸¨É¥²Ó´μ ·¥¶¥·  ¸ μ·É ³¨ (ex, ey, ez).
„²Ö ¨§μ£´ÊÉμ£μ ±·¨¸É ²²  ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ³¥Éμ¤ ¶μ¤¢¨¦´μ£μ ·¥¶¥· , ¶·¥¤¶μ² £ Ö, ÎÉμ
¢ ± ¦¤μ° ÉμÎ±¥ ¢Ìμ¤´μ° ¶μ¢¥·Ì´μ¸É¨ ±·¨¸É ²²  ·¥¶¥· (ex, ey, ez) ¢ ·¥§Ê²ÓÉ É¥ ¨§£¨¡  ¶¥-

·¥Ìμ¤¨É ¢ ·¥¶¥· (nx(x, y),ny(x, y),n(x, y)), £¤¥ nx(x, y) =
1√

1 + f2
x

(1, 0, fx), ny(x, y) =

1√
1 + f2

x + f2
y

√
1 + f2

x

(−fxfy, 1+f2
x, fy) ¨ n(x, y) =

1√
1 + f2

x + f2
y

(−fx,−fy, 1). ’μ£¤ 

¥¤¨´¨Î´Ò° ¢¥±Éμ· ¢¤μ²Ó ¢¥±Éμ·  μÉ· ¦¥´¨Ö ¤²Ö ¨§μ£´ÊÉμ£μ ¡·Ô££μ¢¸±μ£μ §¥·± ²  ¥¸ÉÓ

nτ (x, y) = sin (θ) cos (ϕ)nx(x, y) + sin (θ) sin (ϕ)ny(x, y) + cos (θ)n(x, y). (20)

‘μμÉ´μÏ¥´¨¥ (7) ¢ ÔÉμ³ ¸²ÊÎ ¥ ¶·¨´¨³ ¥É ¢¨¤

ε(x, y) = − �cτ

2(n0(x, y) · nτ (x, y))
,
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  Ëμ·³Ê²  (16)

n1(x, y) = n0(x, y) − 2(n0(x, y) · nτ (x, y))nτ (x, y). (21)

”μ·³Ê²Ò (15), (17)Ä(19) ¤²Ö ÔÉμ° ¸¨ÉÊ Í¨¨ ¨³¥ÕÉ É ±μ° ¦¥ ¢¨¤, Éμ²Ó±μ ´ ¤μ ÊÎ¨ÉÒ¢ ÉÓ,
ÎÉμ n1(x, y) μ¶·¥¤¥²Ö¥É¸Ö ¸μμÉ´μÏ¥´¨¥³ (21).

3. ”�Š“‘ˆ��‚Š� ‚ ��…�ƒ�„ˆ‘�…�‘ˆ����Œ EXAFS-‘�…Š’��Œ…’�…

‚ ± Î¥¸É¢¥ ¶·¨³¥· , ¨²²Õ¸É·¨·ÊÕÐ¥£μ ¶μ²ÊÎ¥´´Ò¥ ¢ÒÏ¥ Ëμ·³Ê²Ò, · ¸¸³μÉ·¨³ Ëμ-
±Ê¸¨·μ¢±Ê ·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢ ¢ Ô´¥·£μ¤¨¸¶¥·¸¨μ´´μ³ EXAFS-¸¶¥±É·μ³¥É·¥ [4]. Š ±
Ëμ±Ê¸¨·ÊÕÐ¨° Ô²¥³¥´É ¢ ÔÉμ³ ¸¶¥±É·μ³¥É·¥ ¨¸¶μ²Ó§Ê¥É¸Ö ¨§μ£´ÊÉμ¥ ¡·Ô££μ¢¸±μ¥ §¥·-
± ²μ, ¨§£μÉμ¢²¥´´μ¥ ¨§ É·¨ ´£Ê²¨·μ¢ ´´μ° ¶² ¸É¨´±¨ ±·¨¸É ²²  ±·¥³´¨Ö ¸ ¢¥±Éμ·μ³
μÉ· ¦¥´¨Ö τ [1, 1, 1]. „μ ¨§£¨¡  ÔÉμÉ ¢¥±Éμ· μÉ· ¦¥´¨Ö Ö¢²Ö¥É¸Ö ¶¥·¶¥´¤¨±Ê²Ö·´Ò³ ±
μÉ· ¦ ÕÐ¥° ¶²μ¸±μ¸É¨ ±·¨¸É ²² . �·μË¨²¨·μ¢ ´¨¥ ±·¨¸É ²²  ¨³¥¥É Í¥²ÓÕ ¨§¡ ¢²¥´¨¥
μÉ μ¡Ê¸²μ¢²¥´´μ£μ  ´¨§μÉ·μ¶¨¥° ¨§£¨¡  ±·¨¸É ²²  ¢ ¶μ¶¥·¥Î´μ³ ´ ¶· ¢²¥´¨¨. 	Ê¤¥³
¶μ² £ ÉÓ, ÎÉμ μÉ· ¦ ÕÐ Ö ¶μ¢¥·Ì´μ¸ÉÓ ¨§μ£´ÊÉμ£μ ¡·Ô££μ¢¸±μ£μ §¥·± ²  (¸³. ·¨¸. 1) μ¶¨-
¸Ò¢ ¥É¸Ö Ëμ·³Ê²μ° {x � 25, 0,09x − 2,5 � y � −0,09x + 2,5, z = c(1 −

√
1 − x2/a2)}.

‘μ£² ¸´μ [4], ³μ¦´μ ¸Î¨É ÉÓ, ÎÉμ ´  ±·¨¸É ²² ¶ ¤ ¥É ¶ ±¥É ¶²μ¸±¨Ì ¢μ²´ ·¥´É£¥´μ¢-
¸±¨Ì ±¢ ´Éμ¢ ¸ Ô´¥·£¨Ö³¨ ¢ ¨´É¥·¢ ²¥ μÉ 5 ¤μ 20 ±Ô‚, ¢μ²´μ¢Ò¥ ¢¥±Éμ·Ò ±μÉμ·ÒÌ ¶ · ²-
²¥²Ó´Ò. 	Ê¤¥³ ¶μ² £ ÉÓ, ÎÉμ ¤μ ¨§£¨¡  ±·¨¸É ²²¨Î¥¸± Ö ¶² ¸É¨´±  μ·¨¥´É¨·μ¢ ´  É ±¨³
μ¡· §μ³, ÎÉμ Ê¸²μ¢¨¥ 	·Ô££  ÉμÎ´μ ¢Ò¶μ²´Ö¥É¸Ö ¤²Ö ·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢ ¸ Ô´¥·£¨¥°
6 ±Ô‚. �  ·¨¸. 2 ¶μ± § ´μ ¶μ²ÊÎ¥´´μ¥ ¶μ Ëμ·³Ê²¥ (15) ¸¥³¥°¸É¢μ ²ÊÎ¥° ·¥´É£¥´μ¢¸±¨Ì
±¢ ´Éμ¢, μÉ· ¦¥´´ÒÌ μÉ ¨§μ£´ÊÉμ£μ ¶·μË¨²¨·μ¢ ´´μ£μ ¡·Ô££μ¢¸±μ£μ §¥·± ² .

‚ ¸¶¥±É·μ³¥É·¥ [4] ¶ ¤ ÕÐ¥¥ ´  Ëμ±Ê¸¨·ÊÕÐ¥¥ ¡·Ô££μ¢¸±μ¥ §¥·± ²μ ¸¨´Ì·μÉ·μ´´μ¥
·¥´É£¥´μ¢¸±μ¥ ¨§²ÊÎ¥´¨¥ μ¸¢¥Ð ¥É ´  ±·¨¸É ²²¨Î¥¸±μ° ¶² ¸É¨´±¥ ¶μ²μ¸±Ê · §³¥· ³¨

�¨¸. 1. �É· ¦ ÕÐ Ö ¶μ¢¥·Ì´μ¸ÉÓ ¶·μË¨²¨·μ¢ ´´μ£μ ¨§μ£´ÊÉμ£μ ¡·Ô££μ¢¸±μ£μ §¥·± ² 
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�¨¸. 2. ‘¥³¥°¸É¢μ ²ÊÎ¥° ·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢, μÉ· ¦¥´´ÒÌ μÉ ¨§μ£´ÊÉμ£μ ±·¨¸É ²²  ¶·¨ y = 0

�¨¸. 3. ‘¥³¥°¸É¢μ ²ÊÎ¥° ·¥´É£¥´μ¢¸±¨Ì ±¢ ´Éμ¢, μÉ· ¦¥´´ÒÌ Ëμ±Ê¸¨·ÊÕÐ¨³ ±·¨¸É ²²μ³

25× 0,5 ¸³. �  ·¨¸. 3 ¶μ± § ´μ ¶μ²ÊÎ¥´´μ¥ ¶μ Ëμ·³Ê²¥ (15) ¸¥³¥°¸É¢μ ²ÊÎ¥° ·¥´É£¥´μ¢-
¸±¨Ì ±¢ ´Éμ¢, ¤¨Ë· £¨·μ¢ ¢Ï¥¥ ´  ÔÉμ° ¶μ²μ¸±¥.

Š Ê¸É¨Î¥¸± Ö ¶μ¢¥·Ì´μ¸ÉÓ, É. ¥. μ£¨¡ ÕÐ Ö ¸¥³¥°¸É¢  ²ÊÎ¥° ·¥´É£¥´μ¢¸±μ£μ ¨§²Ê-
Î¥´¨Ö, μÉ· ¦¥´´ÒÌ Ëμ±Ê¸¨·ÊÕÐ¨³ ±·¨¸É ²²μ³ ¸¶¥±É·μ³¥É· , μ¶·¥¤¥²¥´  ¸μμÉ´μÏ¥-
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�¨¸. 4. Š Ê¸É¨±  ¸¥³¥°¸É¢  ·¥´É£¥´μ¢¸±¨Ì ²ÊÎ¥°, μÉ· ¦¥´´ÒÌ ¨§μ£´ÊÉÒ³ ¡·Ô££μ¢¸±¨³ §¥·± ²μ³

´¨¥³ (18) ¨ ¶·¨¢¥¤¥´  ´  ·¨¸. 4. Š ± ¢¨¤´μ ¨§ ÔÉμ£μ ·¨¸Ê´± , ± Ê¸É¨±  Ö¢²Ö¥É¸Ö ¸±² ¤±μ°
“¨É´¨ ¨²¨ ¨³¥¥É μ¸μ¡¥´´μ¸ÉÓ A3 ¶μ ±² ¸¸¨Ë¨± Í¨¨ �·´μ²Ó¤  [3]. �É  μ¸μ¡¥´´μ¸ÉÓ (·¥-
¡·μ ¢μ§¢· É ) ¨ Ö¢²Ö¥É¸Ö ³¥¸Éμ³ Ëμ±Ê¸¨·μ¢±¨ ¸¥³¥°¸É¢  ·¥´É£¥´μ¢¸±¨Ì ²ÊÎ¥°.
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