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‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¤μ± § ´μ ¸ÊÐ¥¸É¢μ¢ ´¨¥  ´ ²μ£  ¢¥°²¥¢¸±μ£μ ¶·¥¤¸É ¢²¥´¨Ö  ²£¥¡·Ò ± -
´μ´¨Î¥¸±¨Ì ±μ³³ÊÉ Í¨μ´´ÒÌ ¸μμÉ´μÏ¥´¨° (ŠŠ‘) ¢  ´É¨Ëμ±μ¢¸±μ³ ¸²ÊÎ ¥, ·¥ ²¨§Ê¥³μ³ ¢ ¶·μ-
¸É· ´¸É¢¥ Š·¥°´ .

In the present work the existence of an analog of the Weyl representation of the canonical commu-
tation relations (CCR) algebra was proved for the anti-Fock case of a Krein space.
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•μ·μÏμ ¨§¢¥¸É´μ, ÎÉμ ¢ ± ²¨¡·μ¢μÎ´ÒÌ É¥μ·¨ÖÌ, ¤²Ö Éμ£μ ÎÉμ¡Ò ¨¸¶μ²Ó§μ¢ ÉÓ ±μ-
¢ ·¨ ´É´ÊÕ ± ²¨¡·μ¢±Ê, ´¥μ¡Ìμ¤¨³μ ¢¢μ¤¨ÉÓ ´¥Ë¨§¨Î¥¸±¨¥ Î ¸É¨ÍÒ [1], ´ ¶·¨³¥·, ¢
±¢ ´Éμ¢μ° Ì·μ³μ¤¨´ ³¨±¥ ÔÉμ ¤ÊÌ¨ ” ¤¤¥¥¢ Ä�μ¶μ¢ .

‚ Î¨¸Éμ³ ¸μ¸ÉμÖ´¨¨ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶μ²¥° μ¶·¥¤¥²Ö¥É ¢¥-
·μÖÉ´μ¸ÉÓ ´ ¡²Õ¤¥´¨Ö ´¥±μÉμ·μ° Î ¸É¨ÍÒ, ±μÉμ· Ö ¤μ²¦´  ¡ÒÉÓ ¶μ²μ¦¨É¥²Ó´μ° ¤²Ö
·¥ ²Ó´ÒÌ Î ¸É¨Í. �Î¥¢¨¤´μ, ÎÉμ ¥¸²¨ Î ¸É¨Í  Ö¢²Ö¥É¸Ö ´¥Ë¨§¨Î¥¸±μ°, ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥
¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ´¥ ³μ¦¥É ¡ÒÉÓ ¶μ²μ¦¨É¥²Ó´Ò³. „ ´´μ¥ μ¡¸ÉμÖÉ¥²Ó¸É¢μ ¶·¨¢μ¤¨É
± ´¥μ¡Ìμ¤¨³μ¸É¨ ¶¥·¥Ìμ¤  μÉ £¨²Ó¡¥·Éμ¢  ¶·μ¸É· ´¸É¢  ± ¶·μ¸É· ´¸É¢Ê ¸ ¨´¤¥Ë¨´¨É´μ°
³¥É·¨±μ° [1,2].

‚ μ¸´μ¢¥ ²Õ¡μ° ±¢ ´Éμ¢μ° É¥μ·¨¨ ²¥¦¨É  ²£¥¡·  ± ´μ´¨Î¥¸±¨Ì ±μ³³ÊÉ Í¨μ´´ÒÌ
¸μμÉ´μÏ¥´¨° (ŠŠ‘), ±μÉμ· Ö ¢ ¶·μ¸É¥°Ï¥³ ¸²ÊÎ ¥ ¨³¥¥É ¢¨¤

[p, q] = −i I, (1)

£¤¥ p ¨ q Å ¸ ³μ¸μ¶·Ö¦¥´´Ò¥ μ¶¥· Éμ·Ò, ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ÔÉμ μ¶¥· Éμ·Ò ¨³¶Ê²Ó¸ 
¨ ±μμ·¤¨´ ÉÒ ¸μμÉ¢¥É¸É¢¥´´μ. �É³¥É¨³, ÎÉμ ¥¸²¨ ¸μμÉ´μÏ¥´¨¥ (1) § ³¥´¥´μ ¡μ²¥¥ μ¡-
Ð¨³:

[pi, qk] = −i δikI, 1 � i, k � n,
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Éμ μ¸´μ¢´Ò¥ É¥μ·¥³Ò ¤²Ö ŠŠ‘ ³μ£ÊÉ ¡ÒÉÓ ´¥¶μ¸·¥¤¸É¢¥´´μ μ¡μ¡Ð¥´Ò [3]. �μ¤Î¥·±´¥³,
ÎÉμ μ¶¥· Éμ·Ò p ¨ q Ö¢²ÖÕÉ¸Ö ´¥μ£· ´¨Î¥´´Ò³¨ [3]. �μÔÉμ³Ê ¸μμÉ´μÏ¥´¨¥ (1) ³μ¦¥É
¡ÒÉÓ ¢Ò¶μ²´¥´μ ´¥ ¢μ ¢¸¥³ ¶·μ¸É· ´¸É¢¥,   Éμ²Ó±μ ¢ μ¡² ¸É¨ D, £¤¥ D = Dpq−qp =
Dpq

⋂
Dqp. �ÉÊ É·Ê¤´μ¸ÉÓ ³μ¦´μ μ¡μ°É¨ ¤²Ö É¥Ì ¶·¥¤¸É ¢²¥´¨° ŠŠ‘, ±μÉμ·Ò¥ ³μ£ÊÉ

¡ÒÉÓ § ¤ ´Ò ¢ Ëμ·³¥ ‚¥°²Ö:

eitp eisq = eist eisq eitp, s, t ∈ R. (2)

„¥°¸É¢¨É¥²Ó´μ, ¶μ¸±μ²Ó±Ê p ¨ q Å ¸ ³μ¸μ¶·Ö¦¥´´Ò¥ μ¶¥· Éμ·Ò [4], Éμ, ¸μ£² ¸´μ É¥μ·¥³¥
‘ÉμÊ´ , μ¶¥· Éμ·Ò eitp ¨ eisq ¢ ¶·μ¸É· ´¸É¢¥ ƒ¨²Ó¡¥·É  Ö¢²ÖÕÉ¸Ö μ£· ´¨Î¥´´Ò³¨ ¨
¶μÔÉμ³Ê § ¤ ´Ò ¢μ ¢¸¥³ · ¸¸³ É·¨¢ ¥³μ³ ¶·μ¸É· ´¸É¢¥. �É³¥É¨³, ÎÉμ ¶·¥¤¸É ¢²¥´¨¥
‚¥°²Ö Ï¨·μ±μ ¨¸¶μ²Ó§μ¢ ²μ¸Ó ¢ ±¢ ´Éμ¢μ° É¥μ·¨¨ [5].

�¤´ ±μ ¸μμÉ´μÏ¥´¨¥ (2) ¢Ò¶μ²´¥´μ Éμ²Ó±μ ¤²Ö μ¶·¥¤¥²¥´´μ£μ ±² ¸¸  ¶·¥¤¸É ¢²¥-
´¨°, ´ §Ò¢ ¥³ÒÌ ·¥£Ê²Ö·´Ò³¨ [6, 7]. � ¨¡μ²¥¥ ¨§¢¥¸É´Ò³ ·¥£Ê²Ö·´Ò³ ¶·¥¤¸É ¢²¥´¨¥³
Ö¢²Ö¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥ ˜·¥¤¨´£¥· , ¢ ±μÉμ·μ³ μ¶¥· Éμ·Ò p ¨ q § ¤ ÕÉ¸Ö ¸²¥¤ÊÕÐ¨³
μ¡· §μ³:

qf(x) = xf(x), pf(x) = −i
∂

∂x
f(x), f(x) ∈ L2(−∞, +∞). (3)

�μ μ¶·¥¤¥²¥´¨Õ, ¢¸¥ ¶·¥¤¸É ¢²¥´¨Ö, Ê´¨É ·´μ Ô±¢¨¢ ²¥´É´Ò¥ Ï·¥¤¨´£¥·μ¢¸±μ³Ê, ´ §Ò-
¢ ÕÉ¸Ö ·¥£Ê²Ö·´Ò³¨.

�É³¥É¨³, ÎÉμ ¸μμÉ´μÏ¥´¨¥ (1) Ê¤μ¡´μ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥

[a, a∗] = I. (4)

£¤¥

a =
1√
2
(q + ip), a∗ =

1√
2
(q − ip). (5)

‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ¢ Ï·¥¤¨´£¥·μ¢¸±μ³ ¶·¥¤¸É ¢²¥´¨¨ ¸ÊÐ¥¸É¢Ê¥É ®¢ ±ÊÊ³´Ò°¯ ¢¥±Éμ· ψ0,
Ê¤μ¢²¥É¢μ·ÖÕÐ¨° Ê¸²μ¢¨Õ

aψ0 = 0. (6)

„¥°¸É¢¨É¥²Ó´μ, ψ0 = C exp (−x2/2), £¤¥ C Å ±μ´¸É ´É , μ¡ÒÎ´μ Ë¨±¸¨·Ê¥³ Ö Ê¸²μ¢¨¥³
´μ·³¨·μ¢±¨ (ψ0, ψ0) = 1.

Œμ¦´μ ¤μ± § ÉÓ, ÎÉμ ¢¸¥ Ëμ±μ¢¸±¨¥ ¶·¥¤¸É ¢²¥´¨Ö, É. ¥. ¶·¥¤¸É ¢²¥´¨Ö, ¢ ±μÉμ·ÒÌ ¢Ò-
¶μ²´¥´μ ¸μμÉ´μÏ¥´¨¥ (6), Ê´¨É ·´μ Ô±¢¨¢ ²¥´É´Ò. ‚ Î ¸É´μ¸É¨, ¶·μ¨§¢μ²Ó´μ¥ Ëμ±μ¢¸±μ¥
¶·¥¤¸É ¢²¥´¨¥ Ê´¨É ·´μ Ô±¢¨¢ ²¥´É´μ Ï·¥¤¨´£¥·μ¢¸±μ³Ê ¨, ¸²¥¤μ¢ É¥²Ó´μ, ·¥£Ê²Ö·´μ.

„μ ´ ¸ÉμÖÐ¥£μ ¢·¥³¥´¨ ¶·¥¤¸É ¢²¥´¨Ö ŠŠ‘ ¢ Ëμ·³¥ ‚¥°²Ö · ¸¸³ É·¨¢ ²¨¸Ó ¢ £¨²Ó-
¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥, μ¤´ ±μ ¢ ¸²ÊÎ ¥ ¶·μ¸É· ´¸É¢  ¸ ¨´¤¥Ë¨´¨É´μ° ³¥É·¨±μ° ³Ò
³μ¦¥³ ¶μ²ÊÎ¨ÉÓ  ´ ²μ£¨ ¢¥°²¥¢¸±¨Ì ¸μμÉ´μÏ¥´¨°, ÎÉμ ¨ ¸μ¸É ¢²Ö¥É ¶·¥¤³¥É ´ ¸ÉμÖÐ¥°
· ¡μÉÒ.

1. ���‘’���‘’‚� Š�…‰��

Š· É±μ ´ ¶μ³´¨³ ´¥±μÉμ·Ò¥ ¸¢μ°¸É¢  ¶·μ¸É· ´¸É¢  Š·¥°´ . �μ¤·μ¡´Ò° μ¡§μ· ³μ¦´μ
¶μ¸³μÉ·¥ÉÓ, ´ ¶·¨³¥·, ¢ [8Ä10].
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ˆ§¢¥¸É´μ ¸²¥¤ÊÕÐ¥¥ ± ´μ´¨Î¥¸±μ¥ · §²μ¦¥´¨¥ ¤²Ö ¤μ¢μ²Ó´μ Ï¨·μ±μ£μ ±² ¸¸  ´¥¢Ò-
·μ¦¤¥´´ÒÌ ¶·μ¸É· ´¸É¢ ¸ ¨´¤¥Ë¨´¨É´μ° ³¥É·¨±μ° [8]:

K = K+ + K−, K+ ⊥ K−,

£¤¥ K+ Å ¶·μ¸É· ´¸É¢μ ¸ ¶μ²μ¦¨É¥²Ó´μ° ³¥É·¨±μ°; K− Å ¶·μ¸É· ´¸É¢μ ¸ μÉ·¨Í -
É¥²Ó´μ° ³¥É·¨±μ°. …¸²¨ ± Éμ³Ê ¦¥ K± Å § ³±´ÊÉÒ¥ ¶·μ¸É· ´¸É¢ , Éμ£¤  K ¡Ê¤¥É ¶·μ-
¸É· ´¸É¢μ³ Š·¥°´ . � ¶μ³´¨³, ÎÉμ ¶μ¤ ´¥¢Ò·μ¦¤¥´´Ò³ ¶·μ¸É· ´¸É¢μ³ ¶μ¤· §Ê³¥¢ ¥É¸Ö
É ±μ¥, ¢ ±μÉμ·μ³ μÉ¸ÊÉ¸É¢ÊÕÉ ¨§μÉ·μ¶´Ò¥ ¢¥±Éμ·Ò, É. ¥. ¥¸²¨ ¨§ Ê¸²μ¢¨Ö 〈x, y〉 = 0 ∀y ∈ K
¸²¥¤Ê¥É, ÎÉμ x = 0.

�μ μ¶·¥¤¥²¥´¨Õ, ± ¦¤Ò° ¢¥±Éμ· ¢ ¶·μ¸É· ´¸É¢¥ Š·¥°´  ¤μ¶Ê¸± ¥É ¸²¥¤ÊÕÐ¥¥ · §²μ-
¦¥´¨¥:

x = x+ + x−, x± ∈ K±, y = y+ + y−, y± ∈ K±,

〈x, y〉 = 〈x+, y+〉 + 〈x−, y−〉.

…¸²¨ μ¶·¥¤¥²¨ÉÓ μ¶¥· Éμ· J ± ´μ´¨Î¥¸±μ° ¸¨³³¥É·¨¨:

J(x+ + x−) = x+ − x−,

Éμ ¢ ¶·μ¸É· ´¸É¢¥ Š·¥°´ , ¶μ³¨³μ ¨´¤¥Ë¨´¨É´μ£μ, ³μ¦´μ ¢¢¥¸É¨ ¨ ¶μ²μ¦¨É¥²Ó´μ¥ ¸± -
²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥. ‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ

(x, y) = 〈x, Jy〉 = 〈x+, y+〉 − 〈x−, y−〉

¥¸ÉÓ ¶μ²μ¦¨É¥²Ó´μ¥ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥. „¥°¸É¢¨É¥²Ó´μ,

(x, x) = (〈x+, x+〉 − 〈x−, x−〉) > 0.

‹¥£±μ ¶·μ¢¥·¨ÉÓ ¸²¥¤ÊÕÐ¨¥ ¸¢μ°¸É¢  μ¶¥· Éμ·  J :
1. J2 = 1, ¸²¥¤μ¢ É¥²Ó´μ, J = J−1.
2. J Å ¸ ³μ¸μ¶·Ö¦¥´´Ò° μ¶¥· Éμ·: J = J+ = J∗ μÉ´μ¸¨É¥²Ó´μ ¨ ¨´¤¥Ë¨´¨É´μ£μ,

¨ ¶μ²μ¦¨É¥²Ó´μ£μ ¸± ²Ö·´ÒÌ ¶·μ¨§¢¥¤¥´¨°.
�μ´ÖÉ¨Ö Ê´¨É ·´μ£μ, Ô·³¨Éμ¢  ¨ ¸ ³μ¸μ¶·Ö¦¥´´μ£μ μ¶¥· Éμ·μ¢, μ¶·¥¤¥²¥´´Ò¥ ¤²Ö

¶·μ¸É· ´¸É¢  ¸ ¶μ²μ¦¨É¥²Ó´μ° ³¥É·¨±μ°, ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ μ¡μ¡Ð ÕÉ¸Ö ¶μ μÉ´μÏ¥-
´¨Õ ± ¨´¤¥Ë¨´¨É´μ³Ê ¸± ²Ö·´μ³Ê ¶·μ¨§¢¥¤¥´¨Õ 〈x, y〉 ´  ¸μμÉ¢¥É¸É¢¥´´μ J-Ê´¨É ·´Ò°,
J-Ô·³¨Éμ¢ ¨ J-¸ ³μ¸μ¶·Ö¦¥´´Ò°.

‹¥£±μ ¶μ± § ÉÓ, ± ± ¸¢Ö§ ´Ò ³¥¦¤Ê ¸μ¡μ° μ¶¥· Éμ·Ò A∗ ¨ A+. „¥°¸É¢¨É¥²Ó´μ, ¶μ
μ¶·¥¤¥²¥´¨Õ ¨³¥¥³

〈Ax, y〉 = (Ax, Jy) = (x, A∗Jy) = 〈x, JA∗Jy〉.

�É±Ê¤  ¸²¥¤Ê¥É, ÎÉμ
A+ = JA∗J,

£¤¥ ¸¨³¢μ² ®+¯ μ¡μ§´ Î ¥É ¸μ¶·Ö¦¥´¨¥ ¢ ¶·μ¸É· ´¸É¢¥ Š·¥°´ , É. ¥. μ¶¥· Éμ· A+ Ö¢²Ö-
¥É¸Ö J-¸μ¶·Ö¦¥´´Ò³ ¤²Ö μ¶¥· Éμ·  A.
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2. �…ƒ“‹Ÿ��›… ��…„‘’�‚‹…�ˆŸ ŠŠ‘ ‚ ���‘’���‘’‚… Š�…‰��

�É³¥É¨³, ÎÉμ ¤²Ö ·¥£Ê²Ö·´μ¸É¨ ¶·¥¤¸É ¢²¥´¨Ö ŠŠ‘ ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ ¤μ-
¸É ÉμÎ´μ ¶μÉ·¥¡μ¢ ÉÓ ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¸μ¡¸É¢¥´´μ£μ ¢¥±Éμ·  Ê μ¶¥· Éμ·  N = a∗a, £¤¥ a∗

¨ a § ¤ ÕÉ¸Ö Ëμ·³Ê²μ° (5):
Nψα = αψα. (7)

„μ± ¦¥³ ¸´ Î ² , ÎÉμ ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ α � 0. „¥°¸É¢¨É¥²Ó´μ, ¥¸²¨ α =
−β, β > 0, Éμ, ¸ μ¤´μ° ¸Éμ·μ´Ò,

(Nψ−β , ψ−β) = −β(ψ−β , ψ−β) � 0,

  ¸ ¤·Ê£μ° ¸Éμ·μ´Ò,
(Nψ−β , ψ−β) = (aψ−β , aψ−β) � 0.

ˆ§ ÔÉ¨Ì ´¥· ¢¥´¸É¢ ¸²¥¤Ê¥É, ÎÉμ ψ−β = 0. �μ¸±μ²Ó±Ê aψα ∼ ψα−1, Éμ Ê¸²μ¢¨¥ ´¥μÉ·¨-
Í É¥²Ó´μ¸É¨ α ¶·¨¢μ¤¨É ± Éμ³Ê, ÎÉμ ¢Ò¶μ²´¥´μ Ê¸²μ¢¨¥ (6), É. ¥. ÎÉμ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥
¶·¥¤¸É ¢²¥´¨¥ Ö¢²Ö¥É¸Ö Ëμ±μ¢¸±¨³ ¨, ¸²¥¤μ¢ É¥²Ó´μ, ·¥£Ê²Ö·´Ò³.

�± §Ò¢ ¥É¸Ö, ÎÉμ ¥¸²¨ μÉ± § ÉÓ¸Ö μÉ É·¥¡μ¢ ´¨Ö ¶μ²μ¦¨É¥²Ó´μ¸É¨ ³¥É·¨±¨, Éμ Ê¸²μ-
¢¨¥ (7) μ¶·¥¤¥²Ö¥É ·¥£Ê²Ö·´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¢ ¶·μ¸É· ´¸É¢¥ ¸ ¨´¤¥Ë¨´¨É´μ° ³¥É·¨±μ°,
±μÉμ·μ¥ μ± §Ò¢ ¥É¸Ö ¶·μ¸É· ´¸É¢μ³ Š·¥°´ . ‘²¥¤ÊÕÐ Ö É¥μ·¥³  ¶μ§¢μ²Ö¥É ±² ¸¸¨Ë¨Í¨-
·μ¢ ÉÓ ·¥£Ê²Ö·´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¢ ¶·μ¸É· ´¸É¢¥ Š·¥°´  [11].

’¥μ·¥³  1. Š ¦¤μ¥ ·¥£Ê²Ö·´μ¥ ´¥¶·¨¢μ¤¨³μ¥ ¶·¥¤¸É ¢²¥´¨¥  ²£¥¡·Ò ƒ¥°§¥´¡¥·£  ¢
¶·μ¸É· ´¸É¢¥ Š·¥°´  ¶μ¶ ¤ ¥É ¢ μ¤¨´ ¨§ É·¥Ì ¶μ¤±² ¸¸μ¢:

1. ”μ±μ¢¸±¨° ¸²ÊÎ °: Sp N = Z+,
2. �´É¨Ëμ±μ¢¸±¨° ¸²ÊÎ °: Sp N = Z−,
3. λ-¸²ÊÎ °: Sp N = λ + Z, −1 < λ < 0.

”μ±μ¢¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¢ ¶·μ¸É· ´¸É¢¥ Š·¥°´  Ô±¢¨¢ ²¥´É´μ Ëμ±μ¢¸±μ³Ê ¶·¥¤¸É -
¢²¥´¨Õ ¢ ¶·μ¸É· ´¸É¢¥ ƒ¨²Ó¡¥·É . „²Ö ÔÉμ£μ ¸²ÊÎ Ö ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¶·¥¤¸É ¢²¥´¨Ö ‚¥°²Ö
 ²£¥¡·Ò ŠŠ‘ ¡Ò²μ ¤μ± § ´μ ¢ · ¡μÉ Ì [6, 7]. ’¥¶¥·Ó ´ ¸ ¡Ê¤¥É ¨´É¥·¥¸μ¢ ÉÓ  ´É¨Ëμ±μ¢-
¸±¨° ¸²ÊÎ °, É ± ± ± ¨³¥´´μ ¢ ´¥³ ¨ ¸ÊÐ¥¸É¢ÊÕÉ ´¥Ë¨§¨Î¥¸±¨¥ Î ¸É¨ÍÒ, ¢μ§´¨± ÕÐ¨¥
¢ ¸μ¢·¥³¥´´ÒÌ ± ²¨¡·μ¢μÎ´ÒÌ É¥μ·¨ÖÌ.

�μ¸±μ²Ó±Ê ¢  ´É¨Ëμ±μ¢¸±μ³ ¸²ÊÎ ¥ Sp N = Z−, Éμ

a+ψ−1 = 0. (8)

‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ¢¸²¥¤¸É¢¨¥ ÔÉμ£μ

〈ψ−n, ψ−n〉 = (−1)n−1(n − 1)!, ψ−n = an−1ψ−1. (9)

„¥°¸É¢¨É¥²Ó´μ,

〈ψ−n, ψ−n〉 = 〈aψ−n+1, aψ−n+1〉 = 〈ψ−n+1, a
+aψ−n+1〉 =

= (−n + 1)〈ψ−n+1, ψ−n+1〉 = . . . = (−1)n−1(n − 1)!〈ψ−1, ψ−1〉.

£¤¥ ³Ò ¢¸¥£¤  ³μ¦¥³ ¶μ²μ¦¨ÉÓ 〈ψ−1, ψ−1〉 = 1.
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„μ± ¦¥³, ÎÉμ

{a, J} = {a+, J} = 0. {x, y} = xy + yx. (10)

�Ê¸ÉÓ n = 2m. ’μ£¤  ¶μ¸±μ²Ó±Ê aψ−2m = ψ−2m−1, Éμ, ¢¸²¥¤¸É¢¨¥ (9),

Jaψ−2m = Jψ−2m−1 = ψ−2m−1.

‘ ¤·Ê£μ° ¸Éμ·μ´Ò,

aJψ−2m = −aψ−2m = −ψ−2m−1.

�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ {a, J} = 0. �·¨ n = 2m+ 1 ¤μ± § É¥²Ó¸É¢μ ¶·μ¢μ¤¨É¸Ö  ´ ²μ£¨Î´μ.
‘²¥¤μ¢ É¥²Ó´μ, {a, J}ψ−n = 0 ∀n. �μ Éμ£¤  ¨

{a, J}ψk = 0, ψk =
−1∑

−k

cnψn.

‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ¶μ²ÊÎ¥´´μ¥ ¸μμÉ´μÏ¥´¨¥ μ¸É ¥É¸Ö ¸¶· ¢¥¤²¨¢Ò³ ¨ ¶·¨ k → ∞, É ±
± ± ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ ¢¥±Éμ·μ¢ ψk ¤μ²¦´  ¡ÒÉÓ ¸Ìμ¤ÖÐ¥°¸Ö ¶·¨ k → ∞. �μ¸±μ²Ó±Ê
J+ = J , Éμ ¢Ò¶μ²´¥´μ ¨ · ¢¥´¸É¢μ {a+, J} = 0. � ¢¥´¸É¢  (10) ¤μ± § ´Ò.

3. ‘‚Ÿ‡œ ”�Š�‚‘Š�ƒ� ˆ ��’ˆ”�Š�‚‘Š�ƒ� ‘‹“—�…‚

‚ ÔÉμ³ · §¤¥²¥ ³Ò ¤μ± ¦¥³, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É Ëμ±μ¢¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥, ¸¢Ö§ ´´μ¥ ¸
 ´É¨Ëμ±μ¢¸±¨³.

‘¤¥² ¥³ ¸²¥¤ÊÕÐÊÕ § ³¥´Ê: a = b+, a+ = b. ’μ£¤  ¢ É¥·³¨´ Ì μ¶¥· Éμ·μ¢ b ¨ b+

³Ò ¨³¥¥³, ÎÉμ

[b, b+] = −1, Ñ = −N − 1, Sp Ñ = N, ψ−n = ψ̃n−1.

‚ É¥·¨³¨´ Ì ´μ¢ÒÌ ¶¥·¥³¥´´ÒÌ ¢Ò· ¦¥´¨Ö (8) ¨ (10) ¶·¨´¨³ ÕÉ ¢¨¤

bψ̃0 = 0, {b, J} = {b+, J} = 0.

�É±Ê¤  ¸²¥¤Ê¥É, ÎÉμ b∗ = Jb+J = −b+. �·¨Î¥³ ¤²Ö μ¶¥· Éμ·μ¢ b ¨ b∗ ¢Ò¶μ²´Ö¥É¸Ö
¸É ´¤ ·É´μ¥ ±μ³³ÊÉ Í¨μ´´μ¥ ¸μμÉ´μÏ¥´¨¥ ¢¨¤  (4):

[b, b∗] = I. (11)

’ ±¨³ μ¡· §μ³, ¨¸Ìμ¤Ö ¨§  ´É¨Ëμ±μ¢¸±μ£μ ¶·¥¤¸É ¢²¥´¨Ö ŠŠ‘, ³Ò ¶μ²ÊÎ¨²¨ Ëμ±μ¢-
¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥, É. ¥. ·¥£Ê²Ö·´μ¥ ¶·¥¤¸É ¢²¥´¨¥, ¤²Ö ±μÉμ·μ£μ ¸ÊÐ¥¸É¢Ê¥É ¶·¥¤¸É ¢²¥-
´¨¥ ‚¥°²Ö. �¶¥· Éμ·Ò b ¨ b∗ ¸¢Ö§ ´Ò ¸ μ¶¥· Éμ· ³¨ q̃ ¨ p̃, ¢Ìμ¤ÖÐ¨³¨ ¢ ¸μμÉ´μÏ¥´¨¥ (1),
· ¢¥´¸É¢ ³¨ (5). “Î¨ÉÒ¢ Ö, ÎÉμ b∗ = −b+, b+ = a, b = a∗, ¶μ²ÊÎ ¥³, ÎÉμ μ¶¥· Éμ·Ò

q̃ =
1√
2
(a+ − a) ¨ p̃ =

1
i
√

2
(a+ + a) Ê¤μ¢²¥É¢μ·ÖÕÉ ŠŠ‘ ¢ Ëμ·³¥ ‚¥°²Ö.
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‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¤μ± § ´μ ¸ÊÐ¥¸É¢μ¢ ´¨¥  ´ ²μ£  ¶·¥¤¸É ¢²¥´¨Ö ‚¥°²Ö  ²£¥¡·Ò
ŠŠ‘ ¤²Ö  ´É¨Ëμ±μ¢¸±μ£μ ¸²ÊÎ Ö, É. ¥. ¤²Ö ¸²ÊÎ Ö, ¢ ±μÉμ·μ³ ¸ÊÐ¥¸É¢ÊÕÉ ´¥Ë¨§¨Î¥¸±¨¥
Î ¸É¨ÍÒ.
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