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�μ¤Ìμ¤ ‘¨³ ´§¨±  ± ³μ¤¥²¨·μ¢ ´¨Õ ¢§ ¨³μ¤¥°¸É¢¨Ö ±¢ ´Éμ¢ ´´μ£μ ¶μ²Ö ¸ ¶·μ¸É· ´¸É¢¥´´μ-
¢·¥³¥´´Ò³¨ ´¥μ¤´μ·μ¤´μ¸ÉÖ³¨ ¨¸¶μ²Ó§Ê¥É¸Ö ¤²Ö § ¤ Î μ ¢§ ¨³μ¤¥°¸É¢¨¨ ¶μ²¥° ±¢ ´Éμ¢μ° Ô²¥±É·μ-
¤¨´ ³¨±¨ ¸ ³ É¥·¨ ²Ó´Ò³¨ ³ ±·μμ¡Ñ¥±É ³¨. Š· É±μ · ¸¸³μÉ·¥´Ò ·¥§Ê²ÓÉ ÉÒ, ¶μ²ÊÎ¥´´Ò¥ ¢ ³μ-
¤¥²ÖÌ ¸ Î¥·´-¸ °³μ´μ¢¸±¨³ ¢§ ¨³μ¤¥°¸É¢¨¥³ ËμÉμ´´μ£μ ¶μ²Ö ¸ ¤¢Ê³¥·´Ò³ ³ É¥·¨ ²μ³. ‚ ³μ¤¥²¨
¢§ ¨³μ¤¥°¸É¢¨Ö ¸¶¨´μ·´μ£μ ¶μ²Ö ¸ μ¤´μ·μ¤´μ° ¨§μÉ·μ¶´μ° ³ É¥·¨ ²Ó´μ° ¶²μ¸±μ¸ÉÓÕ, ¶μ¸É·μ¥´´μ°
¢ · ³± Ì ¶μ¤Ìμ¤  ‘¨³ ´§¨± , · ¸¸³ É·¨¢ ÕÉ¸Ö ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö. „²Ö ²μ± ²¨§μ¢ ´´μ° ¢¡²¨§¨
¶²μ¸±μ¸É¨ ¤¨· ±μ¢¸±μ° Î ¸É¨ÍÒ ¶·μ¢μ¤¨É¸Ö  ´ ²¨§ ¤¨¸¶¥·¸¨μ´´μ£μ ¸μμÉ´μÏ¥´¨Ö ¨ ¢Ò· ¦¥´¨°
¤²Ö Éμ± , § ·Ö¤  ¨ ¸± ²Ö·´μ° ¶²μÉ´μ¸É¨. �¸μ¡μ¥ ¢´¨³ ´¨¥ Ê¤¥²Ö¥É¸Ö ¸¢Ö§ ´´Ò³ ¸μ¸ÉμÖ´¨Ö³ ¸ ¡¥§-
³ ¸¸μ¢Ò³ § ±μ´μ³ ¤¨¸¶¥·¸¨¨. �·¥¤¸É ¢²¥´´Ò¥ ³¥Éμ¤Ò ³μ¤¥²¨·μ¢ ´¨Ö ³μ£ÊÉ ´ °É¨ ¶·¨²μ¦¥´¨¥ ±
Ï¨·μ±μ³Ê ±² ¸¸Ê Ö¢²¥´¨°, ¢μ§´¨± ÕÐ¨Ì ¶·¨ ¢§ ¨³μ¤¥°¸É¢¨¨ ±¢ ´Éμ¢ ´´ÒÌ ¶μ²¥° ¸ ¶·μÉÖ¦¥´´Ò³¨
³ É¥·¨ ²Ó´Ò³¨ ¸É·Ê±ÉÊ· ³¨.

The problem of interaction of the ˇelds of quantum electrodynamics with material macroobject is
considered by employing the Symanzik approach on modeling the interaction of quantum ˇeld with
spaceÄtime inhomogeneities. Results obtained in the models with ChernÄSimons interaction of photon
ˇeld with 2-dimensional material are brie	y reviewed. In the model of interaction of spinor ˇeld
with homogeneous isotropic material plane constructed in the framework of Symanzik approach, the
bound states are considered. For Dirac particle localized near plane the dispersion relation and the
expressions for current, charge and density are analyzed. The bound states with massless dispersion law
are considered. The presented methods of modeling can ˇnd application to a wide class of phenomena
emerging from the interaction of quantum ˇelds with extended material structures.
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ˆ§¢¥¸É´μ, ÎÉμ ¢§ ¨³μ¤¥°¸É¢¨¥ ±¢ ´Éμ¢ ´´ÒÌ ¶μ²¥° ¸ ¶·μÉÖ¦¥´´Ò³¨ ³ É¥·¨ ²Ó´Ò³¨
É¥² ³¨ ³μ¦¥É ¸ÊÐ¥¸É¢¥´´μ ¨§³¥´¨ÉÓ ¸¢μ°¸É¢  ¢ ±ÊÊ³  ¨ ¡ÒÉÓ ¶·¨Î¨´μ° Ö¢²¥´¨°, ±μÉμ·Ò¥
´¥μ¡ÒÎ´Ò ¸ ÉμÎ±¨ §·¥´¨Ö ±² ¸¸¨Î¥¸±μ° Ë¨§¨±¨ ¨ ´¥ ³μ£ÊÉ ¡ÒÉÓ μ¡ÑÖ¸´¥´Ò ¢ · ³± Ì
´¥·¥²ÖÉ¨¢¨¸É¸±¨Ì ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨Ì ³μ¤¥²¥°.

�¥·¢Ò° É¥μ·¥É¨Î¥¸±¨° ¶μ¤Ìμ¤ ± ¨¸¸²¥¤μ¢ ´¨Õ É ±¨Ì ¶·μ¡²¥³ ¡Ò² ¶·¥¤²μ¦¥´ ¢
1948 £. Š §¨³¨·μ³ [1]. �´ ¶μ± § ², ÎÉμ Ë²Ê±ÉÊ Í¨¨ ±¢ ´Éμ¢μ£μ ¢ ±ÊÊ³  ¢Ò§Ò¢ ÕÉ ¶·¨ÉÖ-
¦¥´¨¥ ³¥¦¤Ê ¨¤¥ ²Ó´μ ¶·μ¢μ¤ÖÐ¨³¨ ¶² ¸É¨´ ³¨ ¶²μ¸±μ£μ ´¥§ ·Ö¦¥´´μ£μ ±μ´¤¥´¸ Éμ· .

1E-mail: ypismak@gmail.com
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�Éμ Ö¢²¥´¨¥, ´ §Ò¢ ¥³μ¥ ÔËË¥±Éμ³ Š §¨³¨·  (�Š), ´ ¡²Õ¤ ¥É¸Ö Ô±¸¶¥·¨³¥´É ²Ó´μ [2]
¨ ¸ ¢Ò¸μ±μ° ¸É¥¶¥´ÓÕ ÉμÎ´μ¸É¨, Ô³¶¨·¨Î¥¸±¨¥ ·¥§Ê²ÓÉ ÉÒ, ¶μ²ÊÎ¥´´Ò¥ ¤²Ö ³ É¥·¨ ²μ¢
¸ ¢Ò¸μ±μ° ¶·μ¢μ¤¨³μ¸ÉÓÕ, ¸μ£² ¸ÊÕÉ¸Ö ¸ É¥μ·¥É¨Î¥¸±¨³¨ [3].

’¨¶¨Î´Ò¥ ¤²Ö �Š · ¸¸ÉμÖ´¨Ö μÉ 10 ¤μ 1000 ´³ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± μ¡² ¸ÉÓ
¶¥·¥Ìμ¤  ³¥¦¤Ê ±² ¸¸¨Î¥¸±μ° ¨ ±¢ ´Éμ¢μ° Ë¨§¨±μ°. ˆÌ ±μ³¡¨´ Í¨Ö ¶μ·μ¦¤ ¥É μ¸μ¡Ò¥
´ ´μË¨§¨Î¥¸±¨¥ Ö¢²¥´¨Ö, ¨¸¸²¥¤μ¢ ´¨¥ ±μÉμ·ÒÌ ¶·¥¤¸É ¢²Ö¥É ´¥ Éμ²Ó±μ É¥μ·¥É¨Î¥¸±¨°
¨´É¥·¥¸. �μ´¨³ ´¨¥ ¨Ì μ¸μ¡¥´´μ¸É¥° ¢ ¦´μ É ±¦¥ ¤²Ö · §· ¡μÉ±¨ ´μ¢ÒÌ É¥Ì´μ²μ£¨° ¨
É¥Ì´¨Î¥¸±¨Ì Ê¸É·μ°¸É¢ ¢ ¸¢Ö§¨ ¸ · ¸ÉÊÐ¥° É¥´¤¥´Í¨¥° ± ¨Ì ³¨´¨ ÉÕ·¨§ Í¨¨.

‚ ³μ¤¥²¨ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö, ¶·¥¤²μ¦¥´´μ° Š §¨³¨·μ³, μ¶¨¸ ´¨¥ ¢²¨Ö´¨Ö ¶² -
¸É¨´ ±μ´¤¥´¸ Éμ·  ´  Ë²Ê±ÉÊ Í¨¨ ¢ ±ÊÊ³  ¶·¥¤¸É ¢²¥´μ ´ ²μ¦¥´´Ò³ ´  ¶μ²¥ £· ´¨Î-
´Ò³ Ê¸²μ¢¨¥³. „·Ê£ Ö ¢μ§³μ¦´μ¸ÉÓ ³μ¤¥²¨·μ¢ ´¨Ö ¢§ ¨³μ¤¥°¸É¢¨Ö ±¢ ´Éμ¢ ´´ÒÌ ¶μ-
²¥° ¸ ¢´¥Ï´¥° ³ É¥·¨ ²Ó´μ° ¸·¥¤μ° § ±²ÕÎ ¥É¸Ö ¢ ³μ¤¨Ë¨± Í¨¨ ËÊ´±Í¨μ´ ²  ¤¥°¸É¢¨Ö
¸ ÊÎ¥Éμ³ ´ ¨¡μ²¥¥ ¸ÊÐ¥¸É¢¥´´ÒÌ μ¸μ¡¥´´μ¸É¥° ÔÉμ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¨ μ¡Ð¨Ì ¶·¨´-
Í¨¶μ¢ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö. „²Ö μ¶¨¸ ´¨Ö ±¢ ´Éμ¢μ-¶μ²¥¢μ° ¸¨¸É¥³Ò ¢ ´¥μ¤´μ·μ¤-
´μ³ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ ÔÉμÉ ³¥Éμ¤ ¨¸¶μ²Ó§μ¢ ² ‘¨³ ´§¨± [4]. „²Ö · ¸¸³ É·¨¢ ¥³μ£μ
±² ¸¸  § ¤ Î μ´ ¶·¥¤²μ¦¨² ³μ¤¨Ë¨Í¨·μ¢ ÉÓ ¤¥°¸É¢¨¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ³μ¤¥²¨ ¢ μ¤´μ-
·μ¤´μ³ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ ¤μ¡ ¢±μ° ¤μ¶μ²´¨É¥²Ó´μ£μ ¸² £ ¥³μ£μ (¤¥°¸É¢¨Ö ¤¥Ë¥±É ),
Ì · ±É¥·¨§ÊÕÐ¥£μ μ¸´μ¢´Ò¥ μ¸μ¡¥´´μ¸É¨ ¨¸¸²¥¤Ê¥³μ° ¸¨¸É¥³Ò.

�ÉμÉ ¶μ¤Ìμ¤ ¡Ò² ¨¸¶μ²Ó§μ¢ ´ ¤²Ö ³μ¤¥²¨·μ¢ ´¨Ö ¢§ ¨³μ¤¥°¸É¢¨Ö ¶μ²¥° ±¢ ´Éμ¢μ°
Ô²¥±É·μ¤¨´ ³¨±¨ (Š�„) ¸ ¤¢Ê³¥·´Ò³¨ ³ É¥·¨ ² ³¨ [5Ä11]. ŒÒ μ¡¸Ê¤¨³ ¶·¥¤¸É ¢²¥´´Ò¥
¢ ÔÉ¨Ì · ¡μÉ Ì ·¥§Ê²ÓÉ ÉÒ (¡μ²¥¥ ¶μ¤·μ¡´μ, ¶μ²ÊÎ¥´´Ò¥ ¤²Ö ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° Î ¸É¨Í
„¨· ± ) ¨ ¶¥·¸¶¥±É¨¢Ê ¤ ²Ó´¥°Ï¨Ì ¨¸¸²¥¤μ¢ ´¨° ¢§ ¨³μ¤¥°¸É¢¨Ö ±¢ ´Éμ¢ ´´ÒÌ ¶μ²¥° ¸
¢´¥Ï´¥° ³ É¥·¨ ²Ó´μ° ¸·¥¤μ°.
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•μÉÖ É¥μ·¥É¨Î¥¸±¨¥ ¨¸¸²¥¤μ¢ ´¨Ö �Š ¶·μ¢μ¤ÖÉ¸Ö ¢μ ³´μ£¨Ì · ¡μÉ Ì [3, 12], ¢ ´¨Ì
Î ¸Éμ ¨¸¶μ²Ó§ÊÕÉ Ê¶·μÐ¥´´Ò¥ ³μ¤¥²¨, ¨£´μ·¨·ÊÖ ¸¶¥Í¨Ë¨±Ê Š�„. ’ ±¨¥ ³μ¤¥²¨ ´¥
¶μ¤Ìμ¤ÖÉ ¤²Ö ¢¸¥¸Éμ·μ´´¥£μ μ¶¨¸ ´¨Ö Ï¨·μ±μ£μ ¸¶¥±É·  ´ ´μË¨§¨Î¥¸±¨Ì Ö¢²¥´¨°, ¢μ§-
´¨± ÕÐ¨Ì ¢ ¸¨¸É¥³¥ ¢ ·¥§Ê²ÓÉ É¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ¥¥ ±¢ ´Éμ¢ÒÌ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò ¸ ¶·μ-
ÉÖ¦¥´´Ò³ μ¡Ñ¥±Éμ³ (±² ¸¸¨Î¥¸±¨³ ¤¥Ë¥±Éμ³), ±μÉμ·Ò° Ì · ±É¥·¨§Ê¥É¸Ö ¥£μ Ëμ·³μ° ¨
³ É¥·¨ ²μ³. ‚ · ³± Ì ¶μ¤Ìμ¤  ‘¨³ ´§¨±  ËÊ´±Í¨μ´ ² ¤¥°¸É¢¨Ö, μ¶¨¸Ò¢ ÕÐ¨° ¢§ ¨³μ-
¤¥°¸É¢¨¥ ±¢ ´Éμ¢ ´´μ£μ ¶μ²Ö ¸ ³ É¥·¨ ²Ó´Ò° μ¡Ñ¥±Éμ³ (¤¥Ë¥±Éμ³), ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É -
¢²¥´ ¢ ¢¨¤¥

S(ϕ) = SV (ϕ) + Sdef(ϕ).

‡¤¥¸Ó SV Å ËÊ´±Í¨μ´ ² ¤¥°¸É¢¨Ö ¡ §¨¸´μ° ±¢ ´Éμ¢μ-¶μ²¥¢μ° ³μ¤¥²¨ ¨ Sdef Å ¤¥°¸É¢¨¥
¤¥Ë¥±É :

SV (ϕ) =
∫

L(ϕ(x)) dDx, Sdef(ϕ) =
∫
Γ

Ldef(ϕ(x)) dD′
x,

£¤¥ Γ Å ¶μ¤¶·μ¸É· ´¸É¢μ · §³¥·´μ¸É¨ D′ � D ¢ D-³¥·´μ³ ¶·μ¸É· ´¸É¢¥ [4]. ‚ Š�„
¤¥°¸É¢¨¥ SV (ϕ) = S(ψ̄, ψ, A) Ö¢²Ö¥É¸Ö ËÊ´±Í¨μ´ ²μ³ ËμÉμ´´μ£μ ¢¥±Éμ·´μ£μ ¶μ²Ö Aμ(x)
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¨ ¸¶¨´μ·´ÒÌ ¶μ²¥° „¨· ±  ψ̄(x), ψ(x):

S(ψ̄, ψ, A) = −1
4
FμνFμν + ψ̄(i∂̂ − m + ieÂ)ψ, Fμν = ∂μAν − ∂νAμ.

Š ²¨¡·μ¢μÎ´ Ö ¨´¢ ·¨ ´É´μ¸ÉÓ, ²μ± ²Ó´μ¸ÉÓ ¨ ·¥´μ·³¨·Ê¥³μ¸ÉÓ, ± ± ¡ §¨¸´Ò¥ ¶·¨´-
Í¨¶Ò Š�„, ´ ±² ¤Ò¢ ÕÉ ¸¨²Ó´Ò¥ μ£· ´¨Î¥´¨Ö ´  ¢μ§³μ¦´Ò° ¢¨¤ ¤¥°¸É¢¨Ö ¤¥Ë¥±É 
Sdef(ϕ). …¸²¨ ¨Ì ¶·¨´ÖÉÓ ¢μ ¢´¨³ ´¨¥ ¶·¨ ³μ¤¥²¨·μ¢ ´¨¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ¶μ²¥° Š�„
¸ ¤¢Ê³¥·´μ° ¶μ¢¥·Ì´μ¸ÉÓÕ ¡¥§ § ·Ö¤μ¢ ¨ Éμ±μ¢, ¶μ²ÊÎ ¥É¸Ö ¸²¥¤ÊÕÐ¨° ·¥§Ê²ÓÉ É. „²Ö
¶μ¢¥·Ì´μ¸É¨, ±μÉμ· Ö μ¶·¥¤¥²Ö¥É¸Ö Ê· ¢´¥´¨¥³ Φ(x) = 0, x = (x0, x1, x2, x3), ¤¥°¸É¢¨¥
¤¥Ë¥±É  Ö¢²Ö¥É¸Ö ¸Ê³³μ° Sdef(ϕ) = Sdef(A, Φ) + Sdef(ψ̄, ψ, Φ) + Sdef(Φ), £¤¥ Sdef(A) Å
¤¥°¸É¢¨¥ —¥·´ -C °³μ´¸ 

Sdef(A) =
a

2

∫
ελμνρ∂λΦ(x)Aμ(x)Fνρ(x) δ(Φ(x)) d4x,

¸μ¤¥·¦ Ð¥¥ ¶μ²´μ¸ÉÓÕ  ´É¨É¸¨³³¥É·¨Î´Ò° É¥´§μ· ελμνρ (ε0123 = 1) ¨ ¡¥§· §³¥·´ÊÕ ±μ´-
¸É ´ÉÊ ¢§ ¨³μ¤¥°¸É¢¨Ö a. �Éμ ¢Ò· ¦¥´¨¥ Ö¢²Ö¥É¸Ö ´ ¨¡μ²¥¥ μ¡Ð¥° Ëμ·³μ° ± ²¨¡·μ¢μÎ-
´μ-¨´¢ ·¨ ´É´μ£μ ËÊ´±Í¨μ´ ²  ¶μ²Ö Aμ, ¸μ¸·¥¤μÉμÎ¥´´μ£μ ´  ¶μ¢¥·Ì´μ¸É¨ ¤¥Ë¥±É , ¨´-
¢ ·¨ ´É´μ£μ μÉ´μ¸¨É¥²Ó´μ ¥£μ ·¥¶ · ³¥É·¨§ Í¨¨ ¨ ´¥ ¸μ¤¥·¦ Ð¥£μ ¶ · ³¥É·μ¢ ¸ μÉ·¨-
Í É¥²Ó´μ° · §³¥·´μ¸ÉÓÕ.

� ¨¡μ²¥¥ μ¡Ð Ö Ëμ·³  ¤¥°¸É¢¨Ö ¸¶¨´μ·´μ£μ ¤¥Ë¥±É  Sdef(ψ̄, ψ) § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

Sdef(ψ̄, ψ) =
16∑

j=1

∫
αjψ̄(x) Γjψ(x) δ(Φ(x)) d4x,

£¤¥ Γj Å 16 ¡ §¨¸´ÒÌ ³ É·¨Í „¨· ±  ¨ αj Å ¡¥§· §³¥·´Ò¥ ±μ´¸É ´ÉÒ ¢§ ¨³μ¤¥°¸É¢¨Ö.
„¥°¸É¢¨¥ ¤¥Ë¥±É  Sdef(Φ) ´¥ § ¢¨¸¨É μÉ ¶μ²¥° Š�„ ¨ ´¥μ¡Ìμ¤¨³μ ¤²Ö ¸μ±· Ð¥´¨Ö Ê²Ó-
É· Ë¨μ²¥Éμ¢ÒÌ · ¸Ìμ¤¨³μ¸É¥° ¢ ·¥´μ·³¨·μ¢ ´´μ° ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ Š §¨³¨· .

‚ ³μ¤¥²¨ ¸ Î¥·´-¸ °³μ´μ¢¸±¨³ ¤¥°¸É¢¨¥³ ¤¥Ë¥±É  ¤²Ö ¤¢ÊÌ ¶ · ²²¥²Ó´ÒÌ ³ É¥·¨ ²Ó-
´ÒÌ ¶²μ¸±μ¸É¥° ¢ÒÎ¨¸²¥´¨Ö ¶·μ¶ £ Éμ·  ¶μ²Ö ËμÉμ´μ¢ ¨ ¸¨²Ò Š §¨³¨·  ¶·μ¢¥¤¥´Ò ¢ [5].
ˆ§ ÔÉ¨Ì ·¥§Ê²ÓÉ Éμ¢, ¢ Î ¸É´μ¸É¨, ¸²¥¤Ê¥É, ÎÉμ ¤²Ö · ¢´ÒÌ ±μ´¸É ´É ¸¢Ö§¨ a1 = a2 = a
¢§ ¨³μ¤¥°¸É¢¨Ö ¶²μ¸±μ¸É¥° ¸ ËμÉμ´´Ò³ ¶μ²¥³ ¸¨²  Š §¨³¨·  Å Î¥É´ Ö ËÊ´±Í¨Ö μÉ
a ¨ · ¢´  ´Ê²Õ ¶·¨ |a| = a0 ∼ 1,03246. �´  Ö¢²Ö¥É¸Ö ¶·¨ÉÖ£¨¢ ÕÐ¥° ¶·¨ |a| > a0

¨ μÉÉ ²±¨¢ ÕÐ¥° ¶·¨ |a| < a0. 
Ò²μ É ±¦¥ ¶μ± § ´μ, ÎÉμ ¢§ ¨³μ¤¥°¸É¢¨¥ ÉμÎ¥Î´μ£μ
Ô²¥±É·¨Î¥¸±μ£μ § ·Ö¤  ¸ ³ É¥·¨ ²Ó´μ° ¶²μ¸±μ¸ÉÓÕ ¸μ§¤ ¥É ¤μ¶μ²´¨É¥²Ó´μ¥ ÔËË¥±É¨¢-
´μ¥ ¶μ²¥ §¥·± ²Ó´μ£μ § ·Ö¤  ¨ ¶μ²¥ ³ £´¨É´μ£μ ³μ´μ¶μ²Ö, ¶μ³¥Ð¥´´μ£μ ¢ §¥·± ²Ó´ÊÕ
ÉμÎ±Ê. ‚§ ¨³μ¤¥°¸É¢¨¥ ¶²μ¸±μ¸É¨ ¸ É¥±ÊÐ¨³ ¶ · ²²¥²Ó´μ ¥° Ô²¥±É·¨Î¥¸±¨³ Éμ±μ³ ¸μ-
§¤ ¥É ¤μ¶μ²´¨É¥²Ó´μ¥ ³ £´¨É´μ¥ ¶μ²¥ §¥·± ²Ó´μ£μ Éμ± ,   É ±¦¥ Ô²¥±É·¨Î¥¸±μ¥ ¶μ²¥
μ¤´μ·μ¤´μ § ·Ö¦¥´´μ° §¥·± ²Ó´μ° ²¨´¨¨. �μÉ¥´Í¨ ² Š §¨³¨· Ä�μ²¤¥· , μ¶¨¸Ò¢ ÕÐ¨°
¢§ ¨³μ¤¥°¸É¢¨¥  Éμ³  ¸ ¶²μ¸±μ¸ÉÓÕ, É ±¦¥ ¡Ò² · ¸¸Î¨É ´ ¢ ³μ¤¥²¨ ¸ Î¥·´-¸ °³μ´μ¢¸±¨³
¤¥°¸É¢¨¥³ ¤¥Ë¥±É  [7] ËμÉμ´´μ£μ ¶μ²Ö. �·μÍ¥¸¸Ò · ¸¶·μ¸É· ´¥´¨Ö ¶²μ¸±μ° Ô²¥±É·μ-
³ £´¨É´μ° ¢μ²´Ò ¢ É·¥Ì¸²μ°´μ° ³ É¥·¨ ²Ó´μ° ¸·¥¤¥ ¸ ¤¢Ê³Ö ¶ · ²²¥²Ó´Ò³¨ ¶²μ¸±¨³¨
£· ´¨Í ³¨ ¨§ÊÎ¥´Ò ¢ ³μ¤¥²¨ ¸ Î¥·´-¸ °³μ´μ¢¸±¨³ ¤¥°¸É¢¨¥³ ¤¥Ë¥±É  [9]. • · ±É¥-
·¨¸É¨±¨ ¶·μÍ¥¸¸μ¢ · ¸¸¥Ö´¨Ö ¢Ò· ¦¥´Ò ¢ Ö¢´μ³ ¢¨¤¥ ¢ É¥·³¨´ Ì ¶ · ³¥É·μ¢ ³μ¤¥²¨
¨ ¶μ± § ´μ, ÎÉμ £² ¢´Ò³ ÔËË¥±Éμ³ ¢§ ¨³μ¤¥°¸É¢¨Ö £· ´¨Í ¸ Ô²¥±É·μ³ £´¨É´μ° ¢μ²´μ°
Ö¢²Ö¥É¸Ö ¨§³¥´¥´¨¥ ¥¥ ¶μ²Ö·¨§ Í¨¨.
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‚§ ¨³μ¤¥°¸É¢¨¥ ¸¶¨´μ·´μ£μ ¶μ²Ö „¨· ±  ¸ ³ É¥·¨ ²Ó´μ° ¶²μ¸±μ¸ÉÓÕ · ¸¸³ É·¨¢ ¥É¸Ö
¢ [6, 10, 11]. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¤²Ö ¶²μ¸±μ¸É¨ x3 = 0 Î¨¸Éμ ¸¶¨´μ·´Ò° ¢±² ¤ ¢ ¤¥°¸É¢¨¥
¨³¥¥É ¢¨¤

S(ψ, ψ) =
∫

ψ(x)(i∂̂ − m + Qδ(x3))ψ(x) dx (1)

¸ ¡¥§· §³¥·´μ° ³ É·¨Í¥° Q, μ¶¨¸Ò¢ ÕÐ¥° ¢§ ¨³μ¤¥°¸É¢¨¥ ¶μ²Ö „¨· ±  ¸ ¶²μ¸±μ¸ÉÓÕ
¤¥Ë¥±É .

„²Ö ¨§μÉ·μ¶´μ° μ¤´μ·μ¤´μ° ¶²μ¸±μ¸É¨ ³ É·¨ÍÊ Q ¢ ´ ¨¡μ²¥¥ μ¡Ð¥³ ¸²ÊÎ ¥ ³μ¦´μ
¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

Q = r11 + i r2γ5 + r3γ3 + r4γ5γ3 + r5γ0 + r6γ5γ0 + i r7γ0γ3 + i r8γ1γ2, (2)

£¤¥ 1 Å ¥¤¨´¨Î´ Ö 4 × 4 ³ É·¨Í , i =
√
−1, γj , j = 0, 1, 2, 3 Å ³ É·¨ÍÒ „¨· ±  ¨

γ5 = iγ0γ1γ2γ3. ˆ§ ¶·¥¤¶μ²μ¦¥´¨Ö ψ(x) = ψ∗(x)γ0 ¨ Ê· ¢´¥´¨° �°²¥· Ä‹ £· ´¦ 

(i∂̂ − m + Qδ(x3)ψ(x) = 0, ∂μψ(x)γμ + ψ(x)(m − Qδ(x3)) = 0 (3)

¸²¥¤Ê¥É, ÎÉμ γ0Q
+γ0 = Q. �Éμ Ê¸²μ¢¨¥ ¢Ò¶μ²´¥´μ, ¥¸²¨ ¢¸¥ ¶ · ³¥É·Ò rj , 1 � j � 8

¢¥Ð¥¸É¢¥´´Ò. ‚ ¤ ²Ó´¥°Ï¥³ ÔÉμ ¶·¥¤¶μ² £ ¥É¸Ö. ‚ [10] ¶μ± § ´μ, ÎÉμ ·¥Ï¥´¨¥ ³μ¤¨-
Ë¨Í¨·μ¢ ´´μ£μ Ê· ¢´¥´¨Ö „¨· ±  (3) ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¸¶¨´μ· ³¨ ψ−(x) ¶·¨
x3 < 0 ¨ ψ+(x) ¶·¨ x3 > 0, ±μÉμ·Ò¥ Ê¤μ¢²¥É¢μ·ÖÕÉ Ê· ¢´¥´¨Õ „¨· ±  (i∂̂−m)ψ±(x) = 0
¶·¨ x3 �= 0 ¨ £· ´¨Î´μ³Ê Ê¸²μ¢¨Õ lim

x3→−0
ψ−(x) = S lim

x3→+0
ψ+(x) ¸ ³ É·¨Í¥° S =

(1 − iγ3Q/2)−1(1 + iγ3Q/2).
ˆ¸¶μ²Ó§ÊÖ μ¡μ§´ Î¥´¨Ö x = (x0, x1, x2), p = (p0, p1, p2), px = p0x0 − p1x1 − p2x2,

ˆ̄p = pγ, ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¸¶¨´μ·Ò ψ±(x) ¢ ¢¨¤¥

ψ±(x) =
1

(2π)3

∫
eipx

(
eiκ(p̄)x3

P+(p̄) + e−iκ(p̄)x3
P−(p̄)

)
χ±(p̄) dp̄,

P±(p̄) =
1
2

(
1± γ3(ˆ̄p + m)

κ(p̄)

)
,

£¤¥ κ(p̄) =
√

p̄2 − m2 ¨ χ±(p̄) Å ÔÉμ ¸¶¨´μ·Ò, Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ ¸μμÉ´μÏ¥´¨Õ χ− =
Sχ+, ¸²¥¤ÊÕÐ¥³Ê ¨§ £· ´¨Î´ÒÌ Ê¸²μ¢¨°. …¸²¨ p̄2 > m2, Éμ κ(p̄) ¶μ²μ¦¨É¥²Ó´μ ¨ ¸¶¨´μ·Ò
ψ±(x) μ¶¨¸Ò¢ ÕÉ ¶·μÍ¥¸¸Ò · ¸¸¥Ö´¨Ö ¤¨· ±μ¢¸±μ° Î ¸É¨ÍÒ ´  ¶²μ¸±μ¸É¨. „²Ö ¸²ÊÎ Ö
r5 = r6 = f7 = r8 = 0 μ´¨ · ¸¸³ É·¨¢²¨¸Ó ¢ [10], ¨ ¢Ò· ¦¥´¨Ö ¤²Ö ¸¶¨´μ·μ¢ χ±(p̄)
¶μ²ÊÎ¥´Ò ¢ Ö¢´μ³ ¢¨¤¥.

…¸²¨ p̄2 − m2 < 0, ³Ò μ¶·¥¤¥²Ö¥³ κ(p̄) ¸μμÉ´μÏ¥´¨¥³ κ(p̄) = i|κ(p̄)|. ‚ ÔÉμ³
¸²ÊÎ ¥ P+(p̄)χ−(p̄) = P−(p̄)χ+(p̄) = 0, É ± ± ± ψ±(x) ¤μ²¦´Ò ¡ÒÉÓ ±μ´¥Î´Ò ¤²Ö
x3 → ±∞, ¨ ¸¶¨´μ·Ò ψ±(x) μ¶¨¸Ò¢ ÕÉ ²μ± ²¨§μ¢ ´´μ¥ ¢¡²¨§¨ ¶²μ¸±μ¸É¨ x3 = 0
¸μ¸ÉμÖ´¨¥, ±μÉμ·μ¥ ³Ò · ¸¸³ É·¨¢ ¥³ ± ± ¸¢Ö§ ´´μ¥. Œ É·¨ÍÒ P±(p̄) Ö¢²ÖÕÉ¸Ö ¶·μ¥±-
Éμ· ³¨: P±(p̄)P±(p̄) = P±(p̄), P+(p̄) + P−(p̄) = 1 ¸ 2-³¥·´Ò³¨ ¸μ¡¸É¢¥´´Ò³¨ ¶μ¤·μ-
¸É· ´¸É¢ ³¨. ‘²¥¤μ¢ É¥²Ó´μ, ¢ ¸¢Ö§ ´´μ³ ¸μ¸ÉμÖ´¨¨ P±(p̄)χ±(p̄) = χ±(p̄) ¨ Ê· ¢´¥´¨¥
χ−(p̄) = Sχ+(p̄) ¤ ¥É ¢μ§³μ¦´μ¸ÉÓ ¢Ò· §¨ÉÓ ¸¶¨´μ·Ò χ±(p̄ ¢ É¥·³¨´ Ì μ¤´μ£μ ¶·μ¨§-
¢μ²Ó´μ£μ ¶ · ³¥É· . “¸²μ¢¨¥³ · §·¥Ï¨³μ¸É¨ ÔÉμ£μ Ê· ¢´¥´¨Ö Ö¢²Ö¥É¸Ö ¤¨¸¶¥·¸¨μ´´μ¥
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¸μμÉ´μÏ¥´¨¥, ±μÉμ·μ¥ ¤μ²¦´μ ¢Ò¶μ²´ÖÉÓ¸Ö ¤²Ö ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö.
�´μ ¨³¥¥É ¢¨¤

(R1λ − 2(mr−18 − p0r+
45))(R2λ − 2(mr+

18 + p0r−45)) − R3p
2 = 0. (4)

‡¤¥¸Ó ³Ò ¨¸¶μ²Ó§μ¢ ²¨ μ¡μ§´ Î¥´¨¨Ö r±j k = (rj ± rk)/2, p 2 = (p1)2 + (p2)2, λ =√
m2 + p2 − p0 2 = |κ(p̄)| ¨

R1 = 1 + r− 2
18 + r− 2

27 + r+ 2
36 − r+ 2

45 ,

R2 = 1 + r+ 2
18 + r+ 2

27 + r− 2
36 − r− 2

45 ,

R3 = r2
6 + r2

7 + r2
8 − r2

4 .

„²Ö ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° λ = |κ| > 0 ³μ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± Ì · ±É¥·¨¸É¨± 
¥£μ ²μ± ²¨§ Í¨¨ ¢¡²¨§¨ ¶²μ¸±μ¸É¨ x3 = 0. �·μ¸ÉÒ³¨ ¸ÊÐ¥¸É¢¥´´Ò³¨ Ì · ±É¥·¨¸É¨-
± ³¨ ¸¢μ°¸É¢ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö Ö¢²ÖÕÉ¸Ö É ±¦¥ ¸± ²Ö·´ Ö ¶²μÉ´μ¸ÉÓ D(p̄, x3) =
exp {−|x3|λ} d(p̄) ¨ ±μ³¶μ´¥´ÉÒ 4-Éμ±  J(p̄, x3) = exp {−|x3|λ} J(p̄), J(p̄) = (j 0(p̄),
j 1(p̄), j 2(p̄), j 3(p̄)), £¤¥

d±(p̄) = χ̄±(p̄)χ±(p̄), j α
± (p̄) = χ̄±(p̄)γαχ±(p̄), α = 0, 1, 2, 3.

ŒÒ μ¡μ§´ Î¨²¨ d+(p̄), J+(p̄) ËÊ´±Í¨Õ d(p̄) ¨ ¢¥±Éμ· J(p̄) ¢ ¶μ¶·μ¸É· ´¸É¢¥ x3 > 0, ¨
d−(p̄), J−(p̄) ¤²Ö x3 < 0. ˆÌ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥: ¶·¨ p0 > m

d± = −mA± − p0λ

(
C±

λ ∓ iω
+

C∗
±

λ ± iω

)
, j 0

± = p0A± + mλ

(
C±

λ ∓ iω
+

C∗
±

λ ± iω

)
, (5)

j 1
± =

ω (A± ω p1 ± B± λ p2)
(ω2 + λ2)

, j 2
± =

4ω (A± ω p2 ∓ B± λ p1)
(ω2 + λ2)

, j3
± = 0, (6)

£¤¥ ω =
√

p0 2 − m2 ¨ A±, B±, C± Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ μÉ p0, m, λ. �´ ²μ£¨Î´Ò¥ ¸μ-
μÉ´μÏ¥´¨Ö ¶μ²ÊÎ ÕÉ¸Ö ¶·¨ p0 < m ¤²Ö d±, jα

±, ¥¸²¨ § ³¥´¨ÉÓ A±, B±, C± ¢ (5), (6)

¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ËÊ´±Í¨Ö³¨ Ã±, B̃±, C̃±.
ŒÒ ¢¨¤¨³, ÎÉμ Éμ±¨ É¥±ÊÉ ¢¤μ²Ó ¶²μ¸±μ¸É¨ x3 = 0 ¶ · ²²¥²Ó´μ ¨³¶Ê²Ó¸Ê p = (p1, p2),

¥¸²¨ B± = B̃± = 0. ’μ±¨ ´ ¤ ¨ ¶μ¤ ¶²μ¸±μ¸ÉÓÕ x3 = 0 ¶ · ²²¥²Ó´Ò, ¥¸²¨ B−/A− =
B+/A+ ¶·¨ p0 > m, ¨ B̃−/Ã− = B̃+/Ã+ ¶·¨ p0 < m. ˆ§ (5), (6) ¸²¥¤Ê¥É, ÎÉμ
m d± + p0j 0

± − p1j 1
± − p2j 2

± = 0.
� · ³¥É·Ò ³μ¤¥²¨ ³μ¦´μ ¢Ò¡· ÉÓ É ±, ÎÉμ R1 = R2 = r+

18 = r−18 = 0 ¨ ¤¨¸¶¥·¸¨μ´´μ¥
¸μμÉ´μÏ¥´¨¥ (4) § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

p2
0 − v2

F p 2 = 0, (7)

£¤¥ 0 < vF < 1 Å ±μ´¸É ´É , ¢Ò· ¦¥´´ Ö ¢ É¥·³¨´ Ì ¶ · ³¥É·μ¢ rk ³μ¤¥²¨. „¨¸¶¥·¸¨-
μ´´μ¥ ¸μμÉ´μÏ¥´¨¥ (7) μ¶¨¸Ò¢ ¥É ¤¢¨¦¥´¨¥ ¡¥§³ ¸¸μ¢μ° Î ¸É¨ÍÒ ¸μ ¸±μ·μ¸ÉÓÕ ”¥·³¨
vF . „¢¨¦¥´¨¥³ É ±¨Ì Î ¸É¨Í μ¡ÑÖ¸´ÖÕÉ¸Ö ³´μ£¨¥ ÔËË¥±ÉÒ ¢ £· Ë¥´¥.
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‚ ± Î¥¸É¢¥ ¶·μ¸Éμ£μ ¶·¨³¥·  ·¥ ²¨§ Í¨¨ ¡¥§³ ¸¸μ¢μ£μ § ±μ´  ¤¨¸¶¥·¸¨¨ ³μ¦´μ · ¸-
¸³μÉ·¥ÉÓ ´ ¡μ· ¶ · ³¥É·μ¢ r1 = r2 = r3 = r5 = r8 = 0, r4 =

√
4 + r2

6 + r2
7 ¸ ¶·μ¨§¢μ²Ó-

´Ò³¨ r6, r7. ‚ ÔÉμ³ ¸²ÊÎ ¥ vF = 2/
√

4 + r2
6 + r2

7 , d± = 0, ¨ ¤²Ö p0 > m

j0
± = f(p0, m, r6, r7)/p0,

j1
± = f(p0, m, r6, r7)(p1 ± 2r6p

2)/p 2, (8)

j2
± = f(p0, m, r6, r7)(p1 ∓ 2r6p

2)/p 2.

„²Ö p0 < m ¶μ²ÊÎ ¥É¸Ö  ´ ²μ£¨Î´μ¥ ¶·¥¤¸É ¢²¥´¨¥ j0
±, j1

±, j2
± ¨§ (8) § ³¥´μ°

f(p0, m, r6, r7) ´  ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ ËÊ´±Í¨Õ f̃(p0, m, r6, r7).

‡�Š‹	—…�ˆ…

� ¸¸³ É·¨¢ ¥³Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶·¨³¥´¥´¨Ö ¶μ¤Ìμ¤  ‘¨³ ´§¨±  ¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö ¢§ -
¨³μ¤¥°¸É¢¨Ö ¶μ²¥° Š�„ ¸ ³ É¥·¨ ²Ó´μ° ¶²μ¸±μ¸ÉÓÕ ¶μ± §Ò¢ ÕÉ, ÎÉμ μ´ ³μ¦¥É ¡ÒÉÓ
¶²μ¤μÉ¢μ·´Ò³ ¤²Ö É¥μ·¥É¨Î¥¸±μ£μ ¶μ¨¸±  ´¥¨§¢¥¸É´ÒÌ Ë¨§¨Î¥¸±¨Ì ÔËË¥±Éμ¢ ¨²¨ ¤²Ö
¶μ²ÊÎ¥´¨Ö  ²ÓÉ¥·´ É¨¢´μ£μ μ¡ÑÖ¸´¥´¨Ö ¨§¢¥¸É´ÒÌ. Œμ¦´μ ¶μ¶ÒÉ ÉÓ¸Ö ¨¸¶μ²Ó§μ¢ ÉÓ ¥£μ
¤²Ö ¶μ¸É·μ¥´¨Ö ´μ¢ÒÌ ³μ¤¥²¥° ¢§ ¨³μ¤¥°¸É¢¨Ö ¶μ²Ö Š�„ ¸  ¤·μ´´Ò³¨ ¨ Ö¤¥·´Ò³¨
¸É·Ê±ÉÊ· ³¨ ¨ ¤²Ö ³μ¤¨Ë¨± Í¨¨ ¨§¢¥¸É´ÒÌ ³¥Éμ¤μ¢, μ¸´μ¢ ´´ÒÌ ´  ¨¤¥ÖÌ ³μ¤¥²¨
MIT-³¥Ï±  [13]. …£μ · §¢¨É¨¥ ¢ É¥μ·¨¨ ±μ´¤¥´¸¨·μ¢ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ³ É¥·¨¨ ³μ¦¥É
¶μ³μÎÓ ¤μ¸É¨ÎÓ ²ÊÎÏ¥£μ ¶μ´¨³ ´¨Ö ¸ÊÐ¥¸É¢¥´´ÒÌ μ¸μ¡¥´´μ¸É¥° ´¨§±μ· §³¥·´ÒÌ ³ É¥-
·¨ ²μ¢ [14], ¶μ¢¥·Ì´μ¸É´ÒÌ ÔËË¥±Éμ¢ [15] ¨ Ö¢²¥´¨° ´ ´μË¨§¨±¨. ’ ±¦¥ ¢ ¦´μ ÊÎ¨-
ÉÒ¢ ÉÓ ¢²¨Ö´¨¥ Ë²Ê±ÉÊ Í¨° ±¢ ´Éμ¢μ£μ ¢ ±ÊÊ³  ¶·¨ · §· ¡μÉ±¥ ³¥Éμ¤μ¢ ¶·¥Í¨§¨μ´´ÒÌ
¨§³¥·¥´¨° ¸ ³¨±·μÊ¸É·μ°¸É¢ ³¨, ±μÉμ·Ò¥ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¢ ² ¡μ· Éμ·´ÒÌ Ô±¸¶¥·¨³¥´É Ì
¤²Ö ¶μ¨¸±  ´μ¢μ° Ë¨§¨±¨ §  ¶·¥¤¥² ³¨ ‘É ´¤ ·É´μ° ³μ¤¥²¨ [16].

�É  · ¡μÉ  Î ¸É¨Î´μ ¶μ¤¤¥·¦ ´  £· ´Éμ³ �””ˆ 16-02-00943- .
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