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The steady-state and nonequilibrium properties of the model of environmental-economic interactions
are studied. The interacting heterogeneous agents are simulated on the platform of the emission dynamics
of cellular automaton. The diffusive emissions are produced by the factory agents and the local pollution
is monitored by the randomly walking (mobile) sensors. When the threshold concentration is exceeded,
a feedback signal is transmitted from the sensor to the nearest factory that affects its actual production
rate. The model predicts the discontinuous phase transition between safe and catastrophic ecology.
Right at the critical line, the broad-scale power-law distributions of emission rates have been identiˇed.
The power-law �uctuations are triggered by the screening effect of factories and by the time delay
between the environment contamination and its detection. The system shows the typical signs of the
self-organized critical systems, such as power-law distributions and scaling laws.
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INTRODUCTION

On the onset of global ecological crisis questions related to regulation technologies and
safe handling of environmental resources become urgent. Governments are exposed to cross-
ˇre of economic interests and ecological goals of society. In the present paper this problem
is discussed from the viewpoint of complex feedback architecture. In general, the nonlinear
feedback is one of the up-bottom mechanisms that enable to keep control of complex systems.
The mechanism has been exploited in many different systems. Stabilization of dynamical
regimes via feedback appears in the simulations of investments Ref. [1]. According to Ref. [2]
the feedback principle plays a crucial role in the real-time control of the semiconductor laser
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systems. As stated in Ref. [3] the steady self-organized critical (SOC) regime Ref. [4] implies
the operation of inherent feedback mechanism that ensures the steady state is marginally stable
against disturbances. According to Ref. [5] the nonlinear feedback allows one to transform
the models with ®unstable¯ phase transitions (i.e., classic models) to SOC models. It is
reasonable to propound a question whether the contamination control drives the environment
to a critical regime or it is able to stabilize the global pollution rate. Certainly, there are
many ways how the feedback paradigm can be incorporated into ecological models. As an
example, which is related to our present work, can serve the multi-country feedback model of
the international emission control Ref. [6]. The cited paper demonstrates a paradox how the
cooperative optimization of the global concentration of pollutants may lead to a more intensive
environmental contamination than the individualistic strategies of ˇrms or countries. Locale
concentration threshold of pollution emphasized in our model is analogous to that in Ref. [7],
where the feedback operation is mediated by chemical sensors with speciˇc thresholds for
different pollutants. In this work we study a model where the feedback is distributed over
the population of autonomous sensing mobile agents. As usual, the thinking about distributed
control is motivated by the expected robustness against accidental failures. The idea of
walking sensorial agents in our model is analogous to the distributed pollution sensing by
pigeon bloggers proposed by de Costa Ref. [8], where the pigeon agents are equipped by
communication chips and sensors for carbon monoxide.

THE MODEL

To emphasize the frustration effects of ecological policies and economical development it
is indispensable to adapt some simpliˇcations. In this section we present a model consisting
of a population of heterogeneous agents. The ˇrst point we consider is the dynamics of
diffusive emissions emitted by sources positioned on different lattice sites. To accumulate
large statistics we faced the problem of sufˇciently fast simulation. This problem implies the
implementation of cellular automation (CA) substrate based on integer rules. This suggestion
is partially inspired by the lattice gas models of pollutants Ref. [9]. However, we preferred a
more macroscopic formulation where concentration ˇeld varies via the recursive rule

m(t + 1,R) = m(t,R) + Inn(t,R) + IF (t,R) (1)

that replaces in one time step t the m(t,R) ®integer pieces¯ of local concentration of the
emissions at the position R ≡ [Rx, Ry] on the square sample L × L. The emission current
caused by the factory agents IF is discussed in below. The current between the nearest
neighbor cells is described by the equation

Inn(t,R) ≡ −4
[
m(t,R)

5

]
int

+
∑

r∈nn(R)

[
m(t, r)

5

]
int

, (2)

where the brackets [. . .]int denote an integer part of argument and
∑

nn(R)

refers to the four

nearest neighbor sites of R on the square lattice. In the case Inn = 0 the in�ow from the

four neighboring cells
∑

r∈nn(R)

[m(t, r)/5]int is balanced by the cell out�ow −4[m(t,R)/5]int.
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For the opened boundaries (where R is from the outer region of L×L square) it is assumed
m(t,R) = 0. For m(t,R) � 1 the mass equidistribution of the emissions becomes satis-
ˇed with 1/

√
m order (as a consequence of central limit theorem). Under these conditions,

Inn(t,R) acts as 2D Laplace of m, and thus CA rules describe the diffusive transport. No nat-
ural puriˇcation is assumed, the m-cell content is exclusively depleted by the out�ow through
opened bounds. The local concentration of emissions is permanently monitored by the S-type
sensing agents. The random walk rule ensures that the sensorial system is able to reach any
lattice site independently of the system size. Mathematically, the feedback regulation is an in-
tegration of local pollution levels that affects the emission rates. The lattice position of random
walker S(t, j) ≡ [Sx(t, j), Sy(t, j)] is given by S(t, j) = S(t− 1, j) + s(t, j), where the shift
s(t, j) is chosen randomly from the set of four unit vectors {(0, 1), (1, 0), (−1, 0), (0,−1)}.
The periodic boundary conditions are assumed for S(t, j). The sources of emissions (fac-
tory agents) (see Eq. (1)) F(t, k), k = 1, 2, . . . , NF are localized at the random positions
F(t, k) ≡ [Fx(t, k), Fy(t, k)]. Their production needs are unlimited. The speciˇc condition
of the feedback system is that over the predetermined threshold m(t,S(t, j)) > mc, the agent

S(t, j) communicates with the nearest (in the Euclidean sense) k
(j)
near factory. The request

of S(t, j) instantly decreases the local emission rate n(t, k(j)
near) by the constant additive fac-

tor Δ > 0. Without request (to satisfy economic needs) the production rate is increased
automatically. Both alternatives of the rate change are described by the equation

n(t + 1, k(j)
near) =

{
n(t, k(j)

near) + Δ when no signal from S(t,j) is received,

n(t, k(j)
near) − Δ signal received.

(3)

The eventuality n(t, k(j)
near) < Δ yields the bankruptcy of F(t, k(j)

near) and the appearance of a

new factory (again with index k
(j)
near) at random position within the lattice space with initial

production n(t, k(j)
near) = 0. What remains unspeciˇed in Eq. (1) is the emission production of

F agents IF (t,R) = n(t, k) δR,F(t,k). It is worth noting that all the agent systems in common
with CA subsystem are updated synchronously. The sharing of the same positions by several
S-type agents is allowed, but disallowed for the F-type agents.

SIMULATIONS

The simulations have been performed for lattices L = 20, 30, 40, 50. To avoid the in�uence
of transients, the initial 105 updates per site were discarded; about τ = 5 · 107 updates have
been used to collect information about the steady-state for the ˇxed parameters mc = 5 �
Δ = 1, NF = L2/100. In the world with large number of sensors NS the emissions �uctuate
around mc. This oversaturated population of sensors prevents from unbearable contamination,
but yields a non-efˇcient economy. Much different is the situation for small NS , where the
steady-state regime becomes unstable since the rate of emissions diverges in time. The
dynamics corresponds to catastrophic regime. The outcome of our simulation experience is
the decision to accumulate the statistics of those factories that have received at least one
feedback request during the step t

φ(t) =
1

NF

NF∑
k=1

σ(t, k), 〈φ〉 =
1
τ

τ∑
t=0

φ(t), (4)
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Fig. 1. Scaling of the averaged order para-

meter 〈φ〉 for different L with ˇxed den-

sity of factories. The exceptional point,
where 〈φ〉 attains jump, is interpreted as

a discontinuous transition from the safe to

destructive economy

Fig. 2. The comparison of the two
order parameters for L = 40. The

difference 〈φ′〉−〈φ〉 re�ects the im-

pact of screening effect

where 〈φ〉 is the temporal average calculated over τ periods. If source F(t, k) received
a feedback signal, σ(t, k) is unity and zero otherwise. Figure 1 depicts 〈φ〉 for different
combinations of L and NS . It has been checked numerically that data collapse onto the single
ˇnite-size scaling form 〈φ〉 = L−a f(θ), θ = NS/L2+b with exponents a = 0.38, b = 1.39.

The algebraic combination θcrit = NS/L2+b, where the scaling function f(. . .) attains
abrupt jump f(θcrit) and 〈φ〉 tends to the L−a asymptotics, is interpreted as critical point.
For given ρF we have estimated θcrit � 2.8 · 10−4. The inability of sensorial system to
limit the emission rates of factories manifests itself when θ < θcrit. In this regime the
sensor multiply affects the same nearest factory and lowers its emission production, while
other hidden sources, maybe more in�uential polluters, could left without feedback requests.
Hereafter the process is referred as spatial screening. The statistical signiˇcance of discussed
effect is clariˇed in Fig. 2, where the auxiliary order parameter 〈φ′〉 is plotted against θ. The
quantity averaged is

φ′(t) =
1

NS

NS∑
j=1

σ′(t, j), (5)

where σ′(t, j) is unity, if a feedback request comes from the jth sensor and zero other-
wise. The situation is the most pronounced at θ � θcrit. In this context the ratio NS/NF

re�ects the screening efˇciency. At the critical point we have NS/NF = θcritL
b/ρF =

θcritρ
−(b+2)/2
F N

b/2
F . The proportionality NS/NF ∼ N

b/2
F offers the physical meaning of

index b. The vicinity of criticality is corroborated by the broad-scale statistics of the produc-
tion rates (see Fig. 3,a). We see that the most pronounced power-law dependence belongs to
θ � θcrit. In the economic models Ref. [6], the emission rates are usually related to the overall
production of goods with a proportionality factor called emission-output ratio. Standard and
widely accepted assumption is that this ratio is ˇxed and irrespective to the investments in
clean technology. With such an idealization, the critical �uctuations of n(t, k) can be assigned
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Fig. 3. a) The logÄlog plot of the cumulative distribution of emissions n(t, k) for L = 50. Thereupon

for NS < 160 the dynamics has no steady state, the distributions for these parameters have no meaning;
b) The cumulative pdf's of the production rates n(t, k) obtained for different NS and L

to the empirical Zipf's law. As we see from Fig. 3, b, the cumulative probability distribution
function pdf>(n) corresponding to (NS , L)-parametric domain has been characterized by the
effective exponents within excessively broad range β � 0.5−6.8. What is lacking the present
version of model is the narrower speciˇcation of β. It is worth noting the goal empirical
values (see, e.g., β = 0.84, 0.995 in Ref. [10]). Since the place for new factory is chosen
randomly, the snapshots showing the spatial distributions of F agents evoke the images of
the short-range ordered molecular patterns. From this perspective the system of factories has
features of 2D molecular liquid or ®vapor¯. Within such a viewpoint the ®vapor¯ of F(t, k)
agents prepared for θ > θcrit belongs to the safe economy, whereas higher correlated ®liquid
condensate¯ (θ < θcrit) corresponds to the catastrophic regime.

CONCLUSIONS

The statistical properties of the multiagent system including the environmental-economic
interactions have been studied. The simple and nondynamic rules of sensorial agents ensure
that the extent of sensorial system is an order parameter of environment. The main implication
from the present simulation is the identiˇcation of the power-law (nearly catastrophic) pdf's of
�uctuations of emission rates. We believe that focus to power-law distributions will possibly
open new perspectives of the environmental diagnostics.
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