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�·¥¤² £ ¥É¸Ö ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´ Ö É¥μ·¨Ö ²¨´¥°´μ£μ ¸± ²Ö·´μ£μ ¡¥§³ ¸¸μ¢μ£μ ¶μ²Ö ¢
± Î¥¸É¢¥ ³¨´¨³ ²Ó´μ° ·¥²ÖÉ¨¢¨¸É¸±μ° ³μ¤¥²¨ ÉÖ£μÉ¥´¨Ö. ‚ μ¸´μ¢Ê ¶μ¤Ìμ¤  ¶μ²μ¦¥´ ¶·¨´Í¨¶
³Ê²ÓÉ¨¶²¨± É¨¢´μ£μ ¶μ¤±²ÕÎ¥´¨Ö £· ¢¨É Í¨μ´´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¶·¨ ¸μ¡²Õ¤¥´¨¨ Ê¸²μ¢¨° ¶·μ-
¸ÉμÉÒ ¨ É·¥¡μ¢ ´¨Ö ¨´¢ ·¨ ´É´μ¸É¨ É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ ¤μ¶Ê¸É¨³μ£μ (± ²¨¡·μ¢μÎ´μ£μ) ¶·¥μ¡· -
§μ¢ ´¨Ö ¶μÉ¥´Í¨ ²  Φ → Φ′ = Φ + const. �μ²ÊÎ¥´  ¸¨¸É¥³  ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´ÒÌ Ê· ¢-
´¥´¨° ¤²Ö Î ¸É¨Í ¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. �μ¸É·μ¥´ É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¶μ²Ö ¶·¨ ¶μ²μ¦¨-
É¥²Ó´μ μ¶·¥¤¥²¥´´μ° ¶²μÉ´μ¸É¨ Ô´¥·£¨¨. � °¤¥´Ò ÉμÎ´Ò¥ ·¥Ï¥´¨Ö ¤²Ö Í¥´É· ²Ó´μ£μ ¸É É¨Î¥¸±μ£μ
¶μ²Ö ¨ ¶μ²¥° ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ÒÌ ¨ ¶²μ¸±¨Ì £· ¢¨É Í¨μ´´ÒÌ ¢μ²´ ¢ ¸¢μ¡μ¤´μ³ ¶·μ¸É· ´-
¸É¢¥ ¨ ¢ ³ É¥·¨ ²Ó´μ° ¸·¥¤¥.

The minimal relativistic model of gravitation on the base of the gauge-invariant theory of the linear
scalar massless ˇeld is suggested. The principle of multiplicative inclusion of gravitational interaction
in common with the requirements of simplicity and invarianc¥ of the theory under the allowed (gauge)
transformation of potential Φ → Φ′ = Φ + const as the basis of the approach is used. The system of
gauge-invariant gravitational ˇeld equations is obtained and the energy-momentum tensor with positively
deˇned density of ˇeld energy is constructed. The exact solutions of equations for central static ˇeld and
for ˇelds of spherically symmetric and plane gravitational waves in the free space and in the material
media are obtained.
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�¥²ÖÉ¨¢¨¸É¸± Ö É¥μ·¨Ö ÉÖ£μÉ¥´¨Ö ¢ ¶·¥¤¥²¥ ³ ²ÒÌ ¸±μ·μ¸É¥° ¨ ¸² ¡μ£μ ¶μ²Ö ¤μ²¦´ 
¢μ¸¶·μ¨§¢μ¤¨ÉÓ £· ¢¨¸É É¨±Ê �ÓÕÉμ´ , Ö¢²ÖÖ¸Ó ¶μ ¸ÊÉ¨ ¥¥ ¤¨´ ³¨Î¥¸±¨³ μ¡μ¡Ð¥´¨¥³.
�·¨ μ¡Ñ¥±É¨¢´μ³ ¤¥Ë¨Í¨É¥ ¶·Ö³ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ Ê± § ´¨° É ±μ¥ μ¡μ¡Ð¥´¨¥ ±·μ³¥
´¥μ¡Ìμ¤¨³ÒÌ μ¡Ð¥Ë¨§¨Î¥¸±¨Ì ¶·¨´Í¨¶μ¢ ¤μ²¦´μ Ê¤μ¢²¥É¢μ·ÖÉÓ É·¥¡μ¢ ´¨Ö³ · §Ê³´μ°
¤μ¸É ÉμÎ´μ¸É¨. �¤´ ±μ ¸·¥¤¨ ¡μ²ÓÏ¨´¸É¢  ¨³¥ÕÐ¨Ì¸Ö · §´μμ¡· §´ÒÌ ·¥²ÖÉ¨¢¨¸É¸±¨Ì
³μ¤¥²¥° ÉÖ£μÉ¥´¨Ö ¤ ´´μ¥ μ£· ´¨Î¥´¨¥ ´¥ ¶·¨´¨³ ¥É¸Ö ¢ · ¸Î¥É. ‚ ·¥§Ê²ÓÉ É¥ ¸ ³Ò¥
¨§¢¥¸É´Ò¥ ¨§ ´¨Ì Å ¢¥±Éμ·´Ò¥ É¥μ·¨¨ [1Ä4], É¥μ·¨¨ ¸ É¥´§μ·´Ò³ ¶μÉ¥´Í¨ ²μ³ [5Ä8] Å
¨ ¨Ì ¡μ²¥¥ ¸²μ¦´Ò¥ ³μ¤¨Ë¨± Í¨¨ [9, 10] ¸ÊÐ¥¸É¢¥´´μ Ê¢¥²¨Î¨¢ ÕÉ ±μ²¨Î¥¸É¢μ ¸É¥¶¥´¥°
¸¢μ¡μ¤Ò ¶μ²Ö ¢ ¸· ¢´¥´¨¨ ¸ É¥μ·¨¥° �ÓÕÉμ´ , μ¶¥·¨·ÊÖ Ô±¸¶¥·¨³¥´É ²Ó´μ ´¥ ¢μ¸É·¥¡μ-
¢ ´´Ò³¨ ´ ¡²Õ¤ ¥³Ò³¨. „ ¦¥ ¢ Ê¶·μÐ¥´´μ° ®³ ±¸¢¥²²¨§μ¢ ´´μ°¯ ³μ¤¥²¨ ÉÖ£μÉ¥´¨Ö ¸
4-¢¥±Éμ·´Ò³ ¶μÉ¥´Í¨ ²μ³ Φμ ¸¨²μ¢μ¥ ¢μ§¤¥°¸É¢¨¥ ¶μ²Ö ´  ¤¢¨¦ÊÐ¨¥¸Ö Î ¸É¨ÍÒ ±·μ³¥
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¢¥±Éμ·  g, ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ Ê¸±μ·¥´¨Õ ¸¢μ¡μ¤´μ£μ ¶ ¤¥´¨Ö, ¤μ¶μ²´¨É¥²Ó´μ μ¶·¥¤¥²Ö-
¥É¸Ö  ±¸¨ ²Ó´Ò³ t-´¥Î¥É´Ò³ ¢¥±Éμ·μ³1: ¢³¥¸É¥ ¢¸¥ ¨Ì Ï¥¸ÉÓ ±μ³¶μ´¥´É £·Ê¶¶¨·ÊÕÉ¸Ö ¢
 ´É¨¸¨³³¥É·¨Î´Ò° 4-É¥´§μ· ¢Éμ·μ£μ · ´£  gμν = ∂μΦν−∂νΦμ. ‚ É¥´§μ·´ÒÌ ³μ¤¥²ÖÌ É·¨
±μ³¶μ´¥´ÉÒ g ¢¸É· ¨¢ ÕÉ¸Ö Ê¦¥ ¢ 4-É¥´§μ· É·¥ÉÓ¥£μ · ´£  gμνρ = ∂μΦνρ − ∂νΦμρ [5],
±μÉμ·Ò° ¸μ¸É ¢²Ö¥É ±μ³¶²¥±É ¨§ 20 ¢¥²¨Î¨´ Å É ±μ¢μ Î¨¸²μ ´¥§ ¢¨¸¨³ÒÌ ´¥´Ê²¥¢ÒÌ
±μ³¶μ´¥´É gμνρ ¶·¨ Ê¸²μ¢¨¨ Φμν = Φνμ.

‚ Éμ ¦¥ ¢·¥³Ö ¶·¥¤¸± §Ò¢ ¥³Ò¥ ÔËË¥±ÉÒ, §  ±μÉμ·Ò¥ ³μ£ÊÉ ¡ÒÉÓ μÉ¢¥É¸É¢¥´´Ò ¤μ¶μ²-
´¨É¥²Ó´Ò¥ ± g ¸¨²μ¢Ò¥ Ì · ±É¥·¨¸É¨±¨ ¶μ²Ö, ´¨ÎÉμ¦´μ ¸² ¡Ò ¨ § ¢¥¤μ³μ ´¥¤μ¸ÉÊ¶´Ò
Ô±¸¶¥·¨³¥´É ²Ó´μ³Ê ¶μ¤É¢¥·¦¤¥´¨Õ. �μÔÉμ³Ê §´ Î¨É¥²Ó´μ¥ · ¸Ï¨·¥´¨¥ Ë¨§¨Î¥¸±μ£μ
¸μ¤¥·¦ ´¨Ö É¥μ·¨¨ ¢ ·¥§Ê²ÓÉ É¥ ¤¨´ ³¨Î¥¸±¨Ì μ¡μ¡Ð¥´¨° ´ÓÕÉμ´μ¢¸±μ° £· ¢¨¸É É¨±¨
¶μ ¡μ²ÓÏμ³Ê ¸Î¥ÉÊ μ± §Ò¢ ¥É¸Ö ¸¶¥±Ê²ÖÉ¨¢´Ò³. ‡¤¥¸Ó Ê³¥¸É´μ § ³¥É¨ÉÓ, ÎÉμ É ±¨¥ μ¡μ¡-
Ð¥´¨Ö c ¸μ³´¨É¥²Ó´μ ¡μ²ÓÏ¨³ § ¶ ¸μ³ ´¥ ¡¥§Ê¶·¥Î´Ò ¨ ¢ ¤·Ê£¨Ì μÉ´μÏ¥´¨ÖÌ. �¨ ¢
μ¤´μ° ¨§ Ê¶μ³Ö´ÊÉÒÌ ¢ÒÏ¥ É¥μ·¨°, ´ ¶·¨³¥·, ´¥ μ¡¥¸¶¥Î¥´  ¶μ²μ¦¨É¥²Ó´ Ö μ¶·¥¤¥²¥´-
´μ¸ÉÓ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö (¸³. [2Ä4, 11]). ˆ ± ± ¡Ò ¢ ¤μ¢¥·Ï¥´¨¥
²μ£¨±  · §¢¨É¨Ö ¨ ¡¥§ Éμ£μ ´¥¶·μ¸Éμ° É¥´§μ·´μ° ³μ¤¥²¨ ¸ ¨¤¥¥° £¥μ³¥É·¨§ Í¨¨ ¢ ¥¥
μ¸´μ¢¥ [7] ¶·¨¢¥²  ± ´¥μ¡Ìμ¤¨³μ¸É¨ ¨§´ Î ²Ó´μ ¸ÊÐ¥¸É¢¥´´μ Ê¸²μ¦´¨ÉÓ É¥μ·¨Õ, ¶·¥¤Ê-
¸³μÉ·¥¢ ´ ²¨Î¨¥ ³ ¸¸Ò ¶μ±μÖ Ê £· ¢¨Éμ´  (¨ Ê ËμÉμ´ !) [8].

Œ¥¦¤Ê É¥³ ¢μ§³μ¦¥´ ¶ÊÉÓ ¶μ¸É·μ¥´¨Ö É¥μ·¨¨ ÉÖ£μÉ¥´¨Ö, ¢ ±μÉμ·μ° ´¥É ¶·μ¡²¥³
¸ § ±μ´ ³¨ ¸μÌ· ´¥´¨Ö,   ´¥¤μ¸ÉÊ¶´μ¥ Ô±¸¶¥·¨³¥´É ²Ó´μ° ¶·μ¢¥·±¥ ¸μ¤¥·¦ ´¨¥ ³¨-
´¨³ ²Ó´μ. ’ ±μ° ¶ÊÉÓ ¡Ò² ´ ³¥Î¥´ Ê¦¥ ¢ ¶¥·¢ÒÌ μ¶ÒÉ Ì ·¥²ÖÉ¨¢¨¸É¸±μ£μ μ¡μ¡Ð¥´¨Ö
´ÓÕÉμ´μ¢¸±μ° £· ¢¨¸É É¨±¨, μ¸ÊÐ¥¸É¢²¥´´ÒÌ �μ·¤¸É·é¥³μ³ ¢ [12] ¨ ¢ [13, 14] ¢ ¤ÊÌ¥
±² ¸¸¨Î¥¸±μ° É¥μ·¨¨ ¶μ²Ö. ‚ ÔÉ¨Ì · ¡μÉ Ì É·¥Ì³¥·´Ò° ¢¥±Éμ· g(r) ¤μ¸É· ¨¢ ¥É¸Ö ¤μ
4-¢¥±Éμ·  gμ(x) = −∂μΦ(x) ¶·¨ Éμ³, ÎÉμ ¶μÉ¥´Í¨ ² Φ(x) ´ ¤¥²¥´ É· ´¸Ëμ·³ Í¨μ´´Ò³¨
¸¢μ°¸É¢ ³¨ ¸± ²Ö·´μ£μ ¶μ²Ö ¢ ¶²μ¸±μ³ ¶·μ¸É· ´¸É¢¥ ¸μ¡ÒÉ¨°. ‚ ÊÉμÎ´¥´´μ³ ¢ ·¨ ´É¥
É¥μ·¨¨ [13, 14] ¢ ± Î¥¸É¢¥ ¶²μÉ´μ¸É¨ £· ¢¨É Í¨μ´´μ£μ § ·Ö¤  ¶·¨´ÖÉ  É ±¦¥ ¸± ²Ö·´ Ö
¢¥²¨Î¨´  Å ¸²¥¤ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  £· ¢¨É¨·ÊÕÐ¥° ¸¨¸É¥³Ò. �¤´ ±μ ¶μ¸±μ²Ó±Ê
Ê Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö É ±μ° ¨´¢ ·¨ ´É Éμ¦¤¥¸É¢¥´´μ · ¢¥´ ´Ê²Õ, Éμ μ± § ²μ¸Ó ´¥-
¢μ§³μ¦´Ò³ ¶μ ¸Ì¥³¥ �μ·¤¸É·é¥³  ¢±²ÕÎ¨ÉÓ £· ¢¨É Í¨μ´´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ¢ Ô²¥±É·μ-
¤¨´ ³¨±Ê. ‚ μ¸´μ¢´μ³ ¶μ ÔÉμ° ¶·¨Î¨´¥ ´  Ëμ´¥ Ê¸¶¥Ï´μ£μ ¶·μ¤¢¨¦¥´¨Ö μ¡Ð¥° É¥μ·¨¨
μÉ´μ¸¨É¥²Ó´μ¸É¨ ¤ ´´ Ö ³μ¤¥²Ó £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ÊÉ· É¨²   ±ÉÊ ²Ó´μ¸ÉÓ.

‘ ¶μ§¨Í¨° ¸μ¢·¥³¥´´μ° ¶μ²¥¢μ° ¨¤¥μ²μ£¨¨ É¥μ·¨Ö �μ·¤¸É·é¥³  ¸μ¤¥·¦¨É ¥Ð¥ μ¤¨´
¶·¨´Í¨¶¨ ²Ó´Ò° ´¥¤μ¸É Éμ± Å μ´  ´¥ Ê¤μ¢²¥É¢μ·Ö¥É É·¥¡μ¢ ´¨Õ ± ²¨¡·μ¢μÎ´μ° ¨´¢ -
·¨ ´É´μ¸É¨, É ± ± ± ¥¥ ¶μ²¥¢Ò¥ Ê· ¢´¥´¨Ö ¢±²ÕÎ ÕÉ ¶μÉ¥´Í¨ ² ´¥Ê¸É· ´¨³Ò³ μ¡· §μ³.
’ ±μ¥ ¶μ²μ¦¥´¨¥ ´¥¤μ¶Ê¸É¨³μ, ¶μ¸±μ²Ó±Ê ¶μÉ¥´Í¨ ² ´¥ Ö¢²Ö¥É¸Ö ´ ¡²Õ¤ ¥³μ° ¨ μ¶·¥-
¤¥²Ö¥É¸Ö Î¥·¥§ ´ ¡²Õ¤ ¥³Ò¥ ¶
μ²Ö Å ¥£μ ¸¨²μ¢Ò¥ Ì · ±É¥·¨¸É¨±¨ Å ´¥μ¤´μ§´ Î´μ.

�¥ ± ¸ Ö¸Ó Ê¸¨²¨°, ´ ¶· ¢²¥´´ÒÌ ´  ·¥Ï¥´¨¥ ±μ¸³μ²μ£¨Î¥¸±¨Ì ¶·μ¡²¥³, ¢μ§´¨±Ï¨Ì
¢ ¶μ¸²¥¤´¨¥ £μ¤Ò ( ´μ³ ²¨Ö ®�¨μ´¥·μ¢¯, ¶·μ¡²¥³  É¥³´μ° ³ É¥·¨¨), ´ ¶μ³´¨³, ÎÉμ ¢
¶·μÏ²μ³ ¶μ¶ÒÉ±¨ ¶μ¸É·μ¥´¨Ö ´¥³¥É·¨Î¥¸±μ° É¥μ·¨¨ ÉÖ£μÉ¥´¨Ö ³μÉ¨¢¨·μ¢ ²¨¸Ó μ¸μ¡Ò³
¶μ²μ¦¥´¨¥³ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¢ �’� ¢ ¸· ¢´¥´¨¨ ¸ ¤·Ê£¨³¨ ¶μ²Ö³¨, ¸²μ¦´μ¸ÉÓÕ
³ É¥³ É¨Î¥¸±μ£μ  ¶¶ · É  ÔÉμ° É¥μ·¨¨, μÉ¸ÊÉ¸É¢¨¥³ ¢ ´¥° ËÊ´¤ ³¥´É ²Ó´ÒÌ § ±μ´μ¢ ¸μ-
Ì· ´¥´¨Ö,   É ±¦¥ ¥¥ ´¥¸μ¢³¥¸É¨³μ¸ÉÓÕ ¸ ±¢ ´Éμ¢μ° É¥μ·¨¥°. ‚¢¨¤Ê Éμ£μ, ÎÉμ ¸± ²Ö·´Ò°
¶μ¤Ìμ¤ ´¨ ¢ · ¡μÉ Ì �μ·¤¸É·é¥³ , ´¨ ¢ ¡μ²¥¥ ¶μ§¤´¨Ì μ¡μ¡Ð¥´¨ÖÌ ¤·Ê£¨Ì  ¢Éμ·μ¢ [6,
15Ä18] ´¥ ¶·¨¢¥² ± ¸ ³μ¸μ£² ¸μ¢ ´´μ° É¥μ·¨¨, Ê¸¨²¨Ö ¶μ · §¢¨É¨Õ ¶μ²¥¢μ° ±μ´Í¥¶Í¨¨

1Cμ£· ¢¨É Í¨Ö (co-gravitation) ¢ [4].
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£· ¢¨É Í¨¨ ¸±μ´Í¥´É·¨·μ¢ ²¨¸Ó ¢ μ¸´μ¢´μ³ ´  ¶μ¸É·μ¥´¨¨ ³μ¤¥²¥° ÉÖ£μÉ¥´¨Ö ¸ É¥´§μ·-
´Ò³ ¶μÉ¥´Í¨ ²μ³. Œ¥¦¤Ê É¥³ μ¸É ²μ¸Ó ´¥§ ³¥Î¥´´Ò³, ÎÉμ ¸·¥¤¨ ´¥μ£· ´¨Î¥´´μ£μ ±μ²¨-
Î¥¸É¢  ¤μ¶Ê¸± ¥³ÒÌ ¶·¨´Í¨¶μ³ ¸μμÉ¢¥É¸É¢¨Ö ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¢¥·¸¨° ÉÖ£μÉ¥´¨Ö ¸μ ¸± -
²Ö·´Ò³ ¶μÉ¥´Í¨ ²μ³ [19] ¢μ§³μ¦´  ¥¤¨´¸É¢¥´´ Ö É¥μ·¥É¨Î¥¸± Ö ³μ¤¥²Ó, ·¥ ²¨§ÊÕÐ Ö¸Ö
± ± ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´ Ö É¥μ·¨Ö ²¨´¥°´μ£μ ¸± ²Ö·´μ£μ ¡¥§³ ¸¸μ¢μ£μ ¶μ²Ö.

„ ´´μ¥ ¸μμ¡Ð¥´¨¥ ¶μ¸¢ÖÐ¥´μ ¶μ¸É·μ¥´¨Õ É ±μ° ±² ¸¸¨Î¥¸±μ° ³μ¤¥²¨ ¢ · ³± Ì μ£· -
´¨Î¥´¨°, ¤¨±ÉÊ¥³ÒÌ ¸É ´¤ ·É´μ° É¥μ·¥É¨±μ-¶μ²¥¢μ° ±μ´Í¥¶Í¨¥°, ¢±²ÕÎ ÕÐ¥° ¶·¨´Í¨¶
¸μμÉ¢¥É¸É¢¨Ö, Ê¸²μ¢¨Ö ¶·μ¸ÉμÉÒ, ¶·¨´Í¨¶Ò ·¥²ÖÉ¨¢¨¸É¸±μ° ¨ ± ²¨¡·μ¢μÎ´μ° ¨´¢ ·¨ ´É-
´μ¸É¨, ¢ ·¨ Í¨μ´´Ò° ¶·¨´Í¨¶ ¨ ´ ²¨Î¨¥ Î¥É±μ ¸Ëμ·³Ê²¨·μ¢ ´´ÒÌ § ±μ´μ¢ ¸μÌ· ´¥´¨Ö
¶·¨ ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ° ¶²μÉ´μ¸É¨ Ô´¥·£¨¨.

1. —�‘’ˆ–� ‚ ƒ��‚ˆ’�–ˆ����Œ ��‹…

•μ·μÏμ ¨§¢¥¸É´  É·¨¢¨ ²Ó´ Ö μ¸μ¡¥´´μ¸ÉÓ ² £· ´¦¥¢  Ëμ·³ ²¨§³ : Ê· ¢´¥´¨Ö ¤¢¨-
¦¥´¨Ö ²Õ¡μ° Ë¨§¨Î¥¸±μ° ¸¨¸É¥³Ò ´¥ ¨§³¥´ÖÕÉ¸Ö ¶·¨ ³ ¸ÏÉ ¡´μ³ ¶·¥μ¡· §μ¢ ´¨¨ ¥¥
² £· ´¦¨ ´  [20, 21]. ’ ±μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ¤²Ö ¤ ²Ó´¥°Ï¥£μ Ê¤μ¡´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

L → L′ = L · U2 (1)

¸ ¶μ¸ÉμÖ´´Ò³ U , ´¥ · ¢´Ò³ ´Ê²Õ. �μ  ´ ²μ£¨¨ ¸ Ë §μ¢Ò³¨ ¶·¥μ¡· §μ¢ ´¨Ö³¨ ¶μ²¥°
¢ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¸μμÉ´μÏ¥´¨¥ (1) ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ¸¢μ¥μ¡· §´μ¥ £²μ¡ ²Ó´μ¥
± ²¨¡·μ¢μÎ´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ² £· ´¦¨ ´ .

‘²¥¤ÊÖ ¶·¨´Í¨¶Ê ²μ± ²Ó´μ° ± ²¨¡·μ¢μÎ´μ° ¨´¢ ·¨ ´É´μ¸É¨, μÉ (1) ³μ¦´μ ¶¥·¥°É¨ ±
²μ± ²Ó´μ³Ê ³ ¸ÏÉ ¡´μ³Ê ¶·¥μ¡· §μ¢ ´¨Õ ² £· ´¦¨ ´ , ¶μ²μ¦¨¢ U § ¢¨¸ÖÐ¨³ μÉ Î¥ÉÒ-
·¥Ì³¥·´ÒÌ ±μμ·¤¨´ É x = (xμ). ’ ±μ° ¶¥·¥Ìμ¤ ¡Ê¤¥É μ§´ Î ÉÓ ¢±²ÕÎ¥´¨¥ ¢ ¸¨¸É¥³Ê, μ¶¨-
¸Ò¢ ¥³ÊÕ ² £· ´¦¨ ´μ³ L, ¢§ ¨³μ¤¥°¸É¢¨Ö ¸μ ¸± ²Ö·´Ò³ ¶μ²¥³ U(x). “´¨¢¥·¸ ²Ó´μ¸ÉÓ
ÔÉμ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸μ ¢¸¥³¨ ¢¨¤ ³¨ ³ É¥·¨¨, μ¡¥¸¶¥Î¨¢ ¥³ Ö ³Ê²ÓÉ¨¶²¨± É¨¢´Ò³ ¶μ¤-
±²ÕÎ¥´¨¥³ ¶μ²Ö U(x) ± ² £· ´¦¨ ´Ê ²Õ¡μ° ¸¨¸É¥³Ò, ¤ ¥É μ¸´μ¢ ´¨¥ · ¸¸³ É·¨¢ ÉÓ U(x)
± ± ¶μÉ¥´Í¨ ²Ó´ÊÕ ËÊ´±Í¨Õ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö.

�·¨³¥´ÖÖ ²μ± ²Ó´μ¥ ³ ¸ÏÉ ¡´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ (1) ± ËÊ´±Í¨¨ ‹ £· ´¦  ¸¢μ¡μ¤´μ°
·¥²ÖÉ¨¢¨¸É¸±μ° Î ¸É¨ÍÒ, § ¶¨Ï¥³

L = −mc2

√
1 − v2

c2
U2(r, t). (2)

“· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö, ¢ÒÉ¥± ÕÐ¥¥ ¨§  ´ ²μ£¨Î´μ° ËÊ´±Í¨¨ ‹ £· ´¦ , ¶μ²ÊÎ¥´μ ¢ [22].
‚³¥¸É¥ ¸ Ê· ¢´¥´¨¥³ ¤²Ö Ô´¥·£¨¨ E = v∂L/∂v−L μ´μ ¸μ¸É ¢¨É ±μ¢ ·¨ ´É´μ¥ · ¢¥´¸É¢μ

d(Muμ)
dτ

= Mgμ, (3)

¶μ¸ÉÊ²¨·μ¢ ´´μ¥ ¥Ð¥ · ´ÓÏ¥ ¢ [12] ± ± ¥¸É¥¸É¢¥´´μ¥ μ¡μ¡Ð¥´¨¥ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö
Î ¸É¨ÍÒ ¢ ¶μ²¥ ÉÖ£μÉ¥´¨Ö. ‡¤¥¸Ó dτ =

√
1 − v2/c2dt Å ¸μ¡¸É¢¥´´μ¥ ¢·¥³Ö, uμ =

dxμ/dτ Å 4-¸±μ·μ¸ÉÓ Î ¸É¨ÍÒ (dx4 = icdt), gμ Å ¢¥±Éμ·´μ¥ ¶μ²¥ ´ ¶·Ö¦¥´´μ¸É¨:

gμ = −∂μΦ, (4)
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¶μÉ¥´Í¨ ² Φ ±μÉμ·μ£μ ¸¢Ö§ ´ ¸ ¢¢¥¤¥´´μ° ´ ³¨ ¢ (2) ¶μ²¥¢μ° ËÊ´±Í¨¥° U ¸μμÉ´μÏ¥´¨¥³

U = eΦ/2c2
. (5)

—¥·¥§ M ¢ (3) μ¡μ§´ Î¥´  ¨§³¥´ÖÕÐ Ö¸Ö ¢ ¶μ²¥ ³ ¸¸  �μ·¤¸É·é¥³  M = m eΦ/c2
[12].

�·μ¸É· ´¸É¢¥´´Ò¥ ±μ³¶μ´¥´ÉÒ 4-¢¥±Éμ·  Pμ = M2uμ ¢ (3) ¶·¥¤¸É ¢²ÖÕÉ μ¡μ¡Ð¥´´Ò°
¨³¶Ê²Ó¸ P = ∂L/∂v,   ¢·¥³¥´´
 Ö P4 = (i/c)E Å Ô´¥·£¨Õ Î ¸É¨ÍÒ ¢ ¶μ²¥

E =
mc2√

1 − v2/c2
eΦ/c2

. (6)

‚Ò· ¦¥´¨¥ (6) ¢±²ÕÎ ¥É ±¨´¥É¨Î¥¸±ÊÕ ¨ ¶μÉ¥´Í¨ ²Ó´ÊÕ Ô´¥·£¨Õ: ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³

¶·¨¡²¨¦¥´¨¨ E ≈ mc2 +
mv2

2
+ mΦ.

2. Š�‹ˆ���‚�—��Ÿ ˆ�‚��ˆ��’��‘’œ

�·¨ ¨´É¥£·¨·μ¢ ´¨¨ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¢μ§´¨± ÕÉ ´¥¦¥² É¥²Ó´Ò¥ μ¸²μ¦´¥´¨Ö ¨§-
§  Éμ£μ, ÎÉμ ³ ¸¸  M ¢ (3) § ¢¨¸¨É μÉ ¶μÉ¥´Í¨ ²  ¶μ²Ö. �ÉÊ É·Ê¤´μ¸ÉÓ ²¥£±μ ¶·¥μ¤μ²¥ÉÓ,
¥¸²¨ ¨§ (3) ¶μ¸²¥ ¶·¥¤¢ ·¨É¥²Ó´ÒÌ ´¥¸²μ¦´ÒÌ ¶·¥μ¡· §μ¢ ´¨° ¨¸±²ÕÎ¨ÉÓ ¶μÉ¥´Í¨ ²,
¸μ±· É¨¢ ¥£μ ¢³¥¸É¥ ¸ U2. ’ ±¨³ μ¡· §μ³ ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥

dpμ

dτ
=

m

c2

(
uμgν − uνgμ

)
uν , (7)

¸μ¤¥·¦ Ð¥¥ Éμ²Ó±μ ´ ¡²Õ¤ ¥³Ò¥ Å ¤¨´ ³¨Î¥¸±¨° 4-¨³¶Ê²Ó¸ Î ¸É¨ÍÒ pμ = muμ ¨
´ ¶·Ö¦¥´´μ¸ÉÓ ¶μ²Ö gμ. �¥·¥°¤Ö ± É·¥Ì³¥·´Ò³ μ¡μ§´ Î¥´¨Ö³

(gμ) = (g, iη), (8)

¢Ò¶¨Ï¥³ μÉ¤¥²Ó´μ Ê· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö Î ¸É¨ÍÒ Å ¶·μ¸É· ´¸É¢¥´´ÊÕ ¸μ¸É ¢²ÖÕÐÊÕ
Ê· ¢´¥´¨Ö (7)

d

dt

mv√
1 − v2/c2

=
m√

1 − v2/c2

(
g +

1
c2

v × v × g − 1
c
vη

)
. (9)

�· ¢ Ö Î ¸ÉÓ (9) ¶·¥¤¸É ¢²Ö¥É ¢Ò· ¦¥´¨¥ ¤²Ö £· ¢¨É Í¨μ´´μ° ¸¨²Ò, ¨§ ±μÉμ·μ£μ ¢ ´¥·¥-
²ÖÉ¨¢¨¸É¸±μ³ ¶·¨¡²¨¦¥´¨¨ ¸²¥¤Ê¥É ´ÓÕÉμ´μ¢¸± Ö Ëμ·³Ê²  F = mg.

“· ¢´¥´¨¥ (9) ¶μ± §Ò¢ ¥É, ÎÉμ ¢¸¥ Î¥ÉÒ·¥ ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·  ¸¨²μ¢ÒÌ Ì · ±É¥·¨-
¸É¨± ¶μ²Ö (8) ¢ ¶·¨´Í¨¶¥ ³μ£ÊÉ ¡ÒÉÓ ¨§³¥·¥´Ò, Éμ ¥¸ÉÓ Ö¢²ÖÕÉ¸Ö μ¤´μ§´ Î´μ μ¶·¥¤¥²¥´-
´Ò³¨ Ë¨§¨Î¥¸±¨³¨ ¢¥²¨Î¨´ ³¨. ‚ Éμ ¦¥ ¢·¥³Ö ¶μÉ¥´Í¨ ² Φ, ± ± ¢¨¤´μ ¨§ (4), μ¶·¥¤¥²¥´
Î¥·¥§ ´ ¡²Õ¤ ¥³Ò¥ gμ ²¨ÏÓ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ  ¤¤¨É¨¢´μ° ±μ´¸É ´ÉÒ. ’ ±¨³ μ¡· §μ³, ¤²Ö
Φ ¤μ¶Ê¸É¨³μ ¶·¥μ¡· §μ¢ ´¨¥

Φ → Φ′ = Φ + λ (10)

¸ ¶·μ¨§¢μ²Ó´μ° ±μ´¸É ´Éμ° λ. �·¥μ¡· §μ¢ ´¨¥ (10), ´¥ ¨§³¥´ÖÕÐ¥¥ £· ¢¨É Í¨μ´´μ°
¸¨²Ò (9), ¤ ²¥¥ ¡Ê¤¥³ ´ §Ò¢ ÉÓ ± ²¨¡·μ¢μÎ´Ò³ ¶·¥μ¡· §μ¢ ´¨¥³ ¶μÉ¥´Í¨ ²  Φ.
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‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ (5) ¶μ²¥¢ Ö ËÊ´±Í¨Ö U É ±¦¥ ¤μ²¦´  ¶μ¤¢¥·£ ÉÓ¸Ö ± ²¨¡·μ¢μÎ´μ³Ê
¶·¥μ¡· §μ¢ ´¨Õ ¢ ³Ê²ÓÉ¨¶²¨± É¨¢´μ° Ëμ·³¥:

U → U ′ = Ueλ/2c2
(11)

μ¤´μ¢·¥³¥´´μ ¸ ¶·¥μ¡· §μ¢ ´¨¥³ ¶μÉ¥´Í¨ ²  (10). ‘²¥¤¸É¢¨¥³ (11) ¡Ê¤¥É £²μ¡ ²Ó´μ¥
³ ¸ÏÉ ¡´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ËÊ´±Í¨¨ ‹ £· ´¦  (2) L → L′ = L eλ/c2

, μÉ´μ¸¨É¥²Ó´μ
±μÉμ·μ£μ Ê· ¢´¥´¨Ö �°²¥· Ä‹ £· ´¦  μ¸É ÕÉ¸Ö ¨´¢ ·¨ ´É´Ò³¨.

3. “��‚�…�ˆŸ ƒ��‚ˆ’�–ˆ����ƒ� ��‹Ÿ

ˆ§ ¸¢μ°¸É¢  ¶μÉ¥´Í¨ ²Ó´μ¸É¨ (4) ¸²¥¤Ê¥É, ÎÉμ ´ ¶·Ö¦¥´´μ¸ÉÓ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö
gμ Ê¤μ¢²¥É¢μ·Ö¥É É¥´§μ·´μ³Ê Ê· ¢´¥´¨Õ

∂μgν − ∂νgμ = 0. (12)

…Ð¥ μ¤´μ ¶μ²¥¢μ¥ Ê· ¢´¥´¨¥, μ¡μ¡Ð ÕÐ¥¥ ´ÓÕÉμ´μ¢¸±¨° § ±μ´ ÉÖ£μÉ¥´¨Ö, ¶μ²ÊÎ¨³
¨§ ¢ ·¨ Í¨μ´´μ£μ ¶·¨´Í¨¶ . �¥ ¤¥² Ö ¨¸±²ÕÎ¥´¨Ö ¤²Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö, ¡Ê¤¥³
·Ê±μ¢μ¤¸É¢μ¢ ÉÓ¸Ö μ¡ÒÎ´Ò³¨ ¢ É¥μ·¨¨ ±² ¸¸¨Î¥¸±¨Ì ¶μ²¥° ¸μμ¡· ¦¥´¨Ö³¨ ¶·μ¸ÉμÉÒ ¨
¶μ¸ÉÊ²¨·Ê¥³ μ¡Ð¨° ¤²Ö Î ¸É¨Í ¨ ¶μ²Ö ² £· ´¦¨ ´

L = − c4

2πG
(∂μU)2 − μc2

√
1 − v2

c2
U2. (13)

‡¤¥¸Ó G Å £· ¢¨É Í¨μ´´ Ö ¶μ¸ÉμÖ´´ Ö; μ Å ¶²μÉ´μ¸ÉÓ ³ ¸¸Ò. ‚Éμ·μ¥ ¸² £ ¥³μ¥ ¢ (13)
Ö¢²Ö¥É¸Ö ¶²μÉ´μ¸ÉÓÕ ¤²Ö ËÊ´±Í¨¨ ‹ £· ´¦  (2),   ¶μ²¥¢ Ö Î ¸ÉÓ

L(0) = − c4

2πG
(∂μU)2 (14)

¸μμÉ¢¥É¸É¢Ê¥É ²¨´¥°´μ³Ê ¸± ²Ö·´μ³Ê ¡¥§³ ¸¸μ¢μ³Ê ¶μ²Õ. ŠμÔËË¨Í¨¥´É ¢ (14) ¢Ò¡· ´
¸ É¥³ · ¸Î¥Éμ³, ÎÉμ¡Ò ¨§ ¢ ·¨ Í¨μ´´μ£μ ¶·¨´Í¨¶  ¶μ²ÊÎ ²μ¸Ó Ê· ¢´¥´¨¥ ¶μ²Ö, ¸μμÉ¢¥É-
¸É¢ÊÕÐ¥¥ μ¡ÒÎ´Ò³ μ¡μ§´ Î¥´¨Ö³, ¶·¨´ÖÉÒ³ ¢ ´ÓÕÉμ´μ¢¸±μ³ ¶·¨¡²¨¦¥´¨¨.

“· ¢´¥´¨¥ �°²¥· Ä‹ £· ´¦ , ¢ÒÉ¥± ÕÐ¥¥ ¨§ ¢ ·¨ Í¨μ´´μ£μ ¶·¨´Í¨¶  ¶·¨ ¢ ·Ó¨·μ-
¢ ´¨¨ ¶μ²Ö U(x), ¢ ¸²ÊÎ ¥ ² £· ´¦¨ ´  (4) ¶·¨¢μ¤¨É ± ²¨´¥°´μ³Ê Ê· ¢´¥´¨Õ(

� − 2πG

c2
μ

√
1 − v2

c2

)
U = 0. (15)

‚Ò· ¦ Ö U Î¥·¥§ ¶μÉ¥´Í¨ ² Φ ¸μ£² ¸´μ (5), ¨³¥Ö ¶·¨ ÔÉμ³ ¢ ¢¨¤Ê ¸μμÉ´μÏ¥´¨¥ (4), ¨§
(15) ¶μ²ÊÎ ¥³ ´¥²¨´¥°´μ¥ Ê· ¢´¥´¨¥ ¤²Ö 4-¢¥±Éμ·  ´ ¶·Ö¦¥´´μ¸É¨ ¶μ²Ö gμ:

∂μgμ − 1
2c2

g2
μ = −4πGμ

√
1 − v2

c2
. (16)

Š ± ²¥£±μ Ê¡¥¤¨ÉÓ¸Ö, ¸¨¸É¥³  Ê· ¢´¥´¨° (12), (15), (16) ¨ (9) Ö¢²Ö¥É¸Ö ± ²¨¡·μ¢μÎ´μ-
¨´¢ ·¨ ´É´μ° ¨ μÉ¢¥Î ¥É ´ÓÕÉμ´μ¢¸±μ³Ê ¶·¥¤¥²Ê.
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4. ’…�‡�� ��…�ƒˆˆ-ˆŒ�“‹œ‘� ��‹Ÿ

�μ¤¸É ¢²ÖÖ ² £· ´¦¨ ´ ¸¢μ¡μ¤´μ£μ ¶μ²Ö (14) ¢ μ¡Ð¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö ± ´μ´¨Î¥¸±μ£μ
É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸± ²Ö·´μ£μ ¶μ²Ö

Tμν = L(0)δμν − ∂L(0)

∂ (∂μU)
∂νU,

¶μ²ÊÎ¨³

Tμν =
c4

πG

(
∂μU · ∂νU − 1

2
(∂σU)2 δμν

)
. (17)

Š ± ¨ ¤μ²¦´μ ¡ÒÉÓ ¢ ¸²ÊÎ ¥ ¸± ²Ö·´μ£μ ¶μ²Ö, ÔÉμÉ É¥´§μ· ¸¨³³¥É·¨Î¥´. …¸²¨ Î ¸É¨ÍÒ
μÉ¸ÊÉ¸É¢ÊÕÉ, Éμ ¶μ²¥ μ¡· §Ê¥É § ³±´ÊÉÊÕ ¸¨¸É¥³Ê, ¨ ¥£μ Ô´¥·£¨Ö ¨ ¨³¶Ê²Ó¸ ¸μÌ· ´ÖÕÉ¸Ö.
�·¨ ÔÉμ³ É¥´§μ· (20) Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ ´¥¶·¥·Ò¢´μ¸É¨ ∂μTμν = 0. ‚ ¶·¨¸ÊÉ¸É¢¨¨
³ ¸¸¨¢´ÒÌ Î ¸É¨Í ¥£μ ¤¨¢¥·£¥´Í¨Ö Ê¦¥ ´¥ · ¢´  ´Ê²Õ:

∂μTμν = −μ eΦ/c2

√
1 − v2

c2
gν , (18)

ÎÉμ μ¡Ê¸²μ¢²¥´μ μ¡³¥´μ³ Ô´¥·£¨¥° ¨ ¨³¶Ê²Ó¸μ³ ³¥¦¤Ê Î ¸É¨Í ³¨ ¨ ¶μ²¥³ ¶·¨ ¨Ì ¢§ -
¨³μ¤¥°¸É¢¨¨. � §Ê³¥¥É¸Ö, ¤²Ö § ³±´ÊÉμ° ¸¨¸É¥³Ò, ¢±²ÕÎ ÕÐ¥° ¶μ²¥ ¨ Î ¸É¨ÍÒ, § ±μ´Ò
¸μÌ· ´¥´¨Ö Ô´¥·£¨¨ ¨ ¨³¶Ê²Ó¸  ¸É·μ£μ ¢Ò¶μ²´ÖÕÉ¸Ö, ÎÉμ ²¥£±μ ¶μ± § ÉÓ [19], ¸μ¶μ¸É ¢¨¢
(18) ¨ Ê· ¢´¥´¨¥ (3) ¤²Ö 4-¨³¶Ê²Ó¸  Î ¸É¨ÍÒ, ¶¥·¥¶¨¸ ¢ ¶μ¸²¥¤´¥¥ ¢ Ëμ·³¥

d

dt

(
m eΦ/c2

uν

)
= m eΦ/c2

√
1 − v2

c2
gν . (19)

�·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ ¸μμÉ´μÏ¥´¨Ö (4), (5), É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  (17) ²¥£±μ
¢Ò· §¨ÉÓ Î¥·¥§ ´ ¡²Õ¤ ¥³Ò¥ ¶μ²Ö ¨ ¶μÉ¥´Í¨ ²:

Tμν =
eΦ/c2

4πG

(
gμ · gν − 1

2
(gσ)2 δμν

)
. (20)

�¡· É¨³ ¢´¨³ ´¨¥ ´  ¶·¨´Í¨¶¨ ²Ó´Ò° ·¥§Ê²ÓÉ É É¥μ·¨¨ Å ¶μ²μ¦¨É¥²Ó´ÊÕ μ¶·¥¤¥-
²¥´´μ¸ÉÓ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö w = −T44:

w =
1

8πG

(
g2 + η2

)
eΦ/c2

. (21)

‚ ÔÉμ° ¸¢Ö§¨ ¥Ð¥ · § ´ ¶μ³´¨³, ÎÉμ ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¶μ²Ö μÉ·¨Í É¥²Ó´  ± ± ¢
¢¥±Éμ·´μ°, É ± ¨ ¢ É¥´§μ·´μ° ³μ¤¥²ÖÌ £· ¢¨É Í¨¨ (¸³. [2Ä4, 11]). “± ¦¥³ É ±¦¥, ÎÉμ
¶¸¥¢¤μÉ¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ‹ ´¤ ÊÄ‹¨ËÏ¨Í  [23] ¢ �’� ¶·¨¢μ¤¨É ± ¶²μÉ´μ¸É¨ ¶¸¥¢-
¤μÔ´¥·£¨¨, ±μÉμ· Ö É ±¦¥ ´¥ Ö¢²Ö¥É¸Ö ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ°.
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5. ‘’�’ˆ—…‘Š�… ��‹… ’Ÿƒ�’…�ˆŸ.
’�†„…‘’‚…���‘’œ ˆ�…�’��‰ ˆ ’Ÿ†…‹�‰ Œ�‘‘›

‚ ¸²ÊÎ ¥ ´¥¶μ¤¢¨¦´ÒÌ ÉÖ£μÉ¥ÕÐ¨Ì ³ ¸¸ ¨§ (16) ¸²¥¤Ê¥É ´¥²¨´¥°´μ¥ Ê· ¢´¥´¨¥ ¤²Ö
É·¥Ì³¥·´μ£μ ¢¥±Éμ·  ´ ¶·Ö¦¥´´μ¸É¨ g ¸É É¨Î¥¸±μ£μ ¶μ²Ö ÉÖ£μÉ¥´¨Ö

∇g − 1
2c2

g2 = −4πGμ, (22)

  ¨§ (15) Å ²¨´¥°´μ¥ Ê· ¢´¥´¨¥ ¤²Ö ¥£μ ¶μÉ¥´Í¨ ²Ó´μ° ËÊ´±Í¨¨ U(
∇2 − 2πG

c2
μ

)
U = 0. (23)

�¡ÒÎ´μ ¢ £· ¢¨¸É É¨±¥ ´ ¨¡μ²ÓÏ¨° ¨´É¥·¥¸ ¶·¥¤¸É ¢²ÖÕÉ Í¥´É· ²Ó´Ò¥ ¶μ²Ö ¨¸ÉμÎ-
´¨±μ¢ ¸μ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ · ¸¶·¥¤¥²¥´´μ° ³ ¸¸μ°. �μ² £ Ö ¢ (23) μ(r) = μ(r),
¤²Ö ¶μÉ¥´Í¨ ²Ó´μ° ËÊ´±Í¨¨ U(r) = U(r) É ±μ£μ ¶μ²Ö ¶μ²ÊÎ¨³

d2U(r)
dr2

+
2
r

dU(r)
dr

− 2πGμ(r)
c2

U(r) = 0. (24)

…¸²¨ £· ¢¨É¨·ÊÕÐ Ö ³ ¸¸  ¸±μ´Í¥´É·¨·μ¢ ´  ¢´ÊÉ·¨ Ï ·  · ¤¨Ê¸  R, Éμ ¤²Ö ¢´¥Ï´¥°
μ¡² ¸É¨ r > R μ¡Ð¨³ ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö (24) ¶·¨ μ(r) = 0 ¡Ê¤¥É U(r) = C1 + C2/r.
�¥·¥μ¡μ§´ Î¨¢ ¶μ¸ÉμÖ´´Ò¥ ¨´É¥£·¨·μ¢ ´¨Ö C1 = U0 ¨ C2 = −U0GM/2c2, § ¶¨Ï¥³

U(r) = U0

(
1 − GM

2c2r

)
. (25)

“Î¨ÉÒ¢ Ö (4), (5), ¨§ (25) ´ Ìμ¤¨³ g4 = iη = 0 ¨

g(r) = − GM

r2 (1 − GM/2c2r)
r
r
. (26)

�μ¸ÉμÖ´´ Ö U0 = eΦ0/c2
¢ (25) μ¶·¥¤¥²Ö¥É¸Ö ¶·¨´¨³ ¥³Ò³ ¶μ ¸μ£² Ï¥´¨Õ §´ Î¥´¨¥³ Φ0

¶μÉ¥´Í¨ ²  Φ ´  ¡¥¸±μ´¥Î´μ¸É¨. ‚Éμ· Ö ¶μ¸ÉμÖ´´ Ö M ¢ (25) ¥¸ÉÓ  ±É¨¢´ Ö £· ¢¨É Í¨μ´-
´ Ö ³ ¸¸  ¶μ μ¶·¥¤¥²¥´¨Õ, ¥¸²¨ ¨³¥ÉÓ ¢ ¢¨¤Ê § ±μ´ ¢¸¥³¨·´μ£μ ÉÖ£μÉ¥´¨Ö, ¢ÒÉ¥± ÕÐ¨°
¨§ (26) ± ± ¶·¨¡²¨¦¥´¨¥ ¤²Ö r � GM/c2. —Éμ¡Ò ´ °É¨ ¥¥ §´ Î¥´¨¥, ¤μ³´μ¦¨³ (22) ´ 
U2,   ·¥§Ê²ÓÉ É ¸ ÊÎ¥Éμ³ (4), (5) ¶·¥μ¡· §Ê¥³ ± ¢¨¤Ê

∇
(
U2g

)
= −4πG

c2

(
μU2c2 +

g2

8πG
U2

)
. (27)

’¥¶¥·Ó ¶·μ¨´É¥£·¨·Ê¥³ (27) ¶μ ¢¸¥³Ê ¶·μ¸É· ´¸É¢Ê,   ²¥¢ÊÕ Î ¸ÉÓ ¶μ²ÊÎ ÕÐ¥£μ¸Ö ¶·¨
ÔÉμ³ · ¢¥´¸É¢  ¶·¥¤¸É ¢¨³ ± ± ¶μÉμ± ¢¥±Éμ·  U2g Î¥·¥§ ¸Ë¥·Ê ¡¥¸±μ´¥Î´μ ¡μ²ÓÏμ£μ · -
¤¨Ê¸ . �μ¤¸Î¥É ÔÉμ£μ ¶μÉμ±  ¤²Ö ¢´¥Ï´¥£μ ·¥Ï¥´¨Ö (25), (26) ¤ ¥É §´ Î¥´¨¥
−4πGM eΦ0/c2

. ‚ ¨Éμ£¥ ¶μ²ÊÎ ¥É¸Ö

M =
1
c2

∫ (
μc2 +

g2

8πG

)
e(Φ−Φ0)/c2

d3r. (28)
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ˆ´É¥£· ² ¢ (28), ¸μ£² ¸´μ (6), (21), Ö¢²Ö¥É¸Ö ¶μ²´μ° Ô´¥·£¨¥° E ¢¸¥° ¸¨¸É¥³Ò Î ¸É¨Í ¨
¶μ²Ö. �μÉ¥´Í¨ ² Φ̃ = Φ−Φ0, ¶·¨ ±μÉμ·μ³ ¢ÒÎ¨¸²Ö¥É¸Ö §´ Î¥´¨¥ E ¢ (28), Ê¤μ¢²¥É¢μ·Ö¥É
± ²¨¡·μ¢±¥ Φ̃ = 0 ´  ¡¥¸±μ´¥Î´μ¸É¨ ¨ ¶μ²ÊÎ ¥É¸Ö ¨§ Φ ¢ ·¥§Ê²ÓÉ É¥ ± ²¨¡·μ¢μÎ´μ£μ
¶·¥μ¡· §μ¢ ´¨Ö Φ → Φ̃ = Φ − Φ0.

’ ±¨³ μ¡· §μ³, ¨§ (26) ¨ (28) ¸²¥¤Ê¥É, ÎÉμ ¨¸ÉμÎ´¨± M ¶μ²Ö, É. ¥.  ±É¨¢´ Ö £· ¢¨-
É Í¨μ´´ Ö ³ ¸¸ , μ¤´μ¢·¥³¥´´μ Ö¢²Ö¥É¸Ö ³¥·μ° Ô´¥·£¨¨ E = Mc2 ¢¸¥° ¸¨¸É¥³Ò, ÎÉμ ¶μ
μ¶·¥¤¥²¥´¨Õ ¶·¥¤¸É ¢²Ö¥É ¨´¥·É´ÊÕ ³ ¸¸Ê ÔÉμ° ¸¨¸É¥³Ò.

6. ƒ��‚ˆ’�–ˆ���›… ‚�‹�›

�μ²¥ U(x) £· ¢¨É Í¨μ´´ÒÌ ¢μ²´ ¢ ¶·μ¸É· ´¸É¢¥, ¸¢μ¡μ¤´μ³ μÉ Î ¸É¨Í ¨ ¤·Ê£¨Ì ¶μ²¥°,
±·μ³¥ £· ¢¨É Í¨μ´´μ£μ, Ê¤μ¢²¥É¢μ·Ö¥É ÉμÎ´μ³Ê ²¨´¥°´μ³Ê ¢μ²´μ¢μ³Ê Ê· ¢´¥´¨Õ

�U(r, t) = 0, (29)

±μÉμ·μ¥ ¸²¥¤Ê¥É ¨§ (10), ¥¸²¨ ¶μ²μ¦¨ÉÓ ¶²μÉ´μ¸ÉÓ ³ ¸¸Ò μ · ¢´μ° ´Ê²Õ.
�¸É ¢²ÖÖ ¶μ±  μÉ±·ÒÉÒ³ ¢μ¶·μ¸ μ ³¥Ì ´¨§³¥ ¢μ§¡Ê¦¤¥´¨Ö, · ¸¸³μÉ·¨³ ¶μ²¥ · ¸-

Ìμ¤ÖÐ¨Ì¸Ö £· ¢¨É Í¨μ´´ÒÌ ¢μ²´ ¢μ ¢´¥Ï´¥° ¶μ μÉ´μÏ¥´¨Õ ± ¨¸ÉμÎ´¨±Ê μ¡² ¸É¨ ¶·μ-
¸É· ´¸É¢ , ¶·¥¤¶μ² £ Ö, ÎÉμ μ´¨ £¥´¥·¨·ÊÕÉ¸Ö ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´Ò³ ¨¸ÉμÎ´¨±μ³ Å
Í¥´É· ²Ó´Ò³ É¥²μ³ ¸ ¶¥·¨μ¤¨Î¥¸±¨ ¨§³¥´ÖÕÐ¥°¸Ö ¶²μÉ´μ¸ÉÓÕ ³ ¸¸Ò (´ ¶·¨³¥·, ¶Ê²Ó-
¸¨·ÊÕÐ¥° ´¥°É·μ´´μ° §¢¥§¤μ°). ˆ§ ¸μμ¡· ¦¥´¨° ¸¨³³¥É·¨¨ Ö¸´μ, ÎÉμ ¶·¨ ¢Ò¡μ·¥ ´ Î ² 
±μμ·¤¨´ É ¢ Í¥´É·¥ ¨¸ÉμÎ´¨±  ¸± ²Ö·´μ¥ ¶μ²¥ U(x) ¡Ê¤¥É § ¢¨¸¥ÉÓ Éμ²Ó±μ μÉ ¤¢ÊÌ ¶¥·¥-
³¥´´ÒÌ Å ¢·¥³¥´¨ ¨ ³μ¤Ê²Ö · ¤¨Ê¸ -¢¥±Éμ· : U = U(r, t).

�·¨ μÉÒ¸± ´¨¨ Ë¨§¨Î¥¸±¨ ¶·¨¥³²¥³ÒÌ ·¥Ï¥´¨° ¤²Ö U(r, t) ´¥μ¡Ìμ¤¨³μ ¶μ³´¨ÉÓ,
ÎÉμ ´ ¶·Ö¦¥´´μ¸ÉÓ ¶μ²Ö ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ²μ£ ·¨Ë³¨Î¥¸±¨° £· ¤¨¥´É ÔÉμ° ËÊ´±Í¨¨:
gμ = −2c2∂μU/U . �μ¸±μ²Ó±Ê §´ Î¥´¨Ö ´ ¡²Õ¤ ¥³μ° gμ ¤μ²¦´Ò ¡ÒÉÓ ¢¥Ð¥¸É¢¥´´Ò³¨ ¨
±μ´¥Î´Ò³¨, Éμ ËÊ´±Í¨Ö U(r, t) ¢¥§¤¥ ¤μ²¦´  ¡ÒÉÓ ´¥¶·¥·Ò¢´μ° ¨ ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥-
²¥´´μ°. ‚Éμ·μ¥ Ê¸²μ¢¨¥ μÉ²¨Î ¥É ¤ ´´ÊÕ § ¤ ÎÊ μÉ  ´ ²μ£¨Î´ÒÌ § ¤ Î Ô²¥±É·μ¤¨´ ³¨±¨ ¨
§ ¸É ¢²Ö¥É ¸É·μ¨ÉÓ ¸μ¢³¥¸É´μ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (15) ¤²Ö μ¡¥¨Ì ¸μ¸É ¢²ÖÕÐ¨Ì ¶μ²Ö Å
¸É É¨Î¥¸±μ° ¨ ¢μ²´μ¢μ°. ’ ±μ¥ ·¥Ï¥´¨¥, μ¡μ¡Ð ÕÐ¥¥ (25), ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

U(r, t) = U0

(
1 +

Y (r − ct) − GM/2c2

r

)
, (30)

£¤¥ U0 ¨ M Å ¶μ¸ÉμÖ´´Ò¥ ¨´É¥£·¨·μ¢ ´¨Ö; Y (ζ) Å ´¥¶·¥·Ò¢´ Ö ËÊ´±Í¨Ö ¶¥·¥³¥´´μ°
ζ = r − ct, μ¶¨¸Ò¢ ÕÐ Ö · ¸Ìμ¤ÖÐÊÕ¸Ö ¸Ë¥·¨Î¥¸±ÊÕ ¢μ²´Ê, · ¸¶·μ¸É· ´ÖÕÐÊÕ¸Ö μÉ
Í¥´É·  ¶μ²Ö ¸μ ¸±μ·μ¸ÉÓÕ ¸¢¥É  c. � §Ê³¥¥É¸Ö, ÔÉ  ËÊ´±Í¨Ö ¤μ²¦´  ¡ÒÉÓ μ£· ´¨Î¥´ 
μ£μ¢μ·¥´´Ò³ Ê¸²μ¢¨¥³ ¶μ²μ¦¨É¥²Ó´μ° μ¶·¥¤¥²¥´´μ¸É¨ U(r, t).

�¥·¥Ìμ¤Ö ± · ¸¸³μÉ·¥´¨Õ £· ¢¨É Í¨μ´´ÒÌ ¢μ²´ ¸ £ ·³μ´¨Î¥¸±μ° § ¢¨¸¨³μ¸ÉÓÕ μÉ
¢·¥³¥´¨, ¤ ²¥¥ ¶·¨³¥³

Y (r − ct) = A cos (k0r − ωt), (31)

¶μ² £ Ö k0 = ω/c. „²Ö ¢Ò¶μ²´¥´¨Ö É·¥¡μ¢ ´¨Ö U(r, t) > 0 ´¥μ¡Ìμ¤¨³μ, ÎÉμ¡Ò ¢ ¶·μ-
¸É· ´¸É¢¥ ¢´¥ ¨¸ÉμÎ´¨±   ³¶²¨ÉÊ¤´ Ö Ì · ±É¥·¨¸É¨±  A £· ¢¨É Í¨μ´´μ° ¢μ²´Ò Ê¤μ¢²¥-
É¢μ·Ö²  μ£· ´¨Î¥´¨Õ |A| < R − GM/2c2, £¤¥ R Å · ¤¨Ê¸ ¨¸ÉμÎ´¨± .

‚ÒÎ¨¸²ÖÖ ²μ£ ·¨Ë³¨Î¥¸±¨¥ ¶·μ¨§¢μ¤´Ò¥ ¶μÉ¥´Í¨ ²Ó´μ° ËÊ´±Í¨¨ U(r, t), ´ °¤¥³ ¸¨-
²μ¢Ò¥ Ì · ±É¥·¨¸É¨±¨ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ£μ ¶μ²Ö, ¢±²ÕÎ ÕÐ¥£μ ¶μ²¥ ÉÖ£μÉ¥´¨Ö
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¨¸ÉμÎ´¨±  ¨ ¶μ²¥ ¨§²ÊÎ ¥³ÒÌ ¨³ · ¸Ìμ¤ÖÐ¨Ì¸Ö ¢μ²´

g(r, t) = − GM

r (r − GM/2c2 + A cos (k0r − ωt))
n +

2cωA sin (k0r − ωt)
r − GM/2c2 + A cos (k0r − ωt)

n+

+
2c2A cos (k0r − ωt)

(r − GM/2c2) (r − GM/2c2 + A cos (k0r − ωt))
n, (32)

η(r, t) =
2cωA sin (k0r − ωt)

r − GM/2c2 + A cos (k0r − ωt)
, (33)

£¤¥ n = r/r. ˆ§ ÔÉ¨Ì Ëμ·³Ê² ¸²¥¤Ê¥É, ÎÉμ ³μ´μÌ·μ³ É¨Î¥¸±μ° ¢μ²´¥ ¶μ²Ö ¶μÉ¥´Í¨ ² 
(30) ¸μμÉ¢¥É¸É¢ÊÕÉ ¶μ²Ö g ¨ η, ¢ ±μÉμ·ÒÌ ±·μ³¥ μ¸´μ¢´μ° Î ¸ÉμÉÒ ¶·¨¸ÊÉ¸É¢ÊÕÉ ¢μ²´Ò
£ ·³μ´¨± ´  ±· É´ÒÌ Î ¸ÉμÉ Ì. �¤´ ±μ ¶μ²Ö £ ·³μ´¨± Ê¡Ò¢ ÕÉ ¸ · ¸¸ÉμÖ´¨¥³ μÉ Í¥´É· 
¨¸ÉμÎ´¨±  ¶μ²Ö ¡Ò¸É·¥¥, Î¥³ ¶μ²¥ μ¸´μ¢´μ° Î ¸ÉμÉÒ: n-±· É´ Ö £ ·³μ´¨±  ´¥ ³¥¤²¥´´¥¥,
Î¥³ r−n. ‚ ÔÉμ³ ³μ¦´μ Ê¡¥¤¨ÉÓ¸Ö, · §² £ Ö ¶μ²Ö (32), (33) ¤²Ö ¡μ²ÓÏ¨Ì r ¢ ·Ö¤ ¶μ ¶ · -
³¥É·Ê A/r. ‘²¥¤μ¢ É¥²Ó´μ, ´  ¤μ¸É ÉμÎ´μ³ Ê¤ ²¥´¨¨ μÉ Í¥´É·  ¶μ²Ö ³μ¦´μ μ£· ´¨Î¨ÉÓ¸Ö
¢ÒÉ¥± ÕÐ¨³¨ ¨§ (32), (33) ¶·¨¡²¨¦¥´´Ò³¨ ¢Ò· ¦¥´¨Ö³¨ ¤²Ö ¶μ²Ö ´ ¶·Ö¦¥´´μ¸É¥°

g ≈ 2cωA

r
n sin (k0r − ωt) , (34)

η ≈ 2cωA

r
sin (k0r − ωt). (35)

� ¸¶·μ¸É· ´¥´¨¥ £· ¢¨É Í¨μ´´ÒÌ ¢μ²´ ¸μ¶·μ¢μ¦¤ ¥É¸Ö ¶¥·¥´μ¸μ³ Ô´¥·£¨¨. ˆ´É¥´-
¸¨¢´μ¸ÉÓ £· ¢¨É Í¨μ´´μ£μ ¨§²ÊÎ¥´¨Ö μ¶·¥¤¥²Ö¥É¸Ö ¢¥±Éμ·μ³ ¶²μÉ´μ¸É¨ ¶μÉμ±  Ô´¥·£¨¨
¶μ²Ö Si = −icTi4. „²Ö · ¸Î¥Éμ¢ ¨§²ÊÎ ¥³μ° Ô´¥·£¨¨ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ Ê¤μ¡´μ ¨¸¶μ²Ó§μ-
¢ ÉÓ ¶·¥¤¸É ¢²¥´¨¥ (17) É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  Î¥·¥§ ¶·μ¨§¢μ¤´Ò¥ ¶μ²¥¢μ° ËÊ´±Í¨¨
U . �μ¤¸É ¢²ÖÖ (30) ¸ ÊÎ¥Éμ³ (31) ¢ (17) ¨ § É¥³ Ê¸·¥¤´ÖÖ ·¥§Ê²ÓÉ É ¶μ ¶¥·¨μ¤Ê ±μ²¥¡ ´¨°
¶μ²Ö, ´ °¤¥³ ¶²μÉ´μ¸ÉÓ ¶μÉμ±  Ô´¥·£¨¨, ¸¨¸É¥³ É¨Î¥¸±¨ ¶¥·¥´μ¸¨³μ° £· ¢¨É Í¨μ´´μ°
¢μ²´μ°

〈S〉 =
c3ω2A2

2πGr2
n. (36)

�´ ²μ£¨Î´μ ´ °¤¥³ Ê¸·¥¤´¥´´Ò¥ ¶μ ¶¥·¨μ¤Ê ±μ²¥¡ ´¨° §´ Î¥´¨Ö ¶²μÉ´μ¸É¨ Ô´¥·£¨¨
¶μ²Ö ¢ ¢μ²´μ¢μ° §μ´¥:

〈w〉 =
c2ω2A2

2πGr2
. (37)

� ¸¶·¥¤¥²¥´¨¥ ¨§²ÊÎ ¥³μ° Ô´¥·£¨¨ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ μÉ²¨Î ¥É¸Ö Í¥´É· ²Ó´μ° ¸¨³³¥-
É·¨¥°, É ± ÎÉμ ¶μ²´ Ö ¨´É¥´¸¨¢´μ¸ÉÓ £· ¢¨É Í¨μ´´μ£μ ¨§²ÊÎ¥´¨Ö ¡Ê¤¥É · ¢´  ¶·μ¨§¢¥-
¤¥´¨Õ  ¡¸μ²ÕÉ´μ° ¢¥²¨Î¨´Ò ¢¥±Éμ·  (36) ´  ¶μ¢¥·Ì´μ¸É¨ ¸Ë¥·Ò · ¤¨Ê¸  r ´  ¶²μÐ ¤Ó
ÔÉμ° ¸Ë¥·Ò. �Éμ ¶μ§¢μ²Ö¥É ¸¢Ö§ ÉÓ ¶μ²´ÊÕ ³μÐ´μ¸ÉÓ ¨¸ÉμÎ´¨±  ¸ ¶ · ³¥É·μ³ A ¢ (31):

Q =
2c3

G
ω2A2. (38)

‚ ¢μ²´μ¢μ³ ¶·μÍ¥¸¸¥ ¸·¥¤´ÖÖ §  ¶¥·¨μ¤ ¶²μÉ´μ¸ÉÓ ¶μÉμ±  Ô´¥·£¨¨ ¶μ μ¶·¥¤¥²¥-
´¨Õ · ¢´  ¶·μ¨§¢¥¤¥´¨Õ ¸·¥¤´¥° ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ´  ¸±μ·μ¸ÉÓ ¥¥ ¶¥·¥´μ¸ : S =
wvÔ´. ‘· ¢´¨¢ Ö (35) ¨ (37), ´ Ìμ¤¨³ vÔ´ = cn ¨, É ±¨³ μ¡· §μ³, Ê¡¥¦¤ ¥³¸Ö, ÎÉμ
¸±μ·μ¸ÉÓ ¶¥·¥´μ¸  Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ° ¢μ²´μ° ¢ ¶Ê¸Éμ³ ¶·μ¸É· ´¸É¢¥ · ¢´  ¸±μ·μ-
¸É¨ ¸¢¥É  ¨ ´ ¶· ¢²¥´  · ¤¨ ²Ó´μ μÉ ¨¸ÉμÎ´¨± .
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� ¸¸³μÉ·¨³ É¥¶¥·Ó ¶μ²¥ ¸Ë¥·¨Î¥¸±¨Ì £· ¢¨É Í¨μ´´ÒÌ ¢μ²´, ¨§²ÊÎ ¥³ÒÌ ¢ ¶Ê¸Éμ¥
¶·μ¸É· ´É¢μ ± ±¨³-²¨¡μ ±μ´±·¥É´Ò³ ¨¸ÉμÎ´¨±μ³, ´ ¶·¨³¥·, ´¥°É·μ´´μ° §¢¥§¤μ° · ¤¨Ê¸ 
R ¸ ¶²μÉ´μ¸ÉÓÕ ³ ¸¸Ò

μ(r, t) = μ0 + Δμ(r, t), (39)

³μ¤Ê²¨·Ê¥³μ° ¸Ë¥·¨Î¥¸±μ° ¸¥°¸³¨Î¥¸±μ° ¢μ²´μ°. �Î¥¢¨¤´μ, ¨¸ÉμÎ´¨±μ³ £· ¢¨É Í¨μ´-
´ÒÌ ¢μ²´ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ³μ¦¥É ¡ÒÉÓ ¨§³¥´ÖÕÐ Ö¸Ö Î ¸ÉÓ ¶²μÉ´μ¸É¨ ³ ¸¸Ò Δμ(r, t).
�μ² £ Ö ¢μ§´¨± ÕÐ¥¥ ¶·¨ ¶·μÌμ¦¤¥´¨¨ ¸¥°¸³¨Î¥¸±μ° ¢μ²´Ò ¤¢¨¦¥´¨¥ £· ¢¨É¨·ÊÕÐ¥£μ
¢¥Ð¥¸É¢  ´¥·¥²ÖÉ¨¢¨¸É¸±¨³, ±μ£¤  v2/c2 � 1, ¨§ μ¡Ð¥£μ Ê· ¢´¥´¨Ö (15) ¶μ²ÊÎ¨³ ¶·¨-
¡²¨¦¥´´μ¥ Ê· ¢´¥´¨¥ ¤²Ö ¶μÉ¥´Í¨ ²  ¶μ²Ö ¢´ÊÉ·¨ Ï · (

� − 2πG

c2
μ0

)
U(r, t) =

2πG

c2
Δμ(r, t)U(r, t). (40)

�¥·¥³¥´´ÊÕ Î ¸ÉÓ ¶²μÉ´μ¸É¨ ³ ¸¸Ò Ï ·  ¢ ÔÉμ³ Ê· ¢´¥´¨¨, ¢μ§´¨± ÕÐÊÕ ¶·¨ ´ ²¨-
Î¨¨ ¸ÉμÖÎ¥° ¸Ë¥·¨Î¥¸±μ° ¸¥°¸³¨Î¥¸±μ° ¢μ²´Ò, ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥

Δμ(r, t) = μ0βR
sin (κr)

r
cos (ωt), (41)

£¤¥ κ = ω/vs Å ¢μ²´μ¢μ¥ Î¨¸²μ ¸¥°¸³¨Î¥¸±μ° ¢μ²´Ò; vs Å ¥¥ Ë §μ¢ Ö ¸±μ·μ¸ÉÓ ¨ ω Å
Î ¸ÉμÉ ; β Å ¡¥§· §³¥·´Ò° ¶ · ³¥É· ¸¦ É¨Ö, § ¤ ÕÐ¨° £²Ê¡¨´Ê ³μ¤Ê²ÖÍ¨¨ ¶²μÉ´μ¸É¨
³ ¸¸Ò ¢ ¶μ¢¥·Ì´μ¸É´μ° μ¡² ¸É¨ Í¥´É· ²Ó´μ£μ É¥² .

�μ² £ Ö ¶ · ³¥É· β ³ ²Ò³ ¨ ¢μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó ³¥Éμ¤μ³ ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·¨¡²¨-
¦¥´¨°, ¢ ± Î¥¸É¢¥ ¶¥·¢μ£μ ¶·¨¡²¨¦¥´¨Ö ¤²Ö ¶μÉ¥´Í¨ ²  ¶μ²Ö ¸ÉμÖÎ¨Ì ¢μ²´ ¢´ÊÉ·¨ Ï · 
´ °¤¥³

U(r, t) = U1

{
1

ch (KR)
sh (Kr)

Kr
+

cos (ωt)
r

(
−βRK2

κ
2 − k2

sin (κr) + b sin (kr)
)}

. (42)

‡¤¥¸Ó K =
√

2πGμ0 /c, k =
√

k2
0 − K2; U1 ¨ b Å ¶μ¸ÉμÖ´´Ò¥ ¨´É¥£·¨·μ¢ ´¨Ö.

�¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (40) ¤²Ö ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ£μ ¶μ²Ö ¢μ ¢´¥Ï´¥° μ¡² ¸É¨
¨Ð¥É¸Ö ¢ ¢¨¤¥ (30), (31).

�μ¸±μ²Ó±Ê ´ ¶·Ö¦¥´´μ¸ÉÓ ¶μ²Ö ¨ ¶²μÉ´μ¸ÉÓ ³ ¸¸Ò Ö¢²ÖÕÉ¸Ö ±μ´¥Î´Ò³¨ ¢¥²¨Î¨´ ³¨,
¶μ²¥ ¶μÉ¥´Í¨ ²  ¨ ¥£μ ¶¥·¢Ò¥ ¶·μ¸É· ´¸É¢¥´´Ò¥ ¶·μ¨§¢μ¤´Ò¥, ¸μ£² ¸´μ (4), (15), ¤μ²¦´Ò
¡ÒÉÓ ´¥¶·¥·Ò¢´Ò³¨ ËÊ´±Í¨Ö³¨ ±μμ·¤¨´ É. �Éμ É·¥¡μ¢ ´¨¥ ¸¢Ö§Ò¢ ¥É ¶μ²Ö ¶μ μ¡¥ ¸Éμ-
·μ´Ò μÉ £· ´¨ÍÒ ¨¸ÉμÎ´¨±  ¨ ¶μ§¢μ²Ö¥É ¢Ò· §¨ÉÓ ¶μ¸ÉμÖ´´Ò¥ ¨´É¥£·¨·μ¢ ´¨Ö ¢´¥Ï´¥£μ
·¥Ï¥´¨Ö (30), (31) Î¥·¥§ Ì · ±É¥·¨¸É¨±¨ ¨¸ÉμÎ´¨± . �¶Ê¸± Ö ÊÉμ³¨É¥²Ó´Ò¥ ¢Ò±² ¤±¨ ¨
μÉ¸Ò² Ö §  ¶μ¤·μ¡´μ¸ÉÖ³¨ ± [19], § ¶¨Ï¥³ ·¥§Ê²ÓÉ É ·¥Ï¥´¨Ö ¸Ëμ·³Ê²¨·μ¢ ´´μ° £· -
´¨Î´μ° § ¤ Î¨ ¤²Ö  ³¶²¨ÉÊ¤´μ£μ ¶ · ³¥É·  A, μ¶·¥¤¥²ÖÕÐ¥£μ ¶μ²¥ (31) ¨§²ÊÎ ¥³μ°
¢μ²´Ò

A =
βRK2

√
k2
0 − K2 cos2 (kR)
κ

2 − k2

κ sin (kR) cos (κR) − k cos (kR) sin (κR)
k2
0 sin2(kR) + k2 cos2(kR)

. (43)

Š ± ¶μ± § ´μ ¢ÒÏ¥, ¨´É¥´¸¨¢´μ¸ÉÓ £· ¢¨É Í¨μ´´μ£μ ¨§²ÊÎ¥´¨Ö ¨ ¸¢Ö§ ´´Ò¥ ¸ ´¨³ Ô´¥·-
£¥É¨Î¥¸±¨¥ ¶μÉ¥·¨ ¨¸ÉμÎ´¨±  ¶·μ¶μ·Í¨μ´ ²Ó´Ò ±¢ ¤· ÉÊ ÔÉμ£μ ¶ · ³¥É· .
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�²μ¸± Ö ¢μ²´ , ± ± ¨§¢¥¸É´μ, Ö¢²Ö¥É¸Ö ¨¤¥ ²¨§ Í¨¥°, ±μÉμ· Ö ¤μ¸É ÉμÎ´μ ÉμÎ´μ ¸μμÉ-
¢¥É¸É¢Ê¥É ± ·É¨´¥ ·¥ ²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ ¶μ²¥° ²¨ÏÓ ´  ¡μ²ÓÏμ³ Ê¤ ²¥´¨¨ μÉ ¨¸ÉμÎ´¨± .
� ¸¸³μÉ·¨³ ¢ ¶²μ¸±μ¢μ²´μ¢μ³ ¶·¨¡²¨¦¥´¨¨ ¶μ²¥ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ° £· ¢¨É Í¨-
μ´´μ° ¢μ²´Ò ¢ ´¥±μÉμ·μ° μ£· ´¨Î¥´´μ° μ¡² ¸É¨ ¶·μ¸É· ´¸É¢ , Ê¤ ²¥´´μ° μÉ ¨¸ÉμÎ´¨± 
´  · ¸¸ÉμÖ´¨¥, §´ Î¨É¥²Ó´μ ¶·¥¢ÒÏ ÕÐ¥¥ ²¨´¥°´Ò¥ · §³¥·Ò ÔÉμ° μ¡² ¸É¨. ‚Ò¡¥·¥³ ´ -
Î ²μ ±μμ·¤¨´ É O ¢´ÊÉ·¨ ¤ ´´μ° μ¡² ¸É¨, ¸μ¥¤¨´¨¢ Í¥´É· £· ¢¨É¨·ÊÕÐ¥° ¸¨¸É¥³Ò ¸
ÉμÎ±μ° O ¢¥±Éμ·μ³ R, ± ± ÔÉμ ¶μ± § ´μ ´  ·¨¸Ê´±¥. ‚ É ±μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É ¶μ²¥
¶μÉ¥´Í¨ ²  (30), Ê¤μ¢²¥É¢μ·ÖÕÐ¥¥ ± ²¨¡·μ¢±¥ U = 1 ´  ¡¥¸±μ´¥Î´μ¸É¨, ¶¥·¥¶¨Ï¥É¸Ö
¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

U(r, t) = 1 − GM

2c2|R + r + α| +
A

|R + r| cos (k0|R + r| − ωt) . (44)

ƒ¥μ³¥É·¨Ö ¶²μ¸±μ¢μ²´μ¢μ£μ

¶·¨¡²¨¦¥´¨Ö ¢ ¤ ²Ó´¥° §μ´¥

�  ¡μ²ÓÏμ³ Ê¤ ²¥´¨¨ μÉ Í¥´É·  £· ¢¨É¨·Ê-
ÕÐ¥° ¸¨¸É¥³Ò, ±μ£¤  R §´ Î¨É¥²Ó´μ ¶·¥¢ÒÏ ¥É
± ± r, É ± ¨ Ì · ±É¥·´Ò¥ ¶ · ³¥É·Ò ¨¸ÉμÎ´¨± 
GM/2c2 ¨ ¶μ²Ö A ¨ 1/k0, ¢ (44) ³μ¦´μ ¨¸¶μ²Ó§μ-
¢ ÉÓ ¶·¨¡²¨¦¥´´μ¥ · ¢¥´¸É¢μ |R + r| ≈ R + nr,
£¤¥ n Å ¥¤¨´¨Î´Ò° ¢¥±Éμ· ¢ ´ ¶· ¢²¥´¨¨ R.
� §² £ Ö ¶μ²¥ (44) ¢ ·Ö¤ ¶μ ³ ²Ò³ ¶ · ³¥É· ³
GM/2c2R ¨ A/R, Ê¤¥·¦¨¢ Ö Éμ²Ó±μ ²¨´¥°´Ò¥
Î²¥´Ò · §²μ¦¥´¨Ö ¨ μ¶Ê¸± Ö ¢ ´ Î ²Ó´ÊÕ Ë §Ê
k0R + α, ¤²Ö ¶μÉ¥´Í¨ ²  U ´ Ìμ¤¨³ ¶·¨¡²¨-
¦¥´´μ¥ ¢Ò· ¦¥´¨¥

U (r, t) = 1 − GM

2c2R
+ U0 cos (kr − ωt) , (45)

£¤¥ ¢¢¥¤¥´Ò μ¡μ§´ Î¥´¨Ö k = k0n ¤²Ö ¢μ²´μ¢μ£μ ¢¥±Éμ·  ¨ U0 = A/R ¤²Ö  ³¶²¨ÉÊ¤Ò
¶¥·¥³¥´´μ° Î ¸É¨ ¶μÉ¥´Í¨ ² .

Š ± ¢¨¤¨³, ¶¥·¥³¥´´ÊÕ Î ¸ÉÓ ¶μ²Ö U ´  ¤ ²¥±μ³ μÉ ¨¸ÉμÎ´¨±  · ¸¸ÉμÖ´¨¨ R ¢ μ±·¥¸É-
´μ¸É¨ r � R ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ¶²μ¸±ÊÕ ¢μ²´Ê. ˆ§ (45) ¢ Éμ³ ¦¥ ¶·¨¡²¨¦¥´¨¨ ¨
¤μ¶μ²´¨É¥²Ó´μ c ÊÎ¥Éμ³ ³ ²μ¸É¨ ¶ · ³¥É·  U0 ´ Ìμ¤¨³ ¶μ²¥ ¶μÉ¥´Í¨ ²  Φ = 2c2 ln U

Φ(r, t) = −GM

R
+ 2c2U0 cos (kr − ωt), (46)

¨ § É¥³ ¶μ²¥ 4-¢¥±Éμ·  ´ ¶·Ö¦¥´´μ¸É¨ gμ = −∂μΦ ¶²μ¸±μ° ³μ´μÌ·μ³ É¨Î¥¸±μ° ¢μ²´Ò

gμ(x) = 2c2kμU0 sin (kx). (47)

‡¤¥¸Ó kx = kμxμ, (kμ) = (k, ik0) Å ¢μ²´μ¢μ° 4-¢¥±Éμ· ´Ê²¥¢μ° ¤²¨´Ò: k2
μ = 0.

‚ ¸¨²Ê Éμ£μ, ÎÉμ 4-¢¥±Éμ· ´ ¶·Ö¦¥´´μ¸É¨ (47) É ±¦¥ ¨³¥¥É ´Ê²¥¢ÊÕ ¤²¨´Ê: g2
μ = 0,

¸± ²Ö·´μ¥ Ê· ¢´¥´¨¥ ¶μ²Ö (16) ¤²Ö ¶²μ¸±¨Ì ³μ´μÌ·μ³ É¨Î¥¸±¨Ì £· ¢¨É Í¨μ´´ÒÌ ¢μ²´
²¨´¥ ·¨§Ê¥É¸Ö:

∂μgμ = 0 (48)

¨ ¢³¥¸É¥ ¸ É¥´§μ·´Ò³ Ê· ¢´¥´¨¥³ (12) ¸μ¸É ¢²Ö¥É ¸¨¸É¥³Ê ²¨´¥°´ÒÌ Ê· ¢´¥´¨°.
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9. ƒ��‚ˆ’�–ˆ���›… ‚�‹�› ‚ ‘�‹�˜��‰ ‘�…„…

Š ± ³Ò ³μ£²¨ Ê¡¥¤¨ÉÓ¸Ö ¢ÒÏ¥, ¶·¨ ·¥Ï¥´¨¨ § ¤ Î¨ ¨§²ÊÎ¥´¨Ö £· ¢¨É Í¨μ´´ÒÌ ¢μ²´
¢ ¸¢μ¡μ¤´μ¥ ¶·μ¸É· ´¸É¢μ ¢μ§´¨± ¥É ´¥μ¡Ìμ¤¨³μ¸ÉÓ · ¸¸³μÉ·¥´¨Ö ¨Ì · ¸¶·μ¸É· ´¥´¨Ö ¢
¸¶²μÏ´μ° ¸·¥¤¥ ¸ ³μ£μ ¨¸ÉμÎ´¨± . ˆ¸¸²¥¤Ê¥³ ÔÉμÉ ¢μ¶·μ¸ ¡μ²¥¥ ¶μ¤·μ¡´μ ´  ¶·¨³¥·¥
¶²μ¸±¨Ì ¢μ²´, · ¸¶·μ¸É· ´ÖÕÐ¨Ì¸Ö ¢ ´¥¶μ¤¢¨¦´μ° ¸·¥¤¥ ¸ ¶μ¸ÉμÖ´´μ° ¶²μÉ´μ¸ÉÓÕ μ.
�¸É ¢²ÖÖ ¢ ¸Éμ·μ´¥ ¢μ¶·μ¸ μ ¸É É¨Î¥¸±μ³ ¶μ²¥ ÉÖ£μÉ¥´¨Ö, ¶μ·μ¦¤ ¥³μ³ ¸ ³μ° ¸·¥¤μ°,
¨¸¸²¥¤Ê¥³ ¶μ²¥ ¶²μ¸±¨Ì £· ¢¨É Í¨μ´´ÒÌ ¢μ²´, ¨¸¶ÊÐ¥´´ÒÌ Ê¤ ²¥´´Ò³ ¨¸ÉμÎ´¨±μ³. ‚
¸μμÉ¢¥É¸É¢¨¨ ¸ μ¡Ð¨³ Ê· ¢´¥´¨¥³ (15) ¶μÉ¥´Í¨ ² U ¶μ²Ö £· ¢¨É Í¨μ´´ÒÌ ¢μ²´ ¢ ¸·¥¤¥
¤μ²¦¥´ Ê¤μ¢²¥É¢μ·ÖÉÓ ²¨´¥°´μ³Ê Ê· ¢´¥´¨Õ Š²¥°´ Ä”μ± (

� − Ω2

c2

)
U = 0, (49)

£¤¥ ¢¢¥¤¥´μ μ¡μ§´ Î¥´¨¥
Ω =

√
2πGμ. (50)

‚μ²´μ¢ÊÕ ¸μ¸É ¢²ÖÕÐÊÕ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (49), ±μÉμ· Ö ¸μμÉ¢¥É¸É¢Ê¥É ¶μ²Õ ¶²μ¸-
±μ° ³μ´μÌ·μ³ É¨Î¥¸±μ° ¢μ²´Ò ¢ ¸¶²μÏ´μ° ¸·¥¤¥, ¡Ê¤¥³ ¨¸± ÉÓ ¢ ±μ³¶²¥±¸´μ° Ëμ·³¥,
¸μÌ· ´ÖÖ Ë¨§¨Î¥¸±¨° ¸³Ò¸², ± ± μ¡ÒÎ´μ, §  ¥¥ ¢¥Ð¥¸É¢¥´´μ° Î ¸ÉÓÕ:

U (r, t) = U0 ei(kr−ωt). (51)

�μ¤¸É ¢²ÖÖ (51) ¢ (49), ¶μ²ÊÎ ¥³ μ¤´μ·μ¤´μ¥  ²£¥¡· ¨Î¥¸±μ¥ Ê· ¢´¥´¨¥(
ω2 − Ω2 − c2k2

)
U = 0. (52)

“· ¢´¥´¨¥ (52) ¨³¥¥É ´¥É·¨¢¨ ²Ó´Ò¥ ·¥Ï¥´¨Ö ¶·¨ ¢Ò¶μ²´¥´¨¨ Ê¸²μ¢¨Ö

ω2 − Ω2 − c2k2 = 0, (53)

±μÉμ·μ¥ ³μ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ± ±  ´ ²μ£ ¨§¢¥¸É´μ£μ ¢ Ô²¥±É·μ¤¨´ ³¨±¥ ¸¶²μÏ´ÒÌ ¸·¥¤
¤¨¸¶¥·¸¨μ´´μ£μ Ê· ¢´¥´¨Ö, μ¶·¥¤¥²ÖÕÐ¥£μ § ¢¨¸¨³μ¸ÉÓ ¢μ²´μ¢μ£μ ¢¥±Éμ·  μÉ Î ¸ÉμÉÒ.
ˆ§ (53) ´ Ìμ¤¨³

k =
ω

c

√
1 − Ω2

ω2
n, (54)

£¤¥ n Å ¥¤¨´¨Î´Ò° ¢¥±Éμ· ¢μ²´μ¢μ° ´μ·³ ²¨.
„²Ö £· ¢¨É Í¨μ´´μ° ¢μ²´Ò, Î ¸ÉμÉ  ±μÉμ·μ° Ê¤μ¢²¥É¢μ·Ö¥É ´¥· ¢¥´¸É¢Ê ω > Ω, Éμ

¥¸ÉÓ ¶·¨ ¢¥Ð¥¸É¢¥´´μ³ ¢μ²´μ¢μ³ ¢¥±Éμ·¥ k, ³μ¦´μ μ¶·¥¤¥²¨ÉÓ Ë §μ¢ÊÕ ¸±μ·μ¸ÉÓ vphase =
ω/k. ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¢Ò· ¦¥´¨¥³ (54) Ë §μ¢ Ö ¸±μ·μ¸ÉÓ £· ¢¨É Í¨μ´´μ° ¢μ²´Ò ¢
μ¤´μ·μ¤´μ° ¸¶²μÏ´μ° ¸·¥¤¥ μ± §Ò¢ ¥É¸Ö · ¢´μ°

vphase =
c√

1 − Ω2/ω2
. (55)

�μ  ´ ²μ£¨¨ ¸ Ô²¥±É·μ³ £´¨É´Ò³¨ ¢μ²´ ³¨ ¢ μ¶É¨±¥ μ¶·¥¤¥²¨³ ¶μ± § É¥²Ó ¶·¥-
²μ³²¥´¨Ö £· ¢¨É Í¨μ´´ÒÌ ¢μ²´ ¢ ¸¶²μÏ´μ° ¸·¥¤¥ ± ± μÉ´μÏ¥´¨¥ ¨Ì ¸±μ·μ¸É¨ · ¸¶·μ-
¸É· ´¥´¨Ö ¢ ¸¢μ¡μ¤´μ³ ¶·μ¸É· ´¸É¢¥ (¸±μ·μ¸É¨ ¸¢¥É  c) ± Ë §μ¢μ° ¸±μ·μ¸É¨ ¢ ¸·¥¤¥:
n = c/vphase. ˆ§ (55) ¸²¥¤Ê¥É

n =

√
1 − Ω2

ω2
. (56)
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‡ ¢¨¸¨³μ¸ÉÓ n μÉ Î ¸ÉμÉÒ μ§´ Î ¥É, ÎÉμ ¶·¨ · ¸¶·μ¸É· ´¥´¨¨ £· ¢¨É Í¨μ´´ÒÌ ¢μ²´ ¢
¸¶²μÏ´μ° ¸·¥¤¥ ¨³¥¥É ³¥¸Éμ Î ¸ÉμÉ´ Ö ¤¨¸¶¥·¸¨Ö1.

”μ·³Ê²  (56) Ê± §Ò¢ ¥É, ÎÉμ ± ¦¤ Ö ¸·¥¤  Ì · ±É¥·¨§Ê¥É¸Ö μ¶·¥¤¥²¥´´μ° ±·¨É¨Î¥¸±μ°
Î ¸ÉμÉμ° £· ¢¨É Í¨μ´´ÒÌ ¢μ²´ ω = Ω, ¶·¨ ±μÉμ·μ° ¶μ± § É¥²Ó ¶·¥²μ³²¥´¨Ö μ¡· Ð ¥É¸Ö
¢ ´Ê²Ó. ‘²¥¤μ¢ É¥²Ó´μ, ¢μ²´μ¢μ° ¶·μÍ¥¸¸ ¤²Ö £· ¢¨É Í¨μ´´μ£μ ¶μÉ¥´Í¨ ²  (51) ¢Ò·μ¦¤ -
¥É¸Ö ¢ μ¤´μ·μ¤´μ¥ ¶μ ¢¸¥³Ê μ¡Ñ¥³Ê ¸·¥¤Ò ±μ²¥¡ ´¨¥ U (t) = U0 exp (−iωt). ‚ μÉ´μÏ¥´¨¨
³´μ£¨Ì ¸¢μ°¸É¢ É ±¨¥ ¢Ò·μ¦¤¥´´Ò¥ £· ¢¨É Í¨μ´´Ò¥ ¢μ²´Ò ¢¶μ²´¥  ´ ²μ£¨Î´Ò ¨§¢¥¸É-
´Ò³ ¢ Ô²¥±É·μ¤¨´ ³¨±¥ ¸¶²μÏ´ÒÌ ¸·¥¤ ¶² §³¥´´Ò³ ±μ²¥¡ ´¨Ö³ ¢ Ô²¥±É·μ¤¨´ ³¨±¥. �´¨
´¥ ¶¥·¥´μ¸ÖÉ Ô´¥·£¨Õ, ¶μ¸±μ²Ó±Ê Ê ´¨Ì ∇U (t) = 0, ¨ ¢¥±Éμ· ¶²μÉ´μ¸É¨ ¶μÉμ±  Ô´¥·£¨¨
μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó.

„²Ö Î ¸ÉμÉ ω < Ω ¶μ± § É¥²Ó ¶·¥²μ³²¥´¨Ö (56) ¸É ´μ¢¨É¸Ö Î¨¸Éμ ³´¨³μ° ¢¥²¨Î¨´μ°
n = in′′. �·¨ ÔÉμ³ ¤²Ö ¶μÉ¥´Í¨ ²  (51) ¡Ê¤¥³ ¨³¥ÉÓ ¢Ò· ¦¥´¨¥

U (r, t) = U0 exp
(
−ω

c
n′′nr

)
exp (−iωt) . (57)

Š ± ¢¨¤¨³, ¶μ¢¥¤¥´¨¥ ¶μ²Ö ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ´μ¸¨É Ì · ±É¥· ±μ²¥¡ ´¨°,  ³¶²¨ÉÊ¤  ±μÉμ-
·ÒÌ Ô±¸¶μ´¥´Í¨ ²Ó´μ § ÉÊÌ ¥É ¶μ ³¥·¥ ¶·μ´¨±´μ¢¥´¨Ö ¢ ¸·¥¤Ê. �Éμ μ§´ Î ¥É, ÎÉμ ¸·¥¤ 
¡Ê¤¥É Ô±· ´¨·μ¢ ÉÓ ¶μ²¥ £· ¢¨É Í¨μ´´ÒÌ ¢μ²´ ¢ Ê± § ´´μ³ ¤¨ ¶ §μ´¥ Î ¸ÉμÉ.

‚ μ¡² ¸É¨ Î ¸ÉμÉ, ¶·¥¢ÒÏ ÕÐ¨Ì ±·¨É¨Î¥¸±ÊÕ Î ¸ÉμÉÊ, Ë §μ¢ Ö ¸±μ·μ¸ÉÓ ´μ·³ ²Ó´ÒÌ
£· ¢¨É Í¨μ´´ÒÌ ¢μ²´ μ± §Ò¢ ¥É¸Ö ¡μ²ÓÏ¥ ¸±μ·μ¸É¨ ¸¢¥É  c. ‚ Éμ ¦¥ ¢·¥³Ö ¤²Ö £·Ê¶¶μ¢μ°
¸±μ·μ¸É¨ £· ¢¨É Í¨μ´´ÒÌ ¢μ²´ vgroup = dω/dk ¶μ²ÊÎ ¥³ §´ Î¥´¨¥

vgroup = c

√
1 − Ω2

ω2
, (58)

±μÉμ·μ¥, ± ± ¨ ¤μ²¦´μ ¡ÒÉÓ, ´¥ ¶·¥¢ÒÏ ¥É §´ Î¥´¨¥ ¸±μ·μ¸É¨ ¸¢¥É  ¢ ¢ ±ÊÊ³¥.
‘Ëμ·³Ê²¨·Ê¥³ § ±μ´ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨ £· ¢¨É Í¨μ´´ÒÌ ¢μ²´ ¢ ¸¶²μÏ´μ° ¸·¥¤¥. ‘

ÔÉμ° Í¥²ÓÕ Ê³´μ¦¨³ ¢μ²´μ¢μ¥ Ê· ¢´¥´¨¥ (49) ´  ¢Ò· ¦¥´¨¥ Ä(c4/πG)∂U /∂t (¢¥·´Ê¢Ï¨¸Ó,
· §Ê³¥¥É¸Ö, ± ¢¥Ð¥¸É¢¥´´μ³Ê U ) ¨ ¶μ²ÊÎ¥´´μ³Ê ¸μμÉ´μÏ¥´¨Õ ¶·¨¤ ¤¨³ Ëμ·³Ê Ê· ¢´¥´¨Ö
´¥¶·¥·Ò¢´μ¸É¨:

∇
(
− c4

πG

∂U

∂t
∇U

)
+

∂

∂t

{
c4

2πG

(
(∇U)2 +

1
c2

(
∂U

∂t

)2

+
Ω2

c2
U2

)}
= 0. (59)

�¥·¢Ò° Î²¥´ ¢ ÔÉμ³ Ê· ¢´¥´¨¨ ¥¸ÉÓ ¤¨¢¥·£¥´Í¨Ö ¢Ìμ¤ÖÐ¥° ¢ É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸ 
(17) ¶²μÉ´μ¸É¨ ¶μÉμ±  Ô´¥·£¨¨ ¶μ²Ö Si = −icTi4,   ¢Ò· ¦¥´¨¥

w =
c4

2πG

{
(∇U)2 +

1
c2

(
∂U

∂t

)2

+
Ω2

c2
U2

}
(60)

¸²¥¤Ê¥É · ¸¸³ É·¨¢ ÉÓ ± ± ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨, ¸¢Ö§ ´´μ° ¸ · ¸¶·μ¸É· ´ÖÕÐ¥°¸Ö ¢ ¸·¥¤¥
£· ¢¨É Í¨μ´´μ° ¢μ²´μ°. ‘ ÊÎ¥Éμ³ μ¡μ§´ Î¥´¨° (50) ¨ (4), (5) ÔÉÊ ¢¥²¨Î¨´Ê ³μ¦´μ § ¶¨-
¸ ÉÓ ¢ ¢¨¤¥ ¸Ê³³Ò ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ (21) ¸μ¡¸É¢¥´´μ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¨ ¶²μÉ´μ¸É¨

1ˆ´É¥·¥¸´μ μÉ³¥É¨ÉÓ μ¤¨´ ±μ¢Ò° Ì · ±É¥· ¤¨¸¶¥·¸¨¨ £· ¢¨É Í¨μ´´ÒÌ ¢μ²´ ¢ ¸¶²μÏ´μ° ¸·¥¤¥ ¨ ¤¨¸¶¥·¸¨¨
Ô²¥±É·μ³ £´¨É´ÒÌ ¢μ²´ ¢ ¶² §³¥ ¸¢μ¡μ¤´ÒÌ Ô²¥±É·μ´μ¢ [24].
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·¥²ÖÉ¨¢¨¸É¸±μ° Ô´¥·£¨¨ (6) ¸ ³μ° ¸·¥¤Ò:

w =
1

8πG

(
g2 + η2

)
eΦ/c2

+ μc2 eΦ/c2
. (61)

’ ±¨³ μ¡· §μ³, £· ¢¨É Í¨μ´´ Ö ¢μ²´  ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¶·¥¤¸É ¢²Ö¥É ¶·μÍ¥¸¸, ¢ Ô´¥·£¥-
É¨±Ê ±μÉμ·μ£μ ¢μ¢²¥Î¥´μ ´¥ Éμ²Ó±μ ¶μ²¥, ´μ ¨ ¸·¥¤ . �·¨ ÔÉμ³ ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ (61)
§ ³±´ÊÉμ° ¸¨¸É¥³Ò, ¸μ¸ÉμÖÐ¥° ¨§ £· ¢¨É Í¨μ´´μ° ¢μ²´Ò ¢ ¸·¥¤¥ ¨ ¸ ³μ° ¸·¥¤Ò, μ¸É ¥É¸Ö
¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ° ¢¥²¨Î¨´μ°.

�É¤¥²ÖÖ ¢ Ëμ·³Ê²¥ (51) ¤²Ö ¶μÉ¥´Í¨ ²  U ¢¥Ð¥¸É¢¥´´ÊÕ Î ¸ÉÓ ¨ ¶μ¤¸É ¢²ÖÖ ¥¥ § É¥³
¢ (60), ¶μ²ÊÎ¨³ ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¶μ²Ö · ¸¶·μ¸É· ´ÖÕÐ¥°¸Ö ¢ ¸·¥¤¥ ¶²μ¸±μ° ³μ´μÌ·μ-
³ É¨Î¥¸±μ° £· ¢¨É Í¨μ´´μ° ¢μ²´Ò

w =
c4U2

0

2πG

{(
k2 +

ω2

c2

)
sin2 (kr − ωt) +

Ω2

c2
cos2 (kr − ωt)

}
. (62)

�É¸Õ¤  ¸ ÊÎ¥Éμ³ (53) ´ Ìμ¤¨³ ¸·¥¤´¥¥ ¶μ ¶¥·¨μ¤Ê ±μ²¥¡ ´¨° ¶μ²Ö §´ Î¥´¨¥ ¶²μÉ´μ¸É¨
Ô´¥·£¨¨

〈w〉 =
c2ω2

2πG
U2

0 . (63)

�´ ²μ£¨Î´μ ¶μ²ÊÎ¨³ Ê¸·¥¤´¥´´Ò° ¶μ ¶¥·¨μ¤Ê ¢¥±Éμ· ¶²μÉ´μ¸É¨ ¶μÉμ±  Ô´¥·£¨¨

〈S〉 =
c3ω2

2πG
U2

0

√
1 − Ω2

ω2
n. (64)

ˆ§ (63), (64), (58) ¸²¥¤Ê¥É ¸μμÉ´μÏ¥´¨¥

〈S〉 = 〈w〉 vgroupn, (65)

μ§´ Î ÕÐ¥¥, ÎÉμ £· ¢¨É Í¨μ´´ Ö ¢μ²´  ¢ ¸¶²μÏ´μ° ¸·¥¤¥ ¶¥·¥´μ¸¨É Ô´¥·£¨Õ ¶μ²Ö ¸
£·Ê¶¶μ¢μ° ¸±μ·μ¸ÉÓÕ, ±μÉμ· Ö, ± ± ¡Ò²μ Ê¸É ´μ¢²¥´μ, ´¥ ¶·¥¢ÒÏ ¥É ¸±μ·μ¸É¨ ¸¢¥É .

‡�Š‹	—…�ˆ…

�μ¤¢μ¤Ö ¨Éμ£, μÉ³¥É¨³, ÎÉμ ±·μ³¥ ¸μμ¡· ¦¥´¨° ¶·μ¸ÉμÉÒ ¶·¥¤² £ ¥³ Ö É¥μ·¨Ö ¶·¨-
¢²¥± É¥²Ó´  ¶·¥¦¤¥ ¢¸¥£μ É¥³, ÎÉμ ¥¥ ¶μ²¥¢Ò¥ Ê· ¢´¥´¨Ö ´¥ ¸¢Ö§ ´Ò ¸ ¨¤¥Ö³¨ ¨¸±·¨¢²¥´¨Ö
¶·μ¸É· ´¸É¢ -¢·¥³¥´¨, ¨ ¶μÔÉμ³Ê ¢ ¶μ²´μ³ ¸μμÉ¢¥É¸É¢¨¨ ¸ É¥μ·¥³μ° �é¥É¥· ¢ ´¥° ·¥ ²¨-
§Ê¥É¸Ö ±μ··¥±É´ Ö Ëμ·³Ê²¨·μ¢±  § ±μ´μ¢ ¸μÌ· ´¥´¨Ö ¶·¨ ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ°
¶²μÉ´μ¸É¨ Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. ˆ§ ¤ ´´μ° ³μ¤¥²¨ · ¢¥´¸É¢μ ¨´¥·É´μ° ¨  ±-
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É¨¢´μ° £· ¢¨É Í¨μ´´μ° ³ ¸¸Ò ¸É É¨Î¥¸±¨Ì ¸¨¸É¥³ ¸²¥¤Ê¥É ± ± É¥μ·¥³ ,   ´¥ ± ± ¶μ¸ÉÊ² É.
’¥μ·¨Ö £· ¢¨É Í¨μ´´ÒÌ ¢μ²´ ¢ ´¥° · §¢¨¢ ¥É¸Ö ´  μ¸´μ¢¥ ²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨°.

‚ Í¥²μ³ ¸ ¶·¨´ÖÉ¨¥³ ¶·¥¤² £ ¥³μ° ³μ¤¥²¨ § ±·Ò¢ ¥É¸Ö ¶·μ¡²¥³  É¥μ·¨¨ ±² ¸¸¨Î¥-
¸±¨Ì ¨ ±¢ ´Éμ¢ ´´ÒÌ ¶μ²¥° μ ´¥¢μ¸É·¥¡μ¢ ´´μ¸É¨ É¥μ·¨¨ ²¨´¥°´μ£μ ¸± ²Ö·´μ£μ ¡¥§-
³ ¸¸μ¢μ£μ ¶μ²Ö. �·¨ ÔÉμ³ ¢ ¦´μ μÉ³¥É¨ÉÓ, ÎÉμ ² £· ´¦¨ ´,   ¢³¥¸É¥ ¸ ´¨³ ¨ É¥´§μ·
Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¶·¥¤¸É ¢²ÖÕÉ μ¡ÒÎ´Ò¥ ¢ É¥μ·¨¨ ²¨´¥°´ÒÌ ±² ¸¸¨Î¥¸±¨Ì ¶μ²¥° ±¢ -
¤· É¨Î´Ò¥ ±μ³¡¨´ Í¨¨ ±μ³¶μ´¥´É Î¥ÉÒ·¥Ì³¥·´μ£μ £· ¤¨¥´É  ¢μ²´μ¢μ° ËÊ´±Í¨¨ U . ’μ,
ÎÉμ ¶·¨ ÔÉ¨Ì Ê¸²μ¢¨ÖÌ £ · ´É¨·μ¢ ´  μ¸ÊÐ¥¸É¢¨³μ¸ÉÓ ÉμÎ´μ£μ ±¢ ´Éμ¢ ´¨Ö ¶μ²Ö ¡¥§
μ¦¨¤ ¥³ÒÌ μ¸²μ¦´¥´¨°, Ê± §Ò¢ ¥É ´  ¶¥·¸¶¥±É¨¢´μ¸ÉÓ · §¢¨É¨Ö ´  μ¸´μ¢¥ ¶·¥¤² £ ¥³μ°
³μ¤¥²¨ ±¢ ´Éμ¢μ° É¥μ·¨¨ £· ¢¨É Í¨¨.

�¤´μ¢·¥³¥´´μ ¶·¥¤² £ ¥³ Ö ³μ¤¥²Ó ÉÖ£μÉ¥´¨Ö ¤μ¶Ê¸± ¥É ¶¥·¸¶¥±É¨¢´μ¥ · ¸Ï¨·¥´¨¥
¢ Ëμ·³¥ μ¡Ñ¥¤¨´¥´´μ° ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´μ° É¥μ·¨¨ ¤¢ÊÌ ¸¢Ö§ ´´ÒÌ ±² ¸¸¨Î¥¸±¨Ì
¶μ²¥° Å Ô²¥±É·μ³ £´¨É´μ£μ ¨ £· ¢¨É Í¨μ´´μ£μ [25].

‚ É¥Î¥´¨¥ ´¥¸±μ²Ó±¨Ì ¶μ¸²¥¤´¨Ì ²¥É ˆ£μ·Ó ‹¥μ´¨¤μ¢¨Î ‘μ²μ¢Íμ¢ ¶μ¤¤¥·¦¨¢ ² ´ -
¸ÉμÖÐ¥¥ ¨¸¸²¥¤μ¢ ´¨¥, μ¡μ¤·ÖÖ ¨ ¢´ÊÏ Ö ´ ¤¥¦¤Ê. …£μ ¸¢¥É²μ° ¶ ³ÖÉ¨ Ö ¶μ¸¢ÖÐ Õ ÔÉÊ
· ¡μÉÊ.

�·¨²μ¦¥´¨¥ 1
‘��‚�…�ˆ… ‘ ’…��ˆ…‰ ���„‘’�é…Œ�

• · ±É¥·¨¸É¨±  Š ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´ Ö É¥μ·¨Ö ’¥μ·¨Ö �μ·¤¸É·é¥³ 

‹ £· ´¦¨ ´ L = −
c4

2πG
(∂μU)2 − μc2

√
1 − v2

c2
U2 L = −

c4

8πG
(∂μφ)2 − μc2

√
1 − v2

c2
φ

U = eΦ/2c2 φ = eΦ/c2

“· ¢´¥´¨¥
¤¢¨¦¥´¨Ö Î ¸É¨ÍÒ

d

dτ
(muμ) =

m

c2
(uμgν − uνgμ)uν

� ¡²Õ¤ ¥³Ò¥ gμ = −∂μΦ; (gμ) = (g, iη)

Φ → Φ′ = Φ + λ

Š ²¨¡·μ¢μÎ´Ò¥ U → U ′ = Ueλ/2c2 φ → φ′ = φ eλ/c2

¶·¥μ¡· §μ¢ ´¨Ö L → L′ = L eλ/c2 Å

“· ¢´¥´¨¥ ¤²Ö
¶μÉ¥´Í¨ ² 

(
� −

2πG

c2
μ

√
1 − v2

c2

)
U = 0 �φ =

4πG

c2
μ

√
1 − v2

c2

“· ¢´¥´¨Ö ¤²Ö
´ ¶·Ö¦¥´´μ¸É¨

∂μgμ −
1

2c2
g2

μ = −4πGμ

√
1 − v2

c2
∂μgμ −

1

c2
g2

μ =

= −4πGμ

√
1 − v2

c2
e−Φ/c2

�´¥·£¨Ö Î ¸É¨ÍÒ
¢ ¶μ²¥ ÉÖ£μÉ¥´¨Ö

E =
mc2

√
1 − v2/c2eΦ/c2

�²μÉ´μ¸ÉÓ w =
1

8πG

(
g2 + η2

)
eΦ/c2 w =

1

8πG

(
g2 + η2

)
e2Φ/c2

Ô´¥·£¨¨ ¶μ²Ö
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ƒ· ¢¨É Í¨μ´´Ò° ¶μÉ¥´Í¨ ² Å ¶μÎ¥³Ê ¸± ²Ö·? ‘¥·Ó¥§´Ò³  ·£Ê³¥´Éμ³ ¢ ¶μ²Ó§Ê
É ±μ£μ ¢Ò¡μ·  ³μ¦¥É ¸²Ê¦¨ÉÓ Éμ, ÎÉμ ¶·¨ μ¶·¥¤¥²¥´¨¨ ¤²Ö £· ¢¨É Í¨μ´´μ£μ ¶μÉ¥´Í¨ ² 
É¥´§μ·´μ° · §³¥·´μ¸É¨ ¸± ²Ö·  ¢ ¶²μ¸±μ³ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ Ê¤ ¥É¸Ö  ¢Éμ³ É¨Î¥¸±¨
μ¡¥¸¶¥Î¨ÉÓ ¤²Ö Ô´¥·£¨¨ ³ É¥·¨ ²Ó´ÒÌ Î ¸É¨Í ¸μÌ· ´¥´¨¥ ¥¥ μ¡ÒÎ´ÒÌ É· ´¸Ëμ·³ Í¨μ´-
´ÒÌ ¸¢μ°¸É¢ ¢·¥³¥´´
μ° ±μ³¶μ´¥´ÉÒ 4-¢¥±Éμ·  ¨ ¶·¨ ´ ²¨Î¨¨ ¶μ²Ö ÉÖ£μÉ¥´¨Ö.

�¥ ¢¤ ¢ Ö¸Ó ¢ ¤¥É ²¨ ¢Ò¢μ¤ , ¸¢Ö§ ´´Ò¥ ¸ ÊÎ¥Éμ³ ¤¥Ë¥±É  ³ ¸¸Ò ¶·¨ £· ¢¨É Í¨-
μ´´μ³ ¢§ ¨³μ¤¥°¸É¢¨¨ (¸³., ´ ¶·¨³¥·, [12, 19]), ¢μ¸¶μ²Ó§Ê¥³¸Ö £μÉμ¢Ò³ ¢Ò· ¦¥´¨¥³
E = mc2 eΦ/c2

¤²Ö Ô´¥·£¨¨ ¶·μ¡´μ° Î ¸É¨ÍÒ ¸ § É· ¢μÎ´μ° ³ ¸¸μ° m ¨ · ¢´μ° ´Ê²Õ
¸±μ·μ¸ÉÓÕ ¢ ¶μÉ¥´Í¨ ²Ó´μ³ ¶μ²¥ ÉÖ£μÉ¥´¨Ö g(r) = −∇Φ(r) ¨ § ¶¨Ï¥³ ¥¥ 4-¨³¶Ê²Ó¸

P (0)
μ = m eΦ/c2

u(0)
μ . (66)

‡¤¥¸Ó (u(0)
μ ) = (0, 0, 0, ic) Å 4-¸±μ·μ¸ÉÓ Î ¸É¨ÍÒ. ‘μμÉ´μÏ¥´¨¥ ³¥¦¤Ê ±μ³¶μ´¥´É ³¨

P ′
μ ¨ u′

μ ÔÉ¨Ì ¦¥ 4-¢¥±Éμ·μ¢ ¢ ²Õ¡μ° ¤·Ê£μ° ¨´¥·Í¨ ²Ó´μ° ¸¨¸É¥³¥ μÉ¸Î¥É , ¸¢Ö§ ´´μ° ¸
¨¸Ìμ¤´μ° ¸¨¸É¥³μ°, ¢ ±μÉμ·μ° ¸±μ·μ¸ÉÓ Î ¸É¨ÍÒ · ¢´  ´Ê²Õ, ²μ·¥´Í¥¢¸±¨³ ¶·¥μ¡· §μ-

¢ ´¨¥³ ±μμ·¤¨´ É ¸μ¡ÒÉ¨Ö x′
μ = Λμνxν ¢ ¸¨²Ê ²¨´¥°´μ¸É¨ ¸μμÉ´μÏ¥´¨° P ′

μ = ΛμνP
(0)
ν

¨ u′
μ = Λμνu

(0)
ν ¸μÌ· ´¨É ²¨´¥°´ÊÕ Ëμ·³Ê (66):

P ′
μ = m eΦ′/c2

u′
μ. (67)

—¥·¥§ Φ′ ¢ (67) μ¡μ§´ Î¥´  ¶μ²¥¢ Ö ËÊ´±Í¨Ö Î¥ÉÒ·¥Ì³¥·´ÒÌ ±μμ·¤¨´ É x′
μ, ¢ ±μÉμ·ÊÕ

É· ´¸Ëμ·³¨·Ê¥É¸Ö ¸É É¨Î¥¸±¨° ¶μÉ¥´Í¨ ² Φ(r), μ¶·¥¤¥²¥´´Ò° ¢ ¸¨¸É¥³¥ ¶μ±μÖ Î ¸É¨ÍÒ.
�μ ¸ÊÐ¥¸É¢Ê Φ′ = Φ′(r′, t′) ¢ (67) ¶·¥¤¸É ¢²Ö¥É ¤¨´ ³¨Î¥¸±μ¥ μ¡μ¡Ð¥´¨¥ ¶μÉ¥´Í¨ ²  ¸É -
É¨Î¥¸±μ£μ ¶μ²Ö ÉÖ£μÉ¥´¨Ö ¢ ¸¨¸É¥³¥ μÉ¸Î¥É , £¤¥ ¶μ²¥ ÉÖ£μÉ¥´¨Ö Ö¢²Ö¥É¸Ö ¶¥·¥³¥´´Ò³ ¢μ
¢·¥³¥´¨ ¢¸²¥¤¸É¢¨¥ ¶¥·¥³¥Ð¥´¨Ö Ëμ·³¨·ÊÕÐ¨Ì ¥£μ ³ ¸¸. ‚¥±Éμ·´Ò° Ì · ±É¥· ¸μμÉ´μ-
Ï¥´¨Ö (67) ´ ² £ ¥É ¦¥¸É±μ¥ É·¥¡μ¢ ´¨¥: ¶μÉ¥´Í¨ ² ¶¥·¥³¥´´μ£μ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö
¤μ²¦¥´ μ¡² ¤ ÉÓ É· ´¸Ëμ·³ Í¨μ´´Ò³¨ ¸¢μ°¸É¢ ³¨ ¸± ²Ö·´μ£μ ¶μ²Ö ¢ ¶²μ¸±μ³ ¶¸¥¢¤μ-
¥¢±²¨¤μ¢μ³ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨, É ± ÎÉμ ¢ μ¡Ð¥³ ¸²ÊÎ ¥

Φ′(x′) = Φ(x). (68)

ŒÊ²ÓÉ¨¶²¨± É¨¢´μ¥ ¶μ¤±²ÕÎ¥´¨¥ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ± ² £· ´¦¨ ´Ê. ’ ±μ°
¸¶μ¸μ¡ μ¶¨¸ ´¨Ö £· ¢¨É Í¨μ´´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¶·Ö³μ ¸¢Ö§ ´ ¸ μ¶·¥¤¥²¥´¨¥³ (68)
É¥´§μ·´μ° · §³¥·´μ¸É¨ ¶μÉ¥´Í¨ ² . ‚´ Î ²¥ ¶·¨ ¸μ¸É ¢²¥´¨¨ ²μ·¥´Í-¨´¢ ·¨ ´É´μ£μ ¨´-
É¥£· ²  ¤¥°¸É¢¨Ö ¤²Ö Î ¸É¨ÍÒ ¢ £· ¢¨É Í¨μ´´μ³ ¶μ²¥ ³μ¦´μ ·Ê±μ¢μ¤¸É¢μ¢ ÉÓ¸Ö ¸É ´¤ ·É-
´Ò³¨ ¶· ¢¨² ³¨, ±μ£¤  ± ËÊ´±Í¨¨ ‹ £· ´¦  ¸¢μ¡μ¤´μ° Î ¸É¨ÍÒ

L0 = −mc2

√
1 − v2

c2
(69)

¤μ¡ ¢²Ö¥É¸Ö ¸² £ ¥³μ¥, μ¶¨¸Ò¢ ÕÐ¥¥ ¥¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ¸ ¶μ²¥³. ‘²¥¤ÊÖ ÔÉμ° ¸Ì¥³¥,
´μ ´¥ ¸¢Ö§Ò¢ Ö ¸¥¡Ö · ³± ³¨ ²¨´¥°´μ° § ¢¨¸¨³μ¸É¨ ² £· ´¦¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö μÉ
¶μÉ¥´Í¨ ²  (± ±, ´ ¶·¨³¥·, ¢ Ô²¥±É·μ¤¨´ ³¨±¥), ¤μ¶μ²´¨³ (69) ¢Ò· ¦¥´¨¥³

Lint = mc2ζ(Φ)

√
1 − v2

c2
, (70)
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¢±²ÕÎ¨¢ ¢ ´¥£μ Î¥ÉÒ·¥Ì³¥·´Ò° ¸± ²Ö· ζ = ζ(Φ) Å ´¥±μÉμ·ÊÕ ËÊ´±Í¨Õ £· ¢¨É Í¨μ´-
´μ£μ ¶μÉ¥´Í¨ ² , Ö¢´Ò° ¢¨¤ ±μÉμ·μ° ¢ ¤ ²Ó´¥°Ï¥³ ¶μ¤²¥¦¨É μ¶·¥¤¥²¥´¨Õ. Œ´μ¦¨-
É¥²Ó

√
1 − v2/c2 ¸ ´¥μ¡Ìμ¤¨³μ¸ÉÓÕ ¢±²ÕÎ¥´ ¢ Ëμ·³Ê²Ê (70), ÎÉμ¡Ò μ¡¥¸¶¥Î¨ÉÓ ²μ·¥´Í-

¨´¢ ·¨ ´É´μ¸ÉÓ ¶μ²´μ£μ ¨´É¥£· ²  ¤¥°¸É¢¨Ö.
“Î¨ÉÒ¢ Ö ¢μ ³´μ£μ³ ¸Ìμ¦¨° ¢¨¤ ¤¢ÊÌ ¸μ¸É ¢²ÖÕÐ¨Ì ËÊ´±Í¨¨ ‹ £· ´¦  (69) ¨ (70), ¨Ì

¸Ê³³Ê L = L0 + Lint ³μ¦´μ § ¶¨¸ ÉÓ ± ± ¥¤¨´μ¥ ¢Ò· ¦¥´¨¥ ¢ Ê¤μ¡´μ° ¤²Ö · ¸¸³μÉ·¥´¨Ö
Ëμ·³¥ (2), ¶·¨´Ö¢ μ¡μ§´ Î¥´¨¥ U2 = 1 − ζ.

Šμ³¶ ±É´ Ö Ëμ·³  (2) ËÊ´±Í¨¨ ‹ £· ´¦  ¶μ¤¸± §Ò¢ ¥É ¨¤¥Õ μ¶¨¸ ´¨Ö ¢§ ¨³μ¤¥°-
¸É¢¨Ö ³ ¸¸¨¢´μ° Î ¸É¨ÍÒ ¸ £· ¢¨É Í¨μ´´Ò³ ¶μ²¥³ ¶μ¸·¥¤¸É¢μ³ ³Ê²ÓÉ¨¶²¨± É¨¢´μ£μ ¶μ¤-
±²ÕÎ¥´¨Ö ´¥±μÉμ·μ° ¸± ²Ö·´μ° ¶μ²¥¢μ° ËÊ´±Í¨¨ φ = U2 ± ËÊ´±Í¨¨ ‹ £· ´¦  ¸¢μ¡μ¤-
´μ° Î ¸É¨ÍÒ (69). ‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ÔÉ  ¨¤¥Ö É· ´¸Ëμ·³¨·Ê¥É¸Ö ´ ³¨ ¢ ¶·¨´Í¨¶
²μ± ²Ó´μ£μ ³ ¸ÏÉ ¡´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö ² £· ´¦¨ ´ , ¶μ§¢μ²ÖÕÐ¨° ¢±²ÕÎ ÉÓ £· ¢¨É -
Í¨μ´´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ Ë ±É¨Î¥¸±¨ ¢ ²Õ¡ÊÕ Ë¨§¨Î¥¸±ÊÕ ¸¨¸É¥³Ê.

“¸²μ¢¨¥ ¶·μ¸ÉμÉÒ ¨ É·¥¡μ¢ ´¨¥ ± ²¨¡·μ¢μÎ´μ° ¨´¢ ·¨ ´É´μ¸É¨ É¥μ·¨¨ ¶·¥¤μ¶·¥-
¤¥²ÖÕÉ ¥¤¨´¸É¢¥´´μ¸ÉÓ ¢Ò¡μ·  ¶μ²¥¢μ° Î ¸É¨ ² £· ´¦¨ ´  ¢ ¢¨¤¥ (14). Š ²¨¡·μ¢μÎ-
´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ¶μÉ¥´Í¨ ²  (10) ¶μ·μ¦¤ ¥É £²μ¡ ²Ó´μ¥ ³ ¸ÏÉ ¡´μ¥ ¶·¥μ¡· §μ¢ ´¨¥
L → L′ = L eλ/c2

¶μ²´μ£μ ² £· ´¦¨ ´  (13), ¶·¨ ±μÉμ·μ³ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö Î ¸É¨Í ¨
¶μ²Ö ´¥ ³¥´ÖÕÉ¸Ö.

�²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¶μ²Ö ÉÖ£μÉ¥´¨Ö. ‡ ¢¨¸¨³μ¸ÉÓ ³ ¸¸Ò ³ É¥·¨ ²Ó´ÒÌ Î ¸É¨Í μÉ
£· ¢¨É Í¨μ´´μ£μ ¶μÉ¥´Í¨ ²  Ö¢²Ö¥É¸Ö ¢ ¦´Ò³ μ¡¸ÉμÖÉ¥²Ó¸É¢μ³, ¶·¥¦¤¥ Ê¸±μ²Ó§ ¢Ï¨³
μÉ ¢´¨³ ´¨Ö ¶·¨  ´ ²¨§¥ Ô´¥·£¥É¨±¨ £· ¢¨É¨·ÊÕÐ¨Ì ¸¨¸É¥³. �·¨´Í¨¶¨ ²Ó´ÊÕ ´¥μ¡-
Ìμ¤¨³μ¸ÉÓ ÊÎ¥É  £· ¢¨É Í¨μ´´μ£μ ¤¥Ë¥±É  ³ ¸¸Ò É¥² ´ £²Ö¤´μ ¤¥³μ´¸É·¨·Ê¥É ¶μ¤¸Î¥É
¡ ² ´¸  Ô´¥·£¨¨ ¶·μ¸É¥°Ï¨Ì ¸¨¸É¥³ ¶·¨ ¨§³¥´¥´¨¨ ¨Ì ±μ´Ë¨£Ê· Í¨¨. ‚ Î ¸É´μ¸É¨, ¶μ²-
´Ò°  ´ ²¨§ ¨§³¥´¥´¨Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸μ¸ÉμÖ´¨Ö ¡¥¸±μ´¥Î´μ Éμ´±μ° £· ¢¨É¨·ÊÕÐ¥°
¸Ë¥·¨Î¥¸±μ° μ¡μ²μÎ±¨ ¶·¨ ¥¥ · ¸Ï¨·¥´¨¨ ¶μ¤ ¤¥°¸É¢¨¥³ ¢´¥Ï´¨Ì ¸¨² ¶μ§¢μ²Ö¥É ´ °É¨
¶· ¢¨²Ó´μ¥ §´ Î¥´¨¥ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ¶μ²Ö ÉÖ£μÉ¥´¨Ö ¨ Ê¸É ´μ¢¨ÉÓ Ë ±É ¥¥ ¶μ²μ¦¨-
É¥²Ó´μ° μ¶·¥¤¥²¥´´μ¸É¨.

‚ ´ÓÕÉμ´μ¢¸±μ° É¥μ·¨¨ ÉÖ£μÉ¥´¨Ö ´ ¶·Ö¦¥´´μ¸ÉÓ ¶μ²Ö, ¸μ§¤ ¢ ¥³μ£μ ¡¥¸±μ´¥Î´μ Éμ´-
±μ° μ¤´μ·μ¤´μ° ¸Ë¥·¨Î¥¸±μ° μ¡μ²μÎ±μ°, § ¤ ¥É¸Ö Ëμ·³Ê²μ° [11, 19]

g (r) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

0 ¤²Ö r < R,

−
Gm

2R2

r
r

¤²Ö r = R,

−
Gm

r2

r
r

¤²Ö r > R,

(71)

£¤¥ R Å · ¤¨Ê¸ μ¡μ²μÎ±¨; n Å ¥¤¨´¨Î´Ò° ¢¥±Éμ· ¢ ´ ¶· ¢²¥´¨¨ · ¤¨Ê¸ -¢¥±Éμ·  ÉμÎ±¨
´ ¡²Õ¤¥´¨Ö ¶μ²Ö. �μ²Õ ´ ¶·Ö¦¥´´μ¸É¨ (71), É¥·¶ÖÐ¥³Ê · §·Ò¢ ´  μ¡μ²μÎ±¥ ¶·¨ r = R,
¸μμÉ¢¥É¸É¢Ê¥É ¶μÉ¥´Í¨ ²

Φ (r) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
−

Gm

R
¤²Ö r � R,

−
Gm

r
¤²Ö r � R,

(72)

´¥¶·¥·Ò¢´Ò° ¢μ ¢¸¥³ ¶·μ¸É· ´¸É¢¥.
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‘μ£² ¸´μ (71), ´  Ô²¥³¥´É ·´Ò° ÊÎ ¸Éμ± μ¡μ²μÎ±¨ ds ¸ ÔËË¥±É¨¢´μ° ³ ¸¸μ°

dM =
m eΦ(R)/c2

4πR2
ds,

· ¸¶μ²μ¦¥´´Ò° ¢ μ±·¥¸É´μ¸É¨ ÉμÎ±¨ ¸ · ¤¨Ê¸μ³-¢¥±Éμ·μ³ R, ¸μ ¸Éμ·μ´Ò μ¸É ²Ó´μ°
Î ¸É¨ μ¡μ²μÎ±¨ ¤¥°¸É¢Ê¥É ¸¨² 

dF =
Gm

2R2

R
R

m eΦ(R)/c2

4πR2
ds.

�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ μ¡μ²μÎ±  ¨¸¶ÒÉÒ¢ ¥É ¸μ ¸Éμ·μ´Ò ¶μ²Ö ¸¦¨³ ÕÐ¥¥ ¤ ¢²¥´¨¥

P =
Gm2 eΦ(R)/c2

8πR4
.

�²¥³¥´É ·´μ¥ ¨§³¥´¥´¨¥ μ¡Ñ¥³  μ¡μ²μÎ±¨ ¶·¨ ¨§³¥´¥´¨¨ ¥¥ · ¤¨Ê¸  ´  Δr ¸μ¸É -
¢²Ö¥É ¢¥²¨Î¨´Ê ΔV = 4πR2Δr. ‘²¥¤μ¢ É¥²Ó´μ, Ô²¥³¥´É ·´ Ö · ¡μÉ  ΔA = PΔV ,
¢Ò¶μ²´Ö¥³ Ö ¶·μÉ¨¢ ¸¨² ÉÖ£μÉ¥´¨Ö ¶·¨ Ê¢¥²¨Î¥´¨¨ · ¤¨Ê¸  μ¡μ²μÎ±¨ ´  Δr, · ¢´ 

ΔA =
Gm2 eΦ(R)/c2

2R2
Δr. (73)

�¥§Ê²ÓÉ Éμ³ · ¸Ï¨·¥´¨Ö μ¡μ²μÎ±¨ ¡Ê¤¥É ¢ÒÉ¥¸´¥´¨¥ ¶μ²Ö g ¨§ Ô²¥³¥´É ·´μ£μ μ¡Ñ¥³ 
ΔV = 4πR2Δr. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ Ô´¥·£¨Ö ¶μ²Ö Ê³¥´ÓÏ¨É¸Ö ´  ¢¥²¨Î¨´Ê

ΔEg = wg4πR2Δr. (74)

‡¤¥¸Ó Î¥·¥§ wg μ¡μ§´ Î¥´  ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¢´¥ μ¡μ²μÎ±¨ ¢ ¥¥
´¥¶μ¸·¥¤¸É¢¥´´μ° μ±·¥¸É´μ¸É¨.

�·¨ μ¶·¥¤¥²¥´¨¨ Ô´¥·£¨¨ ¸¨¸É¥³Ò ¢ ´μ¢μ° ±μ´Ë¨£Ê· Í¨¨ ÊÎ¥É Éμ²Ó±μ ÔÉμ£μ ¨§³¥-
´¥´¨Ö Ô´¥·£¨¨ ¶μ²Ö ´¥¤μ¸É ÉμÎ¥´. ‘²¥¤Ê¥É É ±¦¥ ¨³¥ÉÓ ¢ ¢¨¤Ê £· ¢¨É Í¨μ´´Ò° ¤¥Ë¥±É
³ ¸¸Ò Î ¸É¨Í, ¸μ¸É ¢²ÖÕÐ¨Ì μ¡μ²μÎ±Ê. �·¨ · ¸Ï¨·¥´¨¨ μ¡μ²μÎ±¨ Î ¸É¨ÍÒ ¶¥·¥´μ¸ÖÉ¸Ö
¸μ ¸Ë¥·Ò ¸ ¶μÉ¥´Í¨ ²μ³ Φ (R) ´  ¸Ë¥·Ê ¸ ¶μÉ¥´Í¨ ²μ³ Φ (R + Δr), ¢ ·¥§Ê²ÓÉ É¥ Î¥£μ
¨§³¥´Ö¥É¸Ö ¨Ì ÔËË¥±É¨¢´ Ö ³ ¸¸  (Ô´¥·£¨Ö). ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ (70) ¶·¨· Ð¥´¨¥ Ô´¥·£¨¨
Î ¸É¨Í ¶·¨ É ±μ³ ¶¥·¥³¥Ð¥´¨¨ ¸μ¸É ¢¨É ¢¥²¨Î¨´Ê

ΔEp = mc2 eΦ(R+Δr)/c2 − mc2 eΦ(R)/c2
= lim

r→R+0

dΦ (r)
dr

m eΦ(R)/c2
Δr.

„²Ö ¶μÉ¥´Í¨ ²  μ¡μ²μÎ±¨ (72) ¨³¥¥³

lim
r→R+0

dΦ (r)
dr

=
Gm

R2
,

É ± ÎÉμ

ΔEp =
Gm2

R2
eΦ(R)/c2

Δr. (75)

‚Ò¶μ²´¥´´ Ö · ¡μÉ  ¨ Ô´¥·£¨Ö ¢ÒÉ¥¸´¥´´μ£μ ¶μ²Ö ¢ ¸Ê³³¥ ¤μ²¦´Ò ¸μ¸É ¢¨ÉÓ ¶·¨· -
Ð¥´¨¥ Ô´¥·£¨¨ Î ¸É¨Í μ¡μ²μÎ±¨: ΔA + ΔEg = ΔEp. ’ ±¨³ μ¡· §μ³, ¸ ÊÎ¥Éμ³ (73)Ä(75)
¨³¥¥³

Gm2

2R2
eΦ(R)/c2

Δr + wg4πR2Δr =
Gm2

R2
eΦ(R)/c2

Δr,
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μÉ±Ê¤  ´ Ìμ¤¨³ §´ Î¥´¨¥ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö, ²μ± ²¨§μ¢ ´´μ° ¢
Ô²¥³¥´É ·´μ³ Ï ·μ¢μ³ ¸²μ¥, ´¥¶μ¸·¥¤¸É¢¥´´μ ¶·¨²¥£ ÕÐ¥³ ± μ¡μ²μÎ±¥:

wg =
Gm2

8πR4
eΦ(R)/c2

. (76)

‚Ò· §¨¢ (76) Î¥·¥§ ´ ¶·Ö¦¥´´μ¸ÉÓ g = Gm/R2 ¨ ¶μÉ¥´Í¨ ² Φ = Gm/R ´ÓÕÉμ´μ¢-
¸±μ£μ ¶μ²Ö ÉÖ£μÉ¥´¨Ö, ¶·¨Ìμ¤¨³ ± ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ° ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ÔÉμ£μ
¶μ²Ö

wg =
g2

8πG
eΦ/c2

, (77)

·¥§Ê²ÓÉ ÉÊ, ±μÉμ·Ò° ¸²¥¤Ê¥É ¨§ μ¡Ð¥° Ëμ·³Ê²Ò (21) ¢ ¸É É¨Î¥¸±μ³ ¸²ÊÎ ¥. �·¨ ÔÉμ³
³μ¦´μ Ê¡¥¤¨ÉÓ¸Ö (¸³. ¶·¨²μ¦¥´¨¥ 1), ÎÉμ É¥μ·¨Ö �μ·¤¸É·é¥³  ¤ ¥É ·¥§Ê²ÓÉ É, μÉ²¨Î´Ò°
μÉ (77)1.

�Í¥´¨³ ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ´¥¶μ¸·¥¤¸É¢¥´´μ ¢¡²¨§¨ §¥³´μ°
¶μ¢¥·Ì´μ¸É¨. �μ² £ ¥³ Φ = 0 ´  ¡¥¸±μ´¥Î´μ¸É¨. �·¨ É ±μ° ± ²¨¡·μ¢±¥ ¶μÉ¥´Í¨ ²  ¥£μ
μÉ´μÏ¥´¨¥ ± ±¢ ¤· ÉÊ ¸±μ·μ¸É¨ ¸¢¥É  |Φ|/c2 = gR/c2 ´  ¶μ¢¥·Ì´μ¸É¨ ‡¥³²¨ ¸μ¸É ¢¨É

μ±μ²μ 7·10−10. ‘²¥¤μ¢ É¥²Ó´μ, §´ Î¥´¨¥ Ô±¸¶μ´¥´ÉÒ eΦ/c2
¡Ê¤¥É ´¨ÎÉμ¦´μ ³ ²μ μÉ²¨-

Î ÉÓ¸Ö μÉ ¥¤¨´¨ÍÒ, É ± ÎÉμ ¢³¥¸Éμ (77) ³μ¦´μ μ£· ´¨Î¨ÉÓ¸Ö ¶·¨¡²¨¦¥´´μ° Ëμ·³Ê²μ°

wg ≈
g2

8πG
.

�²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¶μ²Ö ¸ ´ ¶·Ö¦¥´´μ¸ÉÓÕ g = 9,8 ³ · ¸−2, · ¸¸Î¨É ´´ Ö ¶μ ÔÉμ° Ëμ·-
³Ê²¥, · ¢´  wg = 5,7 · 1010„¦ ·³−3, É ± ÎÉμ ¢¡²¨§¨ §¥³´μ° ¶μ¢¥·Ì´μ¸É¨ Ô´¥·£¨Ö ¶μ²Ö ÉÖ-
£μÉ¥´¨Ö ¢ 1 ³3 ¶·¥¢ÒÏ ¥É Ô´¥·£¨Õ, ¢Ò¤¥²ÖÕÐÊÕ¸Ö ¶·¨ ¢§·Ò¢¥ 10 É É·μÉ¨²  (4,2·1010 „¦).
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