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‚ · ¡μÉ¥ ¶·¥¤²μ¦¥´  ²£μ·¨É³ ¤²Ö μÍ¥´±¨ ¶¥·¨μ¤  ¶μ²Ê· ¸¶ ¤  ¤μÎ¥·´¥£μ Ö¤·  ¢ ¸²ÊÎ ¥, ±μ£¤ 
´¥¨§¢¥¸É´μ, ± ±μ¥ Ö¤·μ Ö¢²Ö¥É¸Ö ¤²Ö ´¥£μ ³ É¥·¨´¸±¨³ (®´¥μ¶·¥¤¥²¥´´μ¥ ¢·¥³Ö ¸É ·É ¯). „²Ö
· ¸¶ ¤  ®¤μÎ¥·¨¯ ¢ ³μ³¥´É t ³Ò ³μ¦¥³ μ¶·¥¤¥²¨ÉÓ ¢¥·μÖÉ´μ¸ÉÓ É ±μ£μ · ¸¶ ¤ , ¥¸²¨ ¶·¥¤¶μ²μ¦¨³,
ÎÉμ ± ¦¤ Ö ®³ ÉÓ¯, · ¸¶ ¢Ï Ö¸Ö ¤μ t, ¨³¥¥É · ¢´Ò¥ Ï ´¸Ò ¡ÒÉÓ ®³ É¥·ÓÕ¯ ¤ ´´μ° ®¤μÎ¥·¨¯:

nt∑
i=1

exp

(
− t − ti

τ

)
,

£¤¥ τ Å ¢·¥³Ö ¦¨§´¨ ®¤μÎ¥·¨¯,   nt Å ¨Ì μ¡Ð¥¥ Î¨¸²μ; ti Å ³μ³¥´É · ¸¶ ¤  ®³ É¥·¨¯ É ±μ°, ÎÉμ
ti � t. ŒÒ ³μ¦¥³ É¥¶¥·Ó · ¸¸³ É·¨¢ ÉÓ ÔÉÊ Ëμ·³Ê²Ê ± ± ËÊ´±Í¨Õ μÉ´μÏ¥´¨Ö ®³ ÉÓÄ¤μÎÓ¯ ¤²Ö
´ Ï¥£μ ¸²ÊÎ Ö ¨, ¢ ¶·¨´Í¨¶¥, ³μ¦¥³ ¶μ¸É·μ¨ÉÓ μÍ¥´±Ê ¤²Ö ¢¥²¨Î¨´Ò τ :

τ̂ =

nt∑
i=1

wi
t − ti

nt
, wi = exp

(
− t − ti

τ

)
, i = 1, . . . , nt,

£¤¥ ¢¥¸  wi ´μ·³¨·μ¢ ´Ò ´  ¨Ì ¸Ê³³Ê ¤²Ö ± ¦¤μ£μ t. “¸·¥¤´¥´´ Ö ¸Ê³³  É ±¨Ì μÍ¥´μ± ¶μ ¢¸¥³
· ¸¶ ¤ ³ ®¤μÎ¥·¨¯ ¨ ¤ ¸É ´ ³ μ±μ´Î É¥²Ó´ÊÕ μÍ¥´±Ê ¶ · ³¥É·  τ .

An algorithm has been proposed to build an estimate of the half-life of a ®daughter¯ nucleus in
case when it is unknown which nucleus is its ®mother¯ (®indeˇnite start time¯). For a decay of the
®mother¯ at an instant t we can determine a probability of such a decay, if we assume that each
®mother¯ which has been decayed before t has equal chances to be ®mother¯ of this ®daughter¯:

nt∑
i=1

exp

(
− t − ti

τ

)
,

where τ is the life-time of the ®daughter¯ and nt is their total number; ti is the instant of the
®mother¯ decay, such that ti � t. We can consider this formula as a function of the ®motherÄ
daughter¯ relation for our case, and, in principle, build an estimator of the τ quantity:

τ̂ =

nt∑
i=1

wi
t − ti

nt
, wi = exp

(
− t − ti

τ

)
, i = 1, . . . , nt,

where the weights wi have been normalized by their sum for each t. The averaged sum of such estimates
over all the ®daughter¯ decays will give us the ˇnal estimate of the τ parameter.
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‚ · ¡μÉ¥ ¶·¥¤²μ¦¥´  ²£μ·¨É³ ¤²Ö μÍ¥´±¨ ¶¥·¨μ¤  ¶μ²Ê· ¸¶ ¤  ¤μÎ¥·´¥£μ Ö¤·  ¢
¸²ÊÎ ¥, ±μ£¤  ´¥¨§¢¥¸É´μ, ± ±μ¥ Ö¤·μ Ö¢²Ö¥É¸Ö ¤²Ö ´¥£μ ³ É¥·¨´¸±¨³ (®´¥μ¶·¥¤¥²¥´´μ¥
¢·¥³Ö ¸É ·É ¯).

Œμ¦´μ Ê± § ÉÓ ¤¢¥ ¢ ¦´ÒÌ μ¡² ¸É¨ Ô±¸¶¥·¨³¥´É ²Ó´μ° Ë¨§¨±¨, £¤¥ ¢μ§³μ¦´μ ¶·¨-
³¥´¥´¨¥ ÔÉμ£μ  ²£μ·¨É³ .

�¤´  ¨§ ´¨Ì Å ¨§ÊÎ¥´¨¥ ÔËË¥±É  ‡¥´μ´  [1]. �ÉμÉ ÔËË¥±É ¶·μÖ¢²Ö¥É¸Ö ¢ Éμ³, ÎÉμ,
± ± ¶μ± § ²μ ¨¸¸²¥¤μ¢ ´¨¥ ´¥¸É ¡¨²Ó´ÒÌ ¸¨¸É¥³, ¶·μ¢¥¤¥´´μ¥ • ²Ë¨´μ³ [1], ¸±μ·μ¸ÉÓ
· ¸¶ ¤  ±¢ §¨¸É Í¨μ´ ·´μ£μ ¸μ¸ÉμÖ´¨Ö ´¥ ¸²¥¤Ê¥É ÉμÎ´μ Ô±¸¶μ´¥´Í¨ ²Ó´μ³Ê § ±μ´Ê. ‚μ§-
³μ¦´μ¸ÉÓ É ±¨Ì ´¥Ô±¸¶μ´¥´Í¨ ²Ó´ÒÌ · ¸¶ ¤μ¢ ¸²¥¤Ê¥É ¨§ μ¡Ð¨Ì ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨Ì
¸μμ¡· ¦¥´¨°. �É±²μ´¥´¨Ö μÉ Ô±¸¶μ´¥´Í¨ ²Ó´μ£μ § ±μ´  μ¦¨¤ ÕÉ¸Ö ¤²Ö μÎ¥´Ó ±μ·μÉ-
±¨Ì ¨ μÎ¥´Ó ¤²¨´´ÒÌ ¢·¥³¥´´ÒÌ ¨´É¥·¢ ²μ¢ ¶μ¸²¥ Ê¸É ´μ¢²¥´¨Ö ±¢ §¨¸É Í¨μ´ ·´ÒÌ
¸μ¸ÉμÖ´¨° [2].

”μ´¤  ¨ ¤·. [3] ¶·μ ´ ²¨§¨·μ¢ ²¨ ³μ¤¥²Ó · ¸¶ ¤  ¨ ¶μ± § ²¨, ÎÉμ ¶·¨ μ¶·¥¤¥²¥´´ÒÌ
Ê¸²μ¢¨ÖÌ §´ Î¨É¥²Ó´Ò¥ μÉ±²μ´¥´¨Ö μÉ Ô±¸¶μ´¥´Í¨ ²Ó´μ£μ § ±μ´  ³μ£ÊÉ ¨³¥ÉÓ ³¥¸Éμ ¢ ¨´-
É¥·¢ ²¥ μ±μ²μ 10 ¶¥·¨μ¤μ¢ ¶μ²Ê· ¸¶ ¤ ,   ¶·¥μ¡² ¤ ´¨¥ ¨´¢¥·¸´μ£μ ¸É¥¶¥´´μ£μ § ±μ´  Å
¢ ¨´É¥·¢ ²¥ μ±μ²μ 25 ¶¥·¨μ¤μ¢ ¶μ²Ê· ¸¶ ¤ .

„·Ê£ Ö μ¡² ¸ÉÓ Å ÔÉμ ¶μ²ÊÎ¥´¨¥ μÍ¥´±¨ ¶¥·¨μ¤  ¶μ²Ê· ¸¶ ¤  Ö¤¥· ¨§ ¤ ´´ÒÌ μ
¸¢Ö§ ´´ÒÌ recoil-alpha ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÖÌ ¢ ¨´¤ÊÍ¨·μ¢ ´´ÒÌ ÉÖ¦¥²Ò³¨ ¨μ´ ³¨ Ö¤¥·´ÒÌ
·¥ ±Í¨ÖÌ.

�¡ ¨´É¥·¢ ²¥ ±μ·μÉ±¨Ì ¢·¥³¥´ ¸²¥¤Ê¥É § ³¥É¨ÉÓ, ÎÉμ ´ ¡²Õ¤¥´¨¥ Í¥¶¥° 220Rn ↔
216Po ¶μ§¢μ²Ö¥É μÎ¥´Ó Ê¸¶¥Ï´μ ¨§ÊÎ ÉÓ ÔÉ¨ ÔËË¥±ÉÒ ¡² £μ¤ ·Ö μÉ´μ¸¨É¥²Ó´μ ±μ·μÉ±μ³Ê
¶¥·¨μ¤Ê ¶μ²Ê· ¸¶ ¤  216Po, ÎÉμ μ§´ Î ¥É, ÎÉμ §¤¥¸Ó ´¥É ´¥μ¡Ìμ¤¨³μ¸É¨ ¨¸¶μ²Ó§μ¢ ÉÓ
¢·¥³Ö ´  ¶ÊÎ±¥ [4]. ‚ ¸¨²Ê ÔÉμ£μ Í¥²ÓÕ ´ ¸ÉμÖÐ¥° · ¡μÉÒ ¡Ò²μ · §¢¨É¨¥ ³ É¥³ É¨Î¥-
¸±μ£μ ³¥Éμ¤  ¤²Ö μÍ¥´¨¢ ´¨Ö ¶¥·¨μ¤  ¶μ²Ê· ¸¶ ¤  ¨§ ¨´É¥·¢ ²  ±μ·μÉ±¨Ì ¢·¥³¥´. �μ± 
·¥ÎÓ ¨¤¥É μ¡ Ô±¸¶μ´¥´Í¨ ²Ó´ÒÌ · ¸¶ ¤ Ì.

1. ���‘’…‰˜ˆ‰ ��„•�„

�Ê¸ÉÓ ¢ ´¥±μÉμ·μ° μ¡² ¸É¨ ¶μ¤¤¥·¦¨¢ ¥É¸Ö μÉ´μ¸¨É¥²Ó´μ ¶μ¸ÉμÖ´´ Ö ±μ´Í¥´É· Í¨Ö
· ¤μ´  220Rn, ±μÉμ·Ò° ¶·¥É¥·¶¥¢ ¥É  ²ÓË -· ¸¶ ¤ ¸ ¶¥·¨μ¤μ³ 55,61 c. „μÎ¥·´¨° ¶·μ-
¤Ê±É ¶μ²μ´¨° 216Po Éμ¦¥ ¶·¥É¥·¶¥¢ ¥É  ²ÓË -· ¸¶ ¤ ¸ ´¥±μÉμ·Ò³ ´¥¨§¢¥¸É´Ò³ ¶¥·¨μ¤μ³
¶μ²Ê· ¸¶ ¤ . ‚·¥³¥´  · ¸¶ ¤μ¢ ± ± · ¤μ´ , É ± ¨ ¶μ²μ´¨Ö ·¥£¨¸É·¨·ÊÕÉ¸Ö; É ±¦¥ ·¥-
£¨¸É·¨·ÊÕÉ¸Ö Ô´¥·£¨¨  ²ÓË -Î ¸É¨Í ¢ μ¡Ñ¥³¥ É¥²¥¸´μ£μ Ê£²  ¶μ·Ö¤±  80% μÉ 4π, ÎÉμ
¶μ§¢μ²Ö¥É ¡μ²¥¥-³¥´¥¥ ´ ¤¥¦´μ ¨¤¥´É¨Ë¨Í¨·μ¢ ÉÓ ¨§μÉμ¶´μ¥ ¨³Ö ¶·μ¤Ê±Éμ¢ · ¸¶ ¤μ¢.
�μ ´¥¨§¢¥¸É´μ, μÉ ± ±μ£μ  Éμ³  · ¤μ´  ¶·μ¨¸Ìμ¤¨É ± ¦¤Ò°  Éμ³ ¶μ²μ´¨Ö,   ¸É ²μ ¡ÒÉÓ,
´¥¨§¢¥¸É´Ò ¨ ´Ê²¨ μÉ¸Î¥Éμ¢ ¢·¥³¥´¨ ¥£μ · ¸¶ ¤ . �Éμ ´¥ ¤ ¥É ¢μ§³μ¦´μ¸É¨ ¨§³¥·¨ÉÓ
¨¸É¨´´Ò¥ ¢·¥³¥´  É ±¨Ì · ¸¶ ¤μ¢ ¨ É¥³ ¸ ³Ò³ μÍ¥´¨ÉÓ ¶¥·¨μ¤ ¶μ²Ê· ¸¶ ¤  ¶μ²μ´¨Ö
³¥Éμ¤μ³ ³ ±¸¨³ ²Ó´μ£μ ¶· ¢¤μ¶μ¤μ¡¨Ö.

‚ Éμ ¦¥ ¢·¥³Ö ¢ Ê¸²μ¢¨ÖÌ ´ Ï¥£μ Ô±¸¶¥·¨³¥´É  ´¥¢μ§³μ¦´μ ¨¸¶μ²Ó§μ¢ ´¨¥ ¨ ³¥Éμ¤μ¢
 ´ ²¨§  § ¢¨¸¨³μ¸É¨  ³¶²¨ÉÊ¤´ÒÌ · ¸¶·¥¤¥²¥´¨° μÉ ¢·¥³¥´¨, ¶μ¸±μ²Ó±Ê ¨ · ¸¶·¥¤¥²¥´¨¥
· ¤μ´ , ¨ · ¸¶·¥¤¥²¥´¨¥ ¶μ²μ´¨Ö ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¸É É¨¸É¨Î¥¸±¨Ì Ë²Ê±ÉÊ Í¨° Ö¢²ÖÕÉ¸Ö
±μ´¸É ´É ³¨, ¢ Ö¢´μ° Ëμ·³¥ ´¥ ¸¢Ö§ ´´Ò³¨ ¸ ¶¥·¨μ¤ ³¨ ¶μ²Ê· ¸¶ ¤  μ¡μ¨Ì ¨§μÉμ¶μ¢.
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“¶μ·Ö¤μÎ¨³ ¶μ ¢·¥³¥´¨ ·¥£¨¸É· Í¨¨ ³ ¸¸¨¢Ò · ¸¶ ¤μ¢ · ¤¨Ö ¨ ¶μ²μ´¨Ö ¨ ¡Ê¤¥³
¸Î¨É ÉÓ, ÎÉμ · ¸¶·¥¤¥²¥´¨¥ ¢·¥³¥´ · ¸¶ ¤  · ¤μ´  Ö¢²Ö¥É¸Ö · ¢´μ³¥·´Ò³ ´  ¨´É¥·¢ ²¥
[0, Tm],   · ¸¶ ¤Ò ¶μ²μ´¨Ö μ¶¨¸Ò¢ ÕÉ¸Ö, ± ± μ¡ÒÎ´μ, ËÊ´±Í¨¥° · ¸¶·¥¤¥²¥´¨Ö

F (t) =
{

1 − exp (−t/τ), ¥¸²¨ t � 0;
0 ¨´ Î¥,

¤¥°¸É¢ÊÕÐ¥° ´  ¨´É¥·¢ ²¥ [t0, Tm], £¤¥ t0 Å ´Ê²Ó μÉ¸Î¥É  (¢ Î ¸É´μ¸É¨, t0 = 0),   τ Å
¶¥·¨μ¤ ¶μ²Ê· ¸¶ ¤  216Po, ¶μ¤²¥¦ Ð¨° μ¶·¥¤¥²¥´¨Õ. ’μÎ´¥¥, τ Å ÔÉμ ¢·¥³Ö ¦¨§´¨,
´μ ¢ ¤ ²Ó´¥°Ï¥³ · ¤¨ ¶·μ¸ÉμÉÒ § ¶¨¸¨ Ëμ·³Ê² ³Ò ¶μ¤ ¶¥·¨μ¤μ³ ¶μ²Ê· ¸¶ ¤  ¡Ê¤¥³
¶μ´¨³ ÉÓ ¥£μ. Œ¥¦¤Ê μ¡μ¨³¨ ¶μ´ÖÉ¨Ö³¨ ¶·μ¸É Ö ¸¢Ö§Ó T1/2 = ln (2)τ .

�Ê¸ÉÓ ¤ ´´Ò¥ Å ÔÉμ § ·¥£¨¸É·¨·μ¢ ´´Ò¥ m · ¸¶ ¤μ¢ · ¤¨Ö ¨ n · ¸¶ ¤μ¢ ¶μ²μ´¨Ö.
‚ ÔÉμ³ ¸²ÊÎ ¥ ¸·¥¤´¥¥ ¢·¥³Ö ³¥¦¤Ê ¤¢Ê³Ö · ¸¶ ¤ ³¨ · ¤μ´  · ¢´μ Td = Tm/m. ®‘·¥¤-
´ÖÖ¯ ¢¥·μÖÉ´μ¸ÉÓ · ¸¶ ¤  ¶μ²μ´¨Ö §  ÔÉμ ¢·¥³Ö · ¢´  exp (−Td/τ), ¨ ¥¸²¨ ÔÉ  ¢¥²¨Î¨´ 
¸ÊÐ¥¸É¢¥´´μ ³¥´ÓÏ¥ ¥¤¨´¨ÍÒ, Éμ μ¸´μ¢´ Ö ³ ¸¸  · ¸¶ ¤μ¢ ¶μ²μ´¨Ö ¡Ê¤¥É Ì μÉ¨Î´Ò³
μ¡· §μ³ ¶¥·¥³¥Ï ´  ¸ · ¸¶ ¤ ³¨ · ¤μ´ .

‚ ¤ ´´μ° · ¡μÉ¥ ¤²Ö ·¥Ï¥´¨Ö ¶·μ¡²¥³Ò ¶·¥¤² £ ¥É¸Ö ¸²¥¤ÊÕÐ¨° ¶μ¤Ìμ¤.
�·¥¤¶μ²μ¦¨³, ÎÉμ ´ ³ ¨§¢¥¸É´μ, ÎÉμ ¶¥·¨μ¤ ¶μ²Ê· ¸¶ ¤  ¶μ²μ´¨Ö ´¥¨§³¥·¨³μ ³¥´Ó-

Ï¥, Î¥³ ¢¥²¨Î¨´  Td. �Éμ §´ Î¨É, ÎÉμ ¢¥·μÖÉ´μ¸ÉÓ · ¸¶ ¤  §  ÔÉμ ¢·¥³Ö ¸±μ²Ó Ê£μ¤´μ
¡²¨§±  ± 1. ’μ£¤  ³μ¦´μ ¸Î¨É ÉÓ, ÎÉμ ¢¥¸Ó³  ¢¥·μÖÉ´μ° ³ É¥·ÓÕ ¤²Ö ¤ ´´μ£μ ¶μ²μ´¨Ö
¡Ê¤¥É ¡²¨¦ °Ï¨° ± ´¥³Ê · ¤μ´ ¸²¥¢ .

�É¸Õ¤  ¢μ§´¨± ¥É ¸²¥¤ÊÕÐ Ö ¨¤¥Ö  ²£μ·¨É³  1 ¶μ¸É·μ¥´¨Ö μÍ¥´±¨ τ . “Î¨ÉÒ¢ Ö, ÎÉμ

¥¸²¨ ¥¸ÉÓ ³´μ¦¥¸É¢μ ¢·¥³¥´ · ¸¶ ¤  ti, i = 1, 2, . . . , m, Éμ ¸Ê³³ 
m∑

i=1

ti/m ¡Ê¤¥É μ¤´μ-

¢·¥³¥´´μ μÍ¥´±μ° ¨ ³ ±¸¨³ ²Ó´μ£μ ¶· ¢¤μ¶μ¤μ¡¨Ö, ¨ ´ ¨³¥´ÓÏ¨Ì ±¢ ¤· Éμ¢, ´ Ìμ¤¨³
¶μ¸²¥¤μ¢ É¥²Ó´μ ¤²Ö ± ¦¤μ£μ i-£μ ¶μ²μ´¨Ö ¡²¨¦ °Ï¨° ± ´¥³Ê ¸²¥¢  ji-° · ¤μ´ ¨ ¸É·μ¨³
³´μ¦¥¸É¢μ · §´μ¸É¥° ti − tji. ˆÌ ¸·¥¤´¥¥

τ̂ =
n∑

i=1

ti − tji

n
(1)

¨ ¡Ê¤¥É Œ�Š-μÍ¥´±μ° τ ,   ln(2)τ μÍ¥´±μ° T1/2. �ÉÊ μÍ¥´±Ê ¡Ê¤¥³ Ê¸²μ¢´μ ´ §Ò¢ ÉÓ
pile-up μÍ¥´±μ° ¢¥²¨Î¨´Ò τ .

2. ��ˆŒ…�…�ˆ… Š��–…�–ˆˆ ���„�Œˆ‡�–ˆˆ

�Í¥´±  (1) ¡Ê¤¥É · ¡μÉ ÉÓ Ìμ·μÏμ, ¥¸²¨ τ ¶μ²μ´¨Ö ´¥¨§³¥·¨³μ ³¥´ÓÏ¥ Td, É ±
ÎÉμ μ´  ³μ¦¥É ¡ÒÉÓ ´¥¸±μ²Ó±μ · § Ê²μ¦¥´  ¢ ÔÉÊ ¢¥²¨Î¨´Ê; ¤·Ê£¨³¨ ¸²μ¢ ³¨, ¥¸²¨
¶μ²μ´¨° Ê¸¶¥¥É §  ¢·¥³Ö Td · ¸¶ ¸ÉÓ¸Ö ¸ μÎ¥´Ó ¡μ²ÓÏμ° ¢¥·μÖÉ´μ¸ÉÓÕ. ˆ´ Î¥ · ¸¶ ¤Ò
· ¤μ´  ¨ ¶μ²μ´¨Ö ¡Ê¤ÊÉ ¶¥·¥³¥Ï ´Ò ¢¥¸Ó³  Ì μÉ¨Î¥¸±¨, ¨ μÍ¥´±  μ± ¦¥É¸Ö μÎ¥´Ó ¸¨²Ó´μ
§ ´¨¦¥´´μ°.

ŒÒ ³μ¦¥³ ¢¢¥¸É¨ ³¥·Ê É ±μ° Ì μÉ¨Î´μ¸É¨, ¨²¨, ¨´ Î¥, Ë¨§¨Î¥¸±μ° ±μ··¥²¨·μ¢ ´-
´μ¸É¨ · ¸¶ ¤μ¢ μ¡μ¨Ì ¨§μÉμ¶μ¢, ¨ ¥¥ ³μ¦´μ μ¶·¥¤¥²¨ÉÓ · §´Ò³¨ ¸¶μ¸μ¡ ³¨, ´ ¶·¨³¥·,
É ±¨³:

h1 =
m−1∑
i=1

|ki − 2n/(m + n)|
m

,
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£¤¥ ki Å Î¨¸²μ  Éμ³μ¢ ¶μ²μ´¨Ö, ¶μ¶ ¢Ï¨Ì ³¥¦¤Ê i-³ ¨ (i + 1)-³ · ¸¶ ¤ ³¨ · ¤μ´ .
‚ ±· °´¥³ ¸²ÊÎ ¥, ¥¸²¨ ¢ ÔÉμÉ ¶·μ³¥¦ÊÉμ± ¶μ¶ ¤ ¥É ¢ ¸·¥¤´¥³ 2n/(m + n) · ¸¶ ¤μ¢
¶μ²μ´¨Ö, Éμ ³¥·  h1 ¡Ê¤¥É ¸±μ²Ó Ê£μ¤´μ ¡²¨§±μ° ± ´Ê²Õ. ‘μμÉ¢¥É¸É¢¥´´μ, Î¥³ ¡μ²ÓÏ¥
μ´  μÉ²¨Î ¥É¸Ö μÉ ´Ê²Ö, É¥³ Ì μÉ¨Î´¥¥ ¶¥·¥³¥Ï ´Ò · ¸¶ ¤Ò.

„·Ê£μ° ³¥·μ° Ì μÉ¨Î´μ¸É¨ ¸³¥¸¨ · ¸¶ ¤μ¢ ³μ¦¥É ¸²Ê¦¨ÉÓ h2 Å · §´μ¸ÉÓ ¥¤¨´¨ÍÒ
¨ μÉ´μÏ¥´¨Ö Î¨¸²  § ·¥£¨¸É·¨·μ¢ ´´ÒÌ · ¸¶ ¤μ¢ ¶μ²μ´¨Ö ± Î¨¸²Ê · ¸¶ ¤μ¢ · ¤μ´ : Î¥³
¤ ²ÓÏ¥ μ´  μÉ ´Ê²Ö, É¥³ Ì μÉ¨Î´¥¥ ¸³¥¸Ó.

‘ ¶μ³μÐÓÕ h1, h2 ³Ò ³μ¦¥³ ¸· §Ê ¦¥ μÍ¥´¨ÉÓ Ï ´¸Ò μÍ¥´±¨ (1) ´  Ê¸¶¥Ì, ¨ ¥¸²¨
μ¡¥ ¡²¨¦¥ ± 1, Î¥³ ± 0, ´ ¤μ ¡Ê¤¥É ¸É·μ¨ÉÓ ¤·Ê£ÊÕ μÍ¥´±Ê.

�μ¶·μ¡Ê¥³ ¤¥°¸É¢μ¢ ÉÓ É ±: ¢³¥¸Éμ ¥¤¨´¨Î´μ° ¢¥·μÖÉ´μ¸É¨ ¡²¨¦ °Ï¥£μ ± ¶μ²μ´¨Õ
¸²¥¢  · ¤μ´  ¡ÒÉÓ ®³ É¥·ÓÕ¯ Éμ£μ, ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ´ ¡μ· ¢¥·μÖÉ´μ¸É¥°, ¸ ±μÉμ·Ò³¨
¢¸¥ · ¤μ´Ò, ¶·¥¤Ï¥¸É¢ÊÕÐ¨¥ ¤ ´´μ³Ê ¶μ²μ´¨Õ, ³μ£ÊÉ ¡ÒÉÓ ¥£μ ®³ É¥·ÓÕ¯, ¨ ¸É·μ¨ÉÓ
μÍ¥´±Ê τ ¸Ê³³¨·μ¢ ´¨¥³, ± ± ¢ (1), ¶μ²ÊÎ ÕÐ¨Ì¸Ö · §´μ¸É¥° ¸ · §´Ò³¨ ¢¥¸ ³¨, ¶·μ¶μ·-
Í¨μ´ ²Ó´Ò³¨ ÔÉ¨³ ¢¥·μÖÉ´μ¸ÉÖ³.

�·¥¤¶μ²μ¦¨³ ¸´ Î ² , ÎÉμ ´ ³ ¨§¢¥¸É´  τ ¶μ²μ´¨Ö. „²Ö ¤ ´´μ£μ · ¸¶ ¤  ¶μ²μ´¨Ö
¢ ³μ³¥´É t ³Ò ´¥ §´ ¥³, μÉ ± ±μ£μ · ¤μ´  ¶·μ¨§μÏ¥² ÔÉμÉ · ¸¶ ¤, ´μ ³Ò ³μ¦¥³ μ¶·¥-
¤¥²¨ÉÓ ¢¥·μÖÉ´μ¸ÉÓ · ¸¶ ¤  ¶μ²μ´¨Ö ¢ ³μ³¥´É t, ¥¸²¨ ¶·¥¤¶μ²μ¦¨³, ÎÉμ ± ¦¤Ò° · ¤μ´,
· ¸¶ ¢Ï¨°¸Ö ¤μ t, ¨³¥¥É · ¢´Ò¥ Ï ´¸Ò ¡ÒÉÓ ®³ É¥·ÓÕ¯ ¤ ´´μ£μ ¶μ²μ´¨Ö.

�É  ¢¥·μÖÉ´μ¸ÉÓ · ¢´ 
nt∑

i=1

exp
(
− t − ti

τ

)
, (2)

£¤¥ ti Å ³μ³¥´É · ¸¶ ¤  · ¤μ´ , É ±μ°, ÎÉμ ti � t,   nt Å ¨Ì μ¡Ð¥¥ Î¨¸²μ.
ŒÒ ³μ¦¥³ É¥¶¥·Ó · ¸¸³ É·¨¢ ÉÓ (2) ± ± μÍ¥´±Ê ËÊ´±Í¨¨ μÉ´μÏ¥´¨Ö ®³ ÉÓÄ¤μÎÓ¯ ¤²Ö

´ Ï¥£μ ¸²ÊÎ Ö, ¨, ¢ ¶·¨´Í¨¶¥, ³μ¦¥³ ¶μ¸É·μ¨ÉÓ μÍ¥´±Ê ¤²Ö ¢¥²¨Î¨´Ò τ :

τ̂ =
mt∑
i=1

wi
t − ti
mt

, (3)

£¤¥ ¢¥¸  wi · ¢´Ò

wi = exp
(
− t − ti

τ

)
, i = 1, . . . , mt, (4)

¨ ´μ·³¨·μ¢ ´Ò ´  ¨Ì ¸Ê³³Ê ¤²Ö ± ¦¤μ£μ t.
“¸·¥¤´¥´´ Ö ¸Ê³³  É ±¨Ì μÍ¥´μ± ¶μ ¢¸¥³ · ¸¶ ¤ ³ ¶μ²μ´¨Ö ¨ ¤ ¸É ´ ³ μ±μ´Î É¥²Ó´ÊÕ

μÍ¥´±Ê ¶ · ³¥É·  τ .
�· ¢¤ , ¤²Ö ¶μ¸É·μ¥´¨Ö ¢¥¸μ¢ (4) ´ ³ Ê¦¥ ´¥μ¡Ìμ¤¨³μ §´ Î¥´¨¥ τ ,   ± ± · § ¥£μ-Éμ ³Ò

¨ ÌμÉ¨³ μ¶·¥¤¥²¨ÉÓ. ‡¤¥¸Ó ³μ¦´μ ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö μ¡ÒÎ´Ò³ ¢ É ±¨Ì ¸²ÊÎ ÖÌ ¶·¨¥³μ³:
¢§Ö¢ ± ±ÊÕ-²¨¡μ  ¶·¨μ·´ÊÕ μÍ¥´±Ê τ , ´ ¶·¨³¥·, ¥¥ pile-up μÍ¥´±Ê (¡² £μ, ¶μ¸²¥¤´ÖÖ ´¥
§ ¢¨¸¨É μÉ ÉμÎ´μ£μ ¶·¥¤¢ ·¨É¥²Ó´μ£μ §´ Î¥´¨Ö τ ), ³Ò ¤ ²¥¥ ³μ¦¥³ ¶μ¸É·μ¨ÉÓ ¨É¥· Í¨μ´-
´Ò° ¶·μÍ¥¸¸ ÊÉμÎ´¥´¨Ö τ ¨ ¢ ¸²ÊÎ ¥ ¥£μ ¸Ìμ¤¨³μ¸É¨ ¢§ÖÉÓ ·¥§Ê²ÓÉ É ¢ ± Î¥¸É¢¥ ¨¸±μ³μ°
μÍ¥´±¨.

�ËË¥±É¨¢´μ¸ÉÓ ÔÉμ° μÍ¥´±¨ ¸ÊÐ¥¸É¢¥´´μ ¢ÒÏ¥, Î¥³ ¶·¥¤Ò¤ÊÐ¥° ¤²Ö ¡μ²ÓÏ¨Ì h, ¨
¢ ³¥´ÓÏ¥° ¸É¥¶¥´¨ § ¢¨¸¨É μÉ ¸μμÉ´μÏ¥´¨Ö τ · ¤μ´  ¨ ¶μ²μ´¨Ö. �μ ¢¸¥ ¦¥ ¶·¥¤¶μ²μ-
¦¥´¨¥ μ · ¢´μ° ¢¥·μÖÉ´μ¸É¨ ²Õ¡μ£μ · ¤μ´ -¶·¥¤Ï¥¸É¢¥´´¨±  ¡ÒÉÓ ®³ É¥·ÓÕ¯ ¶μ²μ´¨Ö
³ ²μ·¥ ²¨¸É¨Î´μ. –¥²¥¸μμ¡· §´¥¥ É· ±Éμ¢ ÉÓ ¢¥²¨Î¨´Ò (4) ± ± μ¡μ¡Ð¥´´Ò¥ ¢¥¸  ¤²Ö
¨É¥· Í¨μ´´μ° ¶·μÍ¥¤Ê·Ò ´  μ¸´μ¢¥ (3) ¨ ¢Ò¡¨· ÉÓ ÔÉ¨ ¢¥¸  ± ± ´  μ¸´μ¢¥  ¶·¨μ·´μ°
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¨´Ëμ·³ Í¨¨ μ ¢·¥³¥´¨ ¦¨§´¨ ¶μ²μ´¨Ö, É ± ¨ ¸ ÊÎ¥Éμ³ ¢¥²¨Î¨´Ò Td. ‚ ± Î¥¸É¢¥ ¶·μ-
¸É¥°Ï¥£μ ¶μ¤Ìμ¤  ³μ¦´μ ·¥±μ³¥´¤μ¢ ÉÓ ¸²¥¤ÊÕÐ¨° ¢Ò¡μ· ¢¥¸μ¢:

wmi = 1, wi = exp
(
− ti+1 − ti

τ

)
, i = 1, 2, . . . , mi − 1. (5)

‡¤¥¸Ó ti Å ¢·¥³¥´  · ¸¶ ¤  · ¤μ´ , ¶·¥¤Ï¥¸É¢ÊÕÐ¨¥ · ¸¶ ¤Ê ¶μ²μ´¨Ö, ¨ ¢¸¥ wi ´μ·³¨-
·ÊÕÉ¸Ö ´  ¨Ì ¸Ê³³Ê,   ¸³Ò¸² ± ¦¤μ£μ wi Å ÔÉμ ¢¥·μÖÉ´μ¸ÉÓ ¤²Ö ¶μ²μ´¨Ö · ¸¶ ¸ÉÓ¸Ö ¢
¨´É¥·¢ ²¥ ti, ti+1 ¨ ´¥ · ¸¶ ¸ÉÓ¸Ö ¤μ ´¥£μ.

‘μμÉ¢¥É¸É¢¥´´μ, μÍ¥´±  τ ¸É·μ¨É¸Ö ± ± ´μ·³¨·μ¢ ´´ Ö ¸Ê³³  ¢¸¥Ì ¢§¢¥Ï¥´´ÒÌ ¸Ê³³
¶μ ¢¸¥³ · ¸¶ ¤ ³ ¶μ²μ´¨Ö

τ̂ =
n∑

j=1

mj∑
i=1

wi
tj − ti

n
. (6)

‡¤¥¸Ó tj Å · ¸¶ ¤Ò ¶μ²μ´¨Ö,   ti Å · ¤μ´ , ¶·¥¤Ï¥¸É¢ÊÕÐ¨¥ · ¸¶ ¤Ê ¶μ²μ´¨Ö tj .

3. �–…�Š� ’�—��‘’ˆ

�²¥³¥´ÉÒ ¸Ê¡Ñ¥±É¨¢´μ£μ ¶·μ¨§¢μ²  ¶·¨ ¢Ò¡μ·¥ ¢¥¸μ¢,   É¥³ ¸ ³Ò³ ¶·¨ Ê¸É ´μ¢²¥´¨¨
μÉ´μÏ¥´¨Ö ®³ ÉÓÄ¤μÎÓ¯, ´¥ ¤ ÕÉ ¢μ§³μ¦´μ¸É¨ ¶μ¸É·μ¨ÉÓ μ¡ÒÎ´ÊÕ ³¥·Ê ¸É É¨¸É¨Î¥¸±μ°
ÉμÎ´μ¸É¨ (¸³¥Ð¥´¨¥, ¤¨¸¶¥·¸¨Ö) μÍ¥´±¨ (6). ’¥³ ´¥ ³¥´¥¥ ³μ¦´μ ¶μ¸É·μ¨ÉÓ Ê¸²μ¢´ÊÕ
Ëμ·³ ²Ó´ÊÕ ³¥·Ê ÉμÎ´μ¸É¨ ¶μ ¶· ¢¨² ³ · ¸¶·μ¸É· ´¥´¨Ö μÏ¨¡±¨ ¢ Ëμ·³Ê²¥ (6). ‚ ÔÉμ°
Ëμ·³Ê²¥ ¨¸ÉμÎ´¨±¨ μÏ¨¡μ± Å ¢¥²¨Î¨´Ò wi ¨ tj − ti. �¥ÉμÎ´μ¸ÉÓ ¢Éμ·μ° ¢¥²¨Î¨´Ò Å
μ¡ÒÎ´ Ö ¤¨¸¶¥·¸¨Ö tj − ti, · ¢´ Ö

v2
r + τ2, (7)

¶μ¸±μ²Ó±Ê ´ ¡μ·Ò ¢¥²¨Î¨´ tj ¨ ti ¢¢¨¤Ê μÉ¸ÊÉ¸É¢¨Ö ÉμÎ´μ£μ §´ ´¨Ö μ ¶μ¶ ·´μ° £¥´¥-
É¨Î¥¸±μ° ¸¢Ö§¨ ³¥¦¤Ê ´¨³¨ ³μ¦´μ ¸Î¨É ÉÓ ¸É É¨¸É¨Î¥¸±¨ ´¥§ ¢¨¸¨³Ò³¨; §¤¥¸Ó v2

r Å
¤¨¸¶¥·¸¨Ö · ¸¶ ¤  · ¤μ´ .

�¥ÉμÎ´μ¸ÉÓ ¶¥·¢μ° ¢¥²¨Î¨´Ò Å wi Å § ¢¨¸¨É μÉ É¥Ì ¦¥ ¸ ³ÒÌ ¢¥²¨Î¨´ (7), ´μ
¤μ¢μ²Ó´μ § ³Ò¸²μ¢ ÉÒ³ μ¡· §μ³. �μ¸É · ¥³¸Ö ¶·μ¸²¥¤¨ÉÓ ¢¸Õ Í¥¶μÎ±Ê Ëμ·³¨·μ¢ ´¨Ö
ÔÉμ° ´¥ÉμÎ´μ¸É¨.

‘´ Î ²  ¢Ò¢¥¤¥³ Ëμ·³Ê²Ê ¤²Ö · ¸¶·¥¤¥²¥´¨Ö d = tj − ti ¶·¨ Ê¸²μ¢¨¨ ¶μ²μ¦¨É¥²Ó-
´μ¸É¨ · §´μ¸É¥° (¶μ¸±μ²Ó±Ê ÔÉ¨ ¢·¥³¥´  Ê¶μ·Ö¤μÎ¥´Ò). ˆÉ ±, ¨³¥¥³ ¤¢¥ ¢¥²¨Î¨´Ò ¤²Ö
· ¤μ´  (R) ¨ ¶μ²μ´¨Ö (P ), ¶μ¤Î¨´¥´´Ò¥ Ô±¸¶μ´¥´Í¨ ²Ó´μ³Ê · ¸¶·¥¤¥²¥´¨Õ ´  [0,∞] ¸
¶²μÉ´μ¸ÉÖ³¨ b exp (−bt) ¨ a exp (−at). ‡¤¥¸Ó b = 1/τR ¨ a = 1/τP Å É ± Ö § ¶¨¸Ó
Ê¤μ¡´¥¥ ¤²Ö  ´ ²¨§ .

ŒÒ ³μ¦¥³ μ¶·¥¤¥²¨ÉÓ Ì · ±É¥·¨¸É¨Î¥¸±ÊÕ ËÊ´±Í¨Õ (•”) ¤²Ö d.

fd(t) = fP (t)fR(−t),

fP (t) =

∞∫
0

exp (ixt)a exp (−ax) dx =
a

a − it
.
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�É¸Õ¤  ²¥£±μ ¢¨¤¥ÉÓ, ÎÉμ fR(t) = b/(b + it), ¨ ³μ¦´μ § ±²ÕÎ¨ÉÓ, ÎÉμ •” ¤²Ö d · ¢´ 

fd(t) =
a

a − it

b

b + it
. (8)

�Éμ ¢Ò· ¦¥´¨¥ ³μ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´μ É ±:

ab

(a − it)(b + it)
=

b

(a + b)
a

(a − it)
+

a

(a + b)
b

(b + it)
. (9)

‚Ò· ¦¥´¨¥ (9) ¥¸ÉÓ Ì · ±É¥·¨¸É¨Î¥¸± Ö ËÊ´±Í¨Ö É ±μ° ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨:

f(x) =

⎧⎪⎪⎨
⎪⎪⎩

a

a + b
b exp (−bx), ¥¸²¨ x < 0;

b

a + b
a exp (−ax) Å ¨´ Î¥.

(10)

(10) Ö¢²Ö¥É¸Ö · ¸¶·¥¤¥²¥´¨¥³ ¸²ÊÎ °´μ° ¢¥²¨Î¨´Ò Ô±¸¶μ´¥´Í¨ ²Ó´μ£μ É¨¶ , ±μÉμ· Ö ¸
¶ · ³¥É·μ³ a (Ê³¥´ÓÏ ¥³μ¥ ¢ · §´μ¸É¨ d) μ¶·¥¤¥²¥´  ¸ ¢¥·μÖÉ´μ¸ÉÓÕ b/(a + b) ´  ¶μ²μ-
¦¨É¥²Ó´μ° ¶μ²Êμ¸¨ ¨ ¸ ¶ · ³¥É·μ³ b (¢ÒÎ¨É ¥³μ¥) ¸ ¢¥·μÖÉ´μ¸ÉÓÕ a/(a + b) ´  μÉ·¨Í -
É¥²Ó´μ°.

‚ É ±μ³ ¸²ÊÎ ¥ ¢Ò· ¦¥´¨¥
b

a + b
a exp (−ax), x ∈ [0,∞), ¨ ¡Ê¤¥É ¨¸±μ³μ° ¶²μÉ´μ¸ÉÓÕ

ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¶μ²μ¦¨É¥²Ó´μ° · §´μ¸É¨ d, É ± ÎÉμ ³Ò ³μ¦¥³ μ¶·¥¤¥²¨ÉÓ ¥¥
¸·¥¤´¥¥ ¨ ¤¨¸¶¥·¸¨Õ: μ´¨ ¡Ê¤ÊÉ ¶·μ¶μ·Í¨μ´ ²Ó´Ò ¸·¥¤´¥³Ê ¨ ¤¨¸¶¥·¸¨¨ ¨¸Ìμ¤´μ£μ
· ¸¶·¥¤¥²¥´¨Ö Ê³¥´ÓÏ ¥³μ£μ (¶μ²μ´¨° ¢ ´ Ï¥³ ¸²ÊÎ ¥) ¸ ±μÔËË¨Í¨¥´É ³¨ b/(a + b) ¨
(b/(a + b))2 ¸μμÉ¢¥É¸É¢¥´´μ, É. ¥.

Êd =
(

1
b

) (
b

a + b

)
V̂ d =

(
1
b

)2 (
b

a + b

)2

(11)

� É¥¶¥·Ó · ¸¸³μÉ·¨³ · ¸¶·¥¤¥²¥´¨¥ ¢¥²¨Î¨´Ò ξ = exp (−bx), £¤¥ x · ¸¶·¥¤¥²¥´  ¶μ
Ô±¸¶μ´¥´Í¨ ²Ó´μ³Ê § ±μ´Ê 1 − exp (−at). Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ

P (ξ < t) =

⎧⎨
⎩

1, ¥¸²¨ t > 1,
t(a/b), ¥¸²¨ t ∈ [0, 1],
0, ¥¸²¨ t < 0.

„¥°¸É¢¨É¥²Ó´μ, ¶·¨ t ∈ [0, 1]

(exp (−bx) < t) ≡
(
−x <

ln(t)
b

)
≡

(
x > − ln(t)

b

)
.

‚¥·μÖÉ´μ¸ÉÓ ¶μ¸²¥¤´¥£μ ¸μ¡ÒÉ¨Ö ¡Ê¤¥É · ¢´ 

1 −
(

1 − exp
(
−

(
−a

ln(t)
b

)))
= exp (ln(t(a/b))) = t(a/b).

‘μμÉ¢¥É¸É¢¥´´μ, ¶²μÉ´μ¸ÉÓ ÔÉμ° ¢¥·μÖÉ´μ¸É¨ ¡Ê¤¥É · ¢´ 
a

b
t(a−b)/b.
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�É¸Õ¤  ´ Ìμ¤¨³ ¸·¥¤´¥¥ ¨ ¤¨¸¶¥·¸¨Õ ξ:

Êξ =

1∫
0

a

b
t(a−b)/b+1dt =

a

a + b
, Êξ2 =

1∫
0

a

b
t(a−b)/b+2dt =

a

a + 2b
,

(12)

V̂ ξ =
a

a + 2
− a2

(a + b)2
=

ab2

(a + 2b)(a + b)2
, σ̂ξ =

√
a

a + 2b

b

a + b
.

‚ Î ¸É´μ³ ¸²ÊÎ ¥, ±μ£¤  b � a, ¢Ò· ¦¥´¨¥ (12) ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´μ É ±:

V̂ ξ =
z2

(1 + 2z)(1 + z)2
, σ̂ξ =

√
1

1 + 2z

z

1 + z
,

£¤¥ z = b/a. �É¸Õ¤  ³Ò ¢¨¤¨³, ÎÉμ ¶·¥¤¥² ¤¨¸¶¥·¸¨¨ (  É ±¦¥ ¨ ¸¨£³Ò) ¶·¨ z → 0 · ¢¥´

lim
z→0

V̂ ξ = lim
z→0

z2

(1 + 2z)(1 + z)2
= 0. (13)

‘μμÉ¢¥É¸É¢¥´´μ, ³Ò ³μ¦¥³ § ¶¨¸ ÉÓ ¤¨¸¶¥·¸¨Õ (6) É ±:

V̂ (τ̂ ) =
1

m2

⎛
⎝ n∑

j=1

nj∑
i=1

V̂ (wi)(tj − ti)2 + w2
i V̂ (tj − ti)

⎞
⎠ , (14)

£¤¥ V̂ (wi) ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶μ Ëμ·³Ê² ³ (12) ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ³ É¥³ É¨Î¥¸±¨³¨ μ¦¨¤ -
´¨Ö³¨ ¤²Ö · §´μ¸É¥° ³¥¦¤Ê · ¸¶ ¤ ³¨. …¸²¨ ¨³¥¥É ³¥¸Éμ b � a, Éμ ¨§ (13) ¸²¥¤Ê¥É, ÎÉμ,
¢ ¶·¨´Í¨¶¥, ¸²ÊÎ °´ÊÕ ¢¥²¨Î¨´Ê wi ³μ¦´μ ¸Î¨É ÉÓ ¶·¨¡²¨¦¥´´μ ¶μ¸ÉμÖ´´μ°, ¨ Éμ£¤ 
(14) Ê¶·μÐ ¥É¸Ö,

V̂ (τ̂ ) =
1

m2

⎛
⎝ n∑

j=1

nj∑
i=1

w2
i V̂ (tj − ti)

⎞
⎠ .

‚μ§´¨± ¥É ¢μ¶·μ¸: ¥¸²¨ (14) Ö¢²Ö¥É¸Ö ²¨ÏÓ Ê¸²μ¢´μ° ³¥·μ° ÉμÎ´μ¸É¨, Éμ ± ± Ö μÉ ´¥¥
¶μ²Ó§ ; ¢¥¤Ó ¤μ¢¥·¨É¥²Ó´Ò° ¨´É¥·¢ ², ¶μ¸É·μ¥´´Ò° ¸ ¥¥ ¶μ³μÐÓÕ, ´¥ ´ ±·Ò¢ ¥É ¨¸É¨´-
´μ£μ §´ Î¥´¨Ö ¸  ¡¸μ²ÕÉ´μ° £ · ´É¨¥°?

‡¤¥¸Ó ¸²¥¤Ê¥É ´ ¶μ³´¨ÉÓ, ÎÉμ ¤·Ê£μ°, ±·μ³¥ Ê¸²μ¢´μ°, ³¥·Ò ÉμÎ´μ¸É¨ ¢ ¶· ±É¨±¥
¸É É¨¸É¨Î¥¸±μ£μ μÍ¥´¨¢ ´¨Ö ´¥ ¸ÊÐ¥¸É¢Ê¥É: ¥¸²¨ ¶μ²ÊÎ¥´  μÍ¥´±  ¶ · ³¥É·  m ¨ ¥¥
¤¨¸¶¥·¸¨Ö σ2, Éμ ¤μ¢¥·¨É¥²Ó´Ò° ¨´É¥·¢ ² m±σ ´ ±·Ò¢ ¥É ¨¸É¨´´μ¥ §´ Î¥´¨¥ ¶ · ³¥É· 
¸ ¢¥·μÖÉ´μ¸ÉÓÕ ¶·¨³¥·´μ 2/3 (¢ ¸²ÊÎ ¥ ´μ·³ ²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö). �Éμ ¢ ²ÊÎÏ¥³
¸²ÊÎ ¥ μ¤´μ£μ ¶ · ³¥É· ,   ¥¸²¨ É ±¨Ì ¶ · ³¥É·μ¢ ¡Ê¤¥É, ´ ¶·¨³¥·, 10, Éμ ¤μ¢¥·¨É¥²Ó´ Ö
μ¡² ¸ÉÓ ´ ±·μ¥É ¨¸É¨´´Ò° ¢¥±Éμ· ¶ · ³¥É·μ¢ ¸ ¢¥·μÖÉ´μ¸ÉÓÕ 2/310 Å ÔÉμ ÎÉμ-Éμ ÎÊÉÓ
¡μ²ÓÏ¥ 0,01; É. ¥., μ¡· §´μ £μ¢μ·Ö, Œ�Š- ´ ²¨§ ¸ 10 ¶ · ³¥É· ³¨, ¢Ò¸É·¥²¨¢ 100 · §,
¶μ¶ ¤¥É ÉμÎ´μ ¢ Í¥²Ó ²¨ÏÓ μ¤¨´ · §.

„·Ê£ Ö ´¥¶·¨ÖÉ´μ¸ÉÓ ¸¢Ö§ ´  ¸ ´¥²¨´¥°´Ò³ Ì · ±É¥·μ³ ¶ · ³¥É·¨§ Í¨°, ±μÉμ·Ò° ¢
μ¸´μ¢´μ³ ¨¸¶μ²Ó§Ê¥É¸Ö ¢ Ö¤¥·´μ° Ë¨§¨±¥.

„²Ö ¶μ²ÊÎ¥´¨Ö ¤¨¸¶¥·¸¨° ¸²μ¦´ÒÌ ¢Ò· ¦¥´¨° μÉ ¶ · ³¥É·μ¢ ¨Ì ¶·¨Ìμ¤¨É¸Ö ²¨´¥ ·¨-
§μ¢ ÉÓ, É. ¥. ¢ · §²μ¦¥´¨¨ ´¥²¨´¥°´μ° ËÊ´±Í¨¨ ¢ ·Ö¤ ’¥°²μ·  μ¸É ¢²ÖÉÓ ²¨ÏÓ ²¨´¥°´ÊÕ
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Î ¸ÉÓ ¨ μÉ¡· ¸Ò¢ ÉÓ ´¥²¨´¥°´Ò¥ Î²¥´Ò. …¸É¥¸É¢¥´´μ, ÎÉμ ¤¨¸¶¥·¸¨Ö ²¨´¥°´μ£μ Î²¥´ 
ËÊ´±Í¨¨ Ö¢²Ö¥É¸Ö ²¨ÏÓ Î ¸ÉÓÕ ¶μ²´μ° ¤¨¸¶¥·¸¨¨ ¨ ¡Ê¤¥É ¡μ²¥¥ ¨²¨ ³¥´¥¥ ¸μ¢¶ ¤ ÉÓ
¸ ¶μ¸²¥¤´¥° ²¨ÏÓ, ¥¸²¨ ¢ μ¡² ¸É¨ §´ Î¥´¨° ¸²ÊÎ °´μ° ¢¥²¨Î¨´Ò, § ¤ ¢ ¥³μ° ÔÉμ° ¶μ²-
´μ° ¤¨¸¶¥·¸¨¥°, ´¥²¨´¥°´Ò³¨ Î²¥´ ³¨ ¤¥°¸É¢¨É¥²Ó´μ ³μ¦´μ ¶·¥´¥¡·¥ÎÓ ¡¥§ ¡μ²ÓÏμ£μ
ÊÐ¥·¡  ¤²Ö ¢ÒÎ¨¸²¥´¨°.

�Éμ μÉ´μ¸¨É¸Ö É ±¦¥ ¨ ± ´¥²¨´¥°´μ³Ê Œ�Š, ÎÉμ μ¡ÑÖ¸´Ö¥É Î ¸Éμ ´ ¡²Õ¤ ¥³ÊÕ ´ 
¶· ±É¨±¥ § ´¨¦¥´´ÊÕ μÍ¥´±Ê μÏ¨¡μ± ´¥²¨´¥°´ÒÌ ¶ · ³¥É·μ¢.

ˆ, ´ ±μ´¥Í, ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ¤¨¸¶¥·¸¨° ¸μ¸É ¢´ÒÌ ¢Ò· ¦¥´¨° Î ¸Éμ ¶·¨Ìμ¤¨É¸Ö ¶·¥-
´¥¡·¥£ ÉÓ ±μ··¥²ÖÍ¨Ö³¨ ³¥¦¤Ê ¨Ì Ô²¥³¥´É ³¨ (μ´¨, ± ± ¶· ¢¨²μ, ´¥¨§¢¥¸É´Ò), ÎÉμ Éμ¦¥
Ê¢¥²¨Î¨¢ ¥É ´¥ÉμÎ´μ¸ÉÓ μÍ¥´±¨ μÏ¨¡±¨.

�μ²Ó§  μÉ ³¥· ÉμÎ´μ¸É¨ ¢ Éμ³, ÎÉμ μ´¨ μ¡μ¸´μ¢Ò¢ ÕÉ ³´¥´¨¥, ÎÉμ ¥¸²¨ μ¤¨´ Ô±¸¶¥-
·¨³¥´É Éμ· ¶μ²ÊÎ¨² ¤²Ö ¸¢μ¥° μÍ¥´±¨ ¶ · ³¥É·  ÉμÎ´μ¸ÉÓ Δ,   ¤·Ê£μ° Δ/2, Éμ μÍ¥´± 
¶ · ³¥É·  Ê ¤·Ê£μ£μ ÉμÎ´¥¥, Î¥³ Ê ¶¥·¢μ£μ.

4. ��ˆŒ…�›

’ ¡²¨Í  ¸μ¤¥·¦¨É ·¥§Ê²ÓÉ ÉÒ ¶·¨³¥´¥´¨Ö  ²£μ·¨É³  ± ³μ¤¥²¨·μ¢ ´´Ò³ ¤ ´´Ò³.
	Ò²¨ ¢§ÖÉÒ 100 Ö¤¥· Ra ¨ 100 Ö¤¥· Po,   ¢¥²¨Î¨´  Td ¡Ò²  ¶μ²μ¦¥´  · ¢´μ° 30 ¢·¥³¥´-
´Ò³ ¥¤¨´¨Í ³ (tu).

Tpol Tpile-up τ Pdecay δ

15 10,21 15,20 0,8647 1,12
30 15,54 29,67 0,6321 1,70
100 22,00 75,66 0,2592 3,10
200 28,12 130,24 0,1393 3,97

Tpol Å ¢·¥³Ö ¦¨§´¨ ¶μ²μ´¨Ö (¢ tu); Tpile-up Å Ê¸·¥¤´¥´´ Ö ¶·μ¸É Ö μÍ¥´± ; τ Å
Ê¸·¥¤´¥´´ Ö μÍ¥´± , ¤ ¢ ¥³ Ö μ¶¨¸ ´´Ò³  ²£μ·¨É³μ³; Pdecay Å ¢¥·μÖÉ´μ¸ÉÓ · ¸¶ ¤ 
¶μ²μ´¨Ö ¢ ¨´É¥·¢ ²¥ ¢·¥³¥´¨ [0, Td]; δ Å Ê¸²μ¢´ Ö ¸É É¨¸É¨Î¥¸± Ö ³¥·  ÉμÎ´μ¸É¨ (14).

Œμ¦´μ ¢¨¤¥ÉÓ, ÎÉμ μÍ¥´±  Tpile-up Î·¥§³¥·´μ § ´¨¦¥´ . �Í¥´±  τ Ìμ·μÏ , ¥¸²¨ ¢¥·μ-
ÖÉ´μ¸ÉÓ · ¸¶ ¤  ¢ [0, Td] ¡μ²ÓÏ¥, Î¥³ 0,5, ¨´ Î¥ ¢¥²¨Î¨´  τ ³μ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ²¨ÏÓ
± ± μÍ¥´±  ´¨¦´¥° £· ´¨ÍÒ ¢·¥³¥´¨ ¦¨§´¨ ¶μ²μ´¨Ö (μ´  ¢¸¥ ¦¥ ²ÊÎÏ¥, Î¥³ Tpile-up).

5. ‚›‚�„›

�¶¨¸ ´´Ò° ¶μ¤Ìμ¤ μ¶· ¢¤ ´ ¤²Ö μÍ¥´±¨ ¢·¥³¥´¨ ¦¨§´¨ τ , ¥¸²¨ μ´μ ´¥ ¶·¥¢μ¸Ìμ¤¨É
³´μ£μ±· É´μ ¢¥²¨Î¨´Ê Td. ‚ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥ ¶μ²ÊÎ ¥³Ò¥ μÍ¥´±¨ τ μ± ¦ÊÉ¸Ö ¸±μ²Ó
Ê£μ¤´μ ¸¨²Ó´μ § ´¨¦¥´´Ò³¨.

…¸²¨ ÔÉμ ¶·¥¢μ¸Ìμ¤¸É¢μ μÎ¥´Ó ¢¥²¨±μ, μÍ¥´±  μ± §Ò¢ ¥É¸Ö § ´¨¦¥´´μ°, ´μ μ´  ³μ¦¥É
· ¸¸³ É·¨¢ ÉÓ¸Ö ± ± μÍ¥´±  ´¨¦´¥° £· ´¨ÍÒ ¤²Ö ÔÉμ£μ ¶¥·¨μ¤ .

ˆ, ±μ´¥Î´μ, ÔÉμÉ ³¥Éμ¤ ³μ¦¥É ¡ÒÉÓ ¶·¨³¥´¥´ ¢ Ô±¸¶¥·¨³¥´É Ì ¸ Ö¤¥·´Ò³¨ ·¥ ±Í¨Ö³¨
¶μ²´μ£μ ¸²¨Ö´¨Ö, ¨´¤ÊÍ¨·μ¢ ´´Ò³¨ ÉÖ¦¥²Ò³¨ ¨μ´ ³¨, ¥¸²¨ μ¡´ ·Ê¦¨¢ ÕÉ¸Ö ¶μ¸²¥¤μ-
¢ É¥²Ó´μ¸É¨ ·¥¤±¨Ì · ¸¶ ¤μ¢ recoil-alpha (¨/¨²¨ ¸¶μ´É ´´μ£μ ¤¥²¥´¨Ö) ¨ ¥¸²¨ ¶·¨ ÔÉμ³
´ ¡²Õ¤ ¥É¸Ö ¡μ²¥¥ μ¤´μ£μ ¸É É¨¸É¨Î¥¸±¨ §´ Î¨³μ£μ recoil-± ´¤¨¤ É  ¤²Ö É ±¨Ì ¸μ¡ÒÉ¨°.
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