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1 Introduction

The method of kinematic fitting is used widely in the high energy physics ex-
periments. Basically kinematic fitting is a mathematical procedure in which
one uses physical and geometrical constraints to improve the estimations of
the measured variables. Usually the procedure is based on the least squares
technique and in the most cases is applied to reconstructed tracks of charged
particles in tracking chambers [1].

The presented in this paper kinematic fitting procedure was applied in an
analysis of K, — 37° — 67 decays and was based only on the information
coming from the NA48 Liquid Krypton Electromagnetic Calorimeter (LKr).

2 Experimental setup and data taking

The NA48 experiment is dedicated to the measurement of direct CP violation
in KE,S — 27 decays. The K, beam is produced by 450 GeV /c protons from
the CERN SPS hitting a 2 mm diameter and 400 mm long beryllium target
at a production angle of 2.4 mrad. Passing through a set of collimators, a
+0.15 mrad divergent K, beam enters the decay volume 126 m downstream
of the target. The evacuated 89 m long decay volume is followed by a helium
tank which contains four drift chambers of the charged particle spectrometer.
After the tank a scintillator hodoscope, a liquid krypton electromagnetic
calorimeter, a hadron calorimeter and muon veto counters are placed.

The liquid krypton calorimeter is designed to measure the energy, position
and time of electromagnetic showers [2]. The 127 cm long detector consists
of 13212 readout cells and has projective tower geometry which points to
the middle of the decay volume. Each cell of 2 x 2 cm? cross section is
made of copper-beryllium ribbons which are extended longitudinally in a
+48 mrad accordion structure. The readout cells are contained in a cryostat
filled with about 20 t liquid krypton at 121 K. The initial current induced on
the copper-beryllium electrodes is measured by 80 ns FWHM and digitized
by 40 MHz FADCs. The energy and position resolutions of the calorimeter

were estimated to be:
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with E measured in GeV.

The time resolution was better than 300 ps for photons with energies
above 20 GeV.

The energy nonlinearity in the calorimeter response was found to be less
than 1 x 103 for photons with an energy between 6 GeV and 100 GeV [3].

A detailed description of the whole experimental setup can be found else-
where [4].

3 Event selection and reconstruction

The selection criteria for K, — 37° — 67 events required 6 or more LKr
clusters satisfying the following conditions:

o The energy of the cluster had to be between 3 GeV and 100 GeV;

e To avoid energy losses in the LKr, the distance from the cluster to the
closest dead calorimeter cell was required to be greater than 2 cm and
the cluster had to be more than 5 cm from the beam pipe and the outer
edge of the calorimeter.

All possible combinations of 6 clusters which passed these requirements were
considered. In addition, the following selection criteria were applied on each

combination:

e The distance between clusters in each pair had to be greater than 10
cm in order to avoid the overlapping of the clusters;

o All 6 clusters had to lie within 5 ns from the average cluster time;

e The sum of the cluster energies had to exceed 60 GeV;



e The radial position of the so-called “center of gravity”
6
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where E; and z;, y; are the energies and positions of the six selected
clusters, had to be less than 10 cm to ensure the decaying kaon emerged
from the K target;

e No additional clusters with an energy > 1.5 GeV were allowed within

£3ns from the event time to minimize possible accidental effects.

The longitudinal position of vertex candidate was reconstructed as follows:

Vol X BiBs (@i — 2)” + (4 — 1))
Zvertex — ZLKr — MK (4)

where E; and z;, y; are the energies and positions of the six selected clus-
ters and zpk, is the longitudinal position of the calorimeter. As far as the
trajectory of the decaying kaon is lying on the line which connects the COG
and the production target, z and y positions of the vertex candidate are

(x)ysvertex = [M] CO@ (5)

ZLKr — Rtarget

calculated as:

where 24qrget is the longitudinal position of the target. Then the momenta and
the directions of the six photons are calculated using the estimated vertex
position and the measured cluster energies and coordinates.

For each combination the invariant masses my, ms and ms of all 15 pos-
sible photon pairings were computed. Among all the combinations and pair-
ings, the one with m;, ms and 3 masses closest to the nominal 7° mass
were picked.

A total of about 12 x 10° K}, — 37% — 67 events met all the described

criteria were fully reconstructed and selected for further analysis.



4 Kinematic fitting procedure

Assuming the neutral kaon coming from the K, target and a K — 37° — 6
decay, each event could be parametrized with 15 independent parameters py:

e the kaon energy Fjqon (which is simply the sum of the energies of the
six selected clusters);

e the decay vertex position (, ¥y, 2)gecay;

the Dalitz plot variables’ R? and 6,

e 3 angles which describe the orientation of the plane formed by three

pions in c.m.frame;

2 angles for each of the decaying 7% which define the flight direction
of the photons.

The initial values p{" of all these 15 decay parameters are calculated us-
ing the reconstructed four-momenta of the photons. After that x? are con-

structed as:
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lthe K — 37° decay Dalitz plot can be expressed in terms of two Dalitz variables -
the squared radius R? and the angle 6:

|M000(R2,9)|2 o« 1+ hR? y

where h is the Dalitz plot slope parameter and
R? = (u® +v%/3) , = arctan (v/\/gu)
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where Pg and P; are the four-momenta of the decaying kaon and i-th pion, respectively.

For detailed description of the Dalitz plot definition see for example [5].



where Elf “ xlﬁt, y{ * are functions of the decay parameters pj and o(Ey),
o(z;), o(y;) are the energy and the position resolutions from (1) and (2),
respectively.

For each event the x?it has been minimized varying the parameters py.
The minimization was based on the MINUIT package [6]. The obtained
X} distribution is shown in Fig.1. Taking into account that each event is
described by 15 independent out of 18 measured parameters, this distribution
is represented by x? function with 3 degrees of freedom. Nevertheless, the
tail in the real Xfcit distribution from Fig.1 differs from one in the pure y?2
function which indicates the presence of non-gaussian tails in the calorimeter
response.

Due to the applied physical and geometrical constraints, the fitted clus-
ter energies and coordinates El-f“, a:iﬁt, yif” are expected to be closer to the
true cluster energies and coordinates than the measured ones and in princi-
ple are nontrivial functions of the calorimeter resolution and the kinematics
of the considered decays. In order to establish the effect of the kinematic
fitting procedure on the energy resolution and nonlinearity it was also ap-
plied to a set of Monte Carlo simulated events. The obtained energy and
the position resolutions of the fitted cluster energies and coordinates Ef it,
:ch i ylf " are significantly better compared to the resolutions of the measured
cluster energies and coordinates (Fig.2(a)). Moreover, the kinematic fitting
procedure takes into account considerable part of the energy nonlinearity
in the calorimeter response (Fig.2(b)). As a consequence, one of the main
advantages of the application of kinematic fitting procedure is the achieved
significant improvement of the resolutions of the Dalitz variables k2 and 6
(Fig.3). Thus the RMS widths of (R? — R2.,.) and (6 — 04,) from 8.8 x 102

and 48 mrad become 3.0 x 1072 and 31 mrad, respectively.
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Figure 1: The normalized Xfrit distribution. The curve represents x? function
with 3 degrees of freedom.
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Figure 2: The squared relative resolution (0(E)/E)® (a) and the relative
nonlinearity (E — E'¢)/E®%¢ (b) of the measured and fitted cluster energies
as functions of the cluster energies.
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Figure 3: The resolution of the Dalitz plot variable R? before and after
applying the kinematic fitting procedure.



5 Estimation of the energy nonlinearity in the

calorimeter response

In principle during the data analysis the cluster energies and coordinates
are corrected in order to account for various physical processes which take
place in the calorimeter [3]. However, the accuracy in the estimation of these
corrections is limited by the amount of data statistics or/and the inaccurate
knowledge of the characteristics of the corresponding processes. One of the
main systematic effects which partly survives after the applied corrections is
the energy nonlinearity? in the calorimeter response.

Taking into account all the systematic effects and the applied corrections,
the expected residual energy nonlinearity can be parametrized in the follow-
ing way [3]:

S, = { Ea(a+c¢/Eq+dEq+ery), Egq>7GeV 7)
Eq(b+ f(Eyq — 7 GeV)?), E,; <7GeV

where E,; and r are the energy and the coordinates of a given cluster, a, b,
¢, d, e and f are unknown parameters.

In the present section we describe a method for a precise estimation of the
residual energy nonlinearity based on the selected and kinematically fitted
K, — 31° — 6 decays. The basic idea is to perform a global fitting proce-
dure over the whole data sample. This means that each event is kinematically
fitted in terms of the 15 local parameters py and a set of global parameters®
¢, I = (1 + s), which correspond to the residual systematic effects. The aim

is to minimize the sum over all the individual kinematic fitting x%;:

Xowm = D X (Pr> @) — min, (8)
J

where x7;, ; is the result from the kinematic fitting of the j-th event. Although

the numerical minimization of (8) for millions of events requires very huge

2the energy nonlinearity is defined as nonlinear systematic deviations of the measured
cluster energies from the true ones
%in the considered case the parameters a, b, c, d, e and f from (7)



computing resources, straightforward algebra gives a simple solution for the
parameters q;.

Lets consider the individual x2,, ; defined in (6) using matrix notation:
fitg

Xpiej = (y — £(p) — 0y)" V' (y — £(p) — dy) , (9)
where
B E{*(p)
) m @ ={*(p)
y=| : ,p=| ,a=| |, f(p)= : ,
Y1 P15 qs y{zt(P)
Ys ¥ (p)

A\ ! is a diagonal matrix inverse of the covariant matrix of the measured

cluster energies and coordinates in LKr:

1/o(E1)? --- 0 0 0
0 1/0(371)2 0 0
Vit= : ; : s ;
0 0 1/0(y1)2 0
0 0 0 coe 1/o(ys)?

and dy = Bq are the systematic effects parametrized as linear functions of

the parameters ¢; and B is a 18 x s dimensional matrix which is represented

by (7). Since the fitted cluster energies and coordinates are closer to the true

energies and coordinates than the measures ones, the elements of the matrix
fit  fit

B are calculated using E'zf " T, Y
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Assuming that the functions f(p) vary slowly enough they can be ex-
panded to first order about the defined in section 4 initial decay parameters
pinit:

B » i
£p) ~ £(p ) + ZBL(p _ piniy _ gy A, (10)
op pinit
where u = p—p*™ and A is a 18 x 15 dimensional matrix of partial derivates
of the functions f upon the parameters p.

Obviously, the minimization of the (8) can be expressed in terms of a set
of equations dx7;, ;/0p = 0* and 0x2,,,/0q = 0. Therefore the linear approx-
imation of the functions f(p) (10) reduces the relation (8) to the following

set of linear equations:

AjVyi(Ay; - Aju; - Bjq) = 0
>_BjVyj(Ay; - Aju;~Bja) = 0

J

where j is the event index and Ay =y — f(p™*). Then the straightforward
algebra gives very simple solution for the parameters ¢; and their covariant

matrix Vg:

q = S7ls
Vg, = S

where s and S are defined as follows:

s = Y BjVyr
J
S = > (BIV,iB; - UJV,4,U))

J

415 equations for each event
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Table 1: The obtained values of the parameters g;.

a b, MeV | ¢, GeV~! d, em™! e f, GeV~2

—2.4 x 1074 7.6 23x107%] —2.0x 107 [ 85 x 107* | —=7.0 x 10~*

The auxulary matrixes Va; and U; are calculated as Va; =
(ATVZIA;)™" and U; = ATV B, respectively.

It has to be stressed that r = Ay — Au is essentially the vector of so-called
“residuals” of the kinematically fitted cluster energies and positions without
taking into account any systematic effects. Following their definition the
“residuals” are simply the deviations of the measured cluster energies and
coordinates from the fitted ones and therefore are reasonable estimates® of
the residual systematic effects in the calorimeter response.

Using the described procedure, the parameters q; can be obtained by
performing individual kinematic fits over all the events® and accumulating
the results of each fit in s and S. Obviously, the corrected for nonlinearity
energies and coordinates of the clusters can not be computed during the
accumulation because they depends on the parameters q;. Nevertheless, this
can be done by repeating the kinematic fitting procedure after the correction
of cluster energies based on the now known values of the parameters q;.

The described method was successfully applied in the estimation of the
energy nonlinearity giving the precise values of the parameters a, b, ¢, d, e
and f (Table 1 )". The relative “residuals” of the fitted cluster energies as
functions of the energies and the radii of the clusters in LKr are presented
in Fig.4. As it can be seen from the figure, the corrections based on the
six defined above parameters ¢; do not entirely solve the problem with the
energy nonlinearity in the calorimeter response. Moreover, at small cluster
energies (< 7 GeV') these corrections are significantly larger then needed. In
order to find the reason for this, one can plot a two-dimensional distribu-
tion of the energies “residuals” as a function of the cluster radii versus the

cluster energies (Fig.5). Obviously, the parameters a, b, ¢, d, e and f are
5

since the fitted cluster energies and positions are close to the true ones
bignoring the systematic effects :
"the obtained parameters errors are < 0.1% and therefore are omitted in the table
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Figure 4: The obtained relative “residuals” of the fitted cluster energies
(Emess — EFit) JES as functions of the energies (a) and radii (b) of the
clusters. o - uncorrected cluster energies; ¥ - after a correction based on con-
stant parameters a, b, ¢, d, e and f; e - after a correction based on variable
parameters a(ry), b(rq), c(ra), d(ra), e(rq) and f(rq).
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Figure 5: A two-dimensional distribution of the relative “residuals” of the fit-
ted cluster energies (E™e — E/it) /Efit before the corrections as a function
of the cluster radii versus the cluster energies.
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strongly correlated and therefore the energy nonlinearity has more sophisti-
cated structure compared to one used in parameterization (7). In order to
take into account the correlation, the constant parameters a, b, ¢, d, e and f

were substituted by power functions of the cluster radii r;:

a(ra) = ay +asr? + azrd, + agrd + asrd, (11)
c(ra) = c1 4 cora + et + eard 4 e + cord + e, (12)
d(ra) = dy+dorg + dsr? + dard + dsrly + derd, (13)
e(ra) = e (14)
b(ra) = by+bora + byl + bardy + bsry + berd (15)
fra) = fi+ fora + fary + fard + fsra + ford (16)

After that the whole procedure was repeated over the new set of 31 pa-
rameters ¢; defined in (11)-(16). Now the energy nonlinearity is corrected
much more reasonably and becomes less than £107* (for E; < 7 GeV -
+5 x 107*) over the almost entire cluster energy spectrum (Fig.4).

Finally the corrections to the cluster energies based on the constant and
the variable parameters a, b, ¢, d, e and f have been used in the analysis of
K, s— 27% decays in order to estimate the correction and the corresponding
uncertainty of direct CP-violation parameter € /€, due to the residual energy
nonlinearity in the calorimeter response.

6 Conclusions

The applied kinematic fitting procedure has considerably decreased the res-
olution and the nonlinearity in the electromagnetic calorimeter response.
This fact has allowed to study the K; — 37° decay Dalitz plot in a almost
systematic-free manner.

Despite of the fact that the presented method based on K — 37° — 6
decays is a powerful tool for a determination of the energy nonlinearity, it
has several limitations:

15



e The phase space allocated by the decays does not cover the whole range

of the possible cluster energies and coordinates in the calorimeter;

e The non-gaussian tails seen in the energies measured by the calorimeter
could hinder the correct estimation of the energy nonlinearity since they

are not taken into account in the kinematic fitting procedure;

e Additional bias might arise because the event selection is done using
the measured cluster energies and coordinates while the analysis of the
energy nonlinearity is based on the fitted ones. This could introduce

systematic shifts near the edges of the phase space.

We would like to thank the colleagues from the NA48 collaboration for their

support and co-operation.
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Yewxkos 1., Xpucros II. E1-2001-77
[puMeHeHue NpOLEAYpbl KHHEMaTHYeCKOro (UTUPOBaHHS
B anamuse pacnanoB K; —3n° B skcnepumente NA48

Ha yckopuTtene LIEPH

OmucaHo npuMeHeHHe MPOLEeAyphl KHHEMAaTH4eCKOro (hPMTHPOBAHHUS IIPU HC-
cnepoBaHuu auarpamm Jlanuria B pacragax KL—>3n°. IMpouenypa mno3ponuna

YIYYLIMTh pa3pelIeHHe SKCIIEPUMEHTAIBHON YCTAaHOBKH IO NMEpEeMEHHBIM Aua-
rpamm JlanuTia, onpenenuTh SHEPreTHYECKYyI0 HEMMHEHHOCTh B OTKJIMKE 3JIEKTPO-
MarHUTHOTO KaJOpUMETpa U MHHUMH3MPOBATh CBA3aHHBIE C HUMH CHUCTEMaTH4e-
ckue 3(GeKTHI.

Pa6ora BoimosiHeHa B Jlaboparopuu ¢usuku vactun OWSAM u B LIEPH,
IIBenapus.
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An application of a kinematic fitting procedure in the K; —3n° decay Dalitz

plot study is described. It allows one to improve the resolution on the Dalitz plot
variables, to estimate the energy nonlinearity in the calorimeter response,
and to minimize the systematic effects related to them.
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