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Abstract

Starting from the generic harmonic superspace action of the quaternion-kéhler (QK)
sigma models and using the appropriate adaptation of the quotient method we
present a QK extension of the double Taub-NUT metric in an explicit form. It
possesses U(1) x U(1) isometry and supplies a new example of non-homogeneous
QK metric.
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1. Introduction. In view of the distinguished role of hyper-Kahler (HK) and quaternion-
Kahler (QK) manifolds in string theory (see, e.g., []), it is important to know the explicit
form of the corresponding metrics. One of the approaches to computing them proceeds
from the generic actions of bosonic nonlinear sigma models with the HK or QK targets.

A generic action for the bosonic QK sigma models was constructed in [5], based upon
the well-known one-to-one correspondence [6] between the QK manifolds and local N =
2,d = 4 supersymmetry. This relationship was made manifest in [2], where the most
general off-shell action for the hypermultiplet N = 2 sigma models coupled to N = 2
supergravity was constructed in the framework of N = 2 harmonic superspace (HSS) [7].
As was proved in [4], the corresponding analytic superfield Lagrangian of interaction is the
QK potential, the fundamental object of QK geometry codifying the entire information
about the local properties of the relevant QK metric. Then, based on the one-to-one
correspondence mentioned above, the generic QK sigma model bosonic action can be
derived [5] by discarding the fermionic fields and part of the bosonic ones in the general
HSS sigma model action. The action of physical bosons parametrizing the QK manifold
associated with the given HSS potential arises, like in the HK case [1], after elimination
of infinite sets of auxilairy fields present in the off-shell hypermultiplet superfields. This
amounts to solving some differential equations on the internal sphere S? of the SU(2)
harmonic variables. It is a difficult problem in general to solve such equations. As was
shown in [5], in the case of metrics with isometries the computations can be greatly
simplified by using the HSS version of the QK [9] quotient constructions. An attractive
feature of the HSS quotient is that it manifests the isometries of the corresponding metric
which come out as internal symmetries of the HSS sigma model action.

In [5], using these techniques, we constructed QK extensions of the text-book [10] Tub-
NUT and Eguchi-Hanson HK metrics. In this note we apply the HSS quotient approach
to construct a QK extension of the 4-dimensional “double Taub-NUT” HK metric. The
latter was derived from the HSS approach in [13] by directly solving the corresponding
harmonic differential equations. It turns out that the HSS quotient allows one to reproduce
the same answer much easier, and it remarkably works in the QK case as well. We gauge
two commuting U(1) symmetries of the system of three “free” hypermultiplets and, after
solving two algebraic constraints and fully fixing gauges, are left with a 4-dimensional QK
metric having two U(1) isometries and going onto the double Taub-NUT in the HK limit.
It is an essentially new explicit example of inhomogeneous QK metrics.

2. The gauged HSS action of the QK double Taub-NUT. Details of the general
construction can be found in [5]. Here we apply the HSS quotient approach to explicitly
construct a sigma model giving rise to a QK generalization of the “double Taub-NUT” HK
metric. The latter belongs to the class of two-center ALF metrics with the U(1) x U(1)
isometry (one U(1) is triholomorphic) and was treated in the HSS approach in [13].

We start with the action of three hypermultiplet superfields,

1), 97, e=12r=12 A=1,2, (1)

possessing no any self-interaction. So, by reasoning of [3, 5], this action corresponds to
the “flat” QK manifold HH® ~ Sp(1,3)/Sp(1) x Sp(3). In (1), the indices a and r are
the doublet indices of two (initially independent) Pauli-Giirsey-type SU(2)s realized on
Q% and ¢*7, the index A is an extra SO(2) index. These superfields are given on the
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harmonic analytic N = 2 superspace
(¢) = (a™ 0%, 6% ut',u™r) )

the coordinates u't,u™*, uu; =1, 4,k = 1,2, being the SU(2)/U(1) harmonic vari-
ables. They satisfy the pseudo-reahty conditions

(@) Q5" = QL) = @iy, () 0™ = () = o7 | ®)

where €%¢,, = 6%, €2 = —1. The generalized conjugation ~ is the product of the ordinary
complex conjugation and a Weyl reflection of the sphere S? ~ SU(2)/U(1) parametrized
by u*%. In the QH sigma model action below we shall need only the bosonic components
in the f-expansion of the above superfields:

K0 = Fi(z,u) +i00™8) Bl (@, 0) + (07 (07)°G5 ™ (z,u) ,
gv(Q) = g (w,u) +i(070™0Y) g, (2, u) + (67)2(04)%9 P (2, w) 4)

(possible terms ~ (6+)? or ~ (#*)? can be shown not to contribute to the final action).
The component fields still have a general harmonic expansion off shell. The physical
bosonic components F%(z), g"(z) are defined as the first components in the harmonic
expansions of F7%(z,u), g7 (z,u)

Fi%(z,u) = Fé(x)ut +--, g (z,u) = ¢"(x)uf +--- ,
(F§i(z)) = eaveir F5(z) , (g7 (2)) = €rseing™ (z) - (5)

The selection of two commuting U(1) symmetries to be gauged and the form of the
final gauge-invariant HSS action are uniquely determined by the natural requirement that
the resulting action have two different limits corresponding to the earlier considered HSS
quotient actions of the QK extensions of Taub-NUT and Eguchi-Hanson metrics [5]. The
full action Sgry has the following form

ab

Sarn = /dC( Lty — /d4 D(@) + V™9 (2) Vi (2)] (6)
Gy = D 4 QLD g
+ W (QE*Qfpean — nzc(“) g gf + vl

HVI Q" - g") - a"QQF)] - (7

Here, d(-% = d*zd?0*d?0*du is the measure of integration over (2), the covariant har-
monic derivative D is defined by

DM = DT 4 (01)(01)*{ D(x) 0™~ + 6 V™D (2)uru; O } ®)

with D+t = 9%+ — 2i0+o™* 9,,, &+ = u*/9u™, the non-propagting fields D, V™)
are inherited from the N = 2 supergravity Weyl multiplet, x? is the Einstein constant
(or, from the geometric point of view, the parameter of contraction to the HK case) and
the new harmonic v** is defined by

+ i
u; q —a

+a
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u; q+l u; q+z
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The superfield ¢** = f*%(z,u) + -+ = f%(z)u} + .- is an extra compensating hyper-
multiplet, with the § expansion and reality properties entirely analogous to (3), (4). Like
in [5], we fully fix the local SU(2), symmetry of (6) (which is present in any QK sigma
model action) by the gauge condition

falz) = G w(2) . 9)

The objects defined so far are necessary ingredients of the generic QK sigma model
action. The specificity of the given case is manifested in the particular form of £** in
(7). It includes two analytic gauge abelian superfields V**(¢) and W**(¢) and two sets
of SU(2) breaking parameters ¢(*) and a("™) satisfying the pseudo-reality condition

W = 6ik€jlc(kl) (10)

(and the same for a(™™). The Lagrangian (7) can be checked to be invariant under the
following two commuting gauge U(1) transformations, with the parameters £(¢) and ¢(¢):

6@1»7‘ =g [EABQET _ K2C+_er] ; 6g+r — 6/{2 [c(rn)g:!L _ c+—g+r] ,

5qt = er?d Mgt | SWH = De | (11)

SQE = 0a"™Qf, — ok’ (u” - gMQET, dgt = [V — KX u - gt)g™] |
6q+“ — gcm?(u_ . g+)q+a , 5V++ — D++<p . (12)

This gauge freedom will be fully fixed at the end. The only surviving global symmetries
are two commuting U(1)s. One of them comes from the Pauli-Giirsey SU(2) acting on on
@} and broken by the constant triplet a™. Another U(1) is the result of breaking, by
the constants ¢, of the SU(2) which uniformly rotates the doublet indices of harmonics
and those of ¢** and g™ (it does not commute with supersymmetry and forms the diagonal
subgroup in the product of three independent SU(2) s realized on these quantities in the
“free” case; this product gets broken down to the diagonal SU(2) and further to U(1) due
to the presence of explicit harmonics and c(#) in the interaction terms in (7) ). These
two surviving U(1) symmetries will be isometries of the final QK metric, the first one
becoming triholomorphic in the HK limit. The SG fields D(z) and V) are intert under
any isometry and so are D** and the Sg¢ part of (6).

It can be shown that the action (6), (7) is a generalization of both the HSS quotient
actions describing the QK extensions of the EH and Taub-NUT sigma models: putting
gt = a"™ = 0 yields the EH action as it was given in [3, 5], putting QF*(QT*) =
) = 0 yields the Taub-NUT action [5]. Also, fixing the gauge with respect to the A
transformations by the condition (u~-g%) = 0, varying with repect to the non-propagating
superfield V** and eliminating altogether (v* - g*) by the resulting slgebraic constraint,
we arrive at the form of the action which in the HK limit x2 — 0 exactly coincides with
the HSS action describing the “double Taub-NUT” manifold [8, 13]. Thus (6), (7) is the
natural QK generalization of the action of [8, 13] and therefore the relevant metric is
expected to be a QK generalization of the double Taub-NUT HK metric.

3. Towards the target metric. We are going to profit from the opportunity to choose a,
WZ gauge for W+ and V™, in which harmonic differential equations for the components
[z, u), F{"(z,u) and g*"(z,u) of ¢*(¢), Q4™(¢) and g*"(¢) are drastically simplified.
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In this gauge W** and V*+ has the following short expansion
WH =0 a™G W () + (07)2(0F) 2P (2)uy uj,
VI = i0 6™ Vi (x) + (07)2(07)2 T (z)uy uy (13)

(once again, possible terms proportional to (6+)% and (8*)? can be omitted). The hyper-
multiplet superfields have the same expansions as in (4). At the intermediate step it is
convenient to redefine these superfields as follows

(@, g77) = lu - q") (@37, 77) (14)

Due to the structure of the WZ-gauge superfields (13) the highest components in the
expansions of the redefined HM superfields appear only in the kinetic part of (7), which
results in the linear harmonic equations for f+%(z,u), Fi" (z,u), " (z, u):

T =0 = P =ut(o) OTE =0 = Fl= i),
aTGre =0 = g =7 (@)u] (15)

where we have simultaneously fixed the gauge (9).

Next steps are purely technical and quite similar to those explained in detail in [5] on
the examples of the QK extensions of the Taub-NUT and EH metrics. One substitutes
the solution (15) back into the action (with the @ and u integrals performed), varies with
respect to the rest of non-propagating fields and also substitutes the resulting relations
back into the action. At the final stages it proves appropriate to redefine the basic fields
once again ) )

T __ T T T
FA_EZAv g—ag (16)
and to fully fix the residual gauge freedom of the WZ gauge for the ¢ transformations
(with the singlet gauge parameter ¢(z)), so as to gauge away the singlet part of g% (z):

9“(2) = ¢ (2) (17)
(the residual SO(2) gauge freedom will be kept for the moment). In particular, in terms

of the so defined fields we have the following expressions for the fields w and 9 which
are obtained by varying the full action (6) with respect to D(z) and V3% (z):

1
W= ——————
/ A
1- -2‘g2 - 2)\F2
- . . 1 . )
V) = 16322 [F}'&,,,Fj}, + 39" 0mgd) | (18)
where
2 i . 2 ai NQ
FEFAFM‘A, 9 =9 G4 ,» /\EI (19)

The final form of the sigma model Lagrangian in terms of the fields F7(z) and g@*)(z)
is as follows (we replaced altogether “9,,” by “d”, thus passing to the distance in the
target QK space instead of its z-space pullback)

(5 A
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with
Dzl—ggZ—Q)\Fz,

1 ) 1 .
X = 5dEaA ar,, Y= Edgz‘j dg¥,

1
- LK) — LT — .
ap— UK —all-0) = B(K - K)),
o L1
T =F'pdF" (FirAdFj At 50 dgrj) ) (21)
where
1 ab 1o 1 ia A ) s7
J-—ga F! 4 dFya, K=—§5ABFAd-F‘iaB_§Cijggdg ) (22)
and
1 (F? o A,
a—i(—z——)\c +7cg>,
1 a2 A
_1 Cp2_A o
=1 (H 4 2‘7)’
1 .
fy:za“bFlaAFibBeAB—)\(ag). (23)
where ) '
& =%y, a* =a%*ay . (24)

On top of this, there are two algebraic constraints on the involved fields

FF )y eap — A g gt ¢y 4 ) =0 (25)
g9 =a® F;B FbjB , (26)

which come out by varying the action with respect to the auxiliary fields P(*)(z) and
TR (z) in the WZ gauge (13). Keeping in mind these 6 constraints and one residual gauge
(SO(2)) invariance, we are left with just four independent bosonic target coordinates as
compared with 11 such coordinates in (20). The problem is now to explicitly solve (25),
(26). But before turning to this issue, let us notice that the sought metric includes three
parameters. These are the Einstein constant, related to A, and two breaking parameters
: the triplet (), which breaks the SU(2)sysy to U(1), and the triplet

a(®) | which breaks the Pauli-Giirsey SU(2) to U(1). The final isometry group is
therefore U(1) x U(1). For convenience we choose the following frame with respect to the
broken SU(2) groups

?=ic, M=c?=0, d?=ia, d'=a"=0,
. . A .
with real parameters a and ¢, and we shift A\ — —. Hereafter we shall use this
a

frame, in which, in particular, the squares (24) become
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=27, a®=2d.

4. Solving the constraints We need to find true coordinates to compute the metric.
This step is non-trivial, due to the fact that (25) becomes quartic after substitution of (26).
Instead of solving this quartic equation, it proves more fruitful to take as independent
coordinates just the components of the triplet g(*

g2 =iah, h=h, gt=g, ¢® =7,

and one angular variable from F7'. Then, relabelling the components of the latter
fields as follows

) _ 1 oAl 1
Fz:? a=1 A=1 _ 5(]_-_’_ ’C), szl a=1 A=1 _ i(P + V),
Fi=2 a=1 A=2 _ l(f _ K:) Fi:l a=1 A=2 _ l(’P _ V)
24 ’ 21 ’
Pile=2 A _ _FEreT A pi=2e=2 A _ Fiel o=l A
we substitute this into (25), (26), and find the following general solution (it amounts

to solving a quadratic equation and we choose the solution which is regular in the limit
g=g=h=0)

P=_—iM 6i(¢+rx//7—-i—up-;.)7 F = Rei(¢+”p‘),
K =iS ei(¢—a/p——up+), V=1L ei(ct—up—)7
Ac
pr=1%4 v (27)
and
g = at e'elr-+8x/o?n) (28)

The various functions involved are

with
Ap =1=42)\ch, By =c(l1+ M%) £ hAs,
AizBi+t2A?F, r2=h2 4%, 95 = a*t%.

The true coordinates are (¢, o, h, t). An extra angle y parametrizes the local SO(2)
transformations (they as shifts of x). In view of the gauge invariance of (20), the final
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form of the metric should not depend on p and we can choose the latter at will. For
instance, we can change the precise dependence of phases in (27), (28) on the angular
coordinates ¢ and «. In what follows we shall stick just to the above parametrization.

5. The resulting metric. To get the full metric is fairly involved and Mathematica was
intensively used! The final result is

4D2 A 4P

It depends on 4 functions

2
g= ! <d¢ + —doz) + —é (dh2 +df* + (1 + Ar?)? daz) . (29)

D, A, P, Q,

given by
A= g ey oy (L
T4 8 \/A_ VA
)\c24>\t2 AN — (1+A7r2)?
—)\ch( ) s
 VAVAD
20e (h+e(l—Ar?)  h—c(l—-Ar2)\)>
P= 1+)\r22<1————( -
( ) a? VAL VAZ
e <1—)\r2—4/\ch - 1—>\r2+4)\ch)2
at VAL VAT ’
h+c(l—Ar%)  h—c(l—Ar?)
Q=—1+)\r22< +
SR v VA
1—=Ar2—4deh 1-Ari+44xch
+4/\ct2< - >
VAL VAZ
The overall conformal factor is “

D=1—Ar2—2%(\/A_++\/K).

To simplify matter we first rescale ¢ — ¢/2. The relations
Ap=14+AA)E+ (h+c/20 =A% Al =(1+AA) 2+ (h—c/2(1 = Ar?))?
suggest the following change of coordinates

2 2h
== -2 — /T2 2
T=r"75 H=1—5 p=VI?+ 1, (30)

which has the virtue of reducing the quartic non-linearities according to

(1= Ar?)?

Ay =

S, Oy =1+AADT?+ (H =+ )%



Further, to get rid of the square roots we use spheroidal coordinates (s,z) defined by

V1I+ A2 T =+/(s?=2)(1—z?), H= sz, s>e, z e [-1,+1].

For convenience reasons we scale the angles ¢ and
o according to

@ a
T — : b e b
NEDY: ¢ NEDY: “

and to have a smooth limit for a — 0 we scale

A = Ad

Putting these changes together, ee get the final form of the metric

(4d®) g = (1+ Xa*s?) L (d¢ + Q da>2 + A (s> = )1 - 2*)(1 + N a® 2 2?) (da)?
A 4P P

4A ds? 4 da?
(=) (1+ra2s?)  (1—22)(L+Aa2c2a?) )’
(31)
with

d=1-2\s, Q=-2(1+xa*>H)(s* -z,
4A=(2+a*s)(s—2\c?) —a® 2 d?2?,
P=2(1-2)) 14+ a*Ea?)d® + (s — ) [14+ Xa® P a? — 4X? (1 — 2?)].

The isometry group U(1) x U(1) acts as translations of ¢ and o

6. Geomteric structure of the metric.

The form (31) of the metric is useful to explicitly check (upon use of Mathematica)
that it is Einstein with self-dual Weyl tensor (though this automatically follows from the
fact that the metric is QK by construction). Let us define the vierbein

eo = af(s, x) (dqﬁ—i——ﬁ) da), es = b(s, z) da, e; = \ds, e = p dx,
with
1 P 1 A
= — 2 - I il — (2 _ 2 2
al(s, z) 5 V1+As VA’ A 2\ A= (s*-c*)(1+)Xs%),
1 A 1 A '
- 2 o2 A N — (] _ 2 2,2
b(s, ) 54 V(s c)BHP, =g\ B B=(1-2z*)(1+Xc*2?).



The spin connection being defined as usual by

deg + wap A ey =0, a,b=0,1,2,3,

one gets for the anti-self-dual spin connection

_ 1 o
w; =wi—56ijkwj/\wk, 1,5,k =1,2,3,

the following structure
w dp + —da | + By da
! 4P ’

wy = Ay (d¢+ %da) — By da,

w; = Cl dl'—CQ ds.
Explicitly one has

_ 1 [s2—¢2 _ 5 (1+Xa?s?)B " "
Ap = 4) g iz F, Ay =4)c’ —p Neheck!!
with
F=s(1+Xa?c?x?) — 2) (1 — 2?).
Defining
L_AB L _d
T T T da’
the remaining coefficients are then obtained from
£ b(s,m) 7 b(s, x)
LT a(s,z)  als,x) *7 pa(s,z)  als,z)
Lo owoa(s, ) w )\ Aa(s,z) A
Ci==+= A = —— A,.
ST a(s,z)  a(s,x) " G = u o opoals,z)  a(s,z) 2

The next step requires the computation of the anti self-dual curvature

1 _ - -
R =Ry — = eukR]k dw; + €k wi Awy .

One gets the crucial relation

Rz_ — —16)\ (60 AN €; — e,-jk Ej A ek), (32)
which shows at the same time that the metric is Einstein, with
A
Ric=A 9, § = —16)\,



and that the Weyl tensor is self-dual, i.e. that W, = 0.
Let us now consider a few limiting cases.

The quaternionic Taub-NUT limit.
Let us show that in the limit ¢ — 0 we get the quaternionic Taub-NUT. We first
write the metric (29) in the form

L (1+ar?)? b\
g(C%O):ﬁ{(—A(}L (dT-’-;dOﬁ) +.A0’70},

with

1 1 by
p=-=¢, Ay=al+-—X, D=1-Ar?—4"r,
2 r a?

= dh?® + dt* + t* da?, r? = h? 42,
Switching to the spherical coordinates r, 6, ¢ defined by

tsina = rsinfcos ¢, tsina = rsinfsin ¢, h =rcosf

allows one to get the final form

a4+ Ar3)? (1 2 Ao 9 9
glc—0) = D7 7 o5 (1 A (dr +r3o? +02)) b, (33)
with
o3 = dip + cos 0 dg, 0% 4 02 = df* + sin 0 dop*.

The derivation of the quaternionic Taub-NUT metric from harmonic superspace was
given in [12]. It contains 2 parameters ), R, and in the
limit R — 0 it reduces to Taub-NUT.
One can see that (33), upon the identifications
s=r, a? = 432, A=—-R)\,

is the quaternionic Taub-NUT metric.

The quaternionic Eguchi-Hanson limit.
This metric was derived using harmonic superspace in [5], and can
be written

dZ
sorg= =) SBC)”3+ B( i +01+02) (34)

where

sB=s—k%c?,, C=1-#ks, 63 =dg+cosOdy, &7+ 6%=db? +sin?0dip?

The writing (34) is adapted to the Killing 8y; if we
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switch to the Killing 0, we can write the metric

D ,  sB [ ds? R A P
EB—CQ(dQZ}-FB) +m(82—_c2+d9 +—b—-sm fdo® |,
with
22
D = (s* = ¢*) cos® 0 + (sB)? sin? 6, B= cos § d¢.

If we now take, in the metric (31), the limit a — 0 it
becomes proportional to the metric (34) upon the coordinates
identifications

P =29, ¢ =—a, K: = 2), z = cosé.

The hyperkahler limit.

From relation (32) it is clear that in the A — 0 limit

we recover a Riemann self-dual geometry, which is therefore

hyperkéhler. At the level of the metric, it is most conveniently

discussed using the co-ordinates (30). Indeed we get, up to an overall constant factor,
the multicentre structure [16],[14],[15]

L

v (dt + .A)2 + V7o,

with the flat 3-metric
Yo = dH? + dT? + T? do®.

The potential V' and the connection A are respectively

a? 1

v==2+4 +

1
t—,  A=-3
TN N R VY

The potential shows two centres and V(co) = a?/4. An easy computation shows that

= 1{H_c H*”}dm by =T+ (H % o).

dV = — x dA,
70
which is the fundamental relation of the multicentre metrics. Indeed for
a # 0 we have the so-called double Taub-NUT metric, while for a = 0
we are back to the metric of Eguchi-Hanson.
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