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—¨¸²¥´´μ¥ ³μ¤¥²¨·μ¢ ´¨¥ ¤²¨´´ÒÌ ¤¦μ§¥Ë¸μ´μ¢¸±¨Ì ±μ´É ±Éμ¢,
μ¶¨¸Ò¢ ¥³ÒÌ ¤¢μ°´Ò³ Ê· ¢´¥´¨¥³ ¸¨´Ê¸-ƒμ·¤μ´ 

–¥²ÓÕ · ¡μÉÒ Ö¢²Ö¥É¸Ö ³ É¥³ É¨Î¥¸±μ¥ ³μ¤¥²¨·μ¢ ´¨¥ ¸É É¨Î¥¸±¨Ì · ¸¶·¥-
¤¥²¥´¨° ³ £´¨É´μ£μ ¶μÉμ±  ¢ ¤²¨´´ÒÌ ¤¦μ§¥Ë¸μ´μ¢¸±¨Ì ±μ´É ±É Ì („Š) ¸ ÊÎ¥-
Éμ³ ¢Éμ·μ° £ ·³μ´¨±¨ ¢ · §²μ¦¥´¨¨ ¤¦μ§¥Ë¸μ´μ¢¸±μ£μ Éμ±  ¨ ¶μ¸²¥¤μ¢ É¥²Ó´μ¥
¸· ¢´¥´¨¥ ·¥§Ê²ÓÉ Éμ¢ ¸ É· ¤¨Í¨μ´´μ° ³μ¤¥²ÓÕ. „²Ö  ´ ²¨§  Ê¸Éμ°Î¨¢μ¸É¨ ± -
¦¤μ³Ê ±μ´±·¥É´μ³Ê · ¸¶·¥¤¥²¥´¨Õ ³ £´¨É´μ£μ ¶μÉμ±  ¢ ±μ´É ±É¥ ¸É ¢¨É¸Ö ¢
¸μμÉ¢¥É¸É¢¨¥ ¸¶¥±É· ²Ó´ Ö § ¤ Î  ˜ÉÊ·³ Ä‹¨Ê¢¨²²Ö, μ¡· Ð¥´¨¥ ³¨´¨³ ²Ó´μ£μ
¸μ¡¸É¢¥´´μ£μ §´ Î¥´¨Ö ±μÉμ·μ° ¢ ´μ²Ó μÉ¢¥Î ¥É ¡¨ËÊ·± Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¶μ
μ¤´μ³Ê ¨§ ¶ · ³¥É·μ¢ § ¤ Î¨. —¨¸²¥´´μ¥ ·¥Ï¥´¨¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ´¥²¨´¥°´μ°
±· ¥¢μ° § ¤ Î¨ ¶·μ¢μ¤¨É¸Ö ¶·¨ ¶μ³μÐ¨ ´¥¶·¥·Ò¢´μ£μ  ´ ²μ£  ³¥Éμ¤  �ÓÕÉμ´ 
¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¸¶² °´-±μ²²μ± Í¨μ´´μ° ¸Ì¥³Ò ¤²Ö ²¨´¥ ·¨§μ¢ ´´ÒÌ § ¤ Î ´ 
± ¦¤μ° ´ÓÕÉμ´μ¢¸±μ° ¨É¥· Í¨¨. � °¤¥´Ò μ¸´μ¢´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ³ £´¨É´μ£μ
¶μÉμ± , ¨ ¨¸¸²¥¤μ¢ ´  ¨Ì Ê¸Éμ°Î¨¢μ¸ÉÓ ¶·¨ ¨§³¥´¥´¨¨ ¶ · ³¥É·μ¢ ³μ¤¥²¨. �·¨-
¢¥¤¥´μ ¸· ¢´¥´¨¥ ¶μ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éμ¢ ¸ ·¥§Ê²ÓÉ É ³¨ É· ¤¨Í¨μ´´μ° ³μ¤¥²¨
¤²Ö „Š É¨¶  ¸¢¥·Ì¶·μ¢μ¤´¨±Ä¨§μ²ÖÉμ·Ä¸¢¥·Ì¶·μ¢μ¤´¨±.

	 ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.
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Atanasova P. Ch. et al. P11-2010-8
Numerical Modeling of Long Josephson Junctions
in the Framework of Double Sine-Gordon Equation

The aim of this work is a mathematical modeling of the static magnetic 
ux
distributions in long Josephson junctions (JJ) taking into account the second harmonic
in the Fourier decomposition of the Josephson current. Stability analysis is based
on numerical solution of a spectral SturmÄLiouville problem formulated for each
distribution. In this approach the nulliˇcation of the minimal eigenvalue of this
problem indicates a bifurcation point in one of parameters. At each step of numeri-
cal continuation in parameters of the model, the corresponding nonlinear boundary
problem is solved on the basis of the continuous analog of Newton's method with
the spline-collocation discretization of linearized problems at Newtonian iterations.
Main solutions of the double sine-Gordon equation have been found. Stability of
magnetic 
ux distributions has been investigated. Numerical results are compared
with the results of the standard JJ model.

The investigation has been performed at the Laboratory of Information Tech-
nologies, JINR.
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”¨§¨Î¥¸±¨¥ Ö¢²¥´¨Ö ¢ ¤¦μ§¥Ë¸μ´μ¢¸±¨Ì ±μ´É ±É Ì („Š) Ö¢²ÖÕÉ¸Ö μ¸´μ-
¢μ° ¸μ¢·¥³¥´´μ° ¸¢¥·Ì¶·μ¢μ¤ÖÐ¥° Ô²¥±É·μ´¨±¨. „²Ö „Š É¨¶  SIS (¸¢¥·Ì-
¶·μ¢μ¤´¨±Ä¨§μ²ÖÉμ·Ä¸¢¥·Ì¶·μ¢μ¤´¨±) § ¢¨¸¨³μ¸ÉÓ ®Éμ±ÄË § ¯ Ö¢²Ö¥É¸Ö ¸¨-
´Ê¸μ¨¤ ²Ó´μ° ËÊ´±Í¨¥°. ’ ± Ö ³μ¤¥²Ó μ¶¨¸Ò¢ ¥É¸Ö Ê· ¢´¥´¨¥³ ¸¨´Ê¸-ƒμ·-
¤μ´ . �·¨ Ê³¥´ÓÏ¥´¨¨ ¶·μ§· Î´μ¸É¨ ¡ ·Ó¥·  ¨³¥¥É ³¥¸Éμ μÉ±²μ´¥´¨¥ μÉ ÔÉμ°
§ ¢¨¸¨³μ¸É¨, ¶·¨ ±μÉμ·μ³ μ´  ³μ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¢
·Ö¤ ”Ê·Ó¥ [1]. „²Ö ³´μ£¨Ì ¶·¨²μ¦¥´¨° ¢ ¦´Ò³ Ö¢²Ö¥É¸Ö §´ ± ¢Éμ·μ° £ ·-
³μ´¨±¨, ´ ¶·¨³¥· ¢ ±μ´É ±É Ì É¨¶  SNINS ¨ SFIFS, £¤¥ Î¥·¥§ N μ¡μ§´ Î¥´
¸²μ° ´μ·³ ²Ó´μ£μ ³¥É ²² ,   Î¥·¥§ F Å ¸²μ° ³¥É ²²¨Î¥¸±μ£μ Ë¥··μ³ £´¥-
É¨±  [2]. 	 §²¨Î´Ò¥ Ë¨§¨Î¥¸±¨¥ ³¥Ì ´¨§³Ò μÉ¢¥É¸É¢¥´´Ò §  ¥¥ §´ ±. ’ ±,
· ¸c¶ ·¨¢ ´¨¥ Éμ±μ³ ¶·¨¢μ¤¨É ± ¥¥ ¶μ²μ¦¨É¥²Ó´μ³Ê ¢±² ¤Ê, Éμ£¤  ± ± ±μ-
´¥Î´ Ö ¶·μ§· Î´μ¸ÉÓ SF ¨ SN Å ± μÉ·¨Í É¥²Ó´μ³Ê [3].

“Î¥É ¢Éμ·μ° £ ·³μ´¨±¨ ¸ÊÐ¥¸É¢¥´´μ ¢²¨Ö¥É ´  · ¸¶·¥¤¥²¥´¨¥ ³ £´¨É´μ£μ
¶μÉμ±  ¢ „Š. �¤´ ±μ ¤¥É ²Ó´Ò¥ ¨¸¸²¥¤μ¢ ´¨Ö μ¸´μ¢´ÒÌ · ¸¶·¥¤¥²¥´¨° ¢ „Š
¸ ÊÎ¥Éμ³ ¢Éμ·μ° £ ·³μ´¨±¨ ¨ ¨Ì Ê¸Éμ°Î¨¢μ¸ÉÓ ¶·¨ ¨§³¥´¥´¨¨ ¶ · ³¥É·μ¢
„Š ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö μÉ¸ÊÉ¸É¢ÊÕÉ. �É¨ ¢μ¶·μ¸Ò · ¸¸³ É·¨¢ ÕÉ¸Ö ¢ ¤ ´´μ°
¸É ÉÓ¥.

1. ��‘’���‚Š� ‡�„�—ˆ

�  ·¨¸. 1 ¶μ± § ´  ¸Ì¥³  ¤²¨´´μ£μ „Š. ‚ ¸¢μ¥³ ¶·μ¸É¥°Ï¥³ ¢¨¤¥ „Š Å
ÔÉμ ¸ ´¤¢¨Î, ¸μ¸É ¢²¥´´Ò° ¨§ ¤¢ÊÌ ¸²μ¥¢ ¸¢¥·Ì¶·μ¢μ¤ÖÐ¥£μ ³¥É ²² , ±μÉμ-
·Ò¥ · §¤¥²¥´Ò Éμ´±¨³ ¤¨Ô²¥±É·¨Î¥¸±¨³ ¸²μ¥³ (ÉÊ´´¥²Ó´Ò³ ¡ ·Ó¥·μ³). Šμ´-
É ±É ´ Ìμ¤¨É¸Ö ¢ μ¤´μ·μ¤´μ³ ³ £´¨É´μ³ ¶μ²¥ he, ´ ¶· ¢²¥´´μ³ ¶μ μ¸¨ y.
Š ¸¨¸É¥³¥ ¶·¨²μ¦¥´ ¨¸ÉμÎ´¨± Éμ±  ε. ‚ ¤¦μ§¥Ë¸μ´μ¢¸±μ³ (¸É É¨Î¥¸±μ³) ·¥-
¦¨³¥ [4] ¨§³¥·Ö¥³μ¥ ¶·¨¡μ·μ³ ´ ¶·Ö¦¥´¨¥ ³¥¦¤Ê ¸¢¥·Ì¶·μ¢μ¤ÖÐ¨³¨ ¸²μÖ³¨
V = 0,   ¢ ¤¨´ ³¨Î¥¸±μ³ ¨, ¢ Î ¸É´μ¸É¨, ·¥§¨¸É¨¢´μ³ ·¥¦¨³¥ ´ ¶·Ö¦¥´¨¥
V �= 0. ‚ · ¸¸³ É·¨¢ ¥³μ³ ´ ³¨ ¸²ÊÎ ¥ ¤²¨´´μ£μ „Š · §³¥·Ò ±μ´É ±É 
¶μ μ¸¨ y ¨ z ¶·¥´¥¡·¥¦¨³μ ³ ²Ò ¨ ³ £´¨É´Ò° ¶μÉμ± ϕ ¢ ±μ´É ±É¥ § ¢¨¸¨É
Éμ²Ó±μ μÉ x.

�μ²´Ò° Éμ± Î¥·¥§ „Š ¸μ¤¥·¦¨É ±μ³¶μ´¥´ÉÊ, ´ §Ò¢ ¥³ÊÕ ®¸¢¥·ÌÉμ±μ³¯
(Éμ±μ³ „¦μ§¥Ë¸μ´ ), IS [5]. ‡ ¢¨¸¨³μ¸ÉÓ ¢¥²¨Î¨´Ò IS μÉ · §´μ¸É¨ Ë § ¢μ²-
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	¨¸. 1. ‘Ì¥³  ¤²¨´´μ£μ „Š

´μ¢ÒÌ ËÊ´±Í¨° ¸¢¥·Ì¶·μ¢μ¤ÖÐ¨Ì Ô²¥±É·μ¤μ¢ ¢ ¡μ²ÓÏ¨´¸É¢¥ ¸²ÊÎ ¥¢ ³μ¦´μ
¸Î¨É ÉÓ ´¥Î¥É´μ° ¸É·μ£μ 2π-¶¥·¨μ¤¨Î¥¸±μ° [6], ¨, ¸²¥¤μ¢ É¥²Ó´μ, μ´  ³μ¦¥É
¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥ ·Ö¤  ¶μ ¸¨´Ê¸ ³:

IS = Ic sin ϕ +
∞∑

m=2

Im sin mϕ. (1.1)

�¸´μ¢´ Ö  ³¶²¨ÉÊ¤  Ic, É ± ¦¥ ± ± ¨ ¢Ò¸Ï¨¥  ³¶²¨ÉÊ¤Ò Im, § ¢¨¸¨É μÉ
£¥μ³¥É·¨¨, ³ É¥·¨ ²μ¢ ¨ É¥Ì´μ²μ£¨¨ ¨§£μÉμ¢²¥´¨Ö ±μ´É ±É  [1,7].

’μÎ´ Ö É¥μ·¨Ö [6] ¶μ± §Ò¢ ¥É, ÎÉμ ¢ ¡μ²ÓÏμ³ Î¨¸²¥ ¸²ÊÎ ¥¢ ¢¸¥³¨ Î²¥-
´ ³¨ ¢ (1.1) ±·μ³¥ ¶¥·¢μ£μ ³μ¦´μ ¶·¥´¥¡·¥ÎÓ, ÎÉμ ¶·¨¢μ¤¨É ± ®É· ¤¨Í¨-
μ´´μ°¯ ³μ¤¥²¨: IS = Ic sin ϕ. �¤´ ±μ ¸ÊÐ¥¸É¢ÊÕÉ ·¥ ²Ó´Ò¥ Ë¨§¨Î¥¸±¨¥
¸¨ÉÊ Í¨¨ ¤²Ö „Š, ¶·¨ ³μ¤¥²¨·μ¢ ´¨¨ ±μÉμ·ÒÌ ´¥μ¡Ìμ¤¨³μ ÊÎ¨ÉÒ¢ ÉÓ ´¥
Éμ²Ó±μ ¶¥·¢Ò°, ´μ ¨ ¢Ò¸Ï¨¥ Î²¥´Ò ¢ · §²μ¦¥´¨¨ (1.1) (¸³., ´ ¶·¨³¥·, · -
¡μÉÒ [1,7Ä9]). ‚ Î ¸É´μ¸É¨, μ£· ´¨Î¨¢ Ö¸Ó ¶¥·¢Ò³¨ ¤¢Ê³Ö ¸² £ ¥³Ò³¨ ¢ (1.1),
´¥É·Ê¤´μ ¶μ± § ÉÓ [8], ÎÉμ ¢ ¸É É¨Î¥¸±μ³ ·¥¦¨³¥ · ¡μÉÒ ±μ´É ±É  [5] ¡¥§-
· §³¥·´μ¥ · ¸¶·¥¤¥²¥´¨¥ ³ £´¨É´μ£μ ¶μÉμ±  ϕ(x) ¢¤μ²Ó μ¸¨ x (¸³. ·¨¸. 1)
Ê¤μ¢²¥É¢μ·Ö¥É ¤¢μ°´μ³Ê Ê· ¢´¥´¨Õ ¸¨´Ê¸-ƒμ·¤μ´  (¤ ²¥¥ ¤²Ö ±· É±μ¸É¨ ¨¸-
¶μ²Ó§Ê¥³ ¸μ±· Ð¥´¨¥ 2SG)

−ϕ ′′ + a1 sin ϕ + a2 sin 2ϕ − γ = 0, x ∈ (−l; l). (1.2)

‚¸¥ ¢¥²¨Î¨´Ò §¤¥¸Ó ¨ ´¨¦¥ Ö¢²ÖÕÉ¸Ö ¡¥§· §³¥·´Ò³¨ (μ ¸¶μ¸μ¡ Ì ¶·¨¢¥¤¥-
´¨Ö ± ¡¥§· §³¥·´μ³Ê ¢¨¤Ê ¸³., ´ ¶·¨³¥·, ³μ´μ£· Ë¨¨ [4, 5] ¨ · ¡μÉÊ [10]).
˜É·¨Ìμ³ μ¡μ§´ Î¥´μ ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥ ¶μ ±μμ·¤¨´ É¥ x, l ¥¸ÉÓ ¶μ²Ê¤²¨´ 
±μ´É ±É , ¢¥²¨Î¨´  γ Å ¢´¥Ï´¨° Éμ±,    ³¶²¨ÉÊ¤Ò a1 ¨ a2 ¸μμÉ¢¥É¸É¢ÊÕÉ
¶¥·¢Ò³ ¤¢Ê³ ±μÔËË¨Í¨¥´É ³ ¢ μ¡Ð¥³ ËÊ·Ó¥-· §²μ¦¥´¨¨ (1.1).

“· ¢´¥´¨Ö ¢¨¤  (1.2) ¢¸É·¥Î ÕÉ¸Ö ¢ ·Ö¤¥ § ¤ Î Ë¨§¨±¨. ‚ Î ¸É´μ¸É¨, ¶·¨
³μ¤¥²¨·μ¢ ´¨¨ · ¸¶·μ¸É· ´¥´¨Ö ¸¶¨´μ¢ÒÌ ¢μ²´ ¢  ´¨§μÉ·μ¶´ÒÌ ¸¶¨´μ¢ÒÌ
¦¨¤±μ¸ÉÖÌ, ¢ ´¥²¨´¥°´μ° μ¶É¨±¥ (· ¸¶·μ¸É· ´¥´¨¥ Ê²ÓÉ· ±μ·μÉ±¨Ì ¨³¶Ê²Ó-
¸μ¢ ¢ ·¥§μ´ ´¸´μ° ¶ÖÉ¨±· É´μ ¢Ò·μ¦¤¥´´μ° ¸·¥¤¥) ¨ É. ¤. [1Ä3,7].

‚μ¶·μ¸ μ ´ Ìμ¦¤¥´¨¨  ´ ²¨É¨Î¥¸±¨Ì ·¥Ï¥´¨° (1.2) ´  ¡¥¸±μ´¥Î´μ³ ¨´-
É¥·¢ ²¥ (l → ∞) ¶·¨ ´Ê²¥¢μ³ ¢´¥Ï´¥³ Éμ±¥ γ ¶μ¤·μ¡´μ · ¸¸³μÉ·¥´ ¢ ²¨É¥-
· ÉÊ·¥ (¸³., ´ ¶·¨³¥·, [11]).
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‚ ¸²ÊÎ ¥ overlap-±μ´É ±É  ±μ´¥Î´μ° ¤²¨´Ò ¤²Ö Ê· ¢´¥´¨Ö (1.2) ¸É ¢¨É¸Ö
±· ¥¢ Ö § ¤ Î  ¸ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨

ϕ ′(±l) = he, (1.3)

£¤¥ he Å ¢´¥Ï´¥¥ ³ £´¨É´μ¥ ¶μ²¥, ´ ¶· ¢²¥´´μ¥ ¶μ μ¸¨ y.
‚ § ¤ ÎÊ (1.2), (1.3) ¢Ìμ¤ÖÉ ¶ÖÉÓ ¶ · ³¥É·μ¢ p = (l, he, γ, a1, a2). ‘μ-

μÉ¢¥É¸É¢¥´´μ, ²Õ¡μ¥ ·¥Ï¥´¨¥ § ¢¨¸¨É, ¶μ³¨³μ ±μμ·¤¨´ ÉÒ x, μÉ ¢¥±Éμ· 
¶ · ³¥É·μ¢ p: ϕ = ϕ(x, p) (¢ ¤ ²Ó´¥°Ï¥³ § ¢¨¸¨³μ¸ÉÓ μÉ p ¡Ê¤¥³ ¢Ò¶¨¸Ò¢ ÉÓ
Éμ²Ó±μ ¶·¨ ´ ¤μ¡´μ¸É¨). ‘²¥¤μ¢ É¥²Ó´μ, ¢¸¥ ¢¥²¨Î¨´Ò, μ¶·¥¤¥²Ö¥³Ò¥ Î¥·¥§
·¥Ï¥´¨Ö § ¤ Î¨ (1.2), (1.3), É ±¦¥ ¡Ê¤ÊÉ ËÊ´±Í¨Ö³¨ p.

”¨§¨Î¥¸±¨¥ Ô±¸¶¥·¨³¥´ÉÒ ¶μ± §Ò¢ ÕÉ, ÎÉμ ¸ ¢μ§· ¸É ´¨¥³ ¶μ ³μ¤Ê²Õ
¢´¥Ï´¥£μ Éμ±  γ ¸ÊÐ¥¸É¢Ê¥É ´¥±μÉμ·μ¥ ±·¨É¨Î¥¸±μ¥ §´ Î¥´¨¥ γcr, ¶·¨ ±μ-
Éμ·μ³ ±μ´É ±É ¶¥·¥Ìμ¤¨É ¢ ¤¨´ ³¨Î¥¸±¨° ·¥¦¨³ · ¡μÉÒ [5]. ‘ ³ É¥³ -
É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö É ±μ° ¶¥·¥Ìμ¤ ³μ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö [10] ± ± ¶μ-
É¥·Ö Ê¸Éμ°Î¨¢μ¸É¨ (¡¨ËÊ·± Í¨Ö) ´¥±μÉμ·μ£μ ¨§ ¸É É¨Î¥¸±¨Ì ·¥Ï¥´¨° ϕ(x)
§ ¤ Î¨ (1.2), (1.3) ¶·¨ ¢ ·Ó¨·μ¢ ´¨¨ γ. �·¨ ÔÉμ³ ³¨´¨³ ²Ó´μ¥ ¸μ¡¸É¢¥´´μ¥
§´ Î¥´¨¥ (Œ‘‡) λ0 ¸μμÉ¢¥É¸É¢ÊÕÐ¥° § ¤ Î¨ ˜ÉÊ·³ Ä‹¨Ê¢¨²²Ö (‡˜É‹)

−ψ ′′ + q(x)ψ = λψ, x ∈ (−l; l), (1.4 )

ψ ′(±l) = 0 (1.4¡)

¸ ¶μÉ¥´Í¨ ²μ³ q(x, p) = a1 cosϕ + 2a2 cos 2ϕ μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó.
‚ μ¡Ð¥³ ¸²ÊÎ ¥ ¢¥²¨Î¨´  λ0(p) ¶μ§¢μ²Ö¥É ¸Ê¤¨ÉÓ μ¡ Ê¸Éμ°Î¨¢μ¸É¨ ·¥-

Ï¥´¨° ϕ(x). …¸²¨ λ0(p) > 0, Éμ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ·¥Ï¥´¨¥ Ê¸Éμ°Î¨¢μ. �·¨
λ0(p) < 0 ·¥Ï¥´¨¥ ´¥Ê¸Éμ°Î¨¢μ,   λ0(p) = 0 ¸μμÉ¢¥É¸É¢Ê¥É ¡¨ËÊ·± Í¨¨ ·¥-
Ï¥´¨Ö ¢ ¤ ´´μ° ÉμÎ±¥ ¶·μ¸É· ´¸É¢  ¶ · ³¥É·μ¢ ³μ¤¥²¨.

�É³¥É¨³, ÎÉμ Ê· ¢´¥´¨Ö (1.2), (1.3) ¢³¥¸É¥ ¸ ‡˜É‹ (1.4) ¢ÒÉ¥± ÕÉ ¨§ ´¥-
μ¡Ìμ¤¨³μ£μ ¨ ¤μ¸É ÉμÎ´μ£μ Ê¸²μ¢¨Ö Ô±¸É·¥³Ê³  ËÊ´±Í¨μ´ ²  ¶μ²´μ° Ô´¥·£¨¨
±μ´É ±É :

F [ϕ] =

l∫
−l

[
1
2
ϕ ′2 + 1 − q(x) − γϕ

]
dx − heΔϕ, (1.5)

£¤¥ ¢¥²¨Î¨´  Δϕ ¥¸ÉÓ ¶μ²´Ò° ³ £´¨É´Ò° ¶μÉμ± Î¥·¥§ ±μ´É ±É [10]:

Δϕ = ϕ(l) − ϕ(−l). (1.6)

2. —ˆ‘‹…��›‰ Œ…’�„

�Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ Ê· ¢´¥´¨Ö (1.2) ¨ (1.3) ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ §´ Î¥-
´¨ÖÌ ¤²¨´Ò 2l, ¢´¥Ï´¥£μ ³ £´¨É´μ£μ ¶μ²Ö he, ¢´¥Ï´¥£μ Éμ±  γ ¨ ±μÔËË¨Í¨-
¥´Éμ¢ a1 ¨ a2. �Éμ Å £· ´¨Î´ Ö § ¤ Î  ¤²Ö ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö
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¢Éμ·μ£μ ¶μ·Ö¤±  ¸ Ê¸²μ¢¨Ö³¨ �¥°³ ´ . „²Ö ¥¥ ·¥Ï¥´¨Ö Í¥²¥¸μμ¡· §´μ ¶·¨-
³¥´ÖÉÓ ¨É¥· Í¨μ´´Ò°  ²£μ·¨É³, μ¸´μ¢ ´´Ò° ´  ´¥¶·¥·Ò¢´μ³  ´ ²μ£¥ ³¥Éμ¤ 
�ÓÕÉμ´  (��Œ�) (¸³. μ¡§μ·Ò [12Ä14]).

‚¶¥·¢Ò¥ ¢ÒÎ¨¸²¨É¥²Ó´ Ö ¸Ì¥³  ´  μ¸´μ¢¥ ��Œ� ¤²Ö ·¥Ï¥´¨Ö § ¤ Î¨ μ
„Š ¡Ò²  ¶·¥¤²μ¦¥´  ¢ · ¡μÉ¥ [15]; ¢ ¤ ²Ó´¥°Ï¥³ · §²¨Î´Ò¥ ³μ¤¨Ë¨± Í¨¨
¨É¥· Í¨° ´  ¡ §¥ ��Œ� Ê¸¶¥Ï´μ ¶·¨³¥´Ö²¨¸Ó ¤²Ö Î¨¸²¥´´μ£μ ¨¸¸²¥¤μ¢ ´¨Ö
³μ¤¥²¥° „Š ¢ Í¥²μ³ ·Ö¤¥ · ¡μÉ (¸³. μ¡§μ· [14] ¨ Í¨É¨·Ê¥³ÊÕ ²¨É¥· ÉÊ·Ê).

�·¨³¥´¨É¥²Ó´μ ± · ¸¸³ É·¨¢ ¥³μ° § ¤ Î¥ ��Œ� ¶·¨¢μ¤¨É ± ¸²¥¤ÊÕÐ¥°
¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ ¨É¥· Í¨°. �Ê¸ÉÓ ´ Î ²Ó´μ¥ ¶·¨¡²¨¦¥´¨¥ ϕ0(x) § ¤ ´μ.
’μ£¤  ´  k-³ Ï £¥ (k = 1, 2, . . .) ¢ÒÎ¨¸²Ö¥³:

1) ¨É¥· Í¨μ´´ÊÕ ¶μ¶· ¢±Ê wk(x), ·¥Ï Ö ²¨´¥ ·¨§μ¢ ´´ÊÕ ±· ¥¢ÊÕ § -
¤ ÎÊ:

−w ′′
k + qk−1(x)wk = ϕ ′′

k−1 − fk−1(x), (2.1 )

w ′
k(−l) = −ϕ ′

k−1(−l) + he, (2.1¡)

w ′
k(l) = −ϕ ′

k−1(l) + he, (2.1¢)

£¤¥ f(x) = a1 sinϕ + a2 sin 2ϕ − γ;
2) ¸²¥¤ÊÕÐ¥¥ ¶·¨¡²¨¦¥´¨¥ ± ÉμÎ´μ³Ê ·¥Ï¥´¨Õ:

ϕk(x) = ϕk−1(x) + τk wk.

ˆÉ¥· Í¨μ´´Ò° ¶ · ³¥É· τk ¢ÒÎ¨¸²Ö²¸Ö ¶μ Ëμ·³Ê²¥ …·³ ±μ¢ ÄŠ ²¨É±¨´  [16].
„²Ö Ê¶·μÐ¥´¨Ö § ¶¨¸¨ ¤ ²¥¥ ¨´¤¥±¸Ò ¨É¥· Í¨° μ¶Ê¸± ÕÉ¸Ö.

�·¨ Î¨¸²¥´´μ³ ·¥Ï¥´¨¨ ²¨´¥ ·¨§μ¢ ´´ÒÌ Ê· ¢´¥´¨° (2.1) ¨¸¶μ²Ó§Ê¥³
· §´μ¸É´ÊÕ ¸Ì¥³Ê, μ¸´μ¢ ´´ÊÕ ´   ¶¶·μ±¸¨³ Í¨¨ ·¥Ï¥´¨Ö ±Ê¡¨Î¥¸±¨³¨
¸¶² °´ ³¨ [17].

‚¢¥¤¥³ ´  ¨´É¥·¢ ²¥ [−l, l] μ¤´μ·μ¤´ÊÕ ¸¥É±Ê {−l = x1, x2, . . . , xN = l}
¸ Ï £μ³ h = xi+1 − xi, i = 1, 2, . . . , N − 1. ˆÐ¥³ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (2.1)
¢ Ëμ·³¥ ±Ê¡¨Î¥¸±μ£μ ¸¶² °´  S(x) ±² ¸¸  C2 ¸ Ê§² ³¨, ¸μ¢¶ ¤ ÕÐ¨³¨ ¸
Ê§² ³¨ ¢¢¥¤¥´´μ° ¸¥É±¨. �·¨Ìμ¤¨³ ± ¸¨¸É¥³¥

b1w1 + c1w2 = d1, (2.2 )

aiwi−1 + biwi + ciwi+1 = di, i = 2, 3, . . . , N − 1, (2.2¡)

aNwN−1 + bNwN = dN (2.2¢)

¸ ±μÔËË¨Í¨¥´É ³¨ ¢ ²¥¢μ° Î ¸É¨

b1 = 1 +
h2

3
q1, c1 = −1 +

h2

6
q2,

ai = −1 +
h2

6
qi−1, bi = 2 +

2h2

3
qi, ci = −1 +

h2

6
qi+1, i = 2, 3, . . . , N − 1,

aN = −1 +
h2

6
qN−1, bN = 1 +

h2

3
qN
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¨ ¢ ¶· ¢μ° Î ¸É¨

d1 = ϕ2 − ϕ1 − h he −
h2

6
(2f1 + f2), (2.3 )

di = ϕi−1 − 2ϕi + ϕi+1 −
h2

6
(fi−1 + 4fi + fi+1), i = 2, 3, . . . , N − 1, (2.3¡)

dN = −ϕN + ϕN−1 + h he −
h2

6
(fN−1 + 2fN), (2.3¢)

£¤¥ ϕi = ϕ(xi), qi = q(xi), fi = f(xi).
“· ¢´¥´¨Ö (2.2) ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° É·¥Ì¤¨ £μ´ ²Ó´ÊÕ ¸¨¸É¥³Ê ¨§ N ²¨-

´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¤²Ö §´ Î¥´¨° ¸¶² °´  ¢ Ê§² Ì ¸¥É±¨. ˆ§
¢¨¤  ±μÔËË¨Í¨¥´Éμ¢ ai, bi ¨ ci ¸²¥¤Ê¥É, ÎÉμ ³ É·¨Í  ÔÉμ° ¸¨¸É¥³Ò ¨³¥¥É ¤¨ -
£μ´ ²Ó´μ¥ ¶·¥μ¡² ¤ ´¨¥. �μÔÉμ³Ê ¤²Ö ·¥Ï¥´¨Ö ¸¨¸É¥³Ò ¨¸¶μ²Ó§Ê¥É¸Ö ³¥Éμ¤
¶·μ£μ´±¨ ¡¥§ ¢Ò¡μ·  £² ¢´μ£μ Ô²¥³¥´É  [17].

‘μ£² ¸´μ [17] μ¶¨¸ ´´ Ö ¸Ì¥³  ¸¶² °´- ¶¶·μ±¸¨³ Í¨¨ ¨³¥¥É ¶μ·Ö¤μ±
ÉμÎ´μ¸É¨ O(h2), ÎÉμ ¶μ¤É¢¥·¦¤ ¥É¸Ö É¥¸Éμ¢Ò³¨ · ¸Î¥É ³¨ ´  ¶μ¸²¥¤μ¢ É¥²Ó-
´μ¸É¨ ¢¤¢μ¥ ¸£ÊÐ ÕÐ¨Ì¸Ö ¸¥Éμ±.

‡ ¤ Î  (1.2)Ä(1.3) ·¥Ï ² ¸Ó ´  ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ · ¢´μ³¥·´ÒÌ ¸¥Éμ± ¸
Ï £ ³¨ h, h/2 ¨ h/4, £¤¥ h = 2l/(N − 1), N = 513. 	¥§Ê²ÓÉ ÉÒ ¤²Ö ·¥Ï¥´¨°
¢¨¤  Φ1, ¶·¨¢¥¤¥´´Ò¥ ¢ É ¡². 1, ¶μ± §Ò¢ ÕÉ, ÎÉμ §´ Î¥´¨Ö σ(xi), ¢ÒÎ¨¸²¥´´Ò¥
¶μ Ëμ·³Ê²¥

σ(xi) =
ϕh(xi) − ϕh/2(xi)

ϕh/2(xi) − ϕh/4(xi)
, i = 1, 2, . . . , N, (2.4)

¡²¨§±¨ ± 22, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É É¥μ·¥É¨Î¥¸±μ³Ê ¶μ·Ö¤±Ê ÉμÎ´μ¸É¨ O(h2) · ¸-
¸³ É·¨¢ ¥³μ° ¸¶² °´-±μ²²μ± Í¨μ´´μ° ¸Ì¥³Ò ´  · ¢´μ³¥·´μ° ¸¥É±¥.

’ ¡²¨Í  1. ‡´ Î¥´¨Ö ËÊ´±Í¨¨ ϕ ¨ ¢¥²¨Î¨´Ò σ (2.4) ´  ±μ´Í Ì ¨´É¥·¢ ²  [−l; l]
¤²Ö ·¥Ï¥´¨Ö É¨¶  Φ1 ¶·¨ 2l = 10, γ = 0, he = 2, a1 = 1, a2 = 0,5

N ϕ(−l) ϕ(l)

513 Ä2,295786926998205 8,578972227160438
1025 Ä2,295516135758195 8,578701434682609
2049 Ä2,295450140985348 8,578632131451062

σ ≈ 4,1 ≈ 3,9

„²Ö  ¶¶·μ±¸¨³ Í¨¨ ‡˜É‹ (1.4) ¨¸¶μ²Ó§ÊÕÉ¸Ö É·¥ÌÉμÎ¥Î´Ò¥ ±μ´¥Î´μ-
· §´μ¸É´Ò¥ Ëμ·³Ê²Ò ¢Éμ·μ£μ ¶μ·Ö¤±  [18]. ‚ ·¥§Ê²ÓÉ É¥ § ¤ Î¥ (1.4) ¸É ¢¨É¸Ö
¢ ¸μμÉ¢¥É¸É¢¨¥ ²¨´¥°´ Ö  ²£¥¡· ¨Î¥¸± Ö § ¤ Î  ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¢¨¤ 

Aψh = λψh,
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£¤¥ ¢¥±Éμ· ψh = (ψ(x1), ψ(x2), . . . , ψ(xN ))T ¨ A Å É·¥Ì¤¨ £μ´ ²Ó´ Ö ³ -
É·¨Í . „²Ö ¢ÒÎ¨¸²¥´¨Ö ¶¥·¢ÒÌ ´¥¸±μ²Ó±¨Ì ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¶μ²ÊÎ¥´´μ°
³ É·¨ÍÒ A ¨¸¶μ²Ó§Ê¥É¸Ö ¸É ´¤ ·É´ Ö ¶μ¤¶·μ£· ³³  [19].

3. —ˆ‘‹…��›… �…‡“‹œ’�’›

„²Ö Ö¸´μ¸É¨ ¶·¨ ¤ ²Ó´¥°Ï¥³ ¨§²μ¦¥´¨¨ ´¥μ¡Ìμ¤¨³μ ±μ·μÉ±μ μ¸É ´μ-
¢¨ÉÓ¸Ö ´  ´¥±μÉμ·ÒÌ μ¸´μ¢´ÒÌ É¨¶ Ì ¸É É¨Î¥¸±¨Ì ·¥Ï¥´¨°, ±μÉμ·Ò¥ ¨³¥ÕÉ
³¥¸Éμ ¢ É· ¤¨Í¨μ´´μ³ ¸²ÊÎ ¥ (a1 = 1, a2 = 0).

‚ ´Ê²¥¢μ³ ¶μ²¥ (he = 0) § ¤ Î  (1.2), (1.3) ¨³¥¥É ³´μ¦¥¸É¢μ ³¥°¸¸´¥-
·μ¢¸±¨Ì (É·¨¢¨ ²Ó´ÒÌ, ¢ ±ÊÊ³´ÒÌ) ·¥Ï¥´¨° ¢¨¤  ϕ(x) = arcsin(γ) + 2kπ,
£¤¥ k = 0,±1,±2, . . . 	¥Ï¥´¨Ö, ¢ÒÉ¥± ÕÐ¨¥ ¨§ £² ¢´μ£μ §´ Î¥´¨Ö ËÊ´±Í¨¨
arcsin, Ê¸Éμ°Î¨¢Ò¥,   μ¸É ²Ó´Ò¥ Å ´¥Ê¸Éμ°Î¨¢Ò¥. ‚ ¤ ²Ó´¥°Ï¥³ Ê¸Éμ°Î¨¢μ¥
¨ ´¥Ê¸Éμ°Î¨¢μ¥ ³¥°¸¸´¥·μ¢¸±¨¥ ·¥Ï¥´¨Ö ¡Ê¤¥³ ¸μμÉ¢¥É¸É¢¥´´μ μ¡μ§´ Î ÉÓ
M0 ¨ Mπ.

‚ ¦´ÊÕ ·μ²Ó ¢ É¥μ·¨¨ ¨£· ÕÉ ·¥Ï¥´¨Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¢¨Ì·¥¢Ò³ · ¸-
¶·¥¤¥²¥´¨Ö³ ³ £´¨É´μ£μ ¶μÉμ±  ¢ ±μ´É ±É¥. �·μ¸É¥°Ï¨³¨ ¢¨Ì·¥¢Ò³¨ ·¥Ï¥-
´¨Ö³¨ Ö¢²ÖÕÉ¸Ö Ë²Õ±¸μ´´μ¥/ ´É¨Ë²Õ±¸μ´´μ¥ ·¥Ï¥´¨Ö (´¨¦¥ ¨¸¶μ²Ó§ÊÕÉ¸Ö
¸μ±· Ð¥´´Ò¥ μ¡μ§´ Î¥´¨Ö Φ1 ¨ Φ−1), ¤²Ö ±μÉμ·ÒÌ ¢ ®¡¥¸±μ´¥Î´μ³¯ ±μ´-
É ±É¥ (l → ∞) ¶·¨ he = 0 ¨ γ = 0 ¨³¥ÕÉ¸Ö ¨§¢¥¸É´Ò¥ ÉμÎ´Ò¥  ´ ²¨É¨Î¥¸±¨¥
¢Ò· ¦¥´¨Ö [10]:

Φ±1
∞ ≡ ϕ(x) = 4 arctan exp (±x) + 2kπ. (3.1)

‡¤¥¸Ó §´ ± ®+¯ ¸μμÉ¢¥É¸É¢Ê¥É Ë²Õ±¸μ´Ê Φ1,   ®−¯ Å  ´É¨Ë²Õ±¸μ´Ê Φ−1.
‚ ±μ´É ±É Ì ±μ´¥Î´μ° ¤²¨´Ò μ¡Ñ¥±ÉÒ ¢¨¤  (3.1) ´¥ Ö¢²ÖÕÉ¸Ö Ë²Õ±¸μ-

´ ³¨ ¢ ¸É·μ£μ³ ¸³Ò¸²¥ ¸²μ¢  (É. ¥. ´¥ Ö¢²ÖÕÉ¸Ö ÉμÎ´Ò³¨ ·¥Ï¥´¨Ö³¨ ±· ¥¢μ°
§ ¤ Î¨ (1.2), (1.3)), ´μ ·Ö¤ ¨Ì μ¸μ¡¥´´μ¸É¥°, ¨ ¢ Î ¸É´μ¸É¨ ±μ´¥Î´Ò¥ Ô´¥·£¨Ö
¨ · §³¥·Ò, μ¡Ê¸² ¢²¨¢ ÕÉ Í¥²¥¸μμ¡· §´μ¸ÉÓ ¨ Ê¤μ¡¸É¢μ ¨¸¶μ²Ó§μ¢ ´¨Ö É ±μ°
É¥·³¨´μ²μ£¨¨.

‚ „Š ±μ´¥Î´μ° ¤²¨´Ò 2l ¸ÊÐ¥¸É¢ÊÕÉ É ±¦¥ ³´μ£μË²Õ±¸μ´´Ò¥ · ¸¶·¥-
¤¥²¥´¨Ö, ¤²Ö ±μÉμ·ÒÌ ´¨¦¥ ¨¸¶μ²Ó§ÊÕÉ¸Ö μ¡μ§´ Î¥´¨Ö ¢¨¤  Φn. ‡¤¥¸Ó Î¨¸²μ
n ¥¸ÉÓ Î¨¸²μ ¢¨Ì·¥°, μ¶·¥¤¥²Ö¥³μ¥ ± ± §´ Î¥´¨¥ ËÊ´±Í¨μ´ ²  [14]

N [ϕ] =
1

2lπ

l∫
−l

ϕ(x, p) dx (3.2)

¢ ÉμÎ±¥ ϕ(x, p). „²Ö ®¡¥¸±μ´¥Î´μ£μ¯ ±μ´É ±É  ¢Ò· ¦¥´¨¥ ¢ ¶· ¢μ° Î ¸É¨
¸²¥¤Ê¥É ¶μ´¨³ ÉÓ ¢ ¸³Ò¸²¥ ¶·¥¤¥²Ó´μ£μ ¶¥·¥Ìμ¤ .

’ ± ± ± ²Õ¡μ¥ ·¥Ï¥´¨¥ ϕ(x) § ¤ Î¨ (1.2), (1.3) μ¶·¥¤¥²¥´μ ¸ ÉμÎ´μ¸ÉÓÕ
¤μ 2kπ, Éμ ¨ §´ Î¥´¨¥ N [ϕ] μ¶·¥¤¥²¥´μ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ 2k. �·μ¨§¢μ² ¶·¨ ¢Ò-
¡μ·¥ Í¥²μ£μ Î¨¸²  k ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö ®¸μ£² ¸μ¢ ´¨Ö¯ §´ Î¥´¨Ö N(p)
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¸μ §´ Î¥´¨¥³ ¶μ²´μ£μ ³ £´¨É´μ£μ ¶μÉμ±  · ¸¶·¥¤¥²¥´¨Ö Δϕ(p) ¢ ¸μμÉ¢¥É-
¸É¢¨¨ ¸ Ê¸²μ¢¨¥³

|N [ϕ] − Δϕ/2π| → min .

‚ Î ¸É´μ¸É¨, ¢Ò¡¨· Ö k = 0 ¨ k = −1 ¤²Ö ·¥Ï¥´¨° (3.1), ²¥£±μ ¶·μ¢¥·¨ÉÓ,
ÎÉμ N

[
Φ±1

∞
]

= ±1 ¨ Δϕ/2π = ±1.
…¸²¨ ¢´¥Ï´¨° Éμ± γ = 0, Éμ ¤²Ö ²Õ¡μ£μ ¤μ¶Ê¸É¨³μ£μ ¶μ²Ö he M0-,

Mπ-·¥Ï¥´¨Ö ¨ n-Ë²Õ±¸μ´´μ¥/ ´É¨Ë²Õ±¸μ´´μ¥ · ¸¶·¥¤¥²¥´¨¥ Φ±n Ì · ±É¥-
·¨§ÊÕÉ¸Ö §´ Î¥´¨Ö³¨ N [M0] = 0, N [Mπ] = 1 ¨ N [Φ±n] = ±n.

3.1. Šμ´¸É ´É´Ò¥ ·¥Ï¥´¨Ö 2SG-Ê· ¢´¥´¨Ö ¨ ¨Ì Ê¸Éμ°Î¨¢μ¸ÉÓ. “Î¥É
¢Éμ·μ° £ ·³μ´¨±¨ a2 sin 2ϕ ¢ ³μ¤¥²¨ (1.2) ¶·¨¢μ¤¨É ± Éμ³Ê, ÎÉμ ¤²Ö γ = 0
¨ he = 0, ±·μ³¥ ¨§¢¥¸É´ÒÌ ¢ É· ¤¨Í¨μ´´μ³ ¸²ÊÎ ¥ (a1 = 1, a2 = 0) É·¨-
¢¨ ²Ó´ÒÌ ·¥Ï¥´¨° M0 ¨ Mπ, ¸ÊÐ¥¸É¢ÊÕÉ ¥Ð¥ ¤¢  ±² ¸¸  ·¥Ï¥´¨° ϕ =
± arccos (−a1/2a2) + 2kπ (μ¡μ§´ Î ¥³Ò¥ ± ± M±ac). ‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ Œ‘‡
± ± ËÊ´±Í¨¨ ±μÔËË¨Í¨¥´Éμ¢ 2SG-Ê· ¢´¥´¨Ö (1.2) ¨³¥ÕÉ ¢¨¤

λ0(M0) = a1 + 2a2, λ0(Mπ) = −a1 + 2a2, λ0(M±ac) = (a2
1 − 4a2

2)/2a2.

�  ·¨¸. 2 ¶μ± § ´Ò § ¢¨¸¨³μ¸É¨ Œ‘‡ Î¥ÉÒ·¥Ì ±μ´¸É ´É´ÒÌ · ¸¶·¥¤¥²¥-
´¨° (Š	) μÉ a2 ¶·¨ § ¤ ´´μ³ a1 = 1. ’·¨¢¨ ²Ó´μ³Ê ¸²ÊÎ Õ ¸μμÉ¢¥É¸É¢Ê¥É
¢¥·É¨± ²Ó´ Ö ¶·Ö³ Ö a2 = 0. ‡¤¥¸Ó ¸ÊÐ¥¸É¢ÊÕÉ Éμ²Ó±μ ¤¢  Š	 Å M0, ¤²Ö
±μÉμ·μ£μ λ0 = 1, ¨ Mπ, ¤²Ö ±μÉμ·μ£μ λ0 = −1. ‚ ¨´É¥·¢ ²¥ a2 ∈ (−0,5; 0,5)
§´ ±¨ Œ‘‡ ¸μÌ· ´ÖÕÉ¸Ö.

’μÎ±¨ a2 = ±0,5 Ö¢²ÖÕÉ¸Ö ÉμÎ± ³¨ ¡¨ËÊ·± Í¨¨. �·¨ a2 < −0,5 ¤¢ 
· ¸¶·¥¤¥²¥´¨Ö M±ac ¸ÊÉÓ ¥¤¨´¸É¢¥´´Ò¥ Ê¸Éμ°Î¨¢Ò¥ ¸μ¸ÉμÖ´¨Ö. �·¨ a2 > 0,5
¥¸ÉÓ ¤¢  Ê¸Éμ°Î¨¢ÒÌ ·¥Ï¥´¨Ö Å M0 ¨ Mπ.

	¨¸. 2. Œ‘‡ ¤²Ö Š	 ¶·¨ γ = 0, he = 0 ± ± § ¢¨¸¨³μ¸ÉÓ μÉ ¶ · ³¥É·  a2 ¶·¨
Ë¨±¸¨·μ¢ ´´μ³ ¶μ²μ¦¨É¥²Ó´μ³ §´ Î¥´¨¨ ¶ · ³¥É·  a1 = 1
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�±¸¶μ´¥´Í¨ ²Ó´ Ö Ê¸Éμ°Î¨¢μ¸ÉÓ Š	 μ¶·¥¤¥²Ö¥É¸Ö §´ ± ³¨ ¶ · ³¥É·μ¢ a1

¨ a2 ¨ ¨Ì μÉ´μÏ¥´¨¥³ a1/a2.
‚ ¸²ÊÎ ¥ γ �= 0 Š	 ¸ÊÉÓ ϕ = arcsin z + 2kπ, k = 0,±1,±2, . . . , £¤¥ z

Ö¢²ÖÕÉ¸Ö ·¥Ï¥´¨Ö³¨  ²£¥¡· ¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö Î¥É¢¥·Éμ° ¸É¥¶¥´¨: 4a2
2 z4 +

(a2
1 − 4a2

2) z2 − 2a1γ z + γ2 = 0.
3.2. �¥±μÉμ·Ò¥ Ë²Õ±¸μ´´Ò¥ ·¥Ï¥´¨Ö. ‚ ¤ ´´μ° · ¡μÉ¥ ¢ÒÎ¨¸²¥´¨Ö

¶·μ¢μ¤¨²¨¸Ó ¸ Î¨¸²μ³ ÉμÎ¥± ¤¨¸±·¥É´μ°  ¶¶·μ±¸¨³ Í¨¨ N = 1025 ´  ¨´É¥·-
¢ ²¥ [−5; 5] ¶·¨ a1 = 1. ‚ É ¡². 2Ä4 ¤¥³μ´¸É·¨·ÊÕÉ¸Ö ¢¥²¨Î¨´Ò λ0, Î¨¸² 
Ë²Õ±¸μ´μ¢ N [ϕ], §´ Î¥´¨Ö · ¸¶·¥¤¥²¥´¨° ¢ ¸¥·¥¤¨´¥ ¨´É¥·¢ ²  ϕ(0)/π ¶μ²-
´μ£μ ³ £´¨É´μ£μ ¶μÉμ±  Δϕ/2π ¨ ¶μ²´μ° Ô´¥·£¨¨ ±μ´É ±É  F/8.

‡´ Î¥´¨Ö μ¸´μ¢´ÒÌ Ë¨§¨Î¥¸±¨Ì Ì · ±É¥·¨¸É¨± M0, Mπ ¨ μ¤´μË²Õ±¸μ´-
´ÒÌ ·¥Ï¥´¨° Φ±1 ¢ É· ¤¨Í¨μ´´μ³ ¸²ÊÎ ¥ a2 = 0 ¶μ± § ´Ò ¢ É ¡². 2. …¤¨´-
¸É¢¥´´μ¥ Ê¸Éμ°Î¨¢μ¥ ·¥Ï¥´¨¥ ¥¸ÉÓ M0 (λ0 = 1). ‚ ¸²¥¤ÊÕÐ¨Ì ¤¢ÊÌ ¸É·μ± Ì
É ¡²¨ÍÒ ¶μ± § ´Ò μ¤´μË²Õ±¸μ´´Ò¥ ·¥Ï¥´¨Ö Φ±1. „²Ö ´¨Ì λ0 = −0,0007:

’ ¡²¨Í  2. �¥±μÉμ·Ò¥ ·¥Ï¥´¨Ö ¶·¨ 2l = 10, γ = 0, he = 0 ¨ a2 = 0

’¨¶ λ0 N [ϕ] ϕ(0)/π Δϕ/2π F [ϕ]/8

M0 1 0 0 0 0

Φ−1 Ä0,0007 Ä1 Ä1 Ä0,9828 0,9998

Φ1 Ä0,0007 1 1 0,9828 0,9998
Mπ Ä1 1 1 0 2,5

’ ¡²¨Í  3. �¥±μÉμ·Ò¥ ·¥Ï¥´¨Ö ¶·¨ 2l = 10, γ = 0, he = 0 ¨ a2 = 0,2

’¨¶ λ0 N [ϕ] ϕ(0)/π Δϕ/2π F [ϕ]/8

M0 1,4 0 0 0 Ä0,5

Φ−1 Ä0,0003 Ä1 Ä1 Ä0,9919 0,7434

Φ1 Ä0,0003 1 1 0,9919 0,7434
Mπ Ä0,6 1 1 0 2

’ ¡²¨Í  4. �¥±μÉμ·Ò¥ ·¥Ï¥´¨Ö ¶·¨ 2l = 10, γ = 0, he = 0 ¨ a2 = 0,7

’¨¶ λ0 N [ϕ] ϕ(0)/π Δϕ/2π F [ϕ]/8

M0 2,4 0 0 0 Ä1,75
Mπ 0,4 1 1 0 0,75

Φ−1 Ä0,0001 Ä1 Ä1 Ä0,9983 Ä0,0259

Φ1 Ä0,0001 1 1 0,9983 Ä0,0259
M−ac Ä0,6857 Ä0,7532 Ä0,7532 0 2,1071
Mac Ä0,6857 0,7532 0,7532 0 2,1071
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¶·¨ ´Ê²¥¢μ³ ¢´¥Ï´¥³ ¶μ²¥ ¨ ¶·¨ ´Ê²¥¢μ³ ¢´¥Ï´¥³ Éμ±¥ ÔÉ¨ ·¥Ï¥´¨Ö ¡²¨§±¨
± ¡¨ËÊ·± Í¨μ´´μ³Ê ¸μ¸ÉμÖ´¨Õ, ´μ ¢¸¥-É ±¨ μ¸É ÕÉ¸Ö ´¥Ê¸Éμ°Î¨¢Ò³¨.

‡´ Î¥´¨Ö ϕ(0)/π = ±1, Δϕ/2π ≈ ±0,98 ¨ F [Φ±1]/8 ≈ 1 ¶μ± §Ò¢ ÕÉ
¸Ìμ¤¸É¢μ ¸ Ë²Õ±¸μ´ ³¨ Φ±1

∞ ¢ ¡¥¸±μ´¥Î´μ³ ±μ´É ±É¥ (3.1). �μ¸²¥¤´¥¥ ·¥Ï¥-
´¨¥ ¢ É ¡². 2 ¥¸ÉÓ Mπ, ¤²Ö ´¥£μ λ0 = −1. „²Ö ÔÉμ£μ Š	 Î¨¸²μ Ë²Õ±¸μ´μ¢
· ¢´μ ¥¤¨´¨Í¥. ˆ§ ¶μ¸²¥¤´¥£μ ¸Éμ²¡Í  É ¡². 2 ¢¨¤´μ, ÎÉμ Ô´¥·£¨Ö · ¸¸³μÉ·¥´-
´ÒÌ ·¥Ï¥´¨° · ¸É¥É ¸ Ê³¥´ÓÏ¥´¨¥³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì λ0.

‡´ Î¥´¨Ö μ¸´μ¢´ÒÌ Ë¨§¨Î¥¸±¨Ì Ì · ±É¥·¨¸É¨± ´¥±μÉμ·ÒÌ ¨§ ·¥Ï¥´¨°
¶·¨ §´ Î¥´¨ÖÌ ¶ · ³¥É·μ¢ γ = 0, he = 0 ¨ a2 = 0,2 ¶μ± § ´Ò ¢ É ¡². 3,   ¶·¨
§´ Î¥´¨ÖÌ ¶ · ³¥É·μ¢ γ = 0, he = 0 ¨ a2 = 0,7 Å ¢ É ¡². 4.

…¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥, ±μÉμ·μ¥ ¢¸¥£¤  μ¸É ¥É¸Ö Ê¸Éμ°Î¨¢Ò³ ¶·¨ · ¸¸³μ-
É·¥´´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·μ¢ § ¤ Î¨, Å ÔÉμ ³¥°¸¸´¥·μ¢¸±μ¥ ·¥Ï¥´¨¥ M0.
ˆ§ É ¡². 2Ä4 ¢¨¤´μ, ÎÉμ ¤²Ö Š	 Mπ ¶·¨ a2 = 0 ¢¥²¨Î¨´  λ0 = −1, ¶·¨
a2 = 0,2 λ0 = −0,6 Å Mπ ´¥Ê¸Éμ°Î¨¢μ. �·¨ a2 = 0,7 ¢¥²¨Î¨´  λ0 = 0,4,
É. ¥. Mπ Ê¸Éμ°Î¨¢μ. 	¥Ï¥´¨Ö M±ac ¸ÊÐ¥¸É¢ÊÕÉ ¶·¨ a2 > 0,5 (É ¡². 4) ¨ ¤²Ö
Ê± § ´´ÒÌ §´ Î¥´¨° ¶ · ³¥É·μ¢ Ö¢²ÖÕÉ¸Ö ´¥Ê¸Éμ°Î¨¢Ò³¨.

ˆ§ ¢¸¥Ì · ¸¸³μÉ·¥´´ÒÌ ¢ É ¡². 2Ä4 ·¥Ï¥´¨° M±ac Å ¥¤¨´¸É¢¥´´Ò¥,
¤²Ö ±μÉμ·ÒÌ Î¨¸²μ Ë²Õ±¸μ´μ¢ ´¥ Í¥²μ¥. ‚ Î ¸É´μ¸É¨, ¶·¨ a2 = 0,7 ¨³¥¥³
N [M±ac] ≈ ±0,75.

�  ·¨¸. 3 ¶μ± § ´μ ¶μ¢¥¤¥´¨¥ ¶μ²´μ° Ô´¥·£¨¨ ¶·¨ ¨§³¥´¥´¨¨  ³¶²¨ÉÊ¤Ò
a2 ¤²Ö · ¸¸³ É·¨¢ ¥³ÒÌ · ¸¶·¥¤¥²¥´¨° ¢ ±μ´É ±É¥ ¶·¨ he = 0. •μ·μÏμ
¢¨¤´μ, ÎÉμ Ô´¥·£¨Ö ®É· ¤¨Í¨μ´´ÒÌ¯ ³¥°¸¸´¥·μ¢¸±¨Ì ·¥Ï¥´¨° M0 ¨ Mπ Ê¡Ò-
¢ ¥É,   ¶μ²´ Ö Ô´¥·£¨Ö M±ac · ¸É¥É ¶·¨ Ê¢¥²¨Î¥´¨¨ ¶ · ³¥É·  a2. …¤¨´-
¸É¢¥´´Ò³ Ê¸Éμ°Î¨¢Ò³ ¢ μ¡² ¸É¨ ¨§³¥´¥´¨Ö ¶ · ³¥É·  a2 ∈ [0; 0,5],   ¸²¥¤μ¢ -

	¨¸. 3. ‡ ¢¨¸¨³μ¸ÉÓ ¶μ²´μ° Ô´¥·£¨¨ μÉ
¶ · ³¥É·  a2 ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ §´ -
Î¥´¨ÖÌ he = 0, γ = 0, a1 = 1 ¨ 2l = 10
¤²Ö Š	 ¨ Φ±1

	¨¸. 4. ‡ ¢¨¸¨³μ¸ÉÓ ¶μ²´μ° Ô´¥·£¨¨ μÉ
¶ · ³¥É·  a2 ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ §´ Î¥-
´¨ÖÌ he = 0,2, γ = 0, a1 = 1 ¨ 2l = 10
¤²Ö Ê¸Éμ°Î¨¢ÒÌ ¸μ¸ÉμÖ´¨° M0, Mπ ¨ Φ1
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É¥²Ó´μ, ·¥ ²¨§Ê¥³Ò³ ¢ Ô±¸¶¥·¨³¥´É¥, Ö¢²Ö¥É¸Ö ®¸É ´¤ ·É´μ¥¯ ³¥°¸¸´¥·μ¢¸±μ¥
· ¸¶·¥¤¥²¥´¨¥ M0. �·¨ a2 > 0,5 ¶μÖ¢²Ö¥É¸Ö ¥Ð¥ μ¤´μ Ê¸Éμ°Î¨¢μ¥ ¸μ¸ÉμÖ-
´¨¥ Mπ, ¶·¨ ÔÉμ³ F [M0] < F [Mπ], ¸²¥¤μ¢ É¥²Ó´μ, Š	 M0 ¨³¥¥É ¡μ²ÓÏÊÕ
¢¥·μÖÉ´μ¸ÉÓ ·¥ ²¨§ Í¨¨.

‚ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨Ì ³ £´¨É´ÒÌ ¶μ²ÖÌ ¸¨ÉÊ Í¨Ö ¸ÊÐ¥¸É¢¥´´μ ³¥´Ö¥É¸Ö.
‚ ± Î¥¸É¢¥ ¶·¨³¥·  · ¸¸³μÉ·¨³ ·¨¸. 4, ´  ±μÉμ·μ³ ¤¥³μ´¸É·¨·ÊÕÉ¸Ö ±·¨¢Ò¥
§ ¢¨¸¨³μ¸É¨ ¶μ²´μ° Ô´¥·£¨¨ μÉ a2 Éμ²Ó±μ Ê¸Éμ°Î¨¢ÒÌ · ¸¶·¥¤¥²¥´¨° ¢ ¶μ²¥
he = 0,2. „μ §´ Î¥´¨° a2 ≈ 0,6 Ê¸Éμ°Î¨¢Ò³¨ Ö¢²ÖÕÉ¸Ö ¤¢  · ¸¶·¥¤¥²¥´¨Ö
Å M0 ¨ Φ1. �·¨ ÔÉμ³ F [M0] < F

[
Φ1

]
¨, ¸²¥¤μ¢ É¥²Ó´μ, · ¸¶·¥¤¥²¥´¨¥

M0 Ô´¥·£¥É¨Î¥¸±¨ ¡μ²¥¥ ¢Ò£μ¤´μ, É. ¥. ¢ Ô±¸¶¥·¨³¥´É¥ ¢¥·μÖÉ´μ¸ÉÓ ¥£μ ·¥ -
²¨§ Í¨¨ ¡μ²ÓÏ¥ ¢¥·μÖÉ´μ¸É¨ ·¥ ²¨§ Í¨¨ · ¸¶·¥¤¥²¥´¨Ö Φ1. ‚ ¸²ÊÎ ¥ a2 = 0
 ´ ²μ£¨Î´Ò° ÔËË¥±É μÉ³¥Î¥´ ¢ ±² ¸¸¨Î¥¸±μ° · ¡μÉ¥ [20]. �±¸¶¥·¨³¥´É ²Ó-
´μ¥ ¶μ¤É¢¥·¦¤¥´¨¥ ¤²Ö ±μ´É ±Éμ¢ ¸ ³¨±·μ·¥§¨¸É¨¢´μ° ´¥μ¤´μ·μ¤´μ¸ÉÓÕ ¢
¡ ·Ó¥·´μ³ ¸²μ¥ ¨³¥¥É¸Ö ¢ · ¡μÉ¥ [21].

�·¨ a2 > 0,6 Ê¸Éμ°Î¨¢Ò³ ¢ ±μ´É ±É¥ ¸É ´μ¢¨É¸Ö É ±¦¥ ·¥Ï¥´¨¥ Mπ. ’ ±
± ± ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ¶μ²´ Ö Ô´¥·£¨Ö ¡μ²ÓÏ¥ ¶μ²´ÒÌ Ô´¥·£¨° · ¸¶·¥¤¥²¥´¨°
M0 ¨ Φ1, Éμ ¢¥·μÖÉ´μ¸ÉÓ ·¥ ²¨§ Í¨¨ Mπ ¢ Ô±¸¶¥·¨³¥´É¥ Å ´ ¨³¥´ÓÏ Ö.

�  ·¨¸. 5 ¤¥³μ´¸É·¨·Ê¥É¸Ö ¤¥Ëμ·³ Í¨Ö ¶·μ¨§¢μ¤´ÒÌ ·¥Ï¥´¨° (¢´ÊÉ·¥´-
´¥£μ ³ £´¨É´μ£μ ¶μ²Ö) ¢¨¤  Φ1 ¶μ¤ ¢²¨Ö´¨¥³ ¶ · ³¥É·  a2. ‚´ÊÉ·¥´´¥¥
³ £´¨É´μ¥ ¶μ²¥ ϕ ′(x), ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ·¥Ï¥´¨Õ Φ1, ¸¨³³¥É·¨Î´μ μÉ´μ¸¨-
É¥²Ó´μ x = 0 ¶·¨ ¢¸¥Ì §´ Î¥´¨ÖÌ ¶ · ³¥É·  a2 (·¨¸. 5). �·¨ a2 = 0,5 ±·¨¢ Ö
ϕ ′(x) ¨³¥¥É ¢ μ±·¥¸É´μ¸É¨ Í¥´É·  x = 0 ¶² Éμ. „ ²Ó´¥°Ï¥¥ ¢μ§· ¸É ´¨¥ ¶ -
· ³¥É·  a2 ¶·¨¢μ¤¨É ± Ëμ·³¨·μ¢ ´¨Õ ¤¢ÊÌ ³ ±¸¨³Ê³μ¢ ËÊ´±Í¨¨ ϕ ′(x). ’¥³
¸ ³Ò³ ÊÎ¥É ±μÔËË¨Í¨¥´É  a2 ¶·¨¢μ¤¨É ± ± Î¥¸É¢¥´´μ³Ê ¨§³¥´¥´¨Õ ¢¨¤ 
Ë²Õ±¸μ´μ¢.

	¨¸. 5. ”²Õ±¸μ´´Ò¥ ·¥Ï¥´¨Ö Φ1 ¶·¨
a1 = 1, γ = 0, he = 0 ¨ 2l = 10 ¶·¨
¨§³¥´¥´¨¨ ¶ · ³¥É·  a2

	¨¸. 6. „¢ÊÌË²Õ±¸μ´´Ò¥ ·¥Ï¥´¨Ö Φ2

¶·¨ a1 = 1, 2l = 10, γ = 0 ¨ he = 2
¶·¨ ¨§³¥´¥´¨¨ ¶ · ³¥É·  a2
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	 ¸¸³μÉ·¨³ Ë¨§¨Î¥¸±¨¥ Ì · ±É¥·¨¸É¨±¨ μ¤´μË²Õ±¸μ´´μ£μ ·¥Ï¥´¨Ö Φ1,
¶·¥¤¸É ¢²¥´´Ò¥ ¢ É ¡². 2Ä4. —¨¸²μ Ë²Õ±¸μ´μ¢ (3.2) μ¸É ¥É¸Ö ¶μ¸ÉμÖ´´Ò³:
N [Φ1] = 1 ¶·¨ ¨§³¥´¥´¨¨ ±μÔËË¨Í¨¥´É  a2. �·¨ Ê¢¥²¨Î¥´¨¨ ¶ · ³¥É·  a2

¶μ²´Ò° ³ £´¨É´Ò° ¶μÉμ± (1.6) ¤²Ö ÔÉμ£μ ·¥Ï¥´¨Ö ¶·¨¡²¨¦ ¥É¸Ö ± §´ Î¥´¨Õ
ÔÉμ° Ì · ±É¥·¨¸É¨±¨ ¤²Ö Ë²Õ±¸μ´  ¢ ¡¥¸±μ´¥Î´μ³ ±μ´É ±É¥ (3.1) (Δϕ =
1). �·¨ ÔÉμ³ §´ Î¥´¨Ö ËÊ´±Í¨¨ ϕ(0)/π = 1 ´¥ ³¥´ÖÕÉ¸Ö ¶·¨ ¨§³¥´¥´¨¨
 ³¶²¨ÉÊ¤Ò. �μ²´ Ö Ô´¥·£¨Ö (1.5) Ê¡Ò¢ ¥É ¶·¨ Ê¢¥²¨Î¥´¨¨ ¶ · ³¥É·  a2, ÎÉμ
¤¥³μ´¸É·¨·Ê¥É¸Ö ´  ·¨¸. 3.

�·¨ Ê¢¥²¨Î¥´¨¨ ¢´¥Ï´¥£μ ³ £´¨É´μ£μ ¶μ²Ö he ³μ£ÊÉ ¸ÊÐ¥¸É¢μ¢ ÉÓ ¡μ²¥¥
¸²μ¦´Ò¥ Ê¸Éμ°Î¨¢Ò¥ Ë²Õ±¸μ´´Ò¥ ¸μ¸ÉμÖ´¨Ö. ‚ ± Î¥¸É¢¥ ¶·¨³¥·μ¢ ´  ·¨¸. 6
¶μ± § ´Ò ¶·μ¨§¢μ¤´Ò¥ ¤¢ÊÌË²Õ±¸μ´´Ò¥ ·¥Ï¥´¨Ö Φ2 ¶·¨ he = 2 ¤²Ö É·¥Ì
¶μ²μ¦¨É¥²Ó´ÒÌ §´ Î¥´¨° ±μÔËË¨Í¨¥´É  a2.

�É³¥É¨³, ÎÉμ ¢¨¤ ±·¨¢ÒÌ ϕ ′(x) ± Î¥¸É¢¥´´μ ³¥´Ö¥É¸Ö ¶·¨ a2 > 0,5.
ˆ³¥¥É ³¥¸Éμ ¸¨³³¥É·¨Ö μÉ´μ¸¨É¥²Ó´μ ¢¥·É¨± ²Ó´μ° μ¸¨ x = 0. �·¨ ÔÉμ³
Î¨¸²μ Ë²Õ±¸μ´μ¢ N [ϕ] ´¥ ³¥´Ö¥É¸Ö: N [Φ2] = 2. �·¨ a2 = 0,5 ±·¨¢ Ö
ϕ ′(x) ¤²Ö ·¥Ï¥´¨Ö Φ2 ¨³¥¥É ¢ μ±·¥¸É´μ¸ÉÖÌ ÉμÎ¥± x = ±1,9 ¶² Éμ (ϕ ′(x) ≈
2,2). „ ²Ó´¥°Ï¥¥ ¢μ§· ¸É ´¨¥ ¶ · ³¥É·  a2 ¶·¨¢μ¤¨É ± Ëμ·³¨·μ¢ ´¨Õ ¤¢ÊÌ
³ ±¸¨³Ê³μ¢ ¸μ¡¸É¢¥´´μ£μ ³ £´¨É´μ£μ ¶μ²Ö ¢ ³¥¸É Ì ¶² Éμ.

3.3. ‡ ¢¨¸¨³μ¸ÉÓ Œ‘‡ μÉ ¢´¥Ï´¥£μ Éμ±  γ. �  ·¨¸. 7 ¤¥³μ´¸É·¨·Ê-
ÕÉ¸Ö ±·¨¢Ò¥ § ¢¨¸¨³μ¸É¨ Œ‘‡ μÉ ¢´¥Ï´¥£μ Éμ±  γ ¤²Ö Š	 ¶·¨ · §´ÒÌ
¶μ²μ¦¨É¥²Ó´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  a2 ¨ ¶·¨ Ë¨±¸¨·μ¢ ´´μ³
§´ Î¥´¨¨ he = 0.

Š ¦¤ Ö ±·¨¢ Ö ¤²Ö M0 ¨³¥¥É ¤¢  ´Ê²Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ³¨´¨³ ²Ó´μ³Ê
¨ ³ ±¸¨³ ²Ó´μ³Ê §´ Î¥´¨Ö³ Éμ±  γ. 	 ¸¸ÉμÖ´¨¥ ³¥¦¤Ê ´Ê²Ö³¨ μ¶·¥¤¥²Ö¥É

	¨¸. 7. ‡ ¢¨¸¨³μ¸ÉÓ Œ‘‡ μÉ ¢´¥Ï´¥£μ
Éμ±  γ ¤²Ö Š	 ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ §´ -
Î¥´¨ÖÌ a1 = 1, he = 0 ¨ 2l = 10 ¨ ¶·¨
· §´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  a2

	¨¸. 8. ‡ ¢¨¸¨³μ¸ÉÓ μ¡² ¸É¨ Ê¸Éμ°Î¨-
¢μ¸É¨ ¶μ ¢´¥Ï´¥³Ê Éμ±Ê γ ·¥Ï¥´¨Ö M0

μÉ ¶ · ³¥É·  a2 ¶·¨ a1 = 1, 2l = 10 ¨
he = 0
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μ¡² ¸ÉÓ ¸ÊÐ¥¸É¢μ¢ ´¨Ö (Ê¸Éμ°Î¨¢μ¸É¨) ·¥Ï¥´¨°. ‚ ± Î¥¸É¢¥ ¶·¨³¥·  ´  ·¨¸. 8
¶μ± § ´μ ¢²¨Ö´¨¥ ¶ · ³¥É·  a2 ´  μ¡² ¸ÉÓ Ê¸Éμ°Î¨¢μ¸É¨ ³¥°¸¸´¥·μ¢¸±μ£μ
·¥Ï¥´¨Ö M0: ¸ ¢μ§· ¸É ´¨¥³ a2 μ¡² ¸ÉÓ Δγ ³μ´μÉμ´´μ · ¸É¥É.

�  ·¨¸. 7 ¶μ± § ´μ É ±¦¥ ·μ¦¤¥´¨¥ Ê¸Éμ°Î¨¢ÒÌ ¸μ¸ÉμÖ´¨° Mπ ¨§ ´¥-
Ê¸Éμ°Î¨¢ÒÌ ¶·¨ a2 > 0,5. �·¨ a2 = 0,5 ±·¨¢ Ö λ0(γ) ¤²Ö Mπ ¨³¥¥É ¢ ÉμÎ±¥
γ = 0 ´μ²Ó. ’¥³ ¸ ³Ò³ §´ Î¥´¨¥ a2 = 0,5 Ö¢²Ö¥É¸Ö ¡¨ËÊ·± Í¨μ´´Ò³ ¤²Ö Mπ

¨ M±ac. ‚ ÔÉμ³ ¸²ÊÎ ¥ Ê± § ´´Ò¥ ·¥Ï¥´¨Ö ¸μ¢¶ ¤ ÕÉ.
�·¨ ¢μ§· ¸É ´¨¨ ¶ · ³¥É·  a2 > 0,5 £· Ë¨± λ0(γ) · ¸Ð¥¶²Ö¥É¸Ö ´  É·¨

Î ¸É¨. ‚¥É¢Ó, ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ·¥Ï¥´¨Õ Mπ, · ¸¶μ²μ¦¥´  ¢ ¶μ²Ê¶²μ¸±μ¸É¨
λ0 � 0.

3.4. ‡ ¢¨¸¨³μ¸ÉÓ Œ‘‡ μÉ ¢´¥Ï´¥£μ ¶μ²Ö he. �  ·¨¸. 9 ¶μ± § ´  § ¢¨-
¸¨³μ¸ÉÓ λ0(he) ¤²Ö ³¥°¸¸´¥·μ¢¸±μ£μ ·¥Ï¥´¨Ö M0 ¶·¨ γ = 0 ¤²Ö ´¥¸±μ²Ó±¨Ì
§´ Î¥´¨° ¶ · ³¥É·  a2. ‚¨¤´μ, ÎÉμ λ0(he) · ¸É¥É ¸ Ê¢¥²¨Î¥´¨¥³ ¶ · ³¥É· 
a2, É. ¥. Î ¸ÉμÉ  μÉ±²¨±  ±μ´É ±É  ´  ¶·μ¨§¢μ²Ó´μ¥ ³ ²μ¥ ¢μ§³ÊÐ¥´¨¥ ¢μ§· -
¸É ¥É [10].

�  ·¨¸. 10 ¤¥³μ´¸É·¨·Ê¥É¸Ö ¶¥·¥Ìμ¤ ¨§ ´¥Ê¸Éμ°Î¨¢μ£μ ¢ Ê¸Éμ°Î¨¢μ¥ ¸μ¸Éμ-
Ö´¨¥ ·¥Ï¥´¨Ö Mπ ¶·¨ ¨§³¥´¥´¨¨ ±μÔËË¨Í¨¥´É  a2. Š·¨¢ Ö 1 ¸μμÉ¢¥É¸É¢Ê¥É
·¥Ï¥´¨Õ ¢ É· ¤¨Í¨μ´´μ³ ¸²ÊÎ ¥ (a2 = 0). �·¨ §´ Î¥´¨ÖÌ a2 < 0,5 ¢¥²¨Î¨´ 
λ0(he) < 0 Å ¸μ¸ÉμÖ´¨¥ Mπ ´¥Ê¸Éμ°Î¨¢μ. ‘ Ê¢¥²¨Î¥´¨¥³ ¶ · ³¥É·  a2 £· -
Ë¨± λ0(he) ¶μ¤´¨³ ¥É¸Ö ¢¢¥·Ì. �·¨ a2 = 0,5 ±·¨¢ Ö λ0(he) ± ¸ ¥É¸Ö ¶·Ö³μ°
²¨´¨¨ λ0 = 0 ¢ ÉμÎ±¥ he = 0. ‘²¥¤μ¢ É¥²Ó´μ, ÉμÎ±  a2 = 0,5 Ö¢²Ö¥É¸Ö ÉμÎ±μ°
¡¨ËÊ·± Í¨¨ ¶μ ¶ · ³¥É·Ê a2. �·¨ a2 > 0,5 ¸μ¸ÉμÖ´¨¥ Mπ Ê¸Éμ°Î¨¢μ (±·¨-
¢ Ö 4 ´  ·¨¸. 10). 	¥Ï¥´¨¥ Mπ Ê¸Éμ°Î¨¢μ¥ ¢ μ¡² ¸É¨ |he| < 0,34 ¶·¨ a2 = 0,7.

’ ³, £¤¥ ± ¸ É¥²Ó´ Ö ± ±·¨¢Ò³ λ0(he) ¶¥·¶¥´¤¨±Ê²Ö·´  μ¸¨  ¡¸Í¨¸¸,
¨³¥¥É ³¥¸Éμ ¡¨ËÊ·± Í¨Ö ¢Ò¸Ï¥£μ ¶μ·Ö¤±  (É. ¥. λn = 0, n > 0).

	¨¸. 9. ‡ ¢¨¸¨³μ¸ÉÓ Œ‘‡ μÉ ¢´¥Ï´¥£μ
¶μ²Ö he ¤²Ö M0 ¶·¨ γ = 0, a1 = 1,
2l = 10 ¨ ¶·¨ ´¥¸±μ²Ó±¨Ì §´ Î¥´¨ÖÌ
¶ · ³¥É·  a2

	¨¸. 10. ‡ ¢¨¸¨³μ¸ÉÓ Œ‘‡ μÉ ¢´¥Ï´¥£μ
¶μ²Ö he ¤²Ö Š	 Mπ ¶·¨ γ = 0, a1 = 1,
2l = 10 ¨ ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥-
É·  a2
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�  ·¨¸. 11Ä13 ¤¥³μ´¸É·¨·Ê¥É¸Ö § ¢¨¸¨³μ¸ÉÓ λ0(he) ¤²Ö Ë²Õ±¸μ´´ÒÌ ·¥-
Ï¥´¨° Φ1, Φ2 ¨ Φ3 ¤²Ö ¶μ²μ¦¨É¥²Ó´ÒÌ §´ Î¥´¨° ¶ · ³¥É·  a2. �·¨ he < 0
·¥Ï¥´¨Ö³ Φn ¸μμÉ¢¥É¸É¢ÊÕÉ ·¥Ï¥´¨Ö Φ−n, £· Ë¨±¨ λ0(he) ±μÉμ·ÒÌ ¸¨³³¥-
É·¨Î´Ò μÉ´μ¸¨É¥²Ó´μ ¢¥·É¨± ²Ó´μ° μ¸¨. �·¨ he = 0 ¢¸¥ Ë²Õ±¸μ´´Ò¥ ·¥Ï¥-
´¨Ö ´¥Ê¸Éμ°Î¨¢Ò. „²Ö ¢¸¥Ì ¶μ± § ´´ÒÌ ·¥Ï¥´¨° μ¡² ¸ÉÓ Ê¸Éμ°Î¨¢μ¸É¨ ¶μ he

¸³¥Ð ¥É¸Ö ¸ ¢μ§· ¸É ´¨¥³ a2.
’ ±¨³ μ¡· §μ³, ¶·¨ · ¸¸³μÉ·¥´´ÒÌ §´ Î¥´¨ÖÌ ±μÔËË¨Í¨¥´É  a2 ∈ [0; 0,4]

´¥ ¶·μÖ¢²ÖÕÉ¸Ö ¸ÊÐ¥¸É¢¥´´Ò¥ ± Î¥¸É¢¥´´Ò¥ ¨§³¥´¥´¨Ö ±·¨¢ÒÌ λ0(he) ¤²Ö
·¥Ï¥´¨° Φ1, Φ2 ¨ Φ3.

	¨¸. 11. ‡ ¢¨¸¨³μ¸ÉÓ Œ‘‡ μÉ ¢´¥Ï´¥£μ ¶μ²Ö he ¤²Ö Ë²Õ±¸μ´´ÒÌ ·¥Ï¥´¨° Φ1 ¶·¨
γ = 0, 2l = 10, a1 = 1 ¤²Ö · §´ÒÌ §´ Î¥´¨° ¶ · ³¥É·  a2

	¨¸. 12. ‡ ¢¨¸¨³μ¸ÉÓ Œ‘‡ μÉ ¢´¥Ï´¥£μ
¶μ²Ö he ¤²Ö Ë²Õ±¸μ´´ÒÌ ·¥Ï¥´¨° Φ2

¶·¨ γ = 0, 2l = 10, a1 = 1 ¤²Ö ´¥¸±μ²Ó-
±¨Ì §´ Î¥´¨° ¶ · ³¥É·  a2

	¨¸. 13. ‡ ¢¨¸¨³μ¸ÉÓ Œ‘‡ μÉ ¢´¥Ï´¥£μ
¶μ²Ö he ¤²Ö Ë²Õ±¸μ´´ÒÌ ·¥Ï¥´¨° Φ3

¶·¨ γ = 0, 2l = 10, a1 = 1 ¤²Ö ´¥-
¸±μ²Ó±¨Ì §´ Î¥´¨° ¶ · ³¥É·  a2
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‡�Š‹�—…�ˆ…

‚ · ¡μÉ¥ ¶·μ¢¥¤¥´μ ³ É¥³ É¨Î¥¸±μ¥ ³μ¤¥²¨·μ¢ ´¨¥ ¸É É¨Î¥¸±¨Ì · ¸¶·¥-
¤¥²¥´¨° ³ £´¨É´μ£μ ¶μÉμ±  ¢ ¤²¨´´μ³ „Š, μ¶¨¸Ò¢ ¥³μ³ ¤¢μ°´Ò³ Ê· ¢´¥´¨¥³
¸¨´Ê¸-ƒμ·¤μ´ . ˆ¸¸²¥¤μ¢ ´  Ê¸Éμ°Î¨¢μ¸ÉÓ Ë²Õ±¸μ´´ÒÌ (¢¨Ì·¥¢ÒÌ) ·¥Ï¥´¨°
¶·¨ ¨§³¥´¥´¨¨ ¶ · ³¥É·μ¢ he ¨ γ ¤²Ö · §´ÒÌ §´ Î¥´¨° ±μÔËË¨Í¨¥´É  a2,
¨ ¨§ÊÎ¥´  ¨Ì ¤¥Ëμ·³ Í¨Ö ¶·¨ ¨§³¥´¥´¨¨ ¶ · ³¥É·  a2. �μ± § ´μ, ÎÉμ ÊÎ¥É
¶ · ³¥É·  a2 ¶·¨¢μ¤¨É ± ¸É ¡¨²¨§ Í¨¨ ´¥Ê¸Éμ°Î¨¢ÒÌ ¢ É· ¤¨Í¨μ´´μ³ ¸²ÊÎ ¥
³¥°¸¸´¥·μ¢¸±¨Ì ·¥Ï¥´¨°. � °¤¥´Ò ´μ¢Ò¥ ±μ´¸É ´É´Ò¥ ·¥Ï¥´¨Ö, ±μÉμ·Ò¥
μÉ¸ÊÉ¸É¢ÊÕÉ ¢ É· ¤¨Í¨μ´´μ° ³μ¤¥²¨ ¶·¨ a2 = 0.

	² £μ¤ ·´μ¸É¨. �¢Éμ·Ò ¡² £μ¤ ·ÖÉ ˆ. ‚.�Ê§Ò´¨´  ¨ ’.�.�Ê§Ò´¨´Ê § 
¶μ¤¤¥·¦±Ê ¨ Í¥´´Ò¥ μ¡¸Ê¦¤¥´¨Ö.
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